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Abstract. Almost all natural numbers not divisible by eight are the sum of a square, a fourth,
a sixth and an eighth power. This is established in quantitative form.

1. Introduction. In 1949 Klaus Roth introduced an aesthetically attractive variant of
Waring’s problem. He discussed representations of natural numbers as sums of ascending
powers. With s and n natural numbers, consider the family of diophantine equations

St o, (L)
j=1

Let H be the smallest number s such that for all sufficiently large n there is a solution to
in natural numbers z;, and let H* be the smallest s such that this is so for almost
alﬂ n. Roth [I0] first showed that H™ = 3 and then [I1] added the bound H < 50. This
last estimate spawned much work over decades, currently culminating in the inequality
H < 14 of Ford [5]. It is conjectured that H = 3, but this seems well beyond the scope
of existing technology.

In this paper we consider Roth’s problem with even powers only. Let H, be the
smallest number s such that, for all large n, the diophantine equations

inj =n (1.2)
j=1
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have solutions in natural numbers z;. Let H} be the smallest s where the equations (1.2))
have such solutions for almost all n. From the inequality

#{(xayaz) eN?: g2 +y4 40 < N} < N11/12

we infer that no more than N'/2 of the natural numbers n not exceeding N can be
written as n = 2% 4+ y* + 26. Next, consider the equation

x4y +as 4+ a8 =n. (1.3)

Reduction modulo 16 shows that whenever n = 8 mod 16 then there is no solution in
integers x;. In particular, there is a positive proportion of natural numbers n that have
no representation of the form . This implies that HS > 5. However, an analysis of
local solubility of reveals that the only obstruction occurs in the 2-adic integers.
Indeed, among the numbers that are not divisible by 8, almost all are the sum of a
square, a biquadrate, a sixth power and an eighth power of natural numbers. This is
a consequence of our main result concerning the number r(n) of solutions of in
natural numbers z;.

THEOREM. There is a positive number c with the property that whenever N is sufficiently
large, then

r(n) > en/**(loglog 9n)~1/¢
holds for all but at most N°V/93 exceptions among the numbers n % 0 mod 8 with n < N.
The remarks preceding the theorem show that no such result can be expected to hold
for the equation 22 + y* + 26 = n. Further, we note that H = 5. This follows from the
theorem by taking x5 = 0 when n # 0 mod 8, and 25 = 1 when 8| n, in the equation
x%+x§+x§+xi+xéo =n.

A formal application of the Hardy-Littlewood method suggests an asymptotic formula
for r(n) of the shape
L(3T(3)
25
I'(21)

r(n) ~ S(n)n'/,

wherein

sm=3 Y ¥ e(a(ﬁ”%”g”i_”)) (1.4)

q
=l (atqu_)lzl 12;‘214

is the singular series associated with the equation . It turns out that &(n) converges

absolutely, and that G(n) = 0 for n = 8 mod 16, but there is a constant D > 1 with

(loglog9n)~P <« &(n) < (loglog9n)? for all n # 0 mod 8. In particular, the lower

bound for r(n) recorded in the theorem is of the expected order of magnitude.

Our estimate for the number of exceptional n in the theorem is probably far from the
truth. The proposed asymptotic formula, if true, would show the number of exceptions
be finite. At this time, a mean square approach via the circle method to this kind of
questions is limited by square root cancellation in the minor arc estimate. Thus, at best,
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one could hope for an estimate like O(N23/24) for the size of the exceptional set. In terms
of the exponent of N, the bound supplied in our theorem is therefore slightly better than
half way between what square root cancellation would give, and a merely qualitative
almost all estimate.

The proof of the theorem proceeds by applying the circle method to a modified count
of the solutions to , with the sixth power restricted to smooth numbers. For the
approach to succeed, we have to introduce unconventional elements to the treatment of
both the minor and the major arcs. These novel features should impact the theory well
beyond this communication, and we therefore describe them here in general terms but
for a detailed account the reader is referred to later sections of this paper.

The minor arc analysis is performed in mean square over n. It is here where the square
root, cancellation barrier is relevant. The method rests on an elaborate pruning process.
The driving force behind pruning is an amplification method. Hitherto, one would start
with an application of Weyl’s inequality or some variant thereof, outside a rather large
set of major arcs. On these major arcs, the Weyl sum in question is well approximable
by certain complete Weyl sums, and this allows one to compute certain low moments
over major arcs much more precisely than would be possible for moments over R/Z. For
an example and more comment on this matter, see below, and the remarks that
follow that estimate. Since weaker estimates of Weyl’s type will now suffice to produce
acceptable bounds, we end up with slimmer major arcs. This strategy, often in iterated
form, was a fruitful one in numerous applications.

Classical pruning, however, seems to be deemed to failure when applied to . In-
stead, we replace the role of Weyl’s inequality partly with a different procedure. We begin
by postulating upper bounds on sixth and eighth power Weyl sums that are far stronger
than currently available Weyl bounds. Based on this assumption, routine pruning is pos-
sible along the lines indicated in the preceding paragraph. We then explore the opposite
situation where the Weyl sums are large (but not very large) through an argument of
Chebyshev’s type, leading to improved moment estimates. As soon as these moments are
better controlled than what is known for these moments over R/Z, then one has another
amplifier at hand. The amplified moment can be recycled in a recursive process that
again leads to a pruning device. In favourable circumstances, this machinery provides
a workable tool in situations outside the scope of the traditional approach. The work
in §3 appears to be the first successful implementation of such ideas. The new method is
applied twice, in an initial pruning with a smooth sixth power Weyl sum, and on certain
intermediate arcs with a classical eighth power Weyl sum. There are many other possible
uses for this new device, as we intend to demonstrate in a forthcoming article.

On the major arcs, we proceed in two steps. We work in mean square over n while
approximating all standard Weyl sums by complete ones. This is routine, and it separates
a truncated kind of singular series for a square, a biquadrate and an eighth power from
a similarly modified singular integral. We will then have to deal with the smooth sixth
power. Here we are forced to work for individual n, because of our poor understanding
of the distribution of smooth numbers in arithmetic progressions. It seems that at the
current state of affairs with the latter, any attempt to work an average over n will result in



196 J. BRUDERN

woefully weak estimates for the exceptional set. We therefore indeed consider the already
modified form of the major arc contribution for individual n. After a series of somewhat
unusual transformations, we will be able to bring in an estimate of Bombieri—Vinogradov
type for smooth numbers. Fortunately, this can be imported from the work of Wolke [16],
for example. We will then be able to extract a leading term that factorises into singular
series and singular integral in the expected way.

The idea of using results on the distribution of smooth numbers in arithmetic pro-
gressions on average is not entirely new. This writer has applied a related technique
within his work on sums of four cubes [3], almost thirty years ago. On that occa-
sion, we relied on the principles behind a character sum approach to versions of the
Barban—Davenport—Halberstam theorem for general sequences, rather than the Barban—
Davenport—Halberstam theorem itself. In principle, this is a superior approach because
much inflated major arcs are acceptable to variance methods, but for the problem at
hand, the somewhat complicated machinery seems to be at odds with the inhomogeneity
of the diophantine equation. We therefore propose a radically different implementation
that brings in the average distribution over arithmetic progressions directly. This sim-
plifies matters considerably, and one can choose to work with variances or estimates
of Bombieri—Vinogradov type. We express our hope that the renovated design helps to
popularize the method among workers on Waring’s problem and its variants.

We have not said anything about H, yet. The Freiman—Scourfield theorem [7, [12]
shows that H, is finite. A decent estimate for H, can be obtained by combining the
methods of this paper with those of Ford [5], but limitations of space do not permit to
include an account of this here.

2. The arsenal. In this section we collect together standard estimates for Weyl sums,
and fix some notation. Further, we present some applications of the pruning lemma. The
material included here is for frequent use in the sequel, while more refined weaponry will
be developed in due course.

Our primary parameter is N, a large real number. We apply the familiar convention
concerning the letter e: whenever the letter € occurs in a statement, it is asserted that
the statement is true for any fixed positive value assigned to €. Should the statement
involve a Landau or Vinogradov symbol, then the implicit constant will depend on e.
Note that with this convention we are allowed to conclude from A <« N®, B <« N°¢
that AB <« N¢, for example. In some parts of this work we apply a similar convention
concerning the letter C: a statement involving C' is valid provided that C' is sufficiently
large. We will use this only finitely often, and therefore C' can be chosen to be the same
number throughout.

Let k be a natural number, k > 2. Let P, = N 1/k and define the Weyl sum

fil@)= 3 elaa®).
<Py

Its adelic approximation involves

L\ (azt
Sk(q,a) = Ze(), vR(B) = % Z m/*=le(Bm), (2.1)

=1 q m<N
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and whenever a € Z, ¢ € N and 8 € R one has
A8+ 8) =0 Sue@n(d) + Ol o+ Nala)' ). (22)
see Vaughan [14, Theorem 4.1]. If |3| < 1 then (Vaughan [14] Lemma 2.8])
vk(8) < Pe(1+ N|g|) =", (2.3)
The simple upper bound ([I4, Theorem 4.2])

g Si(g.a) < g% ((a,q) = 1) (2.4)

is often not good enough for us. Let ki be the multiplicative function that, for primes p
and u > 0, 2 < v <k, is defined by

Ri(p ) = kpT T2 R (TR =p (2.5)
Then, by Lemmata 4.3 and 4.4 of Vaughan [I4], one has
¢ Sk(g,a) < wr(a)  ((a,9) = 1), (2.6)

and directly from the definition we see that

> ki H<1++O<1>><<QE. (2.7)

q<Q p<Q

Besides the familiar lemma of Hua we only require the elementary mean values

1 1
/O |fa(a) fa()?* da < N, /0 | fa(a) fa(a) fs()?[* da < N, (2.8)

that are special cases of [I, Lemma 1].

We now turn to moment estimates for smooth Weyl sums of degree 6. Let A(P, R)
denote the set of natural numbers not exceeding P with all their prime factors below R.
Then put

g(a, P,R) = Z e(ax®).

z€A(P,R)

Write §(3) = L, 6(4) = % and §(5) = 0.7247. Then, for any ¢ > 0 there is a number
3

i1
1 > 0 with the property that the estimates

1
/o lg(a, P, PT)** dav < POt (2.9)

hold for s = 3, 4 and 5. This follows from Vaughan [13] for s = 3 and 4, and from
the Appendix in Vaughan and Wooley [I5] for s = 5. Note here that 1 depends on e.
However, a consideration of the underlying diophantine equations shows that if
holds for a particular value of 7, then is also valid for all smaller values of . When
applying our convention concerning the letter € we will call upon only finitely often,
so a fixed positive value of 7, sufficiently small in terms of ¢, will do. Having chosen this,
we put

g6(a) = g(a, 5 Ps, PY)). (2.10)



198 J. BRUDERN

Next, we introduce a Farey dissection of the unit interval & = (N~/2/ 14+ N~1/2]. By
Dirichlet’s theorem, il is contained in the union of intervals {a : |ga — a| < N~/2} with
1<a<q<NY2 (a,q)=1 (2.11)

while it is easily seen that the shortened intervals {a : [ga — a| < AN~1/2} are disjoint

when a, g range over (2.11)). Hence there are half-open intervals J(q, a) = (o, ,, oy ,] with

g,
{a:lga—a| < IN-1/2} C 3(g,a) C {a: ga —a] < N~V/2}
and the property that $l is their disjoint union as a, ¢ run over (2.11)). The exact location

/ 1 s
of ay ., ay , is of no relevance.

Let 1 < Q < N'/2, and define the major arcs 9M(Q) as the union of the intervals
{a €73(q,a): |ga—a] < Q/N} (2.12)

with 1 <a < ¢ < Q, (a,q) = 1. Note that for @ < 1N'/2 the intervals (2:12) are simply
given by |ga — a] < Q/N.

The standard pruning device is [2, Lemma 1]. The following reformulation is readier
to use within this paper.

LEMMA 1. Notation as above. Let u; be non-negative real numbers, and put

U(a) = Z ure(ad).

[H<L

Then, whenever 1 < Q < N2 one has
1
/ |f2(a)U(a)* da < U(0)2N® + QNE/ U ()| da. (2.13)
M(Q) 0

Proof. Let o € J(q,a), and write o = (a/q) + 8. Then, by (2.2)), (2.3) and (2.4)), we see
that

[f(@)]* < N(a+NalB)™! + 4 (¢ + NalBl) < N**(q+ Nq|g))~* (2.14)
Hence, at least when @ < 2 N'/2, we may apply [2, Lemma 1] with ¥(a) = |U(a)[? and
=Y wup
I—U=h
to see that

Jo V@ da 5@ D).

By orthogonality,
1
Yo= [ |U(a)da
0

while the 1, sum to |U(0)|?, as required. When 2 N'/2 < @ < N'/2, the now fuzzy ends
of the intervals defining the major arcs obstruct a direct reference to [2, Lemma 1], yet
an inspection of the proof of this lemma shows that the situation is entirely covered by
the argument given there, and the bound follows in the same way. m

We now give some applications of Lemma [T} in the order they appear in the course
of the argument. We take U(a) = fi(a)gs(a) and note that by orthogonality and an
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elementary divisor argument one has

1
/ | f2(@)gs(a)|® da < PyPs.
0
Hence, when N%/12 < Q < N1/2, Lemmayields
L 1@ (@) an < N QPR _
MmQ

For comparison, and to substantlate a comment made in the introduction, note here that

1
/0 | f2(@) fa(@)gs(a)|* da > Py Py P,

as one readily confirms by counting the diagonal solutions of the underlying diophantine
equation. The bound saves over this, and the saving increases with shrinking values
of Q. This feature is typical for a traditional pruning estimate.

Next, take Q@ = N°/2 and U(a) = fs(a)®. Then, by Schwarz’s inequality and Hua’s
lemma [14, Lemma 2.5], one finds that

1/2 1 1/2
[ i aa < ([ is@raa) ([ inrean) < ne < pg

Hence, Lemma [I] reveals
/ [f2(@) fs(@)®|? dar < Pg?*e. (2.16)
M(N5/12)

With @ as before we now choose U(a) = gg(c)? fs(r). Here Holder’s inequality gives

[ atnaas ([asean)™ ([ 150 a0) ([ 1 aa) "

Again, we use Hua’s lemma to estimate the second and third factor while ([2.9]) estimates
the first. This gives

1
/ ‘g§f8|2 da < Ns(P63+1/11)2/3(P82)1/6(P85)1/6 < P64P82N_5/127
0
as one readily checks. Therefore, Lemma [I] shows that
| el sl da < PEREN,
93?(]\/5/12)
and from (2.16]) and Schwarz’s inequality we finally deduce that
[ 1nlms@Pl (@) da < RN, (217)
IM(N5/12)

This is the second of our pruning estimates. The odd power attached to fs is a curious
feature, preventing a direct application of Lemma The bound (2.17) is the best possible,
save for the factor N¢.

3. Unconventional attack. We launch our attack by preparing the ground for an
application of the Hardy-Littlewood method. Let

F(a) = fa(@) fa(@)gs(a) fs(a). (3.1)
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Then, whenever n < N, the integral

o(n,N) = / F(a)e(—an)da (3.2)

i«
counts the solutions of (1.3)) with 2; € N and x5 € A(%P@, Pg'). Hence it is evident that
r(n) 2 o, N)  (n< N). (3.3)

There is quite some flexibility in the definition of major and minor arcs, and we take
M=MNY), m=g\M.

Then
o(n, N) = oo (n, N) + om(n, N) (34)

where, for a measurable set a C i, we wrote
0a(n,N) = /F(a)e(—an) da.
a

The principal goal of this section is to show that gy (n, N) is small in mean square.

In the interest of brevity, we put
1 45
0=— — —==0.021536... .
71 36 0.021536 (3.5)

and note that 6 > 2/93.

LEMMA 2. One has
Z |Qm(n,N)|2 < N13/1279+5'

n<N

The proof will occupy the remainder of this section. This part is, perhaps, the most
original aspect of this paper. We begin by noting that m = 90(N'/2) \ 9MM(N/13). We
write M(Q) = M(2Q) \ M(Q). Then m is covered by no more than log N sets 91(Q) with
N8 < @ < LN'/2. By Bessel’s inequality, we see that there is a value of @ in this
range with

> len(n NP < [ [F(@) da < oz ) [ |FPlo)fdo. (36)

n<N (Q)

We consider cases, depending on the size of Q. Put Q = N¥. Then 1—13 <w< % The
range 1—52 <w< % is considered first. We choose a parameter X with 1 < X < P and
split M(Q) into the sets

B={aeNQ):lg(a)| > X'} and C=N(Q)\B.
Then, since gg(a) < PsX ! holds on C, we apply Schwarz’s inequality in the form

) 1 - 1/2 ) 1/2
FRaa< ([ 1Rfaf2Pda) ([ |fafigel?da) suplgs(a))
c 0 mM(2Q) acc
to conclude from (2.8)) and (2.15)) that
/C IF2da < (N'9)/2(QPyP) P P X 1 < NT/8T2Q12x 1, (3.7)
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On the set B we explore the fact that gg is large. By (2.9)),
1
/B lg6/% da < )(2136—2/0 1960 do < X2 PTG (3.8)

Note that when X is not too large this is considerably stronger than the bound provided
by (2.9) with s = 4. This amplification effect is the pivotal element in the pruning
procedure. By Hélder’s inequality,

Jortaes ([ asuszian) ([ o) ([loran)" s iner

By (2.14), for a € M(Q) one has |f2(a)]?> < N F2Q~L. From (2.8) and (3.8) we infer
/B|F|2 da < N3/4+€(X2P§’+6(5))1/4N1/4Q*1/4 < N9/8+6(5)/24+5X1/2Q71/4. (3.9)

We balance (3.9) and , keeping in mind the condition that 1 < X < P;. With
X = N¢ the far right of (3.7) becomes N®*¢ where

7T w
_rw . 1
C) 3 + 5 13 (3.10)
If we write the right hand side of (3.9) as NA*%, then A = % + % + %f — iw. We choose
g=w_1 90
2 6 36

to arrange that ©® = A. From % <w< % and the numerical value for §(5) one quickly

confirms that ﬁ <¢< 1—12, an admissible choice. With this value of £ we see from ([3.10))

and (3.5) that
7 1 6(5) 13
@ = — — _— = — —
8 * 6 + 36 12
Consequently, the estimates (3.7) and (3.9) add to

/ |F(a)?do < N13/12-0%2, (3.11)
N(Q)

5

We now turn to the case where + < w < 2, and more precisely, where 2Q < N°/12,
as we may assume. Then M(Q) C M(N>/12). Let

D={aeNQ):|fs() < PN, £=NQ)\D.
The treatment of the set D is straightforward. One imports (2.15)) to conclude that

[IF@Paa <N [ Ll da< N9 @)
D 9M(N5/12)
When «a € € one has |fg(a)|? > PZN~%, and therefore,
[ lfagofalda < N2 [ gl da
£ N(Q)
From ([2.17)) we deduce that

/g | fag6 fs|? dow < P2P2N0/2+e, (3.13)
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Now take k=4 in and use ) and ( . ) to confirm that, for @ € M(Q), one has
‘f4(0¢)|2 < N1/2Q—1/2 +Q1+s < N5/12+5 — P2N€_1/12. (314)
Since 50 — 15 < —0 we conclude from and ( - ) that

/|F(Oz)|2 do <<N13/1270+s.

In view of (3.12) we now see that also holds in the range § <w < 5
This leaves the range 13 § w < 1 A straightforward apphcatlon of Lemma yields

/ | Fa(@)go(e)|? da < P2,
N(Q)

while the first inequality in (3.14) shows that |fi(a)|> < P?N~1/26 whenever o € M(Q).
The trivial estimate for fg now suffices to conclude that

/ |F(a)|2 da < N13/12_1/26+5,
N(Q)

a bound much superior to (3.11). Lemma [2f now follows from (3.6]).

4. Decoupling. In this section we begin with the major arc analysis, by separating
the singular series from the singular integral as far as one can get without entering the
distribution of smooth numbers. The decoupling will take several steps. We begin by
introducing more notation. For 1 < a < ¢ < N3 and (a,q) = 1 let

P(g,a) = {a:|a—(a/q)| < N/}

These intervals are disjoint, at least when N is large. We write 8 for their union, and for
k > 2 we define f}} : B — C by

f*(@) = ¢ Su(q.a)u(a — (a/q))  whenever o € B(q.a).
Let 2 C B be measurable and put

ox(n, N) :/fz*(a)fi‘(a)fé‘(a)gﬁ(a)e(—an) da. (4.1)
2A
Classical major arc work provides us with the following estimate.

LEMMA 3. One has

S los(n, N) — gl (n, N) [ < N13/1271/26+,
n<N

Proof. The main difficulty is with the approximation of gsn(n, N) by o4, (n, N). By (3.1)),
(3.2) and (4.1)), followed by Bessel’s inequality and a trivial bound for gg, one finds that

S Jom(n, N) — ofp(n, N) < /m Fafufs — F2 07 F2 g6 da

n<N

< F? /m \afafs — £ 1 F21P do (4.2)
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Further, by ([2.2) we see that fy — f; < N'/26%¢ holds uniformly on 9. Hence, using
trivial bounds frequently, one first finds that

fofo=(f2= ) fa+ f5(fa— fI) + f3 £i = f3 i + O(PaNY/26%),

and then, since the measure of M is O(N—/13), multiplication of the preceding line
with fg suffices to confirm the bound

{/mhimﬁ%ﬁm<ﬁﬁmm“/dw<%mmﬂ (4.3)
m 0
Next, we first observe that
[ 15 8iPUs = 55 da < N5 g3 da
m m
and then we use (2.3)), (2.4)), (2.5) and (2.6) to confirm that

q [e'e)
/ FRPda<PPE S S g () / A+ NB) 28 < P2 Y rala)?.
m q<Ps ( a:)l . —o° q<Pg
a,q)=

We invoke (2.7) to bound the sum on the far right, and then conclude that
[ B FiPUs = 55 da < PNV
m
This we combine with (4.3)) and apply the elementary inequality
lu 4 v|? < 2Jul?® + 2Jv|? (4.4)
to estimate the integral in the lower line of (4.2)), thus producing the bound

> lom(n, N) = oip(n, N)]* < N. (4.5)
n<N
The next step is to compare gy (n, N) with iy (n, V). Their difference is oo (1 ),
so that Bessel’s inequality yields

S oin(n, N) — gy (n, N2 < / 517 fegol? da < P2 / L do
PAM PAM

n<N

By (2.3), (2.4) and (2.5), and then (2.7)), we see

[ R Y e [ i)
B P13/ (gN)

q<Pi3
< P{P} Z P§3/4q1/4HS(Q)2 < (P4P8)2Pf§1/2,
q< P13
and it follows that
D loan(n, N) = oy (n, N)J? < N18/1271/26%,
n<N

We combine this with (4.5]), and apply (4.4]). The lemma follows. =
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We are ready to perform the decoupling. It is convenient to present Qf’%(n,N ) in
another way. Let ¢ € N, m € Z, and let Y be a positive real number. Define

Agm) =0 Y. Sala.Sila. )i 0e( -2, (46)
a=1 q
(a,q)=1
Y
s yam) = [  a(B)os(As(B)e(—Hm) d5. (4.7)
Then, by , and (| @,
op(nN) = > > Algn—yf) (N, NV n— ). (4.8)

yEA($Ps,Py) a<Pis

Note that A(g,m) is independent of N while J is independent of q. We wish to remove
the dependence on N also from the J-integral, at least for m < N. We therefore bring in
the function J(N, 2,m) = J(N,m), say, and compare Gi with

yEA(3Ps,P) a<Pis
The difference of (n, N) — oy (n, V) is then given by
Yoo > Alan—yY) / va(B)va(B)us(B)e(B(y° —n))dB,
yGA(%Pa,PG") q<Pi3 N-1/8<|8<1/2

so that Cauchy’s inequality delivers
0" (n, N) = o (n, N)|?

<A Z ‘/Nl/sﬁﬁlél/Z U2(ﬁ)m(ﬂ)vg(ﬂ)e(gyfi)e(_gn) ag (4.10)

y<Ps

A= Y T A

yeA(3Ps,Pg) a<Pi3

By (4.6, (2.4) and (2.6]), the inequality

where

A(g,m) < ¢"*ra(g)rs(q) (4.11)
holds uniformly m, and therefore, by (2.7)) and Cauchy’s inequality, the estimate
> |A(g,m)| < QV/?Fe (4.12)
q<Q

holds uniformly in m as well. This shows A < P6P11;' ¢. Further, Bessel’s inequality yields

2
6Ye(— 2
SO @s@eepmas] < [ esas

n<N
and here, by (2.3)), the right hand side does not exceed

oo

< (PPiPy)? / (4 NIB) T4 < PN,
N 1
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Collecting together, summation of (4.10]) over n delivers the desired estimate

> logp(n, N) = o (n, N)|> < (PyPsPs)*N'/1371/2 < N. (4.13)
n<N

The expression (4.9) simplifies further. Indeed, by (4.7), (2.1) and orthogonality, we
have

1 _ _ _
JNom)=— S TR
1<la,la,ls<N
la+ls+lg=m

Note here that for 1 < m < N the sum J(m,N) is independent of N. We suppose
that %N <n < N and take m = n —¢8 with 1 < y < %PG. Then m > %N, and two
applications of [I4, Lemma 2.9] show that

J(N,m) =Tm™8 + O(m='/%)
where T' = T'(3)I'(2)T'(§)/T'(Z). We therefore bring in the sum
o(n,N) = Z Z Alg,n —yg)(n —y5)~1/8. (4.14)
yEA(3Ps,P) a<Pus

where again we suppose that %N < n < N. According to the penultimate display
and (4.9), there are numbers E(m) with E(m) < N~'/4, and such that

of(n,N)—To(n,N) = Z Z Alg,n —y®)E(n —y5).
yEA(3Ps,Pg) a<Pis
Hence, by (4.12)) and elementary estimates, whenever %N < n < N, one has
of (n, N) = To(n, N) < PgPH{*T*N—1/4,
and we conclude that

> lef(n,N) =Ta(n,N)> < N. (4.15)
N/2<n<N

It is time to sum up the initial circle method work, performed in mean square
over n. Indeed, on combining (4.15) with (4.13)) and the results from Lemmata [2| and
through (3.4 and repeated use of , we may conclude as follows.

LEMMA 4. One has

Z lo(n, N) — T'o(n, N)|2 < N13/12—0+e
N/2<n<N

5. Local interlude. In this section we gather local information encoded by A(g,m).
The precise estimates that we obtain for A(q,m) are then applied to the cognate sum

2

Blg.n) =" |A(g.n — %) (5.1)

b=1

LEMMA 5. Suppose that m,n € Z. Then A(q,m) and B(q,n) are multiplicative in q.
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Proof. The argument of proof of [14, Lemma 2.11] yields the multiplicativity of A(q, m).
Also, by (4.6)), we see that A(q,m) has period ¢ in m. Therefore, whenever ¢ = ¢1¢2 with
(g1,92) = 1, we may substitute b = byga + baqq in (5.1)) to verify that

q1 q2

Blg,n) =Y Y |Alg1,n — (b1g2)*) Algz, n — (bar)°)].

b1=1ba=1

Here b1go runs over a complete set of residues modulo ¢; as b; does, so that the sum of
|A(g1,n — (b1g2)®)] over by is B(q1,n). By symmetry, it follows that B(g,n) is multiplica-
tive. m

By Lemma [f] it suffices to consider the case where ¢ is a power of a prime p. In
addressing this case, we frequently require the reduction formula

Sk(p“"’k,a) :pk_ISk(p“7a) (5.2)

that is valid for odd primes p with p{a, all « > 0 and k = 2,4, 8. If, in addition, one has
2 <wu <k, then

Sk(p",a) = p" 1. (5.3)

When p = 2, (5.2) still holds for all u > 2. Later we also require (5.2)) and (5.3]) for £ =6
where these statements hold for primes p > 3. When p = 2 or 3 we have (5.2 for u > 2
(p=2)oru>1(p=3). All of this are special cases of [I4, Lemma 4.4].

The case u = 1 is more subtle. With x a Dirichlet character modulo p, let

00 = 3" x(a)e(a/p)

denote the Gaufl sum and recall that |7(x)|? = p whenever x is non-principal. Let Xj,
denote the set of non-principal characters xy modulo p where x* is principal. There are

(k,p — 1) — 1 such characters. Lemma 4.3 of Vaughan [14] asserts that

Sk(p,a) = Z x(a)T(X) (podd, pta, k=2,4,6,8). (5.4)
XEXk

Since k is even, the set X contains the Legendre symbol, and this is the only element
of Xs. Hence, by (5.4)) with a = 1, one finds that S(p, 1) is the Gaufl sum for the Legendre
symbol. Then, using (5.4) again, we obtain

Sa(p.a) = (;)52@, D (pfa). (5.5)

LEMMA 6. Let m € Z, let u € N, and let p be an odd prime. Then A(p8+t*,m) = 0 unless
p®|m in which case one has A(p®T%,m) = pA(p*, m/p®). For p = 2 this remains valid
for allu > 2.
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Proof. By (&) and (52),

8+u

_7_ K am
A*Hm) =p TN 52(1?“,a)54(p“,a)58(p“7a)6<—w>
a=1
pta

u

AR SCTRUENRUEN U Eeas =iy )

S+u
b=1 c=1 p
ptb

The sum over ¢ vanishes unless p®|m, and in that event it produces a factor p8. The

lemma follows. m

Within the proofs of the next lemmata we will encounter Ramanujan’s sum

and we require the explicit evaluations

_au—1

cpe(m) =0 (p*"Htm),  cpu(m) =—p""t (p"7Hm),  cpu(m) = p(p") (p*|m)
that are valid for all primes p, all © > 1 ([8, Theorem 272]).

LEMMA 7. Let m € Z, and let p be a prime. Then A(p,m) < p~—*(p,m)"/2.
Proof. This is trivial for p = 2 so we suppose that p is odd. By (4.6)), (5.4) and (5.5),

Apm) =501 3 Y T<X4>T<x8>pzl(jj)mm(a)e(—m).

X4€Xa X8 EXs a=1 b

It will be convenient to denote, temporarily, the Legendre symbol modulo p by xa.

First suppose that p|m. Then the sum over a is trivially smaller than p in modu-
lus, and the estimate for the GauB sum yields the crude bound |A(p,m)| < 21p~1/2.
Next suppose that p t m. If the character xax4xs is principal, then the sum over a is
a Ramanujan sum, adding up to —1. If x2x4xs is non-principal, then the substitution
b = —am transforms the sum over a into the Gaufl sum 7(x2Xx4Xs), save for a factor of
modulus 1. This yields |A(p,m)| < 21p~!, as required. m

LEMMA 8. Let m € Z, and let p be an odd prime. Then A(p*,m) = p~3cp2(m).

Proof. This is immediate from (4.6]), (5.2]) and (5.3)). =

LEMMA 9. Let m € Z, let p be an odd prime and suppose that 3 < u < 8. If p*~1 { m,
then A(p“,m) = 0. If p*~1|m and u is even, then
A, m) < p~Hp,mpt ") (u=4,6),  A@P®,m) < (p,m/p").

If p*~'|m and u is odd, then A(p*,m) < p~'/?(p,mp'~"*)"/2. One has A(p*,m) < p~ 1,
and if p3|m then A(p®,m) = 0. Finally, one has A(p",m) < 1, and if p”|m then
A(p",m) = 0.
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Proof. In the case where u is even, we apply (4.6)), (5.2) and (5.3) and infer
A*,m) =p “cpu(m) (u=4,6), A(p®,m) = p~Tcps(m).

All claims now follow from the evaluation of Ramanujan’s sum.

Now let u =T7. By. and .,We find that
—1 p
2 E()(5) -2 o 2 ()
A(p",m) = =22 —lel——) = — .
#'sm) P’ Z p P’ p7 Pt P’

a=1
pta

(=

The sum over ¢ vanishes except when p®|m, and in that case, we write m = pm/ to infer

A0t = SBDS () ().

b=1

If p|m’ then the sum over b vanishes, and if p ¥ m/, then we may sum over bm’ in place
of b to see that the sum over b is a quadratic Gauss sum. This establishes all claims
concerning the case u = 7.

The case u = 3 is very similar: here (5.2)), (5.3) and (5.5)) give

s - S (1) ().

a=1
pta

Proceeding as before, we find that the sum on the right vanishes unless p? |m, and in
that case we write m = p?m/ to conclude that

SO

b=1

We now argue as in the case v = 7 to confirm all claims concerning the case u = 3.
This leaves the case u = 5. By (5.2)) and (5.3,

5

AP, m) = pﬁ:z_;sxp, @)54(p, ><—pm)

b=1 c=1

As before, the sum over ¢ vanibhes unless p4 |m. In that case, we write m = p*m/, and

then find via (5.4) and (5.5)) that

w20 5 S0 ()

X4€X4 =1

The Legendre symbol is among the characters in X4, and for this character the sum
over b is ¢, (m'). Hence, the Legendre symbol contributes to A(p°, m) an amount bounded
by p~!(p,m’) in modulus. If the Legendre symbol is the only character in X, then we
are finished. Otherwise, there are two further characters in X4, both of order 4. When
multiplied with the Legendre symbol, they remain non-principal, so that the sum over b
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vanishes when p|m/, but transforms into a Gauss sum when p { m’. This confirms all
claims concerning the case u =5. =

The following rough version of our earlier lemmata is readier to use, and often suffices.

LEMMA 10. Let m € Z, and let p be an odd prime. Suppose thatt > 2. Then A(pt,m) =0
unless pt=* | m in which case one has A(pt,m) < plt/81=1/2(p, mp'=t)1/2,

Proof. Write t = u + 8v with 1 < u < 8. Suppose that A(p',m) # 0. Repeated use
of Lemma |§| shows that p8|m, and that A(p',m) = p*A(p*, mp~3’). Note here that
[t/8] = v for u < 7, and [t/8] = v+ 1 for u = 8. If w = 1, then the lemma follows from
Lemma [7] If u = 2 then it can be deduced from Lemma [§] and if « > 3, then from
Lemma[0 m

We require similar information for p = 2 but do not need to be so precise. Hence, we
suppose that ¢ > 10, and write ¢t = 8v + u with 2 < u < 9. Then, by Lemma [6} we have
A(2%,m) = 0 unless 28V |m in which case

A(2f,m) = 2V A(2",278m). (5.6)
Finally we study the value of A(p’,n —y%) as y varies.
LEMMA 11. Let t > 2, let p be an odd prime dividing n, and let p¥ || n.

(i) Lett <v+1.If61t—1 then A(p',n—1y®) =0, except when p'|y5, and in that case
Apt,n —y%) = A(pt,n). If 6|t — 1 then A(p,n —y®) = 0, except when pt=1/6 4.
(ii) Lett > v +2. Then A(pt,n —y%) =0, except when 6|v and p*/®|y.

Proof. Put n = p*n’. By Lemmawe see that A(p',n —1°) # 0 implies p' =t | p*n’ —4°.

First suppose that ¢t < v + 1. Then, it follows that p~! |y5, and if 6 { t — 1, we may
conclude that p’ |y5. For t < v, we now see that p'|n — 3°, and hence, A(p',n —y°®) =
A(pt,pt) = A(pt,n). Fort = v+1and 61 t—1 = v, we still have p'|y® and A(p*,n—y%) =
A(pt,n). This verifies the first clause of (i).

Now consider the case 6|t — 1. Then p'~!|y° is the same as p{*~1)/¢ |y. This estab-
lishes (i).

Finally, suppose that ¢ > v + 2. Then p'~!|p”n’ — % is impossible unless 6|~ and
p¥/% |y. This is (ii). m

We now turn to the sum B(p’,n). In the discussion, it will be convenient to have at
hand an estimate for the number v,,(¢) of incongruent solutions to y% = n mod q.
LEMMA 12. For each n € N the function 1, is multiplicative. Let p is an odd prime with
n=p"n’ and ptn'. Then, for 1 <t < v one has ¥, (pt) = pt~1-[(t=1/6]
has 1y (pt) = 0 except when 6 |v where b, (pt) < 6p°/6.

Fort > v one

This belongs to the elementary theory of congruences, and needs no proof here. It
should be noted, however, that we have not excluded the case v = 0.

LEMMA 13. Lett =1 or2. Then, uniformly inn € N and primes p, one has B(p',n) < 1.

Proof. We may suppose that p > 2 since the claim is trivial for p = 2. Since there are
no more than 6 incongruent solutions to b = n mod p, the bound for B(p,n) follows
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immediately from (5.1) and Lemma [7] Further, by Lemma

p2
B(p®,n) =p~*Y |ep(n—1°)|.
b=1

The evaluation of Ramanujan’s sum shows that only those b where b = n mod p make
a non-zero contribution, and there are no more than 6p such b with 1 < b < p?. The
trivial bound |c,2(m)| < p? now yields B(p?,n) < 6, as required. m

For larger powers of an odd prime p, we begin with a crude bound that is uniform
in n. From (5.1)) and Lemma (10| we see that for ¢ > 3 one has

B(p',n) < ($n(p" 0" + 4 (p"))p9. (5.7)
Now ¢ > v implies t — 1 — [(t — 1)/6] > 5v/6. By Lemma B(pt,n) < 12pM where
M = [%] —|—max(t— % — [%];t— 1-— [%])

It follows that M < ¢ — 1. Further, [£52] > [£] + 1 holds for all ¢ > 25, so that one then

has M <t— % Finally, the trivial inequalities [%] > % - % and [tgl] > % f% imply
M < %t. We summarise these findings.

LEMMA 14. Uniformly in n and primes p, one has
B(p',n) <p'™t (t=3), B(p',n) <p¥? (t>25), B n)<p™/H

If p”||n and 0 < v < 4 then
B(p',n) < p'~?/? (5-8)

holds for all t > 3. If v = 6 then (5.8)) holds for t > 9, if v = 12 then (5.8) holds for
t > 13, and if v = 18 then fort > 19.

Proof. We begin by considering odd primes p. In this case the first clause has already
been proved, so we may concentrate on . If v = 0 then Lemma [12] gives ¢, (p!) < 6
for all I > 1, and so, by (5.7) we have B(pt,n) < p'/>*#/8] which is much better than
claimed. For v =1 Lemm yields ¥, (p!) = 0 for [ > 2, and gives B(p',n) =0
for t > 3. The same argument applies for v =2, ¢ >4 and v = 3, ¢ > 5. By Lemma [J]

3
p
BO o) = S AP — %) = pAGR, v <,
b=1
b=p3n’ mod p>

while a similar computation delivers

4
p

Bp®,p*n') = p A %) =0,  BO P = Y AR )| < PP
b=1
b%=p?n’ mod p

This proves (5.8) for v < 4. The cases of (5.8) where v = 6, 12 or 18 all follow from ({5.7)
coupled with the final clause of Lemma [T2} The proof is complete for odd primes.

3



EVEN ASCENDING POWERS 211

Now consider p = 2. Let ¢t > 25 and write t = 8v + u with 2 < u < 9, as in (5.6]),
which gives

2t 2t
B(2',n) =) |A@2'\n-b%)[=2" > JA2",27%(n—1%))].
b=1 b=1
28V | p—pS

Elementary counting of the solutions of n — % = 0 mod 23” now shows that the bound
B(p',n) < p**/?* also holds for p = 2, at least for t > 25. For t < 25, the sum B(2%,n)
takes only finitely many values, and therefore, all other claims in the lemma are true and
trivial for p=2. =

6. Higher powered tristesse. Equipped with sufficient information about the function
A(g,m) and its relatives, we now return to our main theme. In view of Lemma [4] the
next task ahead of us is the asymptotic evaluation of o(n, N), as defined in . This
sum involves the smooth monotonic weight (n — y%)~'/® that can be removed by partial
summation. Thus, we are led to study the sum

yEA(P,P}) q<Q
where we will always choose @ = N'/13 and assume that

IN <n <N, 81n, Ps exp(—+y/log N) < P < 5P, (6.2)

1
2
smaller P being of lesser relevance.

In this and the next two sections we establish an asymptotic formula for Y,,(P). The
basic idea is one of great simplicity. Since the summand A(q,n — y°®) depends only on
y mod ¢, one sorts the smooth y into progressions, modulo ¢, and then uses results on
their distribution in these progressions on average over g. Unfortunately A(q,n — y°%) is
sometimes too large for a straightforward treatment. It turns out that higher powers of
primes dividing ¢ do not cooperate with an estimate of Bombieri-Vinogradov type, in
particular if these prime powers also divide n. We therefore initiate the analysis with
a chain of preparatory estimates to mollify the effects of undesired factors.

For natural numbers g and k£ > 2 let

denote the k-full part of ¢. Throughout this section, but this section only, an index
attached to a natural number will always have this meaning. We begin by examining the
contribution to arising from g where o5 is large. Let L > 1 be a parameter. Then,
by Rankin’s trick followed by sorting the y-summation in arithmetic progressions, we find

1/96 4
S O% |A<q,n—y6>|sz(qf) S A@n—t9 3 1
b=1

q<Q ycA(P,Py) 7<Q y<P
q25>L y=b mod ¢

< PL7Y " g 1q3t B(g,n). (6.3)
9<Q
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Note that we have used here that ¢ < @ < P. By Lemma there is a number C' > 1
with B(p',n) < Cp'~! for all primes p, all ¢+ > 1. Further, again by Lemma when
t > 25, one has

1079575/963(]3157 n) < min(p73/2+t/96’p7t/32)’

and so, by multiplicativity of B, one finds that the right hand side of (6.3) is bounded
by

< PL7VS ] (1 + Zp 'B(p',n) + i p*%t/%B(pt,n))

p<Q t=25
24
« PL-1/9 H (1 i 24C +O0 33/32)) < PL~Y/%(log N)?4C (6.4)
p
p<Q

As the simplest application, we take L = 1 and then have
Yo D Algn—y®) < Pllog N)*. (6.5)
9<Q ye A(P,Py)
Similarly, we may take
L = (log N)?400¢ (6.6)
and then infer that

> > JA(g,n -y < P(log N)~°. (6.7)

a<Q yeA(P,Py)
q25>L

Note that we were able to control g5 because the estimate p~*B(pt,n) < p~3/? was

available for ¢ > 25. However, when p { ny then Lemma [14] provides this critical estimate
already for ¢ > 3. Therefore, we define

Q,={qgeN:p|qg=p*|n}.

Then, any natural number ¢ factorises uniquely into ¢ = ¢*¢' with ¢ € Q, and
(¢*,n4) = 1. Although this factorisation depends on n, we have suppressed this in the
notation because we now work with only one large n. In accordance with the conventions
introduced earlier in this section, the cubefull part of ¢* is g5, for example. We may now
copy the argument from to to confirm the estimate

> Y lAle,n—y°) < Plog N)~€, (6.8)

q<Q yEA(P,PY)
q3>L

where from now on L is always given by . To verify , one applies Rankin’s trick
with (g5/L)*/%. The analogue of (6.4) then becomes

24 2 =
pL-1/96 H (1+ C Lo —33/32)> H <1+C+Zp_95t/963(pt,n)>,
p<Q p<@Q p t=3
p|na ptna

and from here, the estimation is completed as before. Further, we may factor ¢! as

gt = gWg®g® ... (6.9)
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and we may use Lemma (14| again to control the size of qéﬁ), qu) and q%g), where again

we find that the portion of where at least one of these three numbers exceeds L, is
bounded by O(P(log N)~¢)).

Finally we limit the size of q:];. Unfortunately we are unable to do this on the loga-
rithmic scale. Thus, put

where ¢ is composed orimes p with p¥ || n only. Again, this factorisation is unique,

K = exp(y/1log N), (6.10)
and follow the ideas in (6.3]) to see that

24
Z |A(g,n — y°)| < PK /% H (1 + 24pC> H (1 + C’Zpt/%*l + O(p*33/32))

9<Q p<Q p|na t=1
q;>K ping
< PEYT T (14 24Cp~%*) < PE1/%, (6.11)
pt|n

We summarise our findings. Let L, K be given by , 6.10). Then define Y/, (P)
to denote the portion of the sum (6.1]) where g is restricted by the extra conditions

s <L, @<L ¢d<K ¢V<r, Y <L, ¢ <L (612

On combining (6.7)), , (6.11)) and the discussion following , we deduce that
Y,.(P) =", (P)+ O(P(logN)™1). (6.13)

7. Trouble ahead. We now embark on the approximation argument that ultimately
removes the smoothness condition from the y-sum in . This is a technically very
demanding endeavour. Most of the difficulties arise from prime divisors of the 4-full part
of n, and if one were prepared to consider 4-free n only then a much more economic
treatment would be possible.

The starting point is the restricted sum Y/, (P), as defined via . We present this
sum in a form more suitable for the argument to follow. Let U denote the set of cubefree
numbers, and let

V={veN:plv=p®|v, p*|n}, W={weN:p|lw=p*|lw, p*tn}.
Then, a number ¢ € N factors uniquely as ¢ = wvw with v € U, v € V, w € W pairwise
coprime. Note that w =¢3, v = qJ; in the notation of the previous section that we do no

longer use now. Recall also 8 t n so that all v € V are odd. We factor v further. Let p be
a prime with p* € V and p” || n. We say that p’ is of

—class 1if t 21 mod 6, 3 <t < min(v+ 1,24),

—class 2 if t = 1 mod 6, 3 < t < min(v + 1,24) except when v = 12 and 18, in which
case 3 <t < min(v, 24),

— class 3ift =8, v =6,

— class 4 if p' is in none of the classes 1, 2 and 3.

Let V; be the set of all v € V composed of p' || v with p' of class j only. Then, v factors

uniquely into v = v1vv3vy With v; € V; coprime in pairs, and a given ¢ factors as

q = uwvw = uv1vev3zvsw. We use this factorisation throughout this section.
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We recast the conditions in terms of this factorisation. Given ¢, first consider
the corresponding vs = v4(q) € V4. Let p'| vy and p” || n. If ¢t > 25 then p' is a divisor
of ¢o5 in , and hence of q;5. Next suppose that v +2 < ¢t < 24, 6 ¥ v. Then, by
Lemma A(pt,n —y%) = 0 for all y, and hence, A(g,n — y%) = 0 for all y; such ¢ may
be omitted from the sum defining Y7 (P). If v+2 <t < 24 and 6| v, then v = 6, 12 or 18,
and p' |qé6)q%2)q%8). This shows that vy | q$5qéﬁ)q§§2)q%8), in the notation of (6.12), and
we then see that v4 actually equals qgsqéﬁ)qu)qgs). In particular, the definition of class 4
could also be given directly, in terms of v and t. Further, we see that any ¢ € N with
q < @ that satisfies and is such that A(q,n — y°) does not vanish identically in v,

has exactly one factorisation ¢ = uvivvzvsw as above, with u € U, v; € V;, w € W and
w < L, vyvgvsvy < K, vg < L, wow < Q, u,v1,vs,v3,v4, w coprime in pairs.  (7.1)

Conversely, if u, v; and w run independently over these conditions, with v restricted to
a suitable subset, we cover all g satisfying .

Next, we extract more consequences of Lemma Let ¢ € N and n € N be given.
We say that the number s is a significant divisor of q (relative to n) if s|q and for all
y € N with A(g,n — 3°®) # 0 one has s|y. Note that 1 is always a significant divisor.
Also, there is a multiplicative property: if ¢; and go are coprime with significant divisors
s; of g;, then sys9 is a significant divisor of g;q2. To see this, note that Lemma [5 shows
that A(qiqz,n — y®) # 0 implies A(gj,n — %) # 0, and then we have s; |y for j = 1,2,
which in turn gives s1s2 |y, as required.

We now determine significant divisors of p* € V in classes 1, 2 and 3. For p? of class 1,
Lemma [11|tells us that s(p?) = p TlE=1/6] 5 g significant divisor, and for class 2 we may
take s(p') = p(*=1/6_ For pt of class 3, we have t = 8 and v = 6, and again by Lemma
5(p®) = p is a significant divisor. Now, if p’ is a prime power of class 4, or a prime power
not in V, then we take s(p') = 1 and extend s to a multiplicative function on N. Then
s(q) is a significant divisor of ¢, for all ¢ € N, and if ¢ is translated into the form (7.1)),
then s(q) = s(v) = s(v1)s(v2)s(vs). By and the definition of T}, (P) in (6.12), we get

(P =Y > Alg,n—s(9)°2°)

(59 “EAP/s )
.12 = Z Z A(g,n —s(v)%2%). (7.2)
Ul 2e A(P/s(v),Pg)

(7.1

The reader may have expected the condition s(q) € A(Q, Pg) in the outer sums, but
s(q) = s(v) divides vjvavs, and in view of we have s(¢) < K < P, so the smooth-
ness is automatically guaranteed. In 7 we factor A(uvw, m), and begin with the
divisor v1. We take y = s(vavs)z and apply Lemma |11] and multiplicativity to see that

A(vy,n —5(v)%2%) = A(v,n — s(v1)%%) = A(vy, n) (7.3)

is independent of z. Further, from the definition of s we find that s(v2)%|vs, and that
s(v3)® = wz. In particular, the factor A(vavz,n — s(v)%2%) depends only on z modulo
v9v3/s(v2v3)®. For notational simplicity, we now put

r = uwvav3vy/s(vav3)", (7.4)
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and then infer that

T

= Z A(vy,n) Z ZA(UU2U3U4UJ,n—S(’U)6b6)\I’(P/S(U),Pg’,T,b) (7.5)
v1 €V u,U2v4,w b=1
where U(X,Y,q,a) denotes the number of m € A(X,Y) with m = a mod ¢. Simi-
larly, we denote the number of m € A(X,Y) with (m,q) = 1 by ¥ (X,Y), and put
U(X,Y)=T(X,Y). Then define

Dy (X,Y) = max

(a,q)=1

\II(XaKQ>a) -

. Dy(Z,Y) = max Di(X.Y). (7.6)

LEMMA 15. Fix real numbers 6 >0, A>1 and C > 1. Then, whenever 1 < Q < Z1/2=4
one has

> 9Dy (2,Y) < Z(log Z)~*

9<Q

Proof. This is a rough version of a Bombieri-Vinogradov theorem for smooth numbers,
and the case C = 1 is due to Wolke [I6]. For larger values of C, we apply the case
C = 1 with 24 in place of A. Then, for C' > 1, the contribution of those ¢ where
C+(@) < (log Z)* is bounded by O(Z(log Z)~4), as desired. To estimate the sum over g
with C%(@ > (log Z)*, we use Rankin’s trick and the trivial bound D(q, Z) < Z/p(q).
Then this part of the sum is

< (log Z) —24 Z

q<Q

C3w(q)

< (log 2)°° 24,

and the result follows, at least for large A, and this suffices. m

We wish to use this within , and therefore arrange the sum over b according
to d = (b,r). In that situation, any m = b mod r counted by ¥(P/s(v), P§,r,b) will
have d|m, and this is possible only when d € A(r, Py'). From now on, the smoothness
parameter (Y in Lemma in our discussion below will always be Pg, and for brevity
we drop this from the notation. Thus, we now write A(r) for A(r, Py') and (X, r,b) for
U(X, P, rb), for example. Also, we put s = s(v) and s; = s(v;) whenever there is need
to save space. In this notation, by , the sum Y/ (P) equals

= Z A(vlv ) Z Z Z A UU2U3’U4U} n — SGbG)QI(CZ7 27 Z)

1EVY U,V2, ”3 Vg ,W r
: de,lt(r) (bir)=d
r/d P r
= Z A(vy,n) Z Z Z A(uvavzvgw,n — sﬁdﬁb’ﬁ)\ll<d8, d,b’)7
UlEVl u,v2, ’1)3 Vg ,W r b/_l

deA(r) (b r/d)=

and we replace ¥ with ¥, 4 to arrive at
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where M,,(P) is the sum
r/d

Ulze;)lA(vbn)um;%w dz: Z A(U’U203U4w,n—36dﬁb6)<ﬁ(2>_1\IJT/(1(i), (7.8)

r b=1
(7.1 de A(r)(br/d)=1
and, in view of (7.6)), we have

[En(P)]
r/d P
6 1676Y| *
< Z |A(vy,n)]| Z Z Z | A(uvgvgvgw, n — s°d°b0)| DT/d(ds) (7.9)
v1EV: U,V2,U3,04,W | b=1
(b,r/d)=1

Note that in we dropped the smoothness of d to produce an upper bound. We now
concentrate on the sum over b. We substitute s(v1)b for b, observing that (s(v1),7) =1,
and then see that we may replace the factor s® = s(v)% with s(vev3)®. Next suppose that
uvauzvgw = ¢'q” with (¢’,¢”) = 1. Then s(vqv3) also splits into s’s” where s’ and s” are
divisors of ¢', ¢”, respectively. Further, we have r = r'r” and d = d'd” with ' = ¢'/s’
and d'|r'; likewise for ", d”. Following the proof of Lemma [5] we now find via the
substitution b = b’g—:l, + b”g—: that the sum

r/d
Z |A(q'q”,n— (S/S//d,d”b)ﬁ)‘
b=1
(b,r/d)=1
equals
T//d, T///dll
Z |A(q',n— (S/s//d/rllb/)6)| Z \A(q”,n— (Slsl/d//r/b//)ﬁﬂ.
(b/ﬂl,)//:d}):l (b//,T‘/,/:dll):l

We may substitute b’ for s”r”b’ and symmetrically for b”, recalling (s"r"”,7’") = 1, to

rewrite the last product as

T//d/ 'f‘”/d”
S AW = (A0 > A n— (s"d"Y")5)]. (7.10)
b'=1 b=

(b/,T'l/d/):l (b”,’l‘”/d”):l

In this specific sense, the sum over b in (7.9) has a multiplicative property. We break
7 into r = uvgwrars where r; = v;/s(v;)%, and factor the sum over d into independent
sums over d; |rj, d’ |uvsw. Then, by (7.10)),

r/d
Z | A(uvavsvgw, n — sd°b°%)| = By (uwvgw)B(vy, dy) B(va, ds) (7.11)
(bvrl?/zdl):l
where
q/d A 75/d;
Balg)= Y [|Algn—(db)°)l,  Blupdj)= Y |A(vz,n— (s5d;0)°)].
b=1 b=1

(b,q/d)=1 (byrj/dj)=1



EVEN ASCENDING POWERS 217

By (5.1)), we have
> Balq) = B(g,n),

dlq

and we deduce that By (uvsw) < O L0 because again By (uvsw) factorises, the
u-part is bounded by C*) in view of Lemma and by Lemma and we see
that the vyw-part is bounded by O(L'?). We plug this information into and factor
the sum over d as described in the above discussion. Then

E.(P) < L' Y [A(wi,n)| S0 ™S B(ordi)Blvz, do) D} 1(P/(ds)). (7.12)
v1EV] U,v2,v3,04,W dlr

(7.1)

We now estimate B which again factorises according to the prime factorisation of v;.
Hence, let pt || vz. Then pt is of class 2, we have 6|t — 1 and 3 <t < 24, so that t = 7 or
13 or 19. Also, by definition, s(p”) = p, s(p'®) = p? and s(p'®) = p>. Further, with p” || n
as usual, we have v > 6 for t =7, and v > 13 for t = 13, and v > 19 for ¢ = 19. Now, for
d=p' withl=0or1,

1-1
p

B p') =D AW, n—p ).
0
This gives B(p,p) = |A(p*,n)| and
B

1) < (p— 1) max|A(p',n —p' 10|

By Lemma@ we find that B(p”,p) < 1 and B(p7,1) < p. Similarly,
B(p*,p) < plA@®.p°) <p,  B@™1) < pmax|A(p"?, —p'°)| < p*?,
P

B ,p) =p*|A(*,p%) =0,  B(p"?1) < pmax |A(p", —p"*%)| < p*.

In particular, we infer that B(vg, dy) < C¥("2)5(vy), with C sufficiently large. Similarly,
for pt of class 3, we have p°® || n and

Z A = (0 (0<1<2)
p’fb

Hence, by Lemma EI, we have E(ps p)=0for > 1 and

Z\A p5,p°(n = %)) = [A(®, p°(n" = %))

PJ(b b°=n’ mod p

in which n = pSn’ with p { n’. Hence, there are at most six incongruent solutions of
b5 = n’ mod p?, and at most 6p solutions of b¥¢ = n’ mod p with 1 < b < p?. By Lemma@
this shows that B(p8,1) < p = s(p®). Consequently, we have now shown that

B(’Ul, dl) (’Ug, dg) < C«w(v2v3 (’Ug’Ug), (713)
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and ([7.12)) reduces to
E,(P) < L' Z |A(vy,m)]| Z Cwuvzvs) 50 g4 ZD:/d(P/(dslsgsg)).
v1EV:L U7U27'U3;'U47w d | r

We apply a dyadic dissection argument according to the size of s(vavs). By .,
we have vovz < K, whence sos3 < (v9v3)/¢ < K'/6. We cover the interval [1, K] by
O(log K) intervals of the shape S < s(vavz) < 25 to see that there is an S € [1, K'/9]
with

En(P) < L'(log K)S Y [A(v1,n > el N D g(P/(ds1S)).
v1 €V U,V2,V3,V4,W d|r
S<s(vav3)<2S
(7.1)

We may now reassemble the complicated summation. We wish to sum over r instead
of w,va,v3,v4 and w. The number of vy € V5 producing the same value of s(vg) is
bounded by 24“(V2) while v3 — s(v3) is a bijection. It follows that at most 24“(V2) tuples
u, Vg, V3, Vg, w correspond to the same r while r and wvovsvsw have the same prime
divisors. Hence, C%(#v2v3)24«(v2) < (24C)*(") and r < Q/v;. It follows that

En(P) < L"S Y |A(vi,n)| > (24C)*") > "D, 14(P/(ds15)), (7.14)
v1EV r<Q/v1 d|r

with S as before. We write r = dr’ and exchange the order of summation. Then

> @or S 0u(gs)

r<Q/v1 dlr P
< 240y (d) 240)“") D,
< Z (24C) Z (240) "\ dsy
d<Q/v ' <Q/(dv1)

We are ready to apply Lemma Indeed, P/(ds;S) > PN—¢d~! > PQ 'N~%* >
N1/12and hence we take Z = P/(ds1S) and Y = P¢ in Lemma |15{ which in view of
2

QN o P o

dvq ~ ds1S
are admissible choices. The right hand side of (7.15)) is therefore bounded by

< Z (24C)* D PSS~ (ds(vy)) H(log N) ™4 <« PS™1s(vy) "L (log N)#C—4,
d<Q/v1

with A at our disposal. By -7 we arrive at

S). (7.15)

A(
E,(P) < PL'(log N)*¢=4 %~ [Aly, )] (7.16)
s(v1)
v1€V1
Finally,
min(v+1,24)
A(vy, A(pt,
3 [Aly,n)l ”1 < H<1+ 3 |(ptn>|> (7.17)
s(v1) — s(p')
v1EV: P’ In t=3
v>4 6tt—1

For p! of class 1, we have s(p!) = p for 3 < ¢ < 6, and A(p’,n) < 1 by Lemma @
Similarly, s(p?) = p? for 8 < t < 12 while A(p?,n) < p, at least when v is so large that
these t occur in the sum over ¢. In both cases, we have A(p?,n)/s(p!) < p~!, and this is
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so also in the ranges 14 < t < 18 and 20 < ¢t < 24 where s(p') = p® and p*, respectively.
This is readily checked via Lemmata@ and Hence, the individual factors in are
of the form 1+ O(1/p), showing that is bounded by (logn)¢. In we take A
large and arrive at

E,.(P) < P(logN)™ " (7.18)

8. Singular recovery. This section is a direct continuation of the previous one, and
we keep the notation used there. We analyse the sum M, (P), defined in . We will,
step by step, reassemble the puzzle and extract an asymptotic formula that features the
singular series ([1.4]).

The smoothness condition on the divisor d in is a nuisance, and we remove this
by truncating the u-sum appropriately. In fact, by , the numbers vy, v3,v4 and w are
all smaller than Pg', and therefore all their divisors are actually in A(Q). Let M/ (P) be
the portion of the sum where u < K, and let M!"(P) be the complementary part,
with v > K. Then

M,,(P) = M, (P) + M (P), (8.1)

and in the sum defining M/, (P) we now have r < P, at least when N is large, so that
all d|r are appropriately smooth. Hence we can write

r/d
P/(d
M/ (P) = Z A(vi,n Z Z A(uvgvzvgw,n — 56d666) E //CE) 5)) , (8.2)
u,v1,v2,03,V4,W d\ T
u< K, (7.1) (b,r/d):l
and
L U, /a(P/(ds))
M (P)| < Z |A(vy,n)] Z’ Z A(uvguzvgw,n — sGdGbG)‘id ,
U,V1,V2,V3,04,W dl|r b=1 QD(T/ )
u>K,(7.D) (b,r/d)=1
The trivial bounds ¥, ,4(P/ds) < P/ds and ¢(q) > q/(loglog9¢) ! yield
|A " | r/d
IM!/(P)| < P(log N)® Z L Z’ Z A( uv2v3v4w,n756d666)‘. (8.3)
u,v1,v2,V3,04,W 5182837" d | r —
u> K, (7.1) (bt )

Here we consider the sum over b. This is similar to the sum considered in the argument
leading to (7.10) and (7.11)), save that |A] is replaced by A. Hence, it transpires that the
modified analogues of (7.10) and (7.11)) are also valid, and in particular, we see that

r/d
Z A(uvgvzvgw, n — s5d°0°) = B (uvgw)B* (va, da) B* (vs, ds)
(br7d)=1
where the notation is the same as in (7.11]), and for d|q we wrote
q/d rj/d;

Z Alg,n — (b)), B*(vj,d;) = Z A(vj,n — (s5d;b)°).

(b,q/d) 1 (b, TJ/d) 1
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The triangle inequality gives |B*(v;,d;)| < B(vj,d;), and we may apply (7.13) to confirm

Cw(vz v3)

M) < PllogNy 30 ol S S Biwow).  (8.4)

r
v1€VL V2, d|r
> KT |

The sum over d|r factors as d = d'dads with d’'|uvsw, dj|r;. The sums over dy and ds,
which are independent of the sum over d’, contribute 24¢(V2¥3) as we saw in a similar

discussion preceding ([7.14)). Now recalling ([7.4)) and the analogue of ([7.10)), this leaves us

with
> By (uwvaw)| =B ()] Y B3, (va)] Y |Bs, (w)

d’ | uvgw 81w 02 |va o3|w

Here the second and the last factor on the right may be bounded trivially, by using the
bounds w < L, vy < L* implied by (7.1]), so that now

> Bi(wwaw)| < LY | B;, (u))- (8.5)

d’' | uvaw 01w

Once again by the analogue of (|7.10), the sum on the right factors further, according to
the decomposition into prime powers. When ¢t > 1 and 0 <[ < ¢, we have

=Y AR ,n - @')°). (8.6)

b=1
ptb
If p|lu then gives B*(p) = A(p*,n) and
p—1 P
Bik(p):ZAp,n—b6 ZAp,TL—b6 A(p>n)
b=1 b=1

From ([2.1)) and (4.6) we see that
L = an
ZAp,TL—bﬁ 3252 p,a S4(p7 )Sﬁ(p7 )Ss(pa ) <_p>a

=1 a=1

and we may now imitate the proof of Lemma [7] to show that this expression is bounded
by O(p~'/%(p,n)*/?). Then, calling also on Lemmalﬂ itself, we infer that

> 1B (o) < p~ 2 (p,m)' 2.

d1lp

If p? || u, then by ,
B (p®) = A(p*,n),  Bi(p®)=(p—1)A(p*,n),

and with the aid of Lemma [§] we also have

p> p>

B; (p?) = Zcpz(n—bﬁ) = Z cp2(n —b9).
b=1 b=1
pfb b®=n mod p

pib
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Here we have used the evaluation of the Ramanujan sum. We show that Bj(p?) = 0 for
all p > 5: If there is no solution to b% = n mod p with p 1 b, then this is trivial. Otherwise,
let by, ..., by be the solutions of b® = n mod p with 1 < b < p — 1. Then, the solutions of
b=nmod p with pfband 1 <b < p* are given by b; +ip (1 < j < h,0<i<p—1). For
each given j, exactly one of b = b; +ip satisfies b = n mod p?, and therefore, we use again
the explicit evaluation of Ramanujan’s sum to find that Bj (p?) = h(p(p?)—(p—1)p) = 0,
as anticipated. By Lemma we now have B;, (p?) < 1 for 0 <1 < 2 where we note that
this is trivial for p < 3. On collecting together, we conclude that whenever u € U is
factored into u = ulug with u; square-free and (uy,us) =1 then

Z Bél( )<<Cw(u) 1/2( )1/2.

By (8.4), (8.5) and (7.4), we now have

w(v2v3) 1/2
|MZ(P)|<< P Z |A Ulv |Z (240) s(v2v3)6 Z Cw(u)(uh n)

3/2
Ul V2V
3 u1u§2K

v1EV: v, vz Uy u2
(7.1)

where we may now sum over v, the pair vs,vs, and the numbers u;, us independently.
The vs-part is

240w (vs) 24C
<> %s(v3)6<< 11 <1+pQ) <1,
3

v3EV3 ptln

and for the vp-part we recall that v, is composed only of prime powers p7, p'3, and p'?
and then find that this contributes
)w(vg 12

24C p p'8 -
< Z(T( <<H(1+24C( ot < (logn)°.

v2 €V p*|n

We estimated in (7.17) the sum over v; as O((log N)?). Finally, for the sum over u;
and w9, we observe that

1/2 2\ 1/4 1/2
w(uiu )(ul?n) w(uiusz) Uty (uhn)
Z ettt 3/2 = Z et K u3/2u2

uiui>K 2 u1,u2 1 2

1/2
< K~ 1/4 ZCM(UI M < K4 H (1 4 O(p*3/4)) < K~1/5, (87)

5 /4
u1 pln
Using these bounds within (8.4)), we deduce the satisfactory bound
M (P) < PL°K~'/° « PK~1/6, (8.8)

With the contribution M/ (P) now known to be negligible, we return to the sum
M/, (P) presented in . The disturbing aspect here is that the term W, ,; depends
on d. This may be removed by appealing to a result of Fouvry and Tenenbaum [6]. Their
Théoreme 1 implies that

T, (X,Y) = ‘PE]‘DW(X, Y) +O(X(logY)=)
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log X

holds uniformly for 1 < < 1 and ¢ < X, which is all we need here. Further, in the

same range for Y relatlve to X we have

U(X,Y) = QGZE;()X +O(X (log X))

where g : (0,00) — (0, 1] is the continuous solution of the delay equation to'(t) = —p(t—1)
int>1with o(t) =1for 0 <t <1 (see (1.3) and (1.4) of [4], for example). In our appli-
cation, we take ¢ =r/d, Y = P and X = P/(ds(v)), and suppose that the conditions of
summation in are satisfied. Also, recall from that Ps/K < P < Ps. By ,
and u < K we have ds < uvw < K2L? and

log X log P log ds 1 _1/2
= — == log N)~1/2).
logY  logPy logP] 1 +O((log V) )

On the one hand, this shows that the asymptotic results for ¥, and ¥ are applicable,
and on the other hand, their use when combined with the mean value theorem and the
trivial bound |¢/(¢)| < 1 for ¢ > 1, delivers

o(r/d)
r/d
= o+ Otog )2 ) PEULY - o(p10g )1

1 p(r/d) —1/2
<77>P - + O(P(log N) ).

We use this for substitution in (8.2)) and find that

U, 4(P/(ds), F) = U(P/(ds), Pg) + O(P(log N)~/?)

M/(P) = o(1/5)PSa(N) + O(P(log N)~V/2H, (P) (.9)
where
r/d 6 7616
A — s°d®b
2, (N) = Z A(vi,n) Z Z Z A(uvguzvgw,n — s ) (8.10)
s(vy) rs(vavs)
v EVY u,v2,v3 1J4wd|
<K, (b, r/d)
and

|A(vi,n)| A(uvgvzvgw,n — s5d5b%)
Z Cos(vy) Z Z’ Z rs(vovs3) ’ (8.11)

v1E€VY uuv<zig3w d|r . r/d)

The sum in is very similar to the right hand side of 7 except that now the
constraint is u < K. We therefore follow the transition from to , but do not
apply , as the trivial bounds for the v, and w parts would now be too rough. Instead,
we carry these contributions explicitly, from the display preceding . The wu-portion
changes to a factor no larger than

w(uiuz U,
< Z c«( )% < H 1+Cp™)) < (loglogn)©,

u1u2<K Uy 7.L2 pln
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provided that C' is sufficiently large. We then have the temporary estimate

H,(P) < (log N)® Z Z By, (va)] > — Z|Bd (8.12)

U4EV4 d4 |v4 U)EW
v4<L w<L

We already observed that the divisor sums over d and d4 are multiplicative with
respect to vy and w. We therefore consider a prime power p! with p’||w. Then ¢t > 3
and p f n. If d = p' with 0 < [ < t, then is applicable. If 6/ > t we find via
Lemma [ that

B (p") = ¢(p ) A(p',n) =0, (8.13)

while for 6] < ¢ we have

t t—1

B () = p pzs2<pt,a>s4<pt,a>ss<pt,a>e(—jf) 3 (L) sy

a=1 =
pla pfb

as one confirms from (4.6). Here the sum over b is

ptfl ab6
Z€<pt6l> — 5ZS*( t—61 a)

b=1
pfb

where

Z (az®/q).

:1
,q)=1

It follows from Hua [9] that S*(p",a) = 0 whenever p { a and h > 2 (p > 3), and for
h > 3 when p = 3, and h > 4 when p = 2. By (8.14), it follows that B, (p') = 0 also
holds for t > 614 2 and p > 3. This leaves the case t = 6]+ 1, which implies t = 1 mod 6,

and here (8.14]) reduces to

6l+1
* — an %
Bi(p ol+1) 131-3 Z Sa (PP, a)Su(p 6l+1’a>58(p61+1’a>6(_p6l+1)5 (p, a).
pTa
We use ([£.11) and the estimate of Hua [9], showing that S*(p,a) < p'/2. Then
B (1) <« p*=3/8 for all p > 3. The prime p = 3 is readily handled in the same
way, now taking care of the cases t = 6] 4+ j with 1 < j < 2, and similarly for p = 2, with
t=06l+7,1<j <2 In this way we infer that

> é S Biw) <[] (1 + ip*“”p?'”’/g) < 1. (8.15)

weWW d|w p<L 1=0
w<L

The sum over vy in can be handled in much the same way. Here p! || v4 implies
p* |n. Recalling the definition of class 4, we either have t > 25, or p” ||n with v = 6,12
or 18. We begin with ¢ > 25. For ¢ > 6/ we still have (8.14), and so B (p") = 0 for
t > 6l + 2 and p > 5, as before. For t = 6l + 1 we can still argue as in the preced-
ing paragraph, providing again the bound B, (pS*+1) <« p3=3/8. For 61 > t we have
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B (p') = (AP, n) < pt~H/8l « pt=2 because t > 25. By an argument similar
to the one in we now see that the total contribution from primes of class 4 with
t > 25 is a bounded factor.

This leaves prime powers p' with p” ||n, v = 6,12 or 18, and p’ || q q1§2)q§9 ). First
consider the case p' || q( ). Then ¢ > 9, and Lemma |§| shows that in this situation
holds for 61 > t. Also, via (8.14), we get B, (p') = 0 for t > 61 + 2 except when p = 2
or 3. This then leaves the case where t = 6/ + 1, and t > 9 now enforces [ > 2. We may
then work crudely, as in the discussion of the w-part above, to see that the primes p with
pt | qé6) again contribute a bounded factor. The primes dividing q§32)q$8) can be dealt
with in the same way, showing that an estimate analogous to also holds for the
v4-sum in , and this establishes the estimate

H,(P) < (log N)®. (8.16)

We are left with the sum X,,(N), as defined in (8.10). This is a strangely truncated
version of the singular series ([L.4]). To realise this, we define

q

T =2 Y Sga)siaasiosaae( L) =13 Agu-#). 11
a=1 b=1
(a,q)=1

The proof of [T4, Lemma 2.11] shows that T'(¢,n) is multiplicative in q. We carry out the
summation over d in (8.10) and then have

A(vi,n) A(uvavzvgw, n — s°b)
Sa(N) =) == Y Z . (8.18)
s(v1) rs(vavs)
V1€V U,v2,V3,V4,W p=1
u<K,(7.1)
Here we consider the inner sum over b, and recall ({7.4)) and the definition of a significant
divisor. First, according to the remark preceding (7.4), we can use the multiplicative
properties of A to sum over b up to rs° instead, obtaining s° copies of the same sum.

Hence
5
i A(uvgvzvgw,n — s0°%) i A(uvgvzvgw,n — s569)
o rs(vavs) B o rs(vov3)8 ’

and then, since s = s(vqv3) = s(uvgvzvsw), we find that

7‘56

i A(uvgvzvgw,n — s°0°%) Z A(uvgvzvgw,n — y°)
rs(vav3) N rs(vaus)8

b=1 y=1
because A(uvovzvsw,n — y°®) vanishes unless s|y. By (7.4) and (8.17), the above sum
equals T (uvovsvqw, n).

We now turn to the sum over vy in (8.18). By (8.17) the definition of a significant

divisor, and (|7.3]),

R 6 el 6 Alvi,n)
T(vl,n)zv—1 Z A(vy,m—y ):v—1 Z A(vy,n — (s(v1)b) ):m
b=1

5(111:) ly
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Combining the last two observations, we now conclude from (8.18]) that

Yu(N) = Z T (uv1v9v3v4w,N). (8.19)
u,V1,V2,V3,V4,W

il
Next, we remove the truncations in (8.19). This needs a little care, and we require
some upper bounds for T'(¢,n) which we collect in the following lemma.

LEMMA 16. Let p denote a prime, and let t € N. Then T(pt,n) < p~t/?* holds uniformly
in n. Further, we have A(p,n) < p~3/%(p,n)"/? and A(p*,n) < p~2. Ift > 3 and p* t n,
then A(pt,n) < p=3/2 while in the case p*|n the weaker bound A(pt,n) < p~* holds.

Proof. By (12.6)), we have
T(g,n) < ¢ *ka(q)re(q)rs(q), (8.20)

and if we use this with ¢ = p* for t > 25, then yields the first claim in the lemma.
For the estimate of A(p,n) one copies the proof of Lemma |7} Now let ¢t > 2 and suppose
that 6 1 ¢ — 1. Then, assuming temporarily that p > 3, we conclude from , and
that p~tSe(p?, a) = re(p') holds whenever p t a, and then we infer from that
T(pt,n) = re(pt)A(pt,n). The estimates that we claimed for T(p',n) are now readily
confirmed by referring to Lemmata [6] [§] and [9] This leaves the case where ¢ > 2 and
t = 1 mod 6. Then by and (2.5)), we have T(p',n) < p~3/2 for all t > 13. This
leaves the case t = 7 where and yield T(p7,n) < p~!. This is satisfactory
when p*|n. If p* { n and p > 3, then A(p”,n) = 0. This can be shown by copying the
treatment of A(p”,m) in the proof of Lemma @ Since A(27,n) is bounded, this case is
trivial. m

With this lemma in hand, the condition v > K in (8.19)) is swiftly removed. Indeed,

writing again v = v1vav3v4 as on earlier occasions, we have

Yoo Pwwn)| < KTVE ST W T (w,n)T (v, n)T(w,n). (8.21)

u,v1,v2,v3,v4,W u,v1,v2,V3,04,W
u> K, (1) )

Here, we may sum independently over u € U, v € V and w € W. By Lemma [I6] and
multiplicativity, we have

Z|Tv n)| < H(1+Z|Tp n )S H(1+O(1/p))<<(logn)5

veV pt|n pt|n
and

Z|Twn|<H<1+Z|Tpn)<H1+O “82)) « 1. (8.22)
weWw p*n
For the sum over u, we first use Lemmamto see that |T'(u,n)| < C¥ (uy, n)1/2u;3/2u52
where C' is sufficiently large and u = uju3 with u; squarefree and (up,u2) = 1. Then we
may carry out the summation over u via and find that (8.21)) is bounded by K —1/5,
Consequently, we now have
Ya(N) = Z T (uvyvavsvaw, ) + O(K /%), (8.23)

U,v1,02,V3,V4,W
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The conditions summarised in involve size constraint on v; and w, and these are
easily removed by modifications of the preceding argument. By way of example, if one
wishes to include terms with w > L (ruled out in ) in the sum on the right hand
side of , then one starts from

Y IT(wow,n)| < L7V Y w1 T(w,n)| Y T (0,n)| Y 1T (u, ).

U,v,Ww wew veV ueU
w>L

A simple modification of the estimation in shows that the sum over w is still
bounded while the sum over v is the same as before. For the sum over u we now find
ST (un) <3 09 (uy, )2 Puy? < TT (1 +0(1/p)) < (logn)”,
ueU ueU pln
and on collecting together, we see that we can remove the condition that w < L from
at the cost of an error not exceeding O((log N)~1). Note the similarity of this argument
with the derivation of . All other size conditions in can be removed in the same
way, and at the same price (recall in particular the method used in )7 and we then
have
ZTq, )+ O((log N)™1)
9<Q
where the sum over ¢ runs through all values that uvw will take. However, uvw runs
through all ¢ for which A(q,n — y°) does not vanish identically as a function of y € N.
But if A(q,n —y%) vanishes identically, then T'(g, n) = 0 follows from (8.17)), and we may
include these ¢ in the above expression for 3, (N). Finally, once again using Lemma
and converting into an Euler product in the now familiar way, one readily confirms the
estimates

qu/%\T (@) < JT (106724 [T (1+06%/%)) <n°

p*in pHn

Z IT(q,n)| < H (1 +0(p™) ) H (1 + O(p_33/32)) < (loglogn)®,

p*ln p*n
provided that C' is sufficiently large. Both bounds show that the singular series (1.4)
converges absolutely, and the first of these bounds now yields

and

Yo (N) = &(n) + O((log N)™1) (8.24)
while the second delivers the upper bound
S(n) < (loglogn)©. (8.25)

The desired asymptotic formula for T, (P) is now available We successively approx-

imate Y, (P) via -, ., ., and (| while estimating the error terms
through ([7.18 , . ) and (| . This yields

Tn(P) = o(1/n)PS(n) + O(P(log N)**/?) (8.26)

whenever P and n are in the range (6.2]). The weakest error term in this process comes
from and (8.16)). Note that this implies the slightly weaker estimate

Yo (P) = o(1/n)PS(n) + O(N'/*(log N)*1/?) (8.27)
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that is valid uniformly for 1 < P < %Pﬁ. Indeed, this certainly follows from (8.26))
whenever P is in the range (6.2]) while for P < P exp(—+/log N) we apply (6.5) and find
that in this case Y,,(P) < N¥/6(log N)~!, at least when N is large. Hence, in this case

(8.27) also holds.
We now turn the asymptotic relation (8.27)) for Y, (P) into one for o(n, N). The result

is as follows.
LEMMA 17. There is a positive number C such that whenever %N <n<N,8tn and N
is sufficiently large, then

o(n,N) > CS(n)nt/?.
Proof. We apply partial summation in (#.14)) to remove f,(y) = (n —y°%)~1/8. Note that
fn is smooth, and whenever 1 <y < 2P and 4N < n < N then 0 < f,(y) < (%N)’l/8
and 0 < f! (y) < N=9/8y>. Hence, by ([&.14)), (8.25), (8.27) and mundane computations,

3P
0 (1, N) = fu(Ps/2)Tn(LPs) — / L0t dt

= Q<717)6(n)(§P6fn(;P6) — /lpe/ztf;(t) dt) + O(NY?(log N)=—1/2)

(1 Po/2 1/24 e—1/2
‘9<n)6(”)/1 Ju(t) d + O(NY/24(1og NY-1/2).

We substitute t® = n7 to see that whenever n > 128 (as we may assume), then
—6

Ps/2 1 27N/n 1 2
/ fa(t)dt = fn1/24/ (1—7)_1/87_5/6 dr > fn1/24/ (1 —7')_1/87'_5/6 dr,
1 6 1/n 6 2-7

and the lemma is immediate. =

9. Checkmate. The only missing piece to complete the proof of our main theorem is a
lower bound for the singular series.

LEMMA 18. For all n with 8 { n, one has &(n) > (loglog9n)~C.

Proof. Since T'(q,n) is multiplicative in ¢ and the series & is already known to be abso-
lutely convergent, we have

&(n) = [T s(n)

where
oo

sp(n) =1+ ZT(pta n).
t=1

The proof of Lemma 2.12 of Vaughan [I4] provides us with the alternative formula

s,(n) = lim p~3,(p")

h—o0

where 7, (¢) is the number of incongruent solutions of 2 + z3 + 2§ + 2§ = n mod q. Now,
for an odd prime p, a straightforward application of the Cauchy-Davenport Theorem,
similar to the proof of Lemma 2.15 of Vaughan [I4], shows that there is a solution of

22+ 25+ 25+ 2% = n mod p with p{ z;, and then an obvious variant of [14, Lemma 2.13]
yields v, (p') > p**=1 | so that s,(n) > p~3. For p = 2 we can argue similarly: since 8 { n,
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there is a solution of 22 + x5 + 2§ + 2§ = n mod 8 with at least one of z; and 3 odd, and
then the variant of [I4, Lemma 2.13] gives 7, (2!) > 23(=3) for ¢t > 4 so that so(n) > 277.
By Lemma we also have s, = 14+ O(p~3/2(p,n)'/?). Hence, for sufficiently large C,
we get |5, — 1| < Cp~3/3(p, n)/2. We use this for p > C2, and the explicit lower bound
for the smaller primes. Then

S(n) > 11 (1_](;),
p>C?

and the lemma follows. m
It is time to derive a lower bound for r(n). We assume that %N <n < N, and that
lo(n, N) = Ta(n, N)| < NY*(log N)~Y/2, (9.1)

Then, by (3.3]), Lemma [17| and Lemma

r(n) > o(n, N) > TC&S(n)n*/* — NY?(log N)~1/2 > L1C&S (n)n'/?*

1
2
provided only that N is sufficiently large. However, by Lemma [4] the number of n with
%N < n < N where (0.1) is false does not exceed O(N'~%). By a dyadic dissection
argument, we have now shown the following.

THEOREM. There is a positive number ¢ with the property that v(n) > cn'/?*&(n) holds
for all but at most O(N'~%) exceptions among the numbers n # 0 mod 8 with n < N.

Because 6 > 2/93, the version of this result that we stated initially is available through
Lemma
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