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1. Introduction. In 1967, the notions of complex extreme points and complex strict
convexity have been introduced by E. Thorp and R. Whitley [37]. They proved that
the strong maximum modulus theorem for analytic functions with values in a complex
Banach space X holds whenever each point of the unit sphere of X is a complex ex-
treme point (see [36]). In 1975, J. Globevnik further introduced the notions of complex
strict and uniform convexity of complex normed spaces and proved that the complex
space L; is complex uniformly convex (see [I7]). W. Davis, D. Darling and N. Tomczak-
Jaegermann in [I4] investigated the complex convexity of quasi-normed linear spaces.
P. N. Dowling, Z. B. Hu and D. Mupasiri in [I5] studied the complex convexity of
Lebesgue-Bochner function spaces. O. Blasco and M. Pavlovi¢ in [I] obtained sufficient
and necessary conditions for a complex Banach space X which is p-uniformly PL-convex.
C. Choi, A. Kaminska and H. J. Lee in [7] obtained criteria for complex extreme points,
complex rotundity and complex uniform convexity in Orlicz—Lorentz spaces. H. Hudzik
and A. Narloch in [19] considered relationships between monotonicity and complex ro-
tundity, for instance, a point f of the complexification E€ of a real Kothe space E is a
complex extreme point if and only if | f| is a point of upper monotonicity in E. H. J. Lee
in [26] 27] continued studying relationships between monotonicity and complex convex-
ity in Banach lattices and quasi-Banach lattices respectively. M. M. Czerwinska and
A. Kamiiska in [12] discussed the complex rotundity and midpoint local uniform con-
vexity in symmetric spaces of measurable operators and they also obtained the concepts
of complex midpoint local uniform rotundity and complex local uniform rotundity are
equivalent for any complex Banach spaces. Recently, M. M. Czerwinska and A. Parrish
in [I3] characterized complex extreme points in Marcinkiewicz spaces.

In this work, we prove that any Orlicz modular function space Lg , is complex mid-
point locally uniformly convex. As a corollary, Ls , is also complex strictly convex. Fur-
thermore, we introduce the notions of mean nonexpansive mappings in the modular sense
and prove a fixed point theorem in Orlicz modular function spaces.

Before starting with our results, we need to recall some basic concepts and facts of
the theory of modular spaces and Orlicz spaces. For basic information concerning fixed
point theory for nonexpansive mappings see [18].

Let X be a vector space over the complex field C. A functional p : X — [0,00] is
called a modular provided that for any f,g € X,

(a) p(f) =0 if and only if f = 0;

(b) p(af) = p(f) for any a € C with |a] = 1;

(¢) plaf +Bg) < p(f)+p(g) for any o, 8 > 0 with a + 3 = 1.

If we replace (c) by

() plaf+Bg) < ap(f)+ Bp(g) for any o, 8 > 0 with a + 5 =1,

then the modular p is said to be a conver modular. A modular space X, is defined by
X, ={feX:p(Af) > 0as A —0}.

Let X, be a modular space, then
B(X {zeXp p(z <1} and S(X {xeXp p(x _1}
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denote the closed unit ball and the unit sphere of X, respectively. In the sequel N, R
and C denote the set of natural numbers, the set of real numbers and the set of complex
numbers, respectively. Let i be the complex number satisfying i = —1.

A map @ : R — [0, 00] is said to be an Orlicz function if ® is vanishing at zero, even,
convex and continuous, and satisfies lim,_,q @ =0 and lim,_ ® _ 5. For every

Orlicz function ®, its complementary function ¥ : R — [0, oo] is defined by the formula

U(v) = sup{ulv| — ®(u) : u > 0},

the complementary function W is also an Orlicz function.
For an Orlicz function ®, we define

ag =max{u>0:®(u) =0}, by =max{u>0:P(u) < oo}

Let (T, %, 1) be a ¥-finite, atomless measure space with a complete y-measure. L° is
the family of all ¥-measurable functions defined on T'. For a given Orlicz function ®, the
Orlicz modular is defined by the formula

o) = /T S(|f (1)) dp v f e L.

Let supp(f) = {t € T : |f(t)| # 0}. The Orlicz space L is generated by an Orlicz
function ® by the formula
Lo ={f€L’:p(cf) < oo, for some ¢ > 0 depending on f}.

L is usually equipped with the Luxemburg norm

I flle = inf{e > 0:p(L) <1}

or with the equivalent one

115 = sun{ [ 1r@0gt)ldu: g € Lo, pla) <1}

called the Orlicz norm.

Indeed, Orlicz spaces and their kinds of generalizations belong to modular spaces. For
the sake of simplicity, we define Ly , = (Lo, p) and Lo = (La, | - ||a)-

Let X, be a modular space. Then
(1) We say that (f,,) is p-convergent to f if p(fn,—f) — 0as n — co. We write f,, — f(p).
(2) A sequence (fy,) is said to be p-Cauchy if p(fn, — fm) — 0 as n,m — oco.
(3) X, is said to be complete if any p-Cauchy sequence is p-convergent.
(4) A subset C' C X, is called p-closed if f belongs to C for any sequence {f,} C C

with f, - f(p).
(5) A subset C C Lg , is called p-bounded if

3,(C) = sup{p(f —g) : f,9 € C} < +o0,
where §,(C) is said to be the p-diameter of C.
(6) We say the modular p has Fatou property if

p(f) < liminf p(f,)

whenever f,, = f(p).
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Let C be a p-bounded subset of X,. Then
(a) The p-Chebyshev radius of C with respect to f is defined by
7o(f,C) =sup{p(f —g): g € C}.
(b) The p-Chebyshev radius of C' is defined by
R, (C) = inf{r,(.C) : f € C}.
(c) The p-Chebyshev center of C' is defined by
Z,(C) ={f € C:rp(f,C) = Ry(C)}.

We say that f € C is a p-diametral point if r,(f,C) = §,(C). The set C is said to be
p-diametral if each f € C' is a p-diametral point.

We say that X, has p-normal structure if every nonempty p-bounded, p-closed, convex
subset C' of X, not reduced to a single point, is not a p-diametral set.

We say that X, has property (R) provided that every decreasing sequence (C,,) of
nonempty p-bounded, p-closed, convex subset of X, has nonempty intersection provided
C, # @ for any n € N.

For more details on Orlicz spaces we refer to [111 8], 10} [9] [T6], [6], 5], 20} 2T], 29, [35] and
for more details on modular spaces one can consult [23] 24] 25| 28], 30}, 311, [32], B3] [34].

Let C be a subset of X, and let T': C' — C be a mapping. If there exists k € [0,1)
such that

p(T(f) —T(g)) < kp(f —g)

for any f,g € C, then the mapping T is said to be p-contractive [23]. If the inequality

p(T(f)—T(g)) < p(f—g)

holds for any f,g € C, then the mapping T is said to be p-nonezpansive. f € C' is called
a fixed point of T provided that T'(f) = f. The family of the fixed points of T is said to
be the fized point set and is denoted by FixT'. A subset D C X, is called T-invariant if
T(D) C D.

2. Main results. We first show the notions of complex extreme points and complex
strongly extreme points of Banach spaces to the modular spaces. For more details on
these notions we refer to [3, [4, [2].

DEFINITION 2.1 ([2]). Let X, be a modular space. A point z € S(X,) is said to be a
complex extreme point of B(X,) if for any y € X, with y # 0

sup p(x + Ay) > 1.
[Al<1

X, is said to be complex strictly convex if every element of S(X,) is a complex extreme
point of B(X,).
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DEFINITION 2.2 ([2]). Let X, be a modular space. A point z € S(X,) is said to be a
complex strongly extreme point of B(X,) if A, ,(x,e) > 0 for every € > 0, where

Acp(x,e) = inf{l —Al:AeC, 0< N <1,

and Jy € X, : p(mi%) < |—/1\|, p(xii%) < Ti\|, p(y) 25}.

X, is said to be complex midpoint locally uniformly convex if every element of S(X,) is
a complex strongly extreme point of B(X,).

THEOREM 2.3. Let X, be a modular space. If x € S(X,) is a complex strongly extreme
point of B(X,), then x is a complex extreme point of B(X,).

Proof. Suppose that @ € S(X,) is not a complex extreme point of the closed unit ball
B(X,). Then there exists z € X, \ {0} such that

sup p(z + Az) < 1.
IAI<1

Hence, we have
ple£2) <1, p(ztiz) <L

Letting €9 = p(z) > 0, we obtain A, ,(z,e09) = 0 which is a contradiction. =
The next result is an immediate corollary of the previous theorem.

COROLLARY 2.4. Let X, be a modular space, if X, is complex midpoint locally uniformly
convet, it is also complez strictly convex.

In order to prove that every Orlicz modular function space Lg , is complex midpoint
locally uniformly convex, we have first to recall a useful result ([4, p. 187]).

LEMMA 2.5. For any € > 0, there exists ¢ € (0, %) such that if u,v € C and
3
lv| > g max |u + ev],
then
1-20
4

lu| < Selu + evl,
where
m3x|u+ev| = max{|u + v|, |[u — v|, |u + |, |lu — |},
Selutev| =lu+v|+ ju—v|+ |u+iv] + Ju—ivl|.

THEOREM 2.6. Let Ly , be an Orlicz modular function space. Then Lg , is complex
midpoint locally uniformly convez.

Proof. Suppose that xq € S(Lg,,) is not a complex strongly extreme point of the unit
ball B(Ls,,), by Definition [2.2] then there exists eg > 0 such that A, ,(xo,20) = 0. That
is, there exist A\, € C with |A,| — 1 and y,, € Lg,, satisfying p(y,) > o, such that

VRS AN
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for each n € N. Setting z,, = y, /A, we have

pzn) = p(y"> > p(yn) = €0

and
1 . 1

Anl’
For the above €5 > 0, by Lemma there exists dg € (0, %), such that if u,v € C and

p(xo + 2n) <

|v] > %O max |u + ev|,
(&

then
1— 26

Juf <

Yelu + evl.

For every n € N, we define
A, = {t €T : |z,(t)] > gmax|x0 )+ ezn(t )’},

2 12 D(t) = za(t) (¢ € An ) 20(1) =0 (t € An),
2D D) =0 (tE An), 20 () = za(t) (€ An).

It is easy to see that z, = 27(}) + 27(12) for each n € N, and

p(z1) = /T\An ®(|2,(1)]) dp < /T\An (I)<€80 max|x0 )+ ezn(t )!) du

< £ @(max|xo ) + ez (t)|) dp
8 Jra,

—Z X +ez <350

| /\

for n large enough since |A,| = 1 as n — oo. Consequently, we deduce that

p(2) > %O

which shows that p1(A,) > 0. Furthermore, we have

1= pleo) = [ @(ao(®l) du+ | o) d

n

</A"<I><1_42502 |20 (t) + ez (t )y) du+/T\An ( Be|zo(t) + ezn(t )|) du
g(1—250)/A ( Se|wo(t) +ezn()y) du+/T\An ( Se|wo(t) +ezn(){) dp

n

:/T ( 5.0t +ezn()|)du—250/A <1>( S|zt +ezn()\>du

ize/T (Jzo(t) +ezn()‘)du—25o/An‘1>( Se|zo(t +ezn()\> dp

n

|A1 20 Ané(ize|xo(t)+ez,L(t)}> .

IN

| /\
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Notice that

/An @(ize]:co(t) + ezn(t)o du > / ®(|z, (1)) du = p(22)) > =3

n

Hence,

1 1 (5060
! p(x()) N |>\n| 260 /An ®(4Ee’$0(t) * ezn(t)|> dlu = |/\n| 2

Since |Ap| — 1 as n — oo, letting n — oo we get a contradiction
1= plag) < o — 200 <1,

which completes the proof. m
Combining Corollary [2.4 and Theorem [2.6] we obtain immediately the following result.

COROLLARY 2.7. Let Ly , be an Orlicz modular function space. Then Lg , is complex
strictly convex.

Now we study the problem of existence of fixed points for mean nonexpansive map-
pings in the modular sense in Orlicz modular function spaces. Before we state the fixed
point theorem, we have to introduce the concept of mean nonexpansive mappings in the
modular sense.

DEFINITION 2.8. Let C' be a subset of X, and let T': C' = C be a mapping. We say that
T is a mean nonexpansive mapping in the modular sense provided that

p(T(f) —T(g)) < ap(f —g) +bp(f —T(9)),
where a,b > 0 and a+b < 1.

Next, we generalize the results for nonexpansive mappings in the modular sense ([22]
Theorem 3.10]) to mean nonexpansive mappings in the modular sense.

THEOREM 2.9. Let C' C Lg,, be a nonempty, p-closed, p-bounded, convex subset and let
T :C — C be a mean nonexpansive mapping in the modular sense. Then there exists
D C C, which is nonempty, p-closed, conver and T-invariant, such that

1 1
6P(D> < § 6P(C) + 5 RP(C)'

Proof. If R,(C) = 6,(C) then we can take D = C'. Assume therefore that R,(C') < 6,(C).
Let

1 1
Y= ) 5,)(0) + ) Rp(c)-
Since R,(C') < , there exists f € C such that r,(f,C) < 7. Define the family
§={ECC:T(E)CE, f€E, Eis p-closed and convex}

and observe that § # @ since C € §. Let D = ﬂEesE and notice that D C C, f € D,
D is also p-closed and convex and T'(D) C D. Let us define the p-balls for all a > 0 by

B,(g,a) = {h €Ls,:plg—h) < a}, g € Lo p.
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Then we observe that every p-ball B,(g, o) is convex and p-closed by Fatou’s lemma. Let
& be a family of all p-balls which contain T(D) U {f}. The convex hull of T(D) U {f} is
denoted by conv (T(D) U {f}). It is not difficult to see that

conv(T(D)U{f})= (| BND
Be®

and the set conv (T'(D) U {f}) is p-closed, convex and contains f. We will prove that it
is also T-invariant. Indeed, let F' = conv(T'(D) U {f}) and notice that F' C D. Then

T(F) CT(D) C F
which implies F' = D. Let

D, ={he€ D:r,(h,D) <r},
then f € D, since r,(f,C) < r. Notice that
D, = () B,(g,r)ND.
geD

Hence, D, is convex and p-closed. Let us prove that D, is T-invariant. Take h € D,., then
h € D. In view of the definition of D,, we have D C B,(h,r). For any z € T(D) C D,
there exists g € D such that T'(g) = z. Then

p(T(h) — z) = p(T'(h) — T(g)) < ap(h — g) + bp(h — T(g))
<ar+bp(h—T(g)) < (a+b)r <r

which implies T'(D) C B,(T'(h),r). On the other hand, f belongs to B,(T'(h),r) since
rp(f,C) <rand T'(h) € D. Thus

D =F C B,(T(h),r),

which implies r,(T'(h), D) < r. Then T'(h) € D,, we obtain T'(D,) C D,. Consequently,
D, € § and by the definition of D, we have D = D,.. Hence, 6,(D) < r which shows that
D is the desired set. m

THEOREM 2.10. Suppose that Ls, has property (R) and p-normal structure. Let
C C Lg,, be a nonempty, p-closed, p-bounded, conver subset and let T : C — C be
a mean monexpansive mapping in the modular sense. Then the mapping T has a fized
point in C.

Proof. Let 2 be a family of all nonempty, p-closed, convex and T-invariant subsets of C'.
Define g : 2 — RT by the formula
60(A) =inf{6,(B) : Be 2, B C A}.

Let ¢, > 0 for each n € N and €,, — 0 as n — co. Then we can find a decreasing sequence
{A,} satisfying A,, € A and ,(An41) < 00(A,) + €p. Since Lg , has property (R), we
have Ag = (,cy An # @. Clearly, Ag € 2L It remains to show that Ay has only one
point. Indeed, by Theorem [2.9] there exists D € 2 with D C Ay such that

5,(D) < 5 (6,(do) + By(Av). 1)
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Since D C A,, for each n € N, it follows that do(A,) < d,(D). Hence,
6p(D) < 6p(Ao) < 0p(Ant1) < 60(An) +en < 6p(D) + €n,

which implies that
0p(D) < 0p(A0) < 6,(D) + &n.

<4
Letting n — oo, we obtain d,(D) = 6,(Ao). By combining with inequality (I), it follows
that

dp(Ao) < R,(Ao).

Since always 0,(Ao) > R,(Ap), we obtain §,(Ag) = R,(Ap). Since Lg , has p-normal

structure, we deduce that Ag is reduced to a single point. Since Ay is T-invariant, this
point is a fixed point for 7. =
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