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Abstract. We give an account of the arguments that lead from the assumption of the existence

of exceptional characters to the asymptotics in related ranges for the counting function of twin

primes.

1. Introduction. The twin prime conjecture asserts that there are infinitely many
primes p such that p + 2 is also prime. More generally, given a positive even number h,

we expect the asymptotic formula
Z A(n)A(n+ h) ~ BC(h)x
n<x

to hold as x — oo, where B is the absolute constant
1\t
()
p>2 p
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and C(h) depends mildly on h, namely

ch) =] <1 — 1>1. (1.3)

plh p-1
p>2
This is a conjecture of Hardy and Littlewood. Actually, it is easy to predict more general
formulas, such as (3.7) of [FI1] by exploiting the assumption of randomness of the Mébius
function in conjunction with sieve ideas.
In these notes we present elementary arguments of sieve type which yield the asymp-
totic formula with an error term estimated by means of the series

L(1,x) =Y x(n)n™! (1.4)

with a primitive, real character x (mod D).

THEOREM 1.1. Let x > D33990  For any even positive number h we have
Sp(z) = BC(h)z + O(L(1, x)zlog z + z/ log x) (1.5)
where the implied constant depends only on h.

The result is unconditional but is meaningful only if L(1, x) is sufficiently small. We
put
n(D) = L(1,x) log D. (1.6)

If n(D) is small we call the character x exceptional. For such characters the error term
in (1.5)), say F(x), is also relatively small, namely

E(z) < n(D)A+1/log D, if D336000 < o < DA, (1.7)
Hence, we conclude the following result of Heath-Brown [H-BJ.

COROLLARY 1.2. If there are infinitely many exceptional characters then there are in-
finitely many twin prime numbers.
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2. A partition of Sy (z). First, for notational simplicity, we write

Sh(x) = ZZ A(m)A(n) + O(h(log 2)?)
m—n=h
where here and in the following we understand, but do not display, the conditions
0 < myn < z, (mn,h) = 1. Next, into A(m), A(n) we introduce upper-bound sieve
factors #(m), 6(n) which are almost redundant. Specifically, let (&;) be sieve weights of
level y and range P(z) which is the product of all primes p < z, p not dividing h. This
means we have real numbers §, with & =1, || < 1, and & = 0 unless ¢| P(2), ¢ < v,
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and such that for any positive integer m
O(m) =Y & >0. (2.1)
qlm
Note that §(m) is bounded by the divisor function 7(m). We get
Sh(x) = ZZ 0(m)8(n)A(m)A(n) + O((h + z)(log z)?). (2.2)
m—n=h
The level y and range z of the sieve are chosen as small powers of x, specifically
2700 — gy — 41/120,
We assume that D* < z. All implied constants in Sections 2, 3, 4, 5 are absolute.
Now we are ready to decompose A in terms of the following Dirichlet convolutions:

A=x*1, N =yxxlog=A*A, V= X * [ (2.3)
Note that 0 < A < M < 7log and |v| < A < 7. By M6bius inversion
A=)Nxv. (2.4)

Having in mind that v can be lacunary, we split A = A* + A, with

A*(n) = Z N(a)v(b), Ai(n) = Z N (a)v(b). (2.5)
ab=n ab=n
b<y b2y

Note that, for economy of notation, we have chosen the splitting parameter y to be the
same as that for the sieve level. The splitting parameter will be relatively small so the
variable b in A*(n) is quite short and A*(n) looks like the divisor-type function A’ which
can be analyzed by various means (such as by Dirichlet’s switching-divisors technique,
the d-method, the circle method, the spectral decomposition of Poincaré series). On the
other hand, the variable b in A, (n) is sufficiently long that the lacunarity of the factor
v(b) will kick in to yield crude but admissible estimates.
Writing AA = A*A* + 2(A + A*)A, + A (A + A*), we get

Sp(z) = Sp(x) + 2Th(2) + T_4(z) + O((h + 2)(logz)?), (2.6)
where

Sil@) =)D 6(m)f(n)A* (m)A"(n), (2.7)

m—n=h

Th(x) =D > 0(m)0(n)(A(m) + A*(m)) Ay (n). (2.8)

m—n=h

3. Estimates for divisor-like functions. In Tj(x) we estimate |[A*(m)| < b(m)logx
with

oy
Here we have (see Proposition 22.10 of [FI1]),
4
7(a) < Z (27(c))” < 16 Z T16(C),
cla

cla
e<al/ e<al/t
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because
()T = (I ) e+ DT = ()27 =1
if r = 16. Hence
bm) <16 > ms(d).

d|m
d<mt/4y3/4

For m < « and y < 2!/9 we have divisors d < x'/3. Moreover, we have
() < 8rio(d)p(d) /.
Finally, we estimate 719(d)p(d)/d by
(d)

y(d) ="~ > oodi.d (3.1)
di...d.=d
where €1,...,¢&, are distinct small positive numbers with » = 19. We obtain b(m) <

27¢(m) with

cm)= Y ). (3:2)
d|m
d<z'/3

The reason for making a slight deformation of the divisor function 715(d) in the above
argument is so as to reach a simple generating Dirichlet series, specifically

D(s):Z;E(jl))d_s:<(8—|—1—51)...C(s+1—5,«). (3.3)
d

We take g; = i/logz for 1 <14 < r =19. We also introduce g9 = 0.
Next we estimate A,(n) as follows:

A< D N@pk®l= Y AMa)A©)
ab=n,b>y abc=n,b>y

Note that v(b) is multiplicative with v(p) = —A(p), v(p?) = x(p) and v(p®) = 0 for a > 3.
Moreover, we have A(p®*) =1+ x(p) + ...+ x(p)* if @ > 1, so it is easy to check that

5" Maw(b)] < 49A).

ab=k
where w(k) denotes the number of distinct prime divisors of k. Hence, we obtain |A,(n)| <
a(n) with

a(n) = Z 4O X\ (B)A(c). (3.4)

be=n,b>y
From the above estimates we conclude that
|Th ()] < 28V}, (2) log z, (3.5)
with

Vi(z) = ZZ O(m)f(n)c(m)a(n). (3.6)

m—n=h

Recall that we are assuming 1 < m,n < z, (mn, h) = 1.
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4. Estimation of Vj(z). By (2.1), (8.3) and ( we arrange Vi (x) into sums of con-

gruence sums

Vi@)= > & Y @) > Ona(n), (4.1)
q<y d<zl/3 n=—h(mod [d,q])
(@:h)=1" (d,h)=1 (n,h)=1

where n runs over the segment max(0, —h) < n < min(z, z — h). We extend this segment
to 0 < n < x up to an error term of size O(|h|(logz)*? + /). Note that the sequence
A = (0(n)a(n)) with (n,h) = 1, 0 < n < x, admits a level of distribution z/27¢.
This can be achieved by the large sieve method. Therefore, our congruence sums are
equidistributed over reduced residue classes apart from an error term O(z'~%) provided
that Dy2 < 21/9. We have

Vi(z) = My(z) + O(|h|(log 2)** + xl_‘s) (4.2)
with
d
IRADS Vé) S bma(n), (4.3)
= e eldd) (2,
(¢;M)=1  (d,n)=1 (n,hdq)=1

where & > 0 and the implied constants are absolute.
We are going to execute the summation over d first, which for given n and g, is equal to

o= ¥ e sy hetl X

q
d<az!/? 90( clg= d<at/?/c
(d,hn)=1 (d,hnq)=1

Note that the divisors ¢ of ¢ with ¢ > /9 contribute a negligible amount. For smaller ¢
we evaluate the sum over d by contour integration of the series

=32 ” = P,(s)D(s),

(d,v)= 1
where D(s) = D;(s) is given by the product of zeta-functions (3.3)) and P,(s) removes
the local factors of D(s) at primes p|v;

Py(s)=JJ(r-p"7") ... (1=p77). (4.5)
plv

Hence D, (s)/s has simple poles at s =¢g = 0 and at s = ¢1,...,&, with residue

Ry (i) = R(i) P, (e:)
where R(%) is the residue of D(s)/s at s = g;, that is

R(i) = k(i) [[¢(1 + & —&5)
j=0
J#i

with £(0) =1 and x(i) = 1/e; if 1 < ¢ < r. Note that
R(i) < (log z)". (4.6)
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By complex integration, the inner sum over (d, hng) = 1 in (4.4) is equal to

3 Rl0)Bana (e () (47)

up to a small, negligible error term. Next we compute the resulting multiplicative func-
tions (the sieve density)

0:(@) = 19 S () g (48)

pla) =

for every € = ¢;, 0 < i < r. At primes we have
P,

{1@+p§jw o) =1-222p ()

p—1

9:(p) =

Note that 0 < P,(¢) < 1,50 0 < g-(p) < 1 if p # 2, which is the case since p|q, (¢,h) =1,
h even. More precisely, we have

e)=1-> p" = +0(p?),
j=1

SO

=p '+ p 0, (4.9)
-

for every € = g;, 0 < @ < r. Since the g; = i/log z are small we have essentially a sieve
problem of dimension r + 1.
By the above computations, we get

=" R(i)Pun(ei)ge, (q)2°/2,

=0

up to a small, negligible error term. Hence, (4.3]) becomes

:iR@‘)Ph( 255N 0(n)a(n) Poler) Gha(:) (4.10)
=0

n<e
(n,h)=1

where

> &9e(q) (4.11)

q<y
(g,v)=1

up to a small, negligible error term. By sieve methods,
Go(e) = [T —g) = [TO-p (1 =p7=71)... (1 =p ),
p<z p<z
pfv pfv
provided z*" < y. Actually, this condition is not necessary if we claimed only the upper
bound for G,(¢). For s =1+ O(1/log z) we have

H(l —p~®) < (logz)~".

p<z
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Put ¢ (v) = v/¢(v). Thus

Goy(e) < ¥(v)Py(e) (log z) L. (4.12)
Inserting this into (4.10) we obtain an upper bound for My (x), specifically
My,(z) < p(h)A(z)(log z) . (4.13)

where
A(z) =Y w(n)b(n)a(n). (4.14)
nx
Recall that 6(n) is given by (2.1), a(n) is given by (3.4) and (n,h) = 1.

First we examine the sieve factor § = 1 x £. We need a crude but very transparent
bound for 6(n). Note that §(n) = 6((n, P(z))) because the sieve weights &, are supported
on divisors of P(z). Assume (&) is the combinatorial upper-bound sieve with truncation
parameters 3, = (y/p1...pr)"?, see (6.54) of [FII], where 3 > 2 will be chosen later.
Assume 2711 < y. Then, for m|P(z),m # 1, we have

<> (Y 1)

rodd api...pr=m
2rSpr<...<p1<z
pla=p,<p<z

where
2z, = Z((Bfl)/(ﬁﬂ))r”7

see (6.41) and (6.64) of [FI1]. Let s = w(m) > 1 be the number of prime factors of m.

Then, we can choose r prime factors p, < ... < pp in (i) ways, 1 < r < s. We have
zs < zp and
S
2 =2°=171(m).
> () (m)
1<r<s
rodd

Hence 20(m) < 7(m) if m has all its prime factors in the segment z; < p < z and
6(m) = 0 otherwise.
Now we are ready to estimate the sum (4.14]). Our goal is
Az) < L(1, x)x log z. (4.15)

Applying (3.4) for a(n) and the combinatorial estimation for 6(m) described above, we
estimate as follows:
A< Y OAB)ADbA0(b)
be<Lx, b>y
(be,h)=1
< DD aDNWB)A(C (b )b (be)

b'c’beLx, b'b>y
plbe=p|P(z)
p|b'c'=p>z

<Y 22l A()(bbe)

b'be<Lx, b b>y
plb=z,+1<p<2
plb'=>p>z

where r = w(b) is the number of prime factors of b.
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Let d be the product of the first (that is smallest) s = [r/2] distinct prime factors
of b so that d is squarefree and d < v/b. Note that 2s < r < 2s + 1 and Zrtl = 22542
Moreover, we have w(b') < 1 and ¢ (b'be) < (). Hence, we obtain

Az) < > 255 \(de)A(e)1p(b)
dbe<a, b2 \/y
pld=>22542<p<2

<z > T(d)%d Y Adb)p(b)b
dg:p/\/ﬂ VYL

pld=>z2512<p<2
The sum over b is < 7(d)L(1, x) log x using elementary arguments, so
A(z) < L(1, x)x(log )V

where

V= > 7(d)Tdt.

pld=z2542<p<z

Recall that s = w(d) is the number of prime factors of d and that d runs over squarefree
integers. This inequality will imply the bound (4.15) if we show that V is absolutely
bounded. To see this we proceed as in (6.64)—(6.70) of [FI1], obtaining

V<1+Z;< > 128) <Zsl(128310g5+1+0( )’

521 7 Naggio<p<z P s21 7 (4.16)
<) (128elog 55 +O0(s™ 1)) « 1,

s>1
provided that 128e 10g BH < 1, which does indeed hold for 8 = 696.
Inserting (4 1nto we get
My (x) < p(h)L(1, x).

Inserting this in turn into (4.2) and then into (3.5)), we conclude by (2.6)) the following
nice approximation of Sy, (x) by S} (z).

PROPOSITION 4.1. Let 270 =y = 2'/129 and D* < 2. Let Sp(z) and S;(z) be given by
and (2.7) respectively. We have

Sp(x) = Sp(x) + 2 Ep(x) (4.17)
with the error term satisfying
En(@) < 0(h)L(1,x) log + (log z) (4.18)

for every even h, 0 < h < H = x(logz)~*®, where the implied constant is absolute.

5. Variation of S, (z) in the shift. Opening the sieve functions 6(m), 6(n) in (2.7)
and inserting @ ) for A*(m), A*(n) we get

ZZ{QlEQZ ZZ (b1)v(b2) Ah(if Q1,b1,Q27bz)

q1,92<y b1,b2<y
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with

A (a? ql,bl,QQ,bQ ZZZZ )\ a1 (51)

ay bl a2b2
m=a1b1= O(Inod q1)
n=asb2=0(mod g2)

Recall that m, n run over 0 < m,n < z with (mn,h) = 1. Note that the last condition
implies automatically that (q1g2b1b2,h) = 1. Now we need an asymptotic formula for
the “congruence sums” which holds uniformly for 0 < h < H and q1b1g202 < y
This is a problem of shifted convolution type for the divisor-like function A = yx x log.
There is a vast literature on related subjects (see for example [DFI1, Theorem 1], [DFI2]
Proposition 15.1] or [KMV]) but no result is stated which would exactly cover our sum
. The closest seems to be Theorem 4.4 of [CI], which we adopt here without repeating
the involved arguments (Kloosterman circle method with Weil’s bound for Kloosterman
sums). Fortunately, we do not need to use the results in an explicit form. In our current
situation these arguments yield

An(; a1, b1, a2,b2) = {S()B(2) + O(r(h)log 2)~**) Y/ lav, bullas bo]
+ O(T(h)(Q1b1QQb2)6x3/4(log 93)4),
where S(h) = &(h;¢1, b1, g2, b2) is a singular series and

B(x) = B(x; q1, b1, g2, b2) < z(log z)?

(5.2)

by trivial estimations. The error terms are negligible. The main term depends on h only
via the singular series G(h). The key feature of G(h) is that it varies only slightly with
respect to large prime divisors of h. It is given by an absolutely convergent series of
Ramanujan sums. For our application the dependence on ¢1, b1, g2, bo does not matter.
Specifically, we can write & = 1 § with

§(d) < r(d)d™". (5.3)

Hence, for (k,h) =1 we derive

&(hk) —&(h) = 6(d)—> 8(d)=>_> d(ac)

dlhk d|h alh c\kl
< (5 (S H9) < vmpatwm - .
alh c|kl

where we recall that ¢ (k) = k/@(k). Note that for k free of small prime divisors ¢ (k) — 1
is small.
By the above observations we conclude the following

PROPOSITION 5.1. Assume the conditions as in Proposition[L1l Then, for every k with
(h,k) =1, 1<k < H/h, we have

$i(2) = Sia(@) + O(((k) — Da(logz)® + a(log)~?) (5.4)
where the implied constant is absolute.
Combining with we obtain (under the above conditions)
Si(2) = Siu(a) + 2Eni() (5.5)



104 J. B. FRIEDLANDER AND H. IWANIEC

where the error term satisfies
Enx(z) < ¢Y(hk)L(1, x)logx + (¢(k) — 1)z(log x)° + z(log z) 2. (5.6)
6. Proof of Theorem Fix a positive even number h. We shall average the rela-
tion (5.5) with respect to k over the set
K={k:0<k<K, (k,hP) =1}

where K = H/h and P = P(w) is the product of all primes p { h, p < w with
w = (log x)?°16. Note that (by elementary sieve methods)

1
K=K J] (1--){1+0(1/logz)}, (6.1)
plhP b
> k) < [K], (6.2)
keK
and
Sww-1) <Y (Y<K Z 2 < K/w.
ke ke clk (¢,hP)=
c>1 c>1
Hence, yields
Sp(z) = < Z Swi(z) + O(L(1, x)zlogz + z(log z)~ 2). (6.3)
L=
Here we have
> Sw(@)= D An))_ A(n+hk) + O(zw)
keKX n<a keKX
(n,hP)=1

where the error term O(zw) takes care of the condition (n, hP) =1 which is introduced
here for technical reasons.

Next, we are going to execute the summation of A(n + hk) over k € K. To this end
we relax the condition (k, hP) = 1 by means of upper-bound and lower-bound sieves of
level A = 2'/2016_ First we get an upper bound as follows:

STAm+RE)< Y & Y A0

kek d<A  n<<nthK
dlhP  ¢=n(mod dh)

=hK Z €a/e(dh) + O(z(logz)~*)
d<A
d|hP
by the Bombieri-Vinogradov theorem. Here g(d) = ¢(h)/¢(dh) is the relevant multiplica-
tive sieve density function for which we get

> &ag(d) = {1+0(1/logz)} [ (1 - g(p))

d<A p|hP
d|hP
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Similarly we deal with the lower bound. Combining the two we obtain
Kh
> A+ hk) = {1+ O(l/logm)}m 10 -9p)
kek UV e
= BC(M)IKH{1+O(1/logz)}
where B and C(h) are given by (1.2]), (1.3). Summing this over n we find

105

1
== > Spi(x) = BC(h)z{1+ O(1/logx)}. (6.4)
K]
keK
This, together with (6.3]), completes the proof of Theorem [1.1
References
[CI] J. B. Conrey, H. Iwaniec, Spacing of zeros of Hecke L-functions and the class number

problem, Acta Arith. 103 (2002), 259-312.

[DFI1]| W. Duke, J. B. Friedlander, H. Iwaniec, A quadratic divisor problem, Invent. Math. 115

(1994), 209-217.

[DFI2] W. Duke, J. B. Friedlander, H. Iwaniec, The subconvezity problem for Artin L-functions,

Invent. Math. 149 (2002), 489-577.

[FI1] J. B. Friedlander, H. Iwaniec, Opera de Cribro, Amer. Math. Soc. Collog. Publ. 57,

Amer. Math. Soc., Providence, 2010.

[FI2] J. B. Friedlander, H. Iwaniec, Ezceptional discriminants are the sum of a square and a

prime, Q. J. Math. 64 (2013), 1099-1107.

[H-B]| D. R. Heath-Brown, Prime twins and Siegel zeros, Proc. London Math. Soc. 47 (1983),

193-224.

[KMV] E. Kowalski, P. Michel, J. VanderKam, Rankin—Selberg L-functions in the level aspect,

Duke J. Math. 114 (2002), 123-191.


http://dx.doi.org/10.4064/aa103-3-5
http://dx.doi.org/10.1007/BF01231758
http://dx.doi.org/10.1007/s002220200223
http://dx.doi.org/10.1090/coll/057
http://dx.doi.org/10.1093/qmath/has038
http://dx.doi.org/10.1112/plms/s3_47.2.193
http://dx.doi.org/10.1215/S0012-7094-02-11416-1




	1 Introduction
	2 A partition of Sh(x)
	3 Estimates for divisor-like functions
	4 Estimation of Vh(x)
	5 Variation of Sh(x) in the shift
	6 Proof of Theorem 1.1
	References

