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Abstract. Zhiwei Yun and Wei Zhang introduced the notion of “super-positivity of self dual
L-functions” which specifies that all derivatives of the completed L-function (including Gamma
factors and power of the conductor) at the central value s = 1/2 should be non-negative. They
proved that the Riemann hypothesis implies super-positivity for self dual cuspidal automorphic
L-functions on GL(n). Super-positivity of the Riemann zeta function was established by Pélya in
1927 and since then many other cases have been found by numerical computation. In this paper
we prove, for the first time, that there are infinitely many L-functions associated to modular
forms for SL(2,Z) each of which has the super-positivity property. Our proof also establishes
that all derivatives of the completed L-function at any real point o > 1/2 must be positive.

1. Introduction. Let F' be a number field and let A g be the adéle ring of F' which is the
restricted product [], F, over the completions of F. A cuspidal automorphic representa-
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tion 7 of GL(n, Ar) can be written as a tensor product 7 = ) 7, of local representations.
Then 7 has a Godement—Jacquet L-function

L(s,m) = H L(s,my),

where

(1- ](f]j(sgl)_l, if v is non-archimedean,

L(s,m,) =

=1

[y (s — pj(v)), if v is archimedean,

.
Il
el

with a;(v), p;(v) € Cfor j =1,2,...,n, and

r(s)= 47 TG) R~ R,
vl$) =
(2m)—°T'(s), if F, ~C.

Let 7 denote the contragredient representation. It is well known that L(s,7) is an
entire function of order 1 and satisfies a functional equation of the form (see [5 [7])

L(s,m) = e(s,m)L(1 — s,7),
with
e(s,m) = e(m)N/27,
where N, > 1 is the conductor of 7 and e(7) is the root number satisfying |e(7)| = 1. If
T =T, ie., 7 is self dual, then e(7) = £1.
Zhiwei Yun and Wei Zhang [23] introduced the notion of super-positivity for self dual

cuspidal automorphic representations m of GL(n, Ar) which specifies that all derivatives
of the completed L-function,

A(s,m) := NEO=YD2L(s, 1) = +A(1 — s, 7),

at s = 1/2 should be greater or equal to zero. They proved that super-positivity holds
for self dual cuspidal automorphic L-functions (over any global field) which satisfy the
Riemann hypothesis. In the case that F' is a function field, the Riemann hypothesis is
known by the theorem of Deligne on Weil’s conjecture, and of Drinfeld and Lafforgue on
the global Langlands correspondence, so it is now known that super-positivity holds for
cuspidal automorphic automorphic representations of GL(n,Ar) where F' is a function
field.

Super-positivity was established for the example of the Riemann zeta function by
Pélya in 1927 (see [I7] and [4]). We would like to thank Peter Sarnak for informing us
that super-positivity is also known in many other cases (including quadratic Dirichlet
L-functions and L-functions of GL(2) modular forms) when the L-function is “positive
definite” as defined by Sarnak [19]. It is not hard to check numerically if an L-function
is positive definite or not. For example, in the case of an L-function associated to a holo-
morphic modular form f for SL(2,Z) (with Fourier coefficients a,,) it is enough to check
if f(iy) =Y oo, ane 2™ is positive for y > 1.

It was shown by Jung [I3] that almost all L-functions in any reasonable family will
not be positive definite. It is not known if there are infinitely many self dual automorphic
L-functions which are positive definite.
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It seems to be infeasible to prove super-positivity for all Dirichlet L-functions at this
time since it would follow that there are no Siegel zeros (real zeros near s = 1) for
Dirichlet L-functions, which is known to be a notoriously difficult problem. Similarly,
proving super-positivity for all cuspidal automorphic L-functions on GL(n, Ar) (with F
= a number field and n > 1) also seems hopeless at present.

The main aim of this paper is to prove that there are infinitely many examples of
cuspidal automorphic L-functions for GL(2, Ag) which have the super-positivity property.
Following [23] we will actually prove our results for the following expanded definition of
super-positivity.

1.1. DEFINITION (Super-positivity). Fix a number field F. Let 7 denote a self dual
cuspidal automorphic representation of GL(n, Ar) with conductor N,. We say 7 has the
super-positivity property if

(1) AP (1/2,7) = (L) As,7)

>0 (forall k=0,1,2,...),
s=1/2

(2) AW (o, 7) = (%)kA(s,ﬂ)‘ >0 (foro>1/2andallk=0,1,2,...),
(3) AR (1/2,7) # 0 = AU0+20(1/2, 1) #£ 0 (for some kg > 0 and all i = 0,1,2,...).

We now state our main results. Proofs will follow in subsequent sections.

1.2. THEOREM. Let © denote a self dual cuspidal automorphic representation of
GL(n,A). For s € C let A(s,m) be the completed L-function of m with functional equation

A(s,m) = £A(1 — s, 7).

Assume that A(s,m) # 0 for s = o +it where 1/2 < o < 1, |t| <o —1/2. Then 7 has the
super-positivity property as in Definition [1.1].

1.3. REMARK. The above theorem is essentially due to Stark—Zagier [2I], but we will
give the short simple proof in §2] for the convenience of the reader.

1.4. REMARK. Theorem [I.2] provides a method to manually check if an individual
L-function has the super-positivity property. It is enough to check, for example, that
all the zeros of A(s, ) with imaginary part < 1/2 are on the line Re(s) = 1/2. By exam-
ining the zeros of L-functions database [16] one sees that all the self dual L-functions in
this database do indeed satisfy the super-positivity property.

Next, we apply Theorem to show that there is an infinite family of GL(2)
L-functions with the super-positivity property. Let Sy denote the space of holomorphic
cusp forms f of weight k for SL(2,Z). For f € S, let L(s, f) denote the L-function asso-
ciated to f. For ease of notation, we shall say L(s, f) has the “super-positivity property”
if its associated cuspidal automorphic representation has the super-positivity property.

Let Hy, be the basis of forms of Sj that are eigenfunctions of all the Hecke operators.
Put

H(K):={feHy, | K<Ek<2K, k=0 (mod 4)},
H(K):={feH, | K<Ek<2K, k=2 (mod 4)}.
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1.5. REMARK. For f € H,(K), the form f is even, the sign in the functional equation
of L(s, f) is positive, and L(s, f) must have a zero of even order at s = 1/2. Similarly for
f € H_(K) the form f is odd, the sign in the functional equation of L(s, f) is negative,
and L(s, f) must have a zero of odd order at s = 1/2.

1.6. THEOREM. The number of f € H_(K) such that L(s, f) has no zero in the region
s=o+it with1/2<o <1, |t|<oc—1/2is> K?/logK.

1.7. REMARK. The proof of Theorem [1.6|is based on [2], where Conrey and Soundarara-
jan combined Selberg’s Lemma [3.2] with the mollification method to prove that a pos-
itive proportion of quadratic Dirichlet L-functions have no zeros in [0,1]. The proof
in [2] requires estimating the total number of zeros for the family of quadratic Dirichlet
L-functions in a thin rectangular region. On the other hand, our proof of Theorem (1.6
uses many such regions to cover the triangle 1/2 < o < 1, [t| <o —1/2.

By combining Theorems [[.2] [I.6] we immediately obtain the following.

1.8. THEOREM. There are infinitely many odd modular forms f for SL(2,Z) such that
L(s, f) has the super-positivity property. In fact, the number of f € H_(K) which have
the super-positivity property is > K?/log K.

In the course of proving Theorem we also obtained the following result as a by-
product.

1.9. THEOREM. There are infinitely many modular forms f for SL(2,Z) such that L(s, f)
has no real zeros in the region Re(s) > 0 except at s = 1/2. In fact, the number of
f € H_(K) (respectively f € Hy(K)) with this property is > K?/log K.

1.10. REMARK. We learned from Ricotta [I8, p. 292] that in 2003, Soundarajaran an-
nounced a result similar to Theorem for H4 (K) and H_ (K). Recently, Soundararajan
informed us that he and Conrey proved that for K large, at least 71% of f € H_(K)
and at least 38% of f € H(K) satisfy Theorem However, they never published this
result. The proof for the case H_(K) is given in §7| because it is needed for the proof
of Theorem This result is not optimal since we did not try to remove the harmonic
weight and our choice of the mollifier is not optimal. One may also give a similar proof
for H4(K), but it is omitted here since this is not needed for our main results.

Although we focussed on the family of Hecke cusp forms Hy, for SL(2,Z), the methods
introduced in this paper can also be applied to other families of automorphic forms of
varying level, weight and spectrum. We plan to continue these investigations in a future
research paper.

2. Proof of Theorem [I.2l Let
As,m) :=A(s+1/2,7).
Then, as in [23], the function A(s,7) has the following properties:

o A\(—s)==%A(s),
e \o)>0foro>1/2
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e \(s) is entire and of order 1,
o if AM(£pr) = 0 (with p # 0, Impg, > 0) for £ = 1,2,... (denotes the non-central
zeros of A(s)), then for some integer m > 0 and A > 0,

o0 2
(2.1) A(s) = s™e H <1 - 52> (Hadamard Product Formula).
= Pk
k=1

Now, let 8+ iy be a non-trivial zero of A(s) with 3, € R. Then by our assumptions
either

e (=0 and there are two zeros of \(s) at s = +i;
e 3> 0, |y| > B, and there are four zeros of A(s) at s = 8 + iy, =8 + iy, 8 — i,

—B — 1.
Consequently, we may rewrite (2.1]) in the form

2

272 — 282)s2 4 s* s
e =t T (1 EEEEEE) T (1+5)
A(

A(B+iv)=0 B+iv)=0
B£>0 and |y|>23 £=0

It immediately follows from ([2.2]) that all derivatives of A(s) at s = 0 must be greater
than or equal to zero and all derivatives of A(s) at s = ¢ > 1/2 must be positive.
Condition (3) of Definition for super-positivity of 7 follows as in [23]. =

3. Requisite background material needed for the proof of Theorem

3.1. Selberg’s Lemma. We will need the following version of the argument principle,
which is due to Selberg.

3.2. LEMMA. For W € R, let ¢(s) be a holomorphic function of a complex variable s
that does not vanish on a half-plane Re(s) > W. Let B be the rectangular box of vertices
Wo+iH, Wy +iH, where H > 0 and Wy < W < Wy. Then

™\ . (78— Wo)
4H Z COS(ZH) Slnh(w
B+iveB
$(B+iv)=0

H
e .
= /_H COS(2H> log |p(Wy +it)| dt

Wy
+/ sinh(W) log |p(a +iH)p(o — iH)| dev

~Re ( / ! cos(”(Wl ;ZZO * it))(log 6) (W1 + it) dt).

Proof. See Selberg [20, Lemma 14] or Conrey—Soundararajan [2, Lemma 2.1]. m
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3.3. An average of the J-Bessel function

3.4. LEMMA. Suppose ® € C§°(R™") is a real valued function and K > 1. For xz > 0, we
have

4 Z <I>< )Jk 1(x)
k=2(4)
:¢><;) +\[/;Im( ~2mi/s, @(I;)) +o<;3 /Zu|3|ci>(v)|dv>,

() = [° VY v gy,

and ® is the Fourier transform of ®. The implied constant is absolute.

where

Proof. See Iwaniec [10, Lemma 5.8], Iwaniec-Luo—Sarnak [12, Proposition 8.1], and Khan
[14, Lemma 2.3]. m

3.5. The approximate functional equation. Let
Z Af 47m (k—l)/ZeQﬂ'inz
(for z in the upper half plane) be a modular form of weight k for SL(2,Z) with associated

L-function
-y
n=1

Fix a smooth function H : Rt — RT satisfying H(z) = 1 for z € [0,1/2], and

H(z) + H(1/x) = 1 for x € RT. We know the Mellin transform H(s) = fooo H(y)y* %y

has a smgle simple pole at 0 of residue 1, and is odd. Furthermore, H (s) satisfies the

bOUndSH()<<Am A—].2 andH()<<2Re(s forRe()>1.

(Re(s) > 1).

3.6. LEMMA. Let K > 1, and k < K an even integer. Let — =% <0 <9 and t < K.
Then for any modular form f of weight k for SL(2,Z), we have

o0

1 Ag(n)m;
IL(1/2 + 6+ it, f)|? Z dmaz fnlm'; Vie.oit (nd?).

Here n,(n) := Zad:n(%)y is the generalized divisor function, and for any y > 0,
1 /3“00 H(s+68)+ H(s—0) T'(s+k/2+it)(s + k/2 — it)

3 ico (4r2y)s—o L0+ k/2+)T(0 + k/2 —it)
is real valued, and satisfies the following:

T(=0 + k/2 4+ it)T(=0 + k/2 — it) y\*
T3+ k/2 + i) (8 + k/2 — if) +OA(<> )

Vk,d+it(1/) = i

Visti(y) = 1+ (47°y)* 12

g\ A
Vis+it(y) <a (y) ) JV1€(]5)+zt( ) <5 1,
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for A >0 and any integer j > 0. We also have

1 (o H(s+8)+ H(s—§
Vi,s4it(y) / (s 49) (s =)

K2\ 2 1
= 6Ty <y> ds + O (|t|2y =k~ 1)

a—100

for any a > |0].
Proof. See Iwaniec—Kowalski [IT], pp. 97-100] and Hough [9, Proposition 3.7]. =

3.7. The Petersson trace formula. Each Hecke eigenform f € Hj has a Fourier
expansion

flz)= i Af(n)(4mn)(E=D/2e2minz (2 e C, Tm(z) > 0),
n=1

where A\¢(n) € R for n = 1,2,.... We normalize f by setting Af(1) = 1. The Fourier
coeflicients of f satisfy the relation

(39) M) = 3 )Af(ﬁ,}?).

d|(m,n

The Petersson trace formula is given by the following basic orthogonality relation on Hy.

3.9. LEMMA. Let m,n > 1. Then

fEH) c=1

where

12¢(2) 1

YT =) I(L,sym? f)

is termed the harmonic weight of f.
Proof. See e.g. Iwaniec [I0, Theorem 3.6] and [I}, §2.1]. m

By appealing to the well known estimate Jj,_1(z) < min(z*~1, 271/2) it easily follows
that

(3.10) Y wp=1+0027%).

fEH

3.11. The Voronoi summation formula for Eisenstein series. Let v € C. The
generalized divisor function

M (n) = adzzn (Z) !

occurs in the Fourier expansion of Eisenstein series. We have the following version of the
Voronoi summation formula.
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3.12. LEMMA. Let g : Rt — RT be a smooth and compactly supported function. Let
¢>1 and (a,c) =1 with ad = 1(c). Then

> mlglmemen s = et~ 2it) [ gla)eda
n=1 0
4721 + 2it)/ g(x)z" da
0
1< dn > 4 [4my/nx
- ; _ - d
e 2 mete(<2) [ ot (L) o

iz

(J,(z) — J_,(2), K[(x):=4cos 5 K, (z).

where
-7

sin(mv/2)
Proof. See e.g. Hough [9, Lemma 3.3]. m

Ji(z) =

4. The twisted second moment near the critical point. Recall that Hj denotes
a basis for the space of holomorphic Hecke cusp forms of weight k& > 12 for SL(2,Z). Let
M = J, Hi. Assume that for all f € H there is some uniquely defined oy € C. Consider
the set

{art :={ar}ren
The basic objects of study for the rest of this paper are given in the following definition.

4.1. DEFINITION. Let
o 12¢(2) 1
T 1) L )
denote the harmonic weight of f € Hj. Let ® : R = R>( be a fixed smooth non-negative

function supported on [1,2] and let

Rujai={B+iv|B e (1/2,1) and [y] < B —1/2}.
For K > 0, define the following sums

Alfasyi ) = 3 #(*5H) T wpear

k=2(4) fEH
o) = 3 oS ) Y
’ K ’
k:2(4) fEHk
M(K (I)) — Z b E Z w
, = K I
k=2(4) fEH
L(s,f)#0 for s€R1/2
N(K,®) = a1 >,
, = K (,Uf.
k=2(4) feH

L(s,f) has at least
one zero in Ry /2
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It is clear that
M(K;®) + N(K; ) = A(K; D).
The key strategy for proving Theorem is to try to show that M(K, ®) is large com-
pared to A(K,®). To achieve this goal we will use the mollification method which leads

us to first consider the following twisted second moment of L(s, f) at the special value
s=1/24 0 +it.

4.2. THEOREM. Let —& <5<V andt < K%, with 0 < 20 <9 < 1/100 two small
positive constants. Let £ < K2~*9. We have the following asymptotic formula.

A({N(OIL(1/2+ 6 +it, [)*}; K, @)

—46 oo
—car i [T ewdirca-m 2 () [ e a

ns(€) (K —2042it o roo .
— QRG{C(I + 21 t) P1/2+it E Z ; ‘I)(u)u du
+ OE((l + |t|)2€*5K€ + (1 + |t‘)4él/2K71+€).

Proof. From the approximate functional equation, we have
A({Af(OIL(1/24 6 +it, f)°}; K, ®)
k— .
= > <I><K) > wp Ap(OILA/2+ 6+ it, )

k=2(4) fEHK
i
- Z < ) Z Z d1+26t 1/2+6 Vkv5+it(”d2) Z wr - Ap(O)Ap(n).
k=2(4) d=1n=1 fEH)

Applying the Petersson trace formula we obtain
(4.3) AN (OIL(1/24 6+ it, [)]*}: K,®) =D + F,

where we have the diagonal term

it (€
= 7248 Z d1+25 ) ( )Vk 5t (0d?),

k=2(4)

and the off-diagonal term

i Z;
- 72”22 d1+25t 1/2+5 Snbo

d=1n=1
-1 4\ In
x> ‘I><K>Vk,6+it(nd2)Jk—1< . )
k=2(4)

4.4. The diagonal term. From now on, we let ¥ be a fixed positive real number less
than 1/100. We first handle the case —% < 6 < ¥ and § # 0. Note that for the
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remaining case § = 0, we can just view it as the limitation of § — 0. Introducing the
integral defining V', we have
) [T "
D= — —— ~|H(s—0)+ H 0
072 2 Js oo (47T2g)s—5[ (s —0) + H(s +0)]

kE—=1\T(s+k/2+it)['(s+ k/2 —it)
> (I)< K >F(6+k/2+it)F(6+k/2—it)ds

k=2(4)
Since we have
D(s+k/2+it)['(s+ k/2 —it) F(d+e+k/2)T(6+e+k/2)
T+ k/2+)T(6+ k/2 — it) T+ k/2)T(6+ k/2)
for Re(s) = 6+¢ and rapid decay of H(s—0)+ H(s+6) on the vertical line Re(s) = d+¢,

we can restrict the integral above to |Tm(s)| < K¢ with an error of O, p(¢~'/279K~5).
For Re(s) = ¢ + ¢ and |Im(s)| < K¢, it follows from Stirling’s formula that

)

so we have (recalling that t < K?)
T(s+k/2+it)D(s+k/2—it) [k—1)>"% 1
= 14+ 0O((1+ [t)2k—112));
TS + k/2 +it)T(0 + k)2 — i) 2 (1+ O+t )
and then, together with Poisson summation formula (cf. Iwaniec-Kowalski [I1] Eq.(4.24)])
we obtain

E—1\T(s+k/24it)['(s + k/2 —it)
> q’( K )F(5+k/2+it)l“(5+k:/2—z‘t)

< k%

k=2(4)
k—1\ [k —1)\267% 5 —1+2e
-y @(K) <2> (14 0((1+ [t)*k="+2))
k=2(4)
K\2679 k1) [k—1)2"% 2 e
-(2) X () () e me
k=2(4)
K 2(s—0) K [®
_ <2> (4/ B(u)u2~) du—l—OB(K_B)) +O((1+[t])*K*)
0
K 2(3—6)K 0o
= () - ®(u)u=9 du + O((L+ [t])°K™).
2 1 J
Hence

4 S+et+iK® s) .~ ~
p = 1ul0) 1/6%_”(5 m[H(s—é)JrH(sM)]

2(s—4) 0o
x KK) B[ (uyae=9) du + O((1 + 1) K*) | ds
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B Tht(é) K 1 /(5-"-6-"-2'1('E C(1+25)
B o+e—iKe (47r2£)876

K\ 26570 poo
X <2 / ®(u)u= duds + O ((1+ |t|)2€71/27‘;K48)
0

[ﬁ(s—é)—i—ﬁ(s—i—é)]

d+e—i00 <(1+28)
+e—ioco (471—26)575

7
2(s—68) poo
X (f) / ®(u)u?*=% duds
0

+ O (1 +[t])2e7 120 K%).

[H(s —0) + H(s +0)]

By shifting the contour to the line Re(s) = —1/2 4+ § + ¢, we obtain

() K [
(4.5) D:C(1+26)Z/t2(+)5 T e
—46
nit (£ K I
(01— 20) e 5(@) / du
(g)K/ 1/24+0+e+ico <(1+25) B
+O<€1/2+5 A jpssbeive (A0 5[ (s 5)+H(s+5)]
K 2(s—68) poo
X <2> / D(u)u?= duds| | + O((1 + |t))2e~ /20 K*)
0
() K [
:<(1+25)Zj§+)6 T/ e
—46
nit (£ K I
01— 20) e 5(“) / du

+ O ((1+[t]) 20 K*).

4.6. The off-diagonal term. We assume t # 0. The case t = 0, can be viewed as the
limitation of the case t # 0. Of course, we can also use the Voronoi summation formula for

7(n), the divisor function (cf. Iwaniec-Kowalski [T, Eq. (4.49)]) instead of Lemma to
do the estimation. Note that |Jg(x)| < (z/2)*7! for k > 4, and 0 < z < 1. By Lemma 3.6

we can truncate the sums over ¢ and d in F at ed < V//K'™¢ with a negligible error.
(Indeed, to prove this we consider two cases depending on the size of nd?. For the case
nd? > K?*¢, by Lemma we know Vi 51 (nd?) < 2d4K B. and then we just use
the uniform bound Jk_l(@) < k713 when ¢ < 47v/¢n, and we use the bound
Jk_1(47”/7”) < c2 when ¢ > 47v/¢n, so we can bound the total contribution by KB,
For the case nd?> < K?2%¢ since ¢d > VK¢, we have @ < K~¢/?. So we have
Jk_l(%) < @ K~5, and again the contribution to F will be bounded by K~5".)
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Let x = %. By Lemma we have

k—1
4 Z (I)<K>Vk 5+zt(nd )Jk 1( ( ) Y 5+1t nd )
k=2(4)
K (V) |, 2
+ —Im 27”/8 (£ nd2 iuK?/(2z) du
\/E < 0 m fK-‘rl 6+Lt( )
xz [~ o ,
* O(K:s / jof? / D(u) Vur41,54it(nd?) €™ du dv).
0o 0
Hence
(47) F=Fi+FR+E+0(KP),
where
Fqi = T 27ial/c 771t 27rzan/c
=79 > d1+25 Z ¢ Z n1/2+5
cd<VIK1+e
(a c) 1
Am\/ln
x q><cf(>v4ﬂ\/€7n/c+l,5+it(nd2)v
71-1/2[( orial n. 271'1an/r
= —— mial/c zt
]:2 T 4(1/4 Z Cl/2d1+26 Z € Z n3/4+5
cd<\/ZK1+E =
- (a c) 1
- i i q)(\/a) 2 r
% Im/ e 2mi/8 614#\/%/6/ Vv Tld2 iucK*/(8wven) du ’
( 0 \/ﬁ VuK+1, 5+zt( )

2?2 E S(n, t;
5<<*sz1+25 5 Z LQCN

d=1n=1 c<VIK+e /d ¢
></ \v| ’/ Vuk+1, 5+1t(nd2) v du‘dv

4.8. The estimate of F;. As in Lemma [3.6] by Stirling’s formula, for z < K we have

1 atioo rig L §) o+ H(s — 6) [ 22 s=9 2(s2 — §2
Vet1,6+it(y) = 7/ ( ) ( ) <y) (1 + (x)>d3

276 o ioo (1672)s—0

+O((L+ i) y =K 7T)

for any o > |§]. By Lemma we can restrict the c-sum and d-sum to cd < V/IK®
with a negligible error. (Indeed, since h has compact support, we only need to sum
over n which satisfies the condition v/¢n/(cK) =< 1. So for the sum over ¢,d with
cd > VIKe, we have nd?> = (cdK)?/¢ > K?%2¢. Note that by Lemma [3.6) we have
Virdinjesr.50a(nd?) < (K?/(nd?)P < K~B'(nd?)~3. Hence this contributes to Fi
with O(K*B”) for any B” > 0, here the implied constant depends on both ¢ and B”.)
And then by using Weil’s bound for the Kloosterman sum, the contribution of the error
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term of V4m/%/c+1 5+it(nd2) as above to Fj is

- oo 1 (C 6)1/2 T(TL)
4 2+¢ ?
< (1+[t)*K E,W > Az > nl/2+8

d=1 cd<<f/ZK5 nx=c2K?2/¢
1
< (1+|t|)4€_1/2K_1+E Z prEs Z (0’5)1/201/2
d<VIK* cVIK®
K L+ PRI N (e )P < (L )R N ()
e VIKeE cVIKe
< (14|t e/ AR 12 Zd Z 1< (1+ [t])*e /A | —1t3e,
d|e d|c
cVIKE
Hence
m 2mial zm‘,an _
fl:_§ Z cd1+26 Ze ‘ Zn” ¢ gc’d(n)+(’)((1+|t|)4£1/4]{ 1+3E)
cd<VIKe
(a c) 1
s i 2mial 27Ti6.77, _
— 32 Z e Z e th 2 gea(n) + O((1+ [t VK19,
(a c) 1
where
1 > dm/ly
gc,d(y) T y1/2+5 CK

| [3+ico _ 0\ (s — )
— H H(s — [ 1
* 2 3—ico [H(s+3) + H(s =) (02d2> < * 2m\/ly >
By Lemma [3.12] we have
(4.9) Fi=Mi+T+K1+ (’)((1 + \t|)4€1/4K_1+35)’

where

- o= S(0,¢4;¢ e i
My = _24(1—2113)22%/0 gea(y)y™" dy
d=

1c=1
T = S(0,65¢) [ it
—§C(1+2lf)ZZQ+TdH25/O 9e,a(y)y" dy,
d=1c=1
TN 1 ()S(0,£ —nye) [ + [4myny
= _5222 228 ; Ge,d(Y) oy Y dy,
d=1c=1n=

Ky = fgz_:zz:: ul )f;(dolfJ" C)/O g‘,d(y)K;it(Zlﬂ\c/@)dy.

We first deal with M. Note that

—~w~ 5(0,4c * i
My :—wRe{ 1 — 2it) ZZCQ 271‘d1+26/ Ge.a(y)y tdy}.

d=1c=1
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Introducing the definition of g. 4(y), and making a substitution u = 47“/@
oo oo
_ S(0,4;¢) e 1 4m+\/ly
My =—m Re{((l —2it) ) ) 2—2it J1+26 /o yl/zHoTit <

x% j:o[ﬁ(s+5)+f1(s_5)] (cfd2>_5( (Qﬁ\ﬁ)>dsdy}

. 2K1—26—21't
=7 Re{((l — 2it) (47)1-20-2itg1/2—6—it

« /OOO @(u)u72572it% /33+ioo [ﬁ(s Lo+ f[(s B 5)}6876 (1 + 2(8252)>

, we obtain

— 00 Ku

oo oo

S(0,¢;
<323 Timqiess dsdu
d=1 c=1

Note that for Re(s) > 0 and ¢ > 1 we have

oo oo

S(0,¢4;¢ s
(4.10) ZZ BECE dHls = 17n,(0).

Hence we get

' 9 1-25-2it o0 it
My =—7 Re{Q(I — 2it) ()i B—Zigi/ /0 O (u)u

1 34100

* o 5o [f[(3+6)+ﬁ(3_5)]775(€)(1+2(5K_1L(5)>dsdu}.

For the innermost integral, we change s to —s. Recall that H(—s) = —H(s) and () =
1—s(£). So that for any u < 1 we have

ﬁ j: [H(s+0)+ H(s — 5)]775(@(1 N W) .
- —% _;i_: [H(—s+06) + H(—s —8)]n—(0) <1 n W)ds
_ f% j:o [H(s+ 6) + H(s — 8)]ns(0) <1 N % > o
~ 2 /33“00 /;3+: H(s +9) +H(S—5)]ns<€)<1+ W)ds
= n5(0)-

Therefore, we get

(4.11) M, = —;Re{C(l—Qit)n(g(é) LS /°° B (u)u— 221 du}.
0

(4ﬂ-)—25—2zt€1/2—zt
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To handle the J; and K terms, we need some asymptotic evaluations regarding the
Bessel functions (cf. Hough [9, Eq. (3.5) and (3.6)])

27 16v* — 4002 4+ 9
iy — 2T
v?2—1/4 1+ |v|®
— meos(x — w/4) o —|—(9( = ),
[ _ 1+ |v|?
K,(z)=4/-—e |1 — .
(x) 5 € { + (’)( .
Substituting u = MT VI e obtain

K 1-26 0o o0 o0 771,*, C) 0o s \/EKU
*71:_7T<47T> 12— 5222 Cl+25d1+25 /0 O JM( Ve )

d=1c=1n=1

LS o [H(s+0)+ H(s - 0)] (£>H (1 + 2(82_62)>d5 du,

270 J3_ 00 c2d? Ku

oo oo oo

K\ n:it(n)S(0,£ 4+ n;c) [ o5 4 [ VNKu
Kl:_ﬁ<47r> /12— 6222 C1+25d1+25 /0 @ (u)u K2zt< N )

d=1c=1n=1

e [H(s+0)+ H(s - 0)] (CQZQ>S 6<1+ 2(52Ku52))d5du'

Since S(0,0;¢) = qb(c) where (;S is the Euler function, and

(4.13) ZZ 5 +2g dl 5 =((2s)  (for Re(s) >1/2),

=1c=1
together with , we have

2mi

J1 = J11 + J1e,

and

(4.14) Ky = _W<fr>125£1/2 ; th / )u%KJit(\/@feﬁO

n=1

1 3+ico - s—0 2(82 _ 52)
X% 3—i [H(S—F(S)—’—H(S_é)}mns(g""n) 1"‘7 dsdu,
where
K\ N
Ji = —7r<47r> i 5;77115 /0 D(u)u Jta< 7i >
1 3+ico _ 1 9 2_62
ai ) [H(s+6)+ A=) Y — (1+(8Ku)>d8du’
- al (=)
K 1-26 n; / 0o -
o= —n() s [ et
1 3+ico 9 82 _ 52
<o |l )+ s = a))eotes) (14 2 Y asau



60 D. GOLDFELD AND B. HUANG

Note that £ < K272” and the K-Bessel function is exponentially small for large variable.
It follows that Iy is extremely small.

Now we consider J11. By shifting the contour of the integral in J11 to Re(s) =0 +¢,

the contribution coming from the error of the asymptotic expansion of J;t(ﬁ\;;“) is
K\'"% o Vnku\"?
4.15) < (14|t 6() 7(n / P (u u—%()
(4.15) < (1+[t]) Vi n%:e (n) ; (u) /i
1 [ofetice ~ 1 2(s? — 62)
— H H(s— 59 — 1+ —
X 27ri/5 [H(s+06)+ H(s—0)]=° > a25< + = )ds du

e al (¢=n)
< (14 |t)SeK 2=,

And similarly, by shifting the contour of the integral in Ji2 to Re(s) = 1/2 + ¢, the

contribution coming from the error of the asymptotic expansion of J;gt(Ku) is

< (14 [t))6¢=Y2K =2+, We only show how to bound the contribution from the main
term

()0 ()

to J11; the rest of the main terms can be handled in the same way, and their contribution
is smaller. The contribution to i1 from integrating against (4.16) is

1-26 1/2
T =7 K _ L (2 /4
4T 2=\ K

it (1) /00 @(u)u_l/g_% sin| K n 1/2u _r
n1/4 0 Z 4

n#l
1 3Hico _ 1 2(s* — %)
B Ia H _ s—0 1 _— .
“ o Sy i [H (e +8) + H(s = )¢ g: )@ < TR >d8 "
Define
1 3Hico _ s 1 2(s* — %)
gn(u) i= 2mi 3—ico [H(s FO s 6)]6 alg—:n) a? (1 " Kvu>d&

Then by integrating by parts twice, we obtain

1/2725 00 1/2
Jin K <K> Z 7(n) / cp(u)u—l/z—%gn(u) sin (K<Z> u— Z)du
n£e 0

Vi i/
/Ooo(q)(u)ulﬂ%gn(u))” sin <K<Z) 1/2u - Ddu .

K\ 7(n)

<(7) >in
\/E n#L n /

By shifting the contour of the integral in g,(u) to the line Re(s) = ¢ + ¢, and then

bounding everything trivially, we get

(4.17) Ti1 < O3IAK 32+,
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Hence, by (4.9), (4.11)), (4.14), (4.15), and (4.17)), we obtain

1 ’ KL-25-2it 50 s
(418) Fi= —5 Re C(1 = 2dt)ns(€) (4r)—20-2itg1/2=it | ®(u)u du

+ O((l + ‘t|)4€1/4K_1+35 + (3/4K_3/2+8 + (1 + |t|)6€K_2+E).
4.19. The treatment of Fo and . Define

* 3(ya) .
Wk (y,v) = Wk (y,v, ®) := Vo i Y du,
) = Wi, ®) = [ TV e ) e

for y > 1 and 0 < v < K°. Using the integral definition of Vi,5+it we have

a+tico 7
Wi (y,v) = %/{kim A _245732_;)?(68 )
. /°° D(s + Y255 +itD(s + Y25 i) @)
0 T(6+ YKL L (s + YEEEL ) V2ru ’
for any o > |d]. Taking @« = A + ¢ for any large number A > 1. For |[Im(s)| > K¢,

then by the properties of H we have Wik (y,v) < (KTQ)AK_B for any B > 0. And for
|Im(s)| < K¢, by integrating by parts several times and asymptotic formulas for Gamma

function and the polygamma functions, we have

% (s + Y4 4 it)T(s + Y45 —it) () 4, L+s|
JaK T NS e"du <4,B 5 K.
0 D0+ B (s 4+ L gy V2ru v
Hence we obtain
2\ A
(4.20) Wk (y,v) <a.B <y) v P,

Thus we can truncate the sum over n in F, at nd? < K2?*¢ with a negligible error. Note

that £ < K277 so we have 8;% > KY/2. Hence by (4.20)), for any B > 0 we get

(4'21) Fo KB KB,

Similarly, we can show that

o0 K2 A
/ |1)|3 dv <A (y> .

So we can truncate the sum over n and d in £ at nd?> < K?*¢ with a negligible error.
Hence we get

/ O (u)Vur+1,64it(y)e™ du
0

1/2 ©© o0

¢ 7(n) [S(n, 4 )| -B 1/2 gr—142¢

d=1nd?<K2+e O
Combining (4.7)), (4.18)), (4.21)), and (4.22)), we have

1 . K1725727Lt e} st
(4.23) F= . Req (1 — 2it)ns(£) ()2 zieqi/—it O (u)u du
+ O((l + ‘t|)4€1/2K—1+6).
Using (#.3), (4.5), and (4.23), this completes the proof of Theorem .
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5. Mollification near the critical point

5.1. Choosing the mollifier. We will take the same mollifier as in Hough [9, §5]. Let

- — af(n)
L L=y R 1).
7= el )
The coefficients ay(n) are supported on cube-free numbers. Now, for m,n square-free,
(m,n) = 1, we have af(mn?) = pu(m)Xs(m).

Fix 0 <Y < 1and M < K29 Define
1, ifo<az <MY,
Fy p(z) := P(%), if MY <z <M,
0, if x > M,
with P(t), a degree 3 polynomial, that satisfies P(Y) = 1 and P'(T) = P(0) = P’(0) = 0.
We define the mollifier for L(s, f) by
(5.2) M(s, f) == Z ag(n)Fr a(rad(n)) _ () A (0),

ns 03
n=1 (=1

where rad(n) denotes the product of the distinct prime numbers dividing n and

w2 () pu(€) Pr (En)
Z nz

S

We now set w := § + it. By (3.8 -, we have

63 MA2rwnp=Y Y a2 EDeal248), 0

1/2+w€1/2+w
l1=142=1

[o ol O lNe o}

Tae, (1/2 4 w)zae, (1/2 + ©)
— Z Z Z d1+w+w 41/2+w€1/2+w )\f(flfg).
1 2

l1=1/03=1d=1

We may always write L(s, f)M (s, f) as LM (s, f). Hence we get

Zae, (1/2 + w)wae, (1/2 + @)
AUEM/2 4 pPY K2 = 30 S0 S el Erag1/315
l1=143=1d=1 1 2

x A({(66)|L(1/2 + w, f)2}; K, ®).

There are three cases we need to consider when w = § + it:
-B C'loglog K C
<§< “ogoen o d o> —
1 log K log K log K loglog K ’
C <|t|<010glogK'
logKloglogK ="'~ logK '’
A loglog K
[P —C— < Jo] < SLBlo K
log K loglog K log K log K
Ch Co C
< i < ; [t < T
log K log K log K loglog K

(ITI)
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where A, B, and C are some constants. We will focus on the first case (I), which we
will assume in this section from now on. Note that the other cases can be handled by
combining the method of Conrey—Soundararajan [2, §6]. Define

ap)2(l
(5.4) Vo (0) = %ﬁg)
and
1, if (o, 8) = (w,w),
_J-ET (@B = (—we),
) TN E) i () = -a),
(%) TR 2‘*” if (aaﬁ) = (_w7_u—'})
By Theorem we obtain
(5.6) ({ILM(1/2+w NI} K. @)
S (124 L(1/2+
=22 505 s
— oo d el I
w(l10s) K
[ 1+ 26) 222)1/515 . " d(u)du
w(ll) (K\ YK _
+o - it (4 ) / o

— 2Red ¢(1 — 2it) n(l1ls) o 2ltK/m B(uyu= 2" 2 gy b | + O(MK®)
6122 (PP N\1/2—it 4 0

= Yo V@AWV ) MK&),

(a,B8)=(tw,x®)
where for any (o, §) = (fw, £w),

K ~

(5.7) U(a, 8) :=Z((l—i—oz—l—ﬁ)q)(l—o.)—d}—i—a—i—ﬂ)a(a,ﬁ)7
and

— Tae, (1/2 + w)zae, (1/2 + @)
(5.8) Vies) (@) =Y ap () D Z d1+w+w e '

=1 elez £ d=1 1 t2

By the multiplicative property of the divisor function
(5.9) no(mn) = > p(d)n,(m/d)n,(n/d),
d|(m,n)

we can now obtain the following lemma.

5.10. LEMMA. Letw € C, and let (o, 8) = (tw, ). We have

oo 1 B
Vias) (@) =) et T@8) (1)S(a,8) (1 W) S(a,n (1 @),
r=1
where, for z € {w,w},
> Vaﬁ) I‘/r 1/2+Z)
(511) T((X,B) Z d1+a+5 5 S(a ﬂ) ;5 Z Z £1+Z .

{=1
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Proof. By (5.9) we have

i i i w(a) Na—py2(i/a)na—py2(l2/a) zag, (1/2 + w)zae, (1/2 + @)

dltw+w (€1£2)(a+6)/2 €%+w€;+iz

o e w(a) Zae, (1/2 + w)age, (1/2 + @)
= Z Z ZZZ ditotogats (@) (£1/a)v(a,p)(l2/a) (gl

L ju(a) , o Fadty (12 + 0)20ar, (12 + ©)
- ZZ Z Z dlHw+e g2+wteo+atp Y, 5)( 1) (a ﬁ)( 2) e pI+e
d=1a=1£,=16,=1 L2

= Z twto a1+a+ﬂ S(a B) (T w)S(a B) (T (JJ)
r=1 alr
This completes the proof of the lemma. m
For any (a, 8) = (tw, +w), we define
1 _
(5.12) Viﬁ)(w) = Z mT(a,ﬁ)(r)S(a,ﬁ) (r;w)S(a,ﬁ) (T;OJ),
1<r<M1-Y
1 _
Viep@) = 3 TTrwre T@8) (1) S, (1 W) S(a,n (@),
M=Y<r<M

and we refer to these as the summation of the short-range and long-range terms, respec-
tively. Note that S, gy(r;2) = 0if r > M, for z € {w,&}.

5.13. Treatment of S, 3)(r; 2). For z € {w,®}, any integer r > 1, any real y > 0, any
complex number s € C with Re(s) > 3|¢ |, and any polynomial R, we define

V(a,p) (¢ w2 (bnr)p
(5.14) Tap)(s;m52) 1= Z ,

gl—i—a-{-z n1+b+22
>1

519)  T(nRiriz) = Y o2l 57 CDRE) (Ll )
£>1 1<n<y/(¢r)

Let

(5.16) Q) =1 - P(T + (1 - T)a).

We remark that

(5.17)  S(a,p)(152) = Tia,p) (M, P73 2) + Tia ) (MY, Q;752),  if r < MY,

(5.18)  Sa,p)(r;2) = T(a,p) (M, P;r; 2), it MI=T <r < M.

5.19. LEMMA. Let z € {w,w} and (o, B) = (fw, £@). For Re(s) > —J + |d|, we have

(1) Gy (5575 2) C(1 + 5 4 22)
CQ+s+z4+a)(1+s+z2+0)’

Tia,p)(si152) =
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where G o gy(8;7;2) = Hp G (a,p) (875 2) with

(1 _ p—l—s—z—a)—l(l _ p—l—s—z—ﬁ)—l(l _p—l—s—2z)7 pr|7°,
Gp,(oz,ﬁ) (S;T; Z) = (1 _ p—l—s—z—a)—l(l _ p—l—s—z—,ﬁ’)—l(l _p—l—s—QZ)
% (1 _ pflfsfzfa 7p71757275 +p717572z)’ iprfT,
so that G(ap)(s;7;2) is holomorphic in Re(s) > —1/2 + max{—2Re(w),0}. Let
1<y <M and R be a polynomial with R(0) = R'(0) = 0. Set

E(r) ==+ 1/vp).
plr

For any positive integer r < y we have
o0

1(r) Ga,p)(sim32)C(1 + s + 22) logy/r
(a,) (Y, B5 75 2) gfgs<(1+s+z+a)C(1+s+z+ﬁ Jz:(slogy log y

s pr) Glap (=22752)  (y 72Z§: RO(0
z¢{a,B} (Q—z+a)(1—z+p6)\r —2z)it1 log ]

+ O( E(T) e—Am/logy/r)7
log” y
where 6,g(qa,5y 95 1 if 2 € {a, B}, and 0, otherwise.

Jj=

Proof. The first equation follows from comparing two Euler products. Indeed, we have

1 V(a,p) (€) p*(fnr) p(lr)
T(O‘:B) (5’ L Z) = Z mltstz Z n#
m>1 In=m
B 1 N(a—p)/2(€) n(f)
= M(?”) Z>1 mlts+z ZZ Y(a+B) /22
(m»r_):l
1 1 1
- H(T) H(l o p1+s+z+a o p1+s+z+,6 + p1+s+2z)’
pir

where b means that we sum over square-free integers. To prove the other statement, we
will use the identity
1 3+ico . ds logkﬂ( )
) W = y>1m7
which is standard by using suitable contour shifts. By the Taylor expansion R(z) =

dies wtﬂ (here we use the assumption R(0) = R'(0) = 0), we see that

V(a,p) (! nr)u(lr) = RYD(0) (1o I\ 7
T(a,ﬁ)(%R;r;z):Z%)z() 3 “(nlﬁi( )Z .()< g(y/( )))

21 J3_ioo

|
=1 1<n<y/(tr) = U log y
o
RY(0) V(a0 (0) P (nr)p(lr)
=2 gy 2 o 2 Wlog%y/wnr))
&Y 1<n§y/<er>

N RJ) 3+i00 V(aﬁ ,u KTLT y s ds
= y 27rz 3— (lt+s+z Z n1+s+2z J

>1
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< RU)(0 /3+m 11(r) Gopy (5373 z)g(1+s+2z)) <y)s ds

log’ y 27” 3oico C(L+s+2z+a)((1+s+2+p sith’

=2

We may evaluate the above integral by a standard procedure. First shift the contour to
_ B

Re(s) = log(2y /)’

W + 4T where B is a constant such that W > —2§, and

and truncate the integral to the line segment from ﬁ — T to

T := exp(y/log(2y/r)).

The error involved in doing so is

E
< (5) log®(2y/r)T 2
log™y

Next, shift the integral on this line segment to the left onto the line segment —c/log T,
where ¢ is a positive constant such that {(1 + s) has no zeros in the region Re(s) >
—c/logT and Im(s) < T. We encounter a multiple pole at s = 0, and another simple
pole at s = =2z if z & {«, B}. The integrals on the three other sides are bounded using
standard estimates for 1/({(s) in the zero-free region, and contribute an amount

E(T) Ty>3 -2 —c/logT
< log =2 | (T2 + c/logT)
10g2y< g ( (y/r) )

We conclude that for an appropriate positive constant Ag, we have

- p(r) Gap (5513 2)C(L+5+22) o~ RI(0) (y)*
Ty, fi732) = E{GOSSC(l—FS—FZ—FOé)C(l—FS—i—Z-i—/B)jz—:zsjlogjy<)

1(r) Gapy(si7;52) (1 + 5 4 22) (y>s = RO(©0)
+35§§z <(1+S+Z+()&)C(1+$+z+ﬁ) ;Sj+110gjy

+ O( E(’f‘) G_AO logy/r) )
log® y
Now we will follow the same argument as in Conrey—Soundararajan [2, p. 38] for the

: 2 k0 ()
residue at s = 0. Indeed, we may replace ) -5+ ( % | with
i=

si log? y
i R9)(0) (Z <slogy/r>l) _ i 1 i R+ (0) <log<y/r>>l
= log’ y = il = (slog y)k — il logy
N b o (lesly/r)
= (slogy)’ logy )’

by grouping terms according to k = j — [, and using the fact R(0) = R’(0) = 0. This
completes the proof of the lemma. m

5.20. Contribution of the short-range terms. Recall that 0 < T < 1 is fixed. We
first use Lemma and equation (5.17) to deduce the estimate for S, z)(r; 2) when
r< MY,
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5.21. The case (o, ) = (w,w). In this case we have
p(r) G(w,@) (0575 2)C(1 + 22) O( E(r) o= 4o (longT)/r> .
14+ z4+w)(1+24+w) log® K

Note that the main term above came form the j = 0 contribution in the applications of
Lemma [5.19] and that the contributions from j > 1 in the two applications cancel each

other. By (5.12)), we have

Sw.a(r;z) =

M(T)Q G(w w) 0 r Z)<(1 +2Z)
(@) mgpr Trors Twa) (7 Zeg SOzt w)( 2+ w)
Jw+of
+(f)(aogk)? |

Indeed, here we use the fact

b b I flogz/r
Z E(r)® < z, and, therefore, Z Elr)” ) logz/r « 1.
T

1<r<z 1<r<z
Hence, by (5.5) and (5.7), we have
_ K &)(1) ,u(r)zr(w 2) (1) G (0,0) (0573 W) G (4,5 (0573 0)
i < - , ) ) )
(w,w)V(ww)(w) 1(l+wtaw) Z rltwta
1<r<M1-Y
K
O — |-
“0( )

To deal with the innermost sum above, we will use Perron’s formula to prove the following
lemma.

5.22. LEMMA. Assume that logx < log K and w satisfies (I). Then

Z 1(r)? T(e,5) (1) G 0,0 (07 W) G (0,2 (0; 7 @)
T.lerJr(Z'
1<r<z

= (1w +6)(1 =2 ) (14 0w + &) + Oz ).

Furthermore, if 1 <y <z and logy =< logz then for any smooth function R on [0,1], we
have

Z 11(r)? T(eo,5) (1) G w0, (0: 7 W) G . (0 7 @) R<10g7“>

pltwte log =

y<r<az

:(1+qu+wbx/zR(k%t)ﬂiL@+Cmu)

y log x

Proof. Recalling the definition of G, 5(0;7;w) in Lemma 5.19} for any square-free r, we
have

I I
G (0;732) = Go,5) (0515 2) H<1 - pl+“+‘“) = H<1 - W) )

plr plr
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where we use the fact that G, 5)(0;1;2) =1 for z € {w,@}. Hence

> 1(r)? Tw,0) (1) Glw.5) (0575 w) G o, (05 75 ©)
T1+s+w+®

T

’l" T(w w) )Hp|r(1 - 1/p1+w+03)72

= Z plistote
1 -1 14+w+w 1—-1 1+w+w -2
_ H (1 n /p ) ( /p ) )

p1+s+w+w

_ 1 = 1
= C(l +s+w+w) H <1 - p1+s+w+w> (1 + Z ps+k(1+w+w))
k=1

p
= ((I+s+w+w)Hez(s)

We know that Hy, 4)(s) is holomorphic for Re(s) > —1 4+ 2[4|, and H(, )(0) = 1. Now
we can use Perron’s formula to conclude our first statement. And the second state-
ment will follow by the partial summation formula. Indeed, by Perron’s formula (see
[22, Lemma 3.12]), we have

Z (1) 7(00,5) (1) G (0,5 (0: 73 w) G (15 (0 7 @)

pltote
1<r<z
1 —26+A/logx+iT d 26 1 B
—_ C(l—l—s—!—w—kw)H(ww)(s)xsS—&—O(x(w),
27” —26+A/logxz—iT S T
where constants A, B > 0 satisfy —24 + 1021 > 0 and
T(w.2) (1) G (0,2 (0;75w) G0 (0573 0) = O((log 1) 7).
We further choose T = eV'°82 Now shift the contour to the line segment —26 — ooT gT —iT
0 —26 — m + 4T, getting
> 1(r)* T(a,8) (1) G (0,0) (0375 W) G (1, ) (03 73 @)
rltote
1<r<z
1 —26—C/log T+iT ds
=Res + Res +(9(_/ C(1+s+w+w)Hy, g (s)r® )
s=0  s=—(w+) 270 ) _25-C/log T—iT s
1 —20+A/logx+iT ds
—|—(9( / Cl+s+w+w)Hy, g (s)r® — ) +O(z=%)
270 ) _95-C ) log T+iT s

=C(14+w+ @)(1 — x*(era))) (1 + O(jw + ‘I’D) + O(‘rf(w#»&;))
=((1+w+)(1 -2 @) L 0x).
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This proves the first claim of the lemma. For our second assertion, we use partial
summation, obtaining

Z ()2 7(00,5) (1) G (0,5 (0 73 W) G (10,5 (0 73 @) B ( logr )

pltwto log =

y<r<z

/1R<10gt)d Z ()2 7(0,5) (1) G (0,5 (0; 73 w) G (0,5 (0 73 @)

log x pltwto
& 1<r<t

R(bgt) ( Z 1(r)? 7w,y (1) G (0,5) (0575 W) G (0,5 (05 75 @)

r1+w+@

€T

Y

/I< 3 #(T)QT(UJ@)(T)G(W,@)(U;T;w)G(w@)(O;T;@)>dR(10gt)
Y rl-i—w-&-&z

log x

x

= R( logi>c(1 +w+o)(1 -t W)

Y

—/ §(1+w+@)(1—t_(“+w))dR(ll§gg;) + Or(1)
Yy

_ £ log t dt
— (1+(’)(w+w))/y R(logz) pyEw + Og(1).

This completes the proof of the lemma. =

As a consequence of Lemma we obtain

(5.23) W(w, &)V 4 W)

_ % 5(1)(1 _ M*(1+T)(w+w)) (1 + O(Jw + cD|)) + O(aogﬁw)

5.24. The case (o, 8) = (—w, —w). Here we have

1(r)G(—w,—a) (=225 7; 2)r*
Scuw—a)(r;2) = — —2) ——
(1=z-w)((l-2 )
o« (- 2zi PU(0 —22(1— T)Z Q1Y) (0) )
o — (—22) +1log]M —22)i+11og? M1-T
+ < E T) Ao/ (log M1~ T)/7“)
lo 2K
It follows from ) that
V< (w) = Z (1) T(—r,—) (1) G (o, ) (=205 73 W) G Ly, — ) (203 7 @)
(—w,—®) e S rl=w=9¢(1 - 2w)¢(1 — 20)¢(1 — w — @)?
2
i P(J 20 T)Z Q(]) (0)
—2w) J+1 logJ M —2w)i+llog! M1-T

’ O(l (151;?(1;%) )
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Hence

q/(_w7_@)y(§_wy_w)(w):K(K>_ M)A+ O(wl)

4 \dr (1-w—0a)
1727, —2) (1) G (=) (=203 7 W) G (o, ) (—200; 75, 0)
X Z Tl—w—dz
1<r<M1-T
2w Z P90 A-2w(1-T) Z QY)(0)
—2w)? log] M —2w)d log? M1-Y

(log log K)3
O\ —F—F5—K|.
( (log K)?
To deal with the r-sum above, we will use Perron’s formula again to prove the following

lemma.

5.25. LEMMA. Assume that logx < log K and w satisfies (I). We have

Z 1(r) 7, —5) (M) G (—w,—a) (2w 15 w) G, — ) (2005 75, 0)
l—w—&
1<r<z "

= ((1—w=&)(1 = 2*) 1+ O(|w])) + O (e~ 57).

Furthermore, if 1 <y < x and logy < logx then for any smooth function R on [0,1], we
have

Z ()2 T —) (1) G () (—2w5 75 W) G (Lo —) (— 2003 7 @) R(logr)

pl-w—w log z
y<r<zx

— (1 +O(|w+w|))/;R(IOgt)tlcfw + Op(241%).

log x
Similarly
5 M(T)2T(—w,—@)(T)G(—w,—a)(o;T;w)G(—w,—@)(O;T;@)R log
rltw+o log =
y<r<z
_ v logt dt 9
= (1 — loglog K
( +O(|w+w|))/y R(bgw)tw+ + Op((loglog K)?),
and

Z /L(T)QT(iwyf@) (1) G (—w,-2) (0575 W) G (— iy, — 5y (=203 75 @) R(logr)

= rltw—w log x
Y<rsxr

= (1 + 0 -aD) [

y
Proof. Recalling the definition of G(_,, _g)(—2w;7;w) in Lemma we have

logt dt 9

1 1 A
G-y (—22;7132) = G(_w7_w)(2z;1;z)H<1 -+ > ,
i p p p
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where G(_y, _5)(—22;1;2) = 1 4+ O(|w]) for 2z € {w,w}. Hence

Z M(T)QT(fw,fa;)(T)G(—wﬁ@)(_QM T W)G(—w,—w)(—2@§ ;W)
T1+57w7&)

H G(,w,,@) (—22’; 1; Z)

ze{w,w}
—z—w —z—w -1
% Z T( w,— UJ)( )Hze{w7gﬂ} Hp|r(]‘ - ]‘/pl - ]‘/pl + 1/p)
Tl—&-s—w—i;
= H G w,—2)(=22152)
z€{w,w}
7o) () Mgy (1= 1/p 279 = 1/p 7272 +1/p)
X H 1 + p1+s—w—¢D

= C(l +s—-—w-— (’D) H(—w,—@)(s)a

where H(_,, _z)(s) is holomorphic for Re(s) > —1 + 2[6], and H(_,, _5)(0) = 14+ O(|w|).
Now we can use Perron’s formula to obtain the first statement in Lemma[5.251 The second
statement follows by the partial summation formula. m

It follows from Lemma [5.25] that

(5.26) W(—w, -V, __ (W)

K/ K 72w72&1~ ~
== (1) (1 = M) (14 O(fwl))
o] 2
QWZ PY(0 -2 T)Z QY (0)
—2w)? logJ M —2w)d log? M1-T

(loglogK)
=K |.
O( (log K2
5.27. The cases (o, ) = (w,—w) and (o, ) = (—w,w). We first consider (o, ) =
(w, —w). By Lemma we have

Sor-my(riw) = M0 (00) +0< ) e—Aom>,

C(]. 4+ w — (D) 10g2 K
and
‘@) = 11(7)G (s, — ) (=205 75 @)1
S (0) = = G 0y - o)

RS PU)0) C2(1-1) N QY (0)
% (M ;( 2w)J+1(logM) JZ —20)i* 1 (log M1=T)3 )
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By (5.12), we have

< () = Z w(r)? T(w,—a) (1) G w,-2) (0375 W) G (o, — 5y (—200; 75 )
e rite—o(1 - 20)¢(1 + w — )2

&= PW(0) 9(0)
M—Qw i —2w(1-7)
% ( ;2 (—20)i+ 1 (log M)7 © Z ) a+1 long )

+O(|w —w|(loglogK)3>'

(log K)?

Hence

U(w, —@)Va’_w)(w)

= —g <fr>_ C(lf(l))(l +O(|wl]))

2 - G (07 G (=201 @
« Z /L(T’) T(w, w)(T) (w, w)( 7r1w) (w, w)( w,r,w)

1<r<M1-Y
s~ PYY(0) S(1-T) o QYW(0)
(Mz(_wagmw 0 o og )

(loglog K)3
o(Teir )

To deal with the r-sum above, we will use Perron’s formula again to prove the following
lemma.

5.28. LEMMA. Assume that logx < log K and w satisfies (I). We have

Z 1) T, ) (1) G (0, —2) (05 75 W) G, i) (— 205 75 @)

rl—&-w—o‘.}

=((1+w-o)(1 -2~ @) (14+0(w])) + O(1).

Furthermore, if 1 <y < x and logy < logx then for any smooth function R on [0,1]

Z w(r)? T(w,-3) (1) G (w,-5) (057 w) Gy, —z) (—20; 75 ©) R(logr)

= pltw-—o log x
YSTrsST

= (1+0(u-al) [

Yy

log ¢ dt )
R(logz) o=z + Or((loglog K)°).

Similarly, we have

Z (1) T, —5) (1) G (0, —2) (0575 W) G, —5) (0 73 @) R(log T>

fot pltwte log =
y ST

= (14 O(jw + @l)) /IR(IOgt) t1+cif+l:) + Og((loglog K)?).

v log
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Proof. Recalling the definition of G, _5)(0;7;w) and Gy, —g)(—20;7; @) in Lemma
we have

1 1
Glw,—a)(0;7w) = Gy,—2)(0; 1;w) H(l - W) ;

plr

—1
1 1 1

Glw,—a)(—2w;1;0) = G(w,w)(—%;l;w)H(l - o " i T ) )
o P P P

where G, —2)(0; ;w) = 1 and G, _z)(—20; 1;0) = 1 4+ O(|w]). Tt follows that

1(r)? T, —2) (1) G (-5 (0575 W) G (o, — ) (—200; 73 @)
Z prltstw—w

—1 —1
() T, (r) 1_|[(1 — =) (- g — 5w 1)
_ _ pir
= G(w,—@)(_2w; 1;(")) Z rltstw—o

T

Tw,—a) (P) (1 — pu%)il(l - pl%w - Iﬁ + %,)71
p1+s+w—a)

= G(w7,@)(—2@; 1;w) H <1 +

P
= ((1+s+w—w)Hy _o)(s),

where H(, _g)(s) is holomorphic for Re(s) > —1 + 2|d|; and H,, _5)(0) = 1+ O(|w|). Tt
follows from Perron’s formula that the first statement in Lemma [5.28 holds. The second
statement follows by the partial summation formula. m

By the above lemma, we get
(5.29) U(w, )V(; _w)( w)

= §<4> <I>(1)(1—M (@=) =) (1 4+ O(|w)))

e p(J) Con(1-T) e QY)(0)
(o L ooty Fognry + M ;<—za>ﬂ'(logM1—T>f>

(log log K)3
O ———K.
( (log K)?
Then, by the same argument, we obtain

_ —% (f) B(1)(1 — M=) (14 0(Ju])

[e )

e PO s QU
< (o 2 Taaptiogary M (T)jg(—zw)jaogM”)j)
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5.31. Contribution of the long-range terms. We first use Lemma and equa-
tion (5.18) to deduce the estimate for S, g)(r; 2) when M-T <r< M.

5.32. The case (a, ) = (w,w). In this case we have

. 1(r)G w.2) (573 2) 1 ) (log M/r E(r)
Steari2) = e S v ) 2 Glogbp | < log M )+0<1og2M)'

Consider the Taylor expansion

Glos)(sim2) /(1 + s +w+@) =ag +ars +azs® + azs® +....
Then
ap = G0y (0373 2)(w + @) + O(E(r)|w|?),

a1 = Goz)(0;732) + O(B(r)|wl]),
apn, <pn E(r) for n > 2.

It follows that

log M /r 1 ,((log M/r
_ P
S(w,a)(152) = (1) Go,e) (05732 (( < log M )+logM log M
E(r) )
+0 2+
(B +
By (5.12)), we have
- B u(r)? T(w,a) (T)G (0,8)(0;7;W) G (,5) (05 73 &)
(w,u‘))(w) = Z rltw+e

(orn(SEHr) ot ()
+ 0< Zb @ <|w|3 * 1oga2)|K)>'

1<r<M

Now by Lemma [5.22} we get

M

. (log M/t 1 log M/t\\> dt
> _ /
V2, o)) = (1+0(w)) / ((w+w)P< e ) t P ( ) e
M1-T
3
+O((10g102gK) )
log” K

log M/t
log M

Making the change of variable — z, we see that

T 2
V(Z@)(w) = (log M) (1 + O(|wl)) /0 M~ (=2 (wto) ((w +@)P(z) + ! P’(x)) dx

log M
O((loglogK)?’).
log? K
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Integrating by parts, we obtain

T T
V(i @)(w) — / (w+ (D)P(CL')2 dM Ao (w+e) 4 2/ M (-2) (wt@) (w + @) P(2) P (z) dz
, 0 o

T 3
- log log K
/ —(1—$)(w+w)(P/(w))2 dz O(( = O2g ) )
0 log” K

+ log M

T
= (W +@)P@)?M )|

T 3
/ Mf(lfz)(eraz)(Pl(x))Z dx+0((10glogK) )
0 log? K

+ log M
= (w+ @)M—O—T)(ww) +—

O((logIOQgK)?’)
log® K
It then follows from (|5.7) that

K3 ()M~ IO (1 4 O(jw + @)

(5.33) U(w, @)V _(w) = T

(w,@)
K 57
4 (w+w)logM [,
(loglog K)*
O|———~K)|.
+ ( log K
5.34. The case (o, ) = (—w, —w). In this case we have

(1) G (—w,—a) (5375 2)((1 + 5 + 22) i( 1 1M)_P(j)(1‘;gj‘ﬁ7”)
slog J og

M UmDR) (P (2))? da

S(—w,—a)(r; 2) = Res KA +s+z—w)l(l+s+z-w) &

WG sy (=252, S PO()
ooz L Cayreg

e

Consider the Taylor expansion
G,y (53732) €1 + 5+ 22)
(I+s+z—w)((1+s+2z—w)

2 3
=ag+a1s+ass”+azs” +....

Then
apg = O7
o G (—w,—a) (0575 2)(32% + 2(~w — @) — w) .y
1= (22)2 ) +O(E( )| Da
o = SemalQTATEIEEE L om0,

—G(—w,—a) (0575 2) (2 +w) (2 + D)
(22)1

+ (9(E(T)|w|71).

az =
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It follows that
z—Z log M /r
Si—w—an(r;2) = Gi_w—an(0:7: P
( w, w)(rvz) lu’(r) ( w, UJ)( 7Taz)(2210gM ( IOgM )
N w+w pr logM/r\  w+w pr log M /r
(2zlog M)? log M (2zlog M)3 log M

/,L(T)G(,w’,@)(—QZ;T;Z)TQZ g, e PU)(0) ( 9 E(r) )
(l—z—-w)(l—2z—-w) M Z (—22)i+1log?! M TO\ B+ log? M )’

By (5.12)), we have

+

=2

V(iw,fa;)(w)
_ Z M(T)QT(,%,@)(T)G(,%,Q)(0;T;Q})G(,%,@)(O;T;a))
- rltwte
Mi-T<r<M
- log M » log M » log M/ry |
| v P’( og /r) w4+ w P”( og /r)_ w+w P”'( og /r)
2w log M log M (2wlog M)? log M (2wlog M)3 log M
TS p(r)* T, —w) (r)ﬁGi(,w,,@)(O; Tjw)G(fw,j@)(—QJJ; )
rlte=w(1l —w—w)((1 — 2w)
M-T<r<M

sz PU)(0 W= P log M /r
—2@) J+1 10g1 M 2w log M log M
n w+w pr logM/r\  w+w P log M/r
(2w log M )? log M (2wlog M)3 log M
Z N(T)Q T(—UJ,—AD)(T)G(—L/J,—LD)( 2w; T w)G(—w w)( 2®;T§@)
rl=w=@0(1 — 2w)((1 —w — w)2¢(1 — 2w)

+
MI-T<r<M

o Z PU(0)
—2w)i+1log? M

Next, Lemma [5.25] implies that

2
loglog K)3
+O<(0g02g )).
log” K

M _
w—w log M/t
=(1+0 P’
Voo = (+00D) [ |2 <1ogM>
2
L w+w P logM/t\  w+w pr log M/t dt
(2w log M)? log M (2w log M)3 log M ot

1+ O(Jw|) = PU(0
2Red ———
+ e{(j(l—w w) Zz 2wlogM
x/M w—w I log M/t N w4+ w pr log M/t
- \ 2wlog M log M (2w log M )? log M

. wHtw pr log M/t dt
(2wlog M )3 log M tltw-w
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Czl—l—owﬂwz) (M(l T)(w+a) Mw+w ‘M_gwi ;ju(i;(goj)w)j 2
+O((10g102gK) )
log” K
Making the change of variable kl’fgj\ﬂt — z, we see that
Vi (@) = m
y /0 A () @t) % P'(z) (20:;2%021\4 P (x) — (2w)°; (;;;UMF () r
’ QRe{ e (Mi ) [ e

w—-w _, w+w " B w+w e .
X( 0 U O Goiognr T W) T @aroganz § ())d}

1+ O(Jw|) (1-T) (w+@) " N~ PUO) :
wtw) Mw-i—w ) M w i
C(l—w—a_))<M ) Z(—leogM)J

O((loglcng)?’)'
log” K

Hence by (5.7)), we obtain

(5.35)  W(—w, -V, (@)

KK\ 729 -1 T (a) (e
—<> ©(1)(1+ O(lwl)) (OJ+5J)10gM/o MDD

4 \4r
_ _ - 2
w—w W+ w W+ w
Pl P// _ P/// d
2w (z) + (2w)?log M (z) (2w)3(log M)? (z)) de
> PU)(0) T _

2 M2 - VU M (1-2)(w=—a)

i Re{ ; (—2wlog M)J /

w—w _, w+w " w+w "
(0 W‘WP @)"f}

)

o0

+ (M(lfT)(ercZJ) . Merw

(loglog K)*
——K |.
+O< log K

Z —2w logM
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5.36. The cases (a, ) = (w,—w) and (a,f) = (—w,w). We first consider the case
(o, B) = (w, —w). By Lemma we have

()G, —z) (8375 w) s 1 pl) log M/r
(slog M)J log M

Stw—a)(r3w) = Res sC(14+s4+w—w)

+‘°(1§%>’

Jj=0

and

o /L(T)G(w7—a)(5§ m;w0)¢(1 + 5+ 2w) - )
S(w,_@)(r,w)fls%:eg sC(14+s+w+w)((1+s) Z(slogM)j ’ ( log M )

2w

,LL(’I")G(W,_@)(*ZD;T;Q_J)T _2% = P(j)(())
ooz M ‘

E
o( (r) )
log” K
We first write the Taylor expansion of G, _z)(s;7m;w)/C(1 + 54+ w — @) as ag + a15 +
ass® + ass® +.... Then

+

ap = Go,—z)(0;7;w) (w — ©) + O(E(r)|w]?),
a1 = Gy,-2)(0;75w) + O(E(r)|wl),
Ay Lp E(T’), 1fn22

Next, consider the Taylor expansion

G-y (3:7:@)C(1 + 5 + 20)

=by+b bos? 4+ bgs® + . ...
C(l+s+w+o§)§(1+s) 0 + 018 + 025° + b3S

Then we have

bp =0,

by = GeaOBD LY | o),

by = S ((222)? E=2) s o)

by = G2 ODEZ) | oy

So we get
L o _ log M/r 1 ,(log M/r
S(w,—u‘))(raw) - IU’(T)G(QJ,—L:J)(O7 T5w) <(w w)P( IOgM ) + 10gM P < IOgM

O(loglc;gK)
log” K
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and

_ _ W+ log M/r
S(w,fuﬁ) (T;w) = M(T)G(w,ffz)) (O;T;w)<2w IOgMP/( IOgM )

n 7&1—w pr log M /r n 7w—@ 1% log M /r
(20w log M )? log M (2w log M)3 log M

u(T)G(w7_U—J)(—2@;T;@)r% A2 e PW(0)
(1+w—w) = (—2log M)
o (log l(;gK)
log” K
By (5.12)), we have
S _ ()2 T, —5) (1) G (w0, —2) (0575 W) G 0, —5) (0 73 @)
V f@)(w) - Z rltwte
M1=T<r<M
logM/r n 1 P log M /r
log M log M log M
wHw _,(logM/r . w—w pr log M/r n w—w pr log M/r
2w logM log M (2w log M )? log M (2w log M)3 log M
3 1(7)?T(w,~2) (1) G, ) (073 w) G (1, ) (—20; 75 0)
14+w—w T
M-T<r<M " ((tw-—a)

= PU(0 _ log M/r 1 log M /r
—2w o /
< Z 2w10gM >((w W)P< log M ) + 1ogMP < log M

O((loglogK) >
log® K .

Applying Lemma , with the change of variables from l(ffg]\ﬂt to x, together with ((5.7),

we see that
(5 37) ‘If(w, w) (w)
K
- 4( ) {1+ O(lw)
g logM/ M09 (w0 — ) (10g M)P(@) + P(x)
(& WP%*WP )
—20 s P(J) / M- (1—2)(w=a) (( )(1 M)P( )+P’( ))d
+M Z 2w10gM w — w)(log z ) da

=2

(loglog K)*
+O<logK K).
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By the same argument we also obtain

(5.38)  W(—w, @)V, o (@)

- K @r) 1)1+ O(lul))
y [W /0 T M0 (g 1 ) (log MYP() + P'(2)
y (“;;QP’(JU) + %P”(m) - (S(%M) P ( ))dx
+ M- QWi ;jiogM / M=)t (L 4 @) (log M)P(z) + P'(z)) dx
+o((k’gli;g;(>x>.

5.39. Conclusion. Recall the harmonic weight

e 12§() 1
T k=1 L,sym?f)

Now @ is a non-negative smooth function supported on [1,2] such that ®(t) < 1, and
[ ®(t)dt > 1. Tt follows from (B-10) that

(5.40) AK, @)= Y @("“I_(l) > wy
)

k=2(4 fEH

3 @(’“K 1) (1+0@2*) = %5(1) +O(KP).

k=2(4)

Combine (5.6]) and (5.23)—(5.38) and make the change of variables § = ﬁ, t= ﬁ.
If we then take M = K175 it follows that

(5.41) A{ILMA/2 +w, )} K, @) = %(u,v)+o<(k’gk’gm4)_

A(K,®) log K

Here

(5.42) ¥ (u,v) = ¥ (u,v) + ¥Ya(u,v) + ¥(u,v),

1 T
=1 - —2u(l—=z)(1-59) Pl 2d
N(u,v) + 2“(17519)/0 € (P'(z)) dz,
-1 ¥ -2u(1-0)-50)
T —2u(l—x)(1-5
Ya(u,v) i=e 2u(1—519)/0 ¢
) 2
(3% u (3
P’ )24 _ p" d
e 2t (1= 5) )~ Srmpa —soE’ @) &
PU)(0)
) —2(1-59) (u—1iv)
" Re{e Z 2(u — i) (1 — 59))

Jj= 2
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T .
—2iv(1—z)(1—-59) w p' u p
. /0 ¢ ( W@t s A —sey T @

u

T 4(u+ w)3(1 — 59)? Pm(x)) dx}

PY)(0)
+ (62u(17519)(17'r)  2u(1— 519))‘ —2(u+iv)(1-59) Z
= 2(u + iv)

)(1 —59))J
b (1 = 25N =T)) | =2utin) (1-59) > PO(0)
= (=2(u+iv)(1 - 59))/
- () 2
2(u+iv)(1—-59)(1-7) QY (0)
+e” Jz:; 2(u+ ) (1 —=59)(1 —-171))7 }

. 1
— —2(u+iv)
Y3 (u,v) : 2Re{e [—2iv(1 —50)

T
></ e~ 2= 1=59) (_2y(1 — 59) P(x) + P'())
0

- ((uﬂ‘v)Pl(I) T Surwpa—sy’ @

iv > PU(0)
- P/// d 2(u+iv)(1—-59) :
A(u+ i0)3(1 — 59)2 (x)) vhe ; 2(u+ iv)(1 — 50))i

T
X / 2= 1=59) (29 (1 — 59) P(z) + P'(v)) da
0

N (1 _ezw(l_r)u—w))(6—2(u+iv)(1—519) Z ( 2( f(ﬁ)(((i) 519))j
u (x% -

Jj=2

—2(u+iv )(1— Q(])(O)
et T)Z (u+ iv)( 1—519)(1_1())1)]}‘

We end this section by proving the following upper bound for ¥ (u,v), which will be
used when u is large.

5.43. LEMMA. Choose

Pz) = 3(?)2 - 2(?)3, Q(z) :=1—P(T+(1-"T)z),

?9:1_10 T =0.64 = il =4.
0 064 S=qa-ma—20 &

For u > 10 and |v| < 5u, we have
Y (u,v) <14 e /2,
Proof. To prove the lemma, we will show that for v > 10 and |v| < 5u,

(5.44) Y(u,v) <1+ %67“/2, Ya(u,v) < e, Vs (u,v) < e 2",
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In fact, much better bounds can be proved, but this will be good enough for our appli-

cations.
Recall the definition of ¥#;(u,v) above. Using the fact that |P'(z)] < 3/(2Y) if
x € [0, Y], one may easily obtain the first inequality in (5.44]). Indeed, we have

2
1< H(u,v) <1+ Te—2u(1—T)(1—519)<3> <14 le—u/2,

2u(1 — 50) 5T )
for u > 10. Next we will consider ¥5(u,v). For z € [0, Y]
6 12
Pl < . P =
Hence

T 3\’ 6\ 12 \?
< o—4u —2u(l—z)(1-59) 9 o
Yl v)l < e {2u(1 —59)° ((QT) + (mﬂ) * (u2T3) )
6 12 3 6 12
9 —2u(1-59) Y| — 4+ — 4+
+ (e 2re s ) oy e e

6 \° 12 \?2
—2u(1-59)(1-71T
coconn () ()

For u > 10, we have | %3 (u, v)| < e~%* which gives the second inequality in (5.44)). Finally,
we will bound ¥5(u,v). Note that

7/3(/“70) = ’7/31(’&, 'U) + %2(“7’0)3

where
T
= _9 —2(u+iv) u / —2u(1-=)(1-59) ( p/ 2

Y (u,v) Re{e “2iw(u+w)(1—50) J, © (Pl dey,
T

Yo (u,v) := —2 R, —2(u+i'u)|:/ —2u(1-2)(1-59) p ( U_ P

sl ) e{e 0 ‘ @) (u +1v) ()

v 1
P _ p" d
2t =50 @ fut i) -0y m) v

1 T u(—a)(1—59) pr
_ —2u(1-2)(1-59) p
2(1—519)/0 c (z)

1
4(u + i)3(1 — 50)2

P// (.’17) _

: ( 2(u+ z‘v)12(1 — 50) P"'(:E))dz

P(J) (0)
te —2(u+iv)(1—59) Z .
(u+ ) (1 —59))J

T
X / e2iv(1—)(1-59) (—2iv(1 — 59)P(x) + P'(z)) dx
0

1 — e2iv(1=1)(1=59) [ ,—2(utiv)(1-50) |

" ( ) ) Z 2(u+v)(1 — 59))7

1 e~ 2(utiv)(1-59)(1-T) = Q(J)(o)
(—2(u+i)(1—59)(1-1))7 )| [

=2
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By the same argument as above we can show that |#32(u,v)| < $e72*. We also have
Que—2u T e—2iv 1
Yoy (u,v)| < 7( —2u(1-2)(1-59) (P’ (,))2 ) Red ¢ | 2,20
| 731 (u, v)| < (1= 50) /0 € (P'(z))" dx ) |Re —2iv(u +iv) J| = 2°¢

This establishes the third inequality in (5.44) and completes the proof of the lemma. =

6. The harmonic mollified second moment away from the critical point. In
this section, we get a bound for A(K ) A{ILM(1/2+ 6+ it, f)|*}; K, ®) when
loglog K 10loglog K
log K (1-")log K~
We will follow the method of Ricotta [I8, Appendix A], which is based on a classical
Phragmén—Lindelof-type convexity principle.

6.1. THEOREM. Let 0 < Y < 1 and M = K'7°7 with 0 < 9 < 1/100 being a small
constant. If § > 818K “ypeon for any 0 < a < 2(1 — T) we have

log K
1

A(K, ®)

for some constant B > 0 depending only on . If lo{goloiK < 6<1/2+ 1101%%, then
forany 0 <a<2(1-"7),

A{|LM(1/2+ 6 +it, f)]*}; K, D)

A(K,®)
for some constant B > 0 depending only on 9.

The proof of Theorem (to be given at the end of this section) requires the following
three lemmas.

6.2. LEMMA. Let 9,Y, M be as in Theorem . If 6 = %, then

A{ILM(1/2+ 6 +1it, f)*}; K, @)
A(K, D)
for some constant B > 0 depending only on 0.

Proof. If |t] <« %, then by the argument in §4| and §5| it follows that

A{ILM(1/2+ 6 +it, f)]?}; K, @)
A(K, ®)

(see (5.41), (5.42)). So we may assume [¢| > loﬁjloiK Let 6 = 9/2. If |t| > K?, then one
can use the convexity bounds for L(1/2+ § + it, f) and M (1/2+ § +1it, f) to deduce our
claim, provided that B > 0 is large enough. Consequently, we only need to handle the

case loil‘;i}( < |t < K?. Asin & by Theorem@, we have
A({IZM( 1/2+5+it NP} K, ®)

Z Z p(ma)p(me) Fy ar(dming) Fy a(dmang)
d1+25 (myn2) /23 +it (myn2)1/2+6—it

<b6<1/2+

A({ILM /245 +it, f) = 1P} K, @) <pq (14 [)ZM,

=14 O0pq((1+ )M ),

<p (L+[t)?

<1,

(m1,n1)=1
(m2,n2)=1
(minimong,d)=1
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Nt (maime) K

it (mams) i .
rea-m i (i) 3, ot
—25—2it
—2 Re{C(l — 2it) (72‘;52;735) — <4ﬂ> K / 202 duH
+ O(K1—19+E)

=81+ 8 — 2Re Sz + O (K'~7*°).
Now, following the same proof as in Hough [9} §5], for ¢t < K, we obtain

A{|LM(1/2+ 6 +1it, f)]*}; K, @)
A(K, ®)

This completes the proof of the lemma. m

< 1.

6.3. LEMMA. Let 9,Y, M be as in Theorem . If 6 > 1/2+ ¢, then

A({|ILM(1/2+ 6 +it, f) — 1]}; K, @)
A(K, @)

<. M20-1)(6-(1/2+2))

for any e > 0.

Proof. From the shape of the mollifier (5.2]), we can deduce that

LM(S, f) =14+ O(M(lfT)(1+67Re(s)))7
if Re(s) > 1+e¢ for any € > 0. The lemma immediately follows from the above estimate. m
6.4. REMARK. In fact, by (5.2), for § > % + % and the choice M = K57 as
in (5.41), we have
1
6.5 LM1/240+it, f)=1+0| —= ).
(65) (/2 sitf) =1+ 0( 15 )

Indeed, let be(n) := >, _,. Ar(m)as(€)Fy ar(rad(€)), then LM (s, f) = > 07 bp(n)/n®
if Re(s) > 1. Note that we have bs(1) = 1, by(n) = 0if 2 <n < M* T and by(n) <
> e T(m)7(€) < 73(n) for all n € N. So for § > 1 + M we have

1-_)log M’
7 (n) (n)
(1/2+(5+Zt f)_1<< Z 1/2+6 < Z n1+910g10gn/logn
n=M1-T n=M1-T
o gt ; 1
< %; . logn /ler t(logt)? anT (n) < logK *

Consequently, we may take W7 =1+ % in Selberg’s lemma.

We would like to thank Soundararajan for sending his unpublished paper with
Conrey [3]. The following lemma is strongly based on [3].
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6.6. LEMMA. Let 9, T, M be as in Theorem L If loglogK <§<1/2+ W%, then
for any 0 < a < 2(1 —7), we have

A{LM(1/2+6 +it, f)}: K, P)
A(K, D)
for some constant B > 0 depending only on 9.

Proof. In the region Re(s) > 1, by (5.2) we may write

=1+ O0p,((1+[t)BM),

LM(s, f) Z (Z A(a (b)u(bc)zFT,M(bc)).

abc2=n

Using the Hecke relations we see that
> M@ O)p®)pbe)* FPros(be) = > D Af( ) )uu(be)? Fy ar (be),
abc?=n abc?2=n d|(a,b)
and if we set a = ad, b = 8d, and g = cd, this becomes
S0(5) 3 w92 Prantie) X n(6d) = As(n) S wl6)Fen(5),
g2|n aB=n/g? cd=g afB=n

since the terms with g > 1 are easily seen to disappear. Thus

La(s, £y = 30 M)

n=1

¢(n), where ¢(n) = Z,u(d)FT’M(d)

We have ¢(1) = 1; ¢(n) = ZdIn u(d) = 0for 1 < n < M"Y, and |e(n)] < 7(n) for
n> M-
We will first handle the case Re(s) = 1/2 + & where § = 1/2 + % Put
B(s, f) := LM(s, f) — 1. We consider
| 3o

T(w)B(w + s, f)X* dw,

211 3—ioco

where X = K27V, We shift the line of integration to Re(w) = —dg + 01, where 6; =

%. The pole at w = 0 gives B(s, f), and so we conclude that

B(s, f) = D(w)B(w + s, /) XYdw — — D(w)B(w + s, f)XYdw

oo 2mi —30+61 —ic0
=:T1(s, f) — Ta(s, f).

We first estimate the contribution of the T (s, f) terms. By Cauchy’s inequality and
Lemma [6.2] for some constant B > 0 we have

AT DD s, A({ 55 @) Bw + 5, £) |dwl }: K, @)
A(K, ®) < A(K, )

A LM (w + s,
< X760+61 /(_6 . |1"(w)| ({‘ (A(; (I)J;)

1 3+1i00 1 —d0+01+i00
21 3

(K,
|}’ G )|dw|—|—X760+61
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< (1 + |t|)BX—60+61 < (1 + |t|)BK—2(1—219)60
< (1 + [t))B 20D

It remains now to estimate the T} contribution. Since 5= f(a) D(w)(X/n)Ydw = e~/ X,
we see that

o~ Ar(n)e(n) ) x Ap(n)e(n) _)x -B
Ti(s, f) = 3 2AR) on/x 3 AR /x| o(k-B),
n=2 n M1-T<n<X(log K)? "

In order to bound gy A({T1(s, f)}; K, @), for M'~" < n < X(log K)* we consider

A MK e) 5> q>(’“;{1) S wyp - Ar(n)

A(K, ®) A(K, ® .

k=2(4)
By Lemma [3.9]and Lemma we arrive at

a5 () (5 ()

k=2(4) c=1

1 > S(1,n;c¢) dm\/n
= -2 [} —
e 3 ()
B 1 > S(1,n;¢) 1 (dmy/n
= A(K, @) ; ¢ (4‘1)( CK)

VeK —2mi/8 Ji(dmv/n)/c & cK? L
S\fnl/‘llm e e P 87rf + 0O e .

Ifn < X(log K)? < K277/, then 1T¢" <« K=/% and & > cK. So &(15¢") = 0;

and <I>(8 f) < (cK)~B by repeated integration by parts in the definition of ®. Thus
we see that if n < X (log K)? then

ALK i,

M

A(K, ) < K1
Hence A({ ( f)} )
Tl S, ;Ka(I) -2
A D) < K72,
and

A({LM(1/2+ 6o+ it, f) — 1}; K, ®)

A(K,®)
This completes the proof for Re(s) = 1/2 4+ 69 = 1 + % And the result for

% <5<1/2+ % now follows from Lemma [6.2) and the convexity argu-

ment. =

<<B,a (1 + |t|)BM_2(1_T)5O.

Now we are ready to give the proof of Theorem [6.1]

Proof of Theorem [6.1] Let 65 be a large fixed constant. By Lemmas [6.2] and [6.3] and
a Phragmén—Lindelof-type convexity principle for subharmonic functions which can be
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found in Kowalski [I5, Lemma 25], it follows that

A{|LM(1/2+ 6 +it, f) — 1]*}; K, ®)

<pe (1+[t)EMO),

where «(9) is the linear function satisfying

a(d2) = —2(1 = 7) (02 — (1/2+¢)), and a(mﬁﬁy{) =0.

This leads to

A{ILM(1/2+ 6 +it, ) — 1]2}; K, ®)
A(K, )

B 2(1—") (59— (1/2+¢)) (5_logloglogK)
<<Ba 1_|_|t|) M~ 32— (ogloglog K)/(log K) Tog K

)

for (logloglog K)/(log K) < § < 5.
Now choose € small enough and d; large enough. Combining this with Lemma[6.6] we
conclude the proof of Theorem [6.1] m

7. Proof of Theorem [1.9, In this section, we will prove that for at least 60% (counted
with weight ® for the sum over k and with harmonic weight for the sum over forms) of
the odd modular L-functions we have L(o, f) > 0 for o € (1/2,1].

We apply Lemma with the choices

S 1 R 10loglog K

-2 = —14 B8R = LM
logKv WO 2 logKv Wl + (1 _—r) IOgK’ QS(S) (Sa f)7

where R and S are fixed positive parameters which will be chosen later. It follows that

(71) 45 Y COS<7W10gK> Sinh(W(R+(ﬁ— 1/2) logK)>

25 25
B>1/2—R/log K

0%7225/(3105.1) < L(f)+ L(f) + Is(f),

where

(7.2) Ii(f) := /S cos(ié) log

1 R t
LM( = - —
(2 gk 'log K’f>’dt’

(W1—1/2) log K . (U+R 1 ”
L2(f) = /_R smh( 25 > ‘ 2 " logK logK )
o Wi — 2)log K — R+ it
I5(f) ::—Re/ cos(w( 1=3) ;ng a )10gLM(W1 +Z f)
-3

Now, in the sum over zeros on the left hand side of (7.1, the weight cos (F7%) can

be replaced by 1. Indeed, if v = 0, we have cos(0) = 1; and if there is a zero p = 8 + iy
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of L(s, f) with g > 5 — Ton K and 0 < v < 310 7> then we know that p is also a zero
of L(s, f), and the Contrlbutlon of these two zeros is

oo 23) e 57 ) o (HE- O )

. Sinh(ﬁ(R—F (B—1/2) logK)>.

25
It follows that

3 a5 Y smh(”(“(ﬂ‘”z“ogm)gzl(f>+12<f)+13<f>,

B>1/2—R/log K 28
0<y<25/(3log K)
L(B+iv,f)=0

7.4. CLAIM. We have

élSsinh(2 ), forall f € Hy,
Li(f) + I2(f) + I3(f) > { 125 sinh (5 ) if L(s, f) has a zero p*ﬁ+i’y

with ﬁ S (1/2 1} and h/| < BIOgK

Proof of Claim. Since we only consider f € Hj with £k = 2(mod4), it follows from
Remark that L(1/2, f) = 0 for all these f. Hence we always know that the left hand
side of (7.3) exceeds 45 sinh(Z%).

Now suppose that L(s —|—z'y f) =0 for some 5 € (1/2,1] and || < 3logK If L(s, f)
has a zero with 8 > 2 + 1 , then the contribution from this zero to the left hand side
of would be > 4Ssmh(“§) > 89sinh(%%), smce s1nh(2x) > 2sinh(z) for z > 0.
Let us now assume that L(s, f) has a zero with 8 = J + for some 0 <& < R. The
and together

log K
functional equation then implies that there is also a zero with g = 5 -

log K>
they contribute 4.5 (smh(%) + smh(%)) > 85sinh(%%) to the left hand side of
(7.3). This is because the minimum value of sinh(z + y) + sinh(z — y) for 0 <y < z is
attained at y = 0. Then together with the contribution from the zero at s = 1/2, this
proves the claim. m

Let us now define

No(K,®) := Z)@(’?) > wy.

k=2(4 feH;
L(B+iv,f)=0
for some B€(1/2,1], |v|<25/(3log K)

By Claim [7.4] we have

1 A{L(f) + L(f) + I3(f)}; K, @)
S A @) + No(K, @) < S ) .

That is
No(K,®) _ AL + L) + ()} K, ®)

.A(K,<I>) - 85 sinh(Z£) A(K, ®)

DN | =
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Since the weighted geometric mean is less than the weighted arithmetic mean, we have

A({log |LM(1/2 4+ 6 +it, f)[*}; K, ®) - 1Og(A({|Lz\4(1/z +8+it, f)*}; K, @) )

A(K, ®) A(K, ®)
It follows that
No(K, @) _ LK ®) + (K@) A{L) LK)
A(K,®) — 89 sinh(%H) 8S sinh(TEYA(K,®) 2’

(7.5)

where

2
s ./4 LMl—OR +'%’f ,K,(D
e [ AL 1)

(W1—1/2)log K

Jo(K;®) = / P(u) du,

-R

. 2
s m(u+ R) A({|LM(%+10§‘K+2105K,f)| }5K7‘I))
(7.6) and ¥(u) = smh< 55 ) log( AE D) _
From now on, we shall assume
T

(1—-"T)(1-2009)"
We first consider %. By Theorem Lemma and ([7.2), we have
A({I()}: K. @)
85 sinh(Z5)A(K, @)

s
2

(7.7) S5

= O (K79),

and
No(K;@) _ Ji(K; @)+ L(K; @) 1

(7.8) AED) = ssembzd) 2 o)

For Jo(K; ®), we set

Jo(K; @) = Jo1 (K; @) + Joo(K; D),

where

co loglog K
ng(K; (I)) = / ’(/J(U) du,
-R

(W1—1/2)log K
JQQ(K,(I)) = / l/)(U) du,

co loglog K

and ¢ (u) is defined by (7.6). By Theorem H, with the choices a = w and

S = 74(17T)7('172019), we have

log K u
Jaa(K; @) < / exp( —2(1-7)(1— 1019)u> du
co loglog K 28

log K
< / exp(—209(1 — T)u)du <y v (log K)72090="T)eo,
co loglog K
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Now by (5.41]), and taking ¢y = %, we see that

(7.9) Aj(([[é’(;) < SSsin%h(”R) (/05 008(25) log(7 (—R, t)) dt
+ /OOO smh(ZS) log (¥ (u— R, S)) du) - % + O ((log K)~°),

for some constant 0 < ¢ < 209(1 — Y)eg. Choose ¢ = 200(1 — T)cp and let P(z), Q(z),
¥, T, R, and S be as in Lemma Then by a computer calculation of the integrals on
the left hand side of (7.9)), we get

No(K, @)

(7.10) AK.D)

< 0.3613,

when K is sufficiently large.

8. Proof of Theorem In this section the variables ¥, T, R, S, and the polynomials
P(z), Q(zx), will be fixed as in Lemma Let J := [Cloglog K], where C is a large

constant and [z] means the largest integer less than z. Set d := 25/3 and define the
regions:
; 1)d . .
Rj::{{ﬁﬂvﬂ > 1+ OgK, == N S R A §
{B+iv|8> 3+ 2% hl <1}, ifj = J,

and the zero counting sum

Z@( ) Sooowp i1

k=2(4) fEH)
L(s,f) has at least
one zero in R;

For 1 <j < J—1,let B; be the rectangular box with vertices Wy ; £ H; and W1 £ H
where

_ 1 gd2 3@+ 1)d/2
(8.1) Woi =34k’ = "Tgik
By Lemma and the argument in §7 we have
. mj N; (K, ®)
4H; sinh
jsin (6(]’ " 1)> AR
A<{4Hj Y. BriveB; cos(m] )sinh(’w;i]g"d))};](’ @)
< L(6+277f)
a A(K, )
H A({| LMW, +it, )I*V: K, ®
S/ COS(ﬂ)log< ({| ( 0;]+7’af)‘ }7 ’ ) dt
0 2H, A(K, @)
+/ sinh<ﬂ-(u WO’J))log(A({’ (u+iHj, f)]}; K, )>du
Wo,; 2H; A(K, ®)

+O(K).
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Consequently

N, 9) |
A(K, D) 6(5 + 1)dsmh(6(]Jrl

(3/2)(J+1)d
U el
0
™

+ h
/0 sin (3( 1

+ Oc((log K)~°).

(8.2)

1 ) log(7 (jd/2,t)) dt

3(j +
)d> log (7 (u—+jd/2,3(j + 1)d/2)) du

Let ¢ = 209(1 — Y)cp as in (7.9)). By a computer calculation of the integrals on the right
hand side of (8.2)), we obtained the following bounds:

Mi(K, ®) No(K, @) N3(K,®)
. S ) <0.19441 < 1, =<,
(8.3) AK.9) < 0.19441, AR 0.0389 AK.) < 0.00989,
13
N; (K, @)
§4 AR < 0.00439,

provided K is sufficiently large.

To obtain similar bounds for 14 < j < J — 1, we will, instead, use Lemma [5.43] Now
together with the fact x < sinh(z) < e® for all z > 0, we have

N;(E, @) _ 5(+1)d i
A(K, @) — 6(]—|—1)d51nh(6( +1))
N I exp(m) exp(—(u+ jd/2)/2) du
6(7 + l)dsmh(ﬁ(ﬁ_l))

3(j +‘1) i/t | L/ ¢/ 3G g=u/2=54/4 gy 4 O, ((log K)~°)

+ O.((log K)~°)

- 27y mid Jo

45 4 4 4 _
< D emd/A L T —di/4 L0 ((log K)°
Sogr ¢ Tagt T o((log )™)

§e—dj/4 + Oc((log K)_C).

IN

Hence we have

Ni(K,®) 3N _gina C'loglog K
(8.4) Yoo <N e it Lo (2= ) <0.01212
14<5<J—1 (K, @) 5 =14 (log K)

for suitable choice of C. Note that by Hough [9, Theorem 1.1], we have

Nj(K,®)

(8.5) AEB

< (log K)~¢,
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when C' is large enough. The choice of C' depends on the absolute constant # in Hough
[9, Theorem 1.1] but is not really important for our results. Thus by (7.10), (8.3), (8.4),
and (88.5]), we get

5 (K,

(
(K

N(K,
A(K

wl=

) )

J
?) )
< <0.
) = 7) = 0.63,
Jj=0
when K, C are large enough.

It immediately follows from the above that
(8.6) M(K,®) = A(K,®) — N(K,®) >0.27- A(K, D).

By [8] and Goldfeld-Hoffstein—Lieman [6] one may obtain the upper bound:

E—1 (k-1 ¢(2) 1 log K
(8.7) <I><K>wf—¢’( K )(k_l)/lz'L(l,Smef) <K

On the other hand, we have already shown the asymptotic formula (see ([5.40)))

(8.8) A(K,®) = 7 B(1) + O(K ).

It now easily follows from Deﬁnitionand , , (8.8) that the number of f € Hy,
with £ = 2 (mod 4) such that L(s, f) has no zero p = § + iy with 8 € (1/2,1] and
|v| < B —1/2 will be > K?/log K.
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