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Abstract. We review several results on duality of logarithmic interpolation spaces and appli-
cations to Besov spaces. We also establish some new results on Besov spaces with smoothness
close to zero defined by differences.

1. Introduction. Besov spaces have a central role in the theory of function spaces as
it can be seen in the monographs by Triebel [33] 34 B5] on the topic. There are several

characterizations of these spaces. Two of the more prominent being the characterization
S

P
Fourier transform, which generates the spaces By ,. We recall them in Section

If s > 0 it turns out that By , = By  (see [33]), but this is not the case for s = 0.
Spaces Bqu and Bgﬁ o have smoothness zero and are near L, but they have more properties
than L, due to their structure of Besov spaces. To compare them it is useful to consider

more general spaces B%g, Bg;’} including logarithmic smoothness.

by differences, which leads to the spaces B and the characterization based on the
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Interpolation theory is a useful tool to study function spaces. To work with the spaces
Bg:g, Bg:g it is suitable to use a logarithmic perturbation of the real interpolation method
that we describe in Section [3] Then, in Section [d] we recall the duality results established
by Cobos and Segurado [I7] and Besoy and Cobos [3] for this interpolation method.
We also review the results of Cobos and Dominguez [§] and Besoy and Cobos [3] where
the duals of the spaces Bg;g are determined with the help of the duality formulae for
interpolation spaces and the logarithmic Lipschitz spaces Lipz(i{a).

We finish the paper with some new results. They are contained in Section [f| and they

show another description of the dual of Bg:g without involving Lipschitz spaces.

2. Besov spaces. Let f be a function in L, = L,(R™), 1 < p < co. For h € R, we put
(A} f)(z) = f(z + h) — f(x) for the first difference of f. The subsequent differences are
defined by induction: If k& € N, (AF*!f)(z) = A}(AF f)(x). The k-th order modulus of
smoothness of f is given by

wi(f,t)p = sup [|AF flL, , t > 0.
Ihl<t

We write w(f,t), if k= 1.
For s >0,k >s,1 <p<ooand 0 < g < oo, the Besov space B; , on R" consists of
all f € L, such that the quasi-norm

1 d 1/q
11, = 170, + [ et )

is finite (as usual, the integral should be replaced by the supremum if ¢ = 00).

This definition does not depend on k > s.

For the following space we need a smooth dyadic resolution of unity. Take ¢q in the
Schwartz space S of rapidly decreasing infinitely differentiable functions on R™ such that

supppo C{z € R" : 2| <2} and ¢o(z) =11if |z| < 1.

For j € N we put
pi(2) = po(2772) — po(27712), x €R™.

Then ()52, forms a dyadic resolution of unity: Z;io pj(z) =1,z € R".
Given —oo < s < 00, 1 < p < o0 and 0 < g < oo, the space By , is formed by all
tempered distributions f € 8§’ having a finite quasi-norm

o0

17155,, = (@ IF @7 l,)") .

=0

Here Ff denotes the Fourier transform of f and F~! the inverse Fourier transform.

If s > 0, it turns out that these two kinds of spaces coincide, By , = B, , with
equivalence of quasi-norms (see [33], 2.5.12]). But this is not the case if s = 0. To compare
the spaces with smoothness zero, it is useful to consider more general spaces, including
in addition to the classical smoothness s, logarithmic smoothness with exponent b.
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For —0co < b < o0 and s, p, ¢ as before, we put

By = {1 €8 Wl = (@ 0+ )IF @ N)") T <o),
Jj=0
! /a
BSb {fGL ||fHB;:2 = Hf||Lp+ (/O [tis(l710gt)bwk(f,t)p]q%)l <Oo}

Again Bj? = B3 if s > 0 (see [25, Theorem 2.5)). If s = 0, the case of interest for
Bg:lq’ is —1/q < b, because otherwise

1
dt
/0 (1 —logt)¥? " < oo and so Bg:g =1L,.

Improving a previous result by Triebel [36, Proposition 9], the following result was
shown by Cobos and Dominguez [8, Theorem 3.3]:

THEOREM 2.1. Let 1 <p<o00,0<g<oo andb>—1/q. Then
0,b+1 min{2,p, 0,b 0,b+1/ max{2,p,
BY / {pq}<_>Bp’q(_>Bp’q / max{2,p,q}

In particular, Bg:g = B0 bH/Q ifb>—1/2 and By , = Bg:;/Q.
The extreme cases b = —1/q and p = 1 or oo have been studied in [9]. Then there is
another jump in the scale, with the result that the space Bg:; /2 does not coincide with

Bg’z but with the Besov space of Fourier type Bg:g /2 having smoothness of the type of
an iterated logarithm to the power 1/2 (see [9, Corollary 3.4 and Theorem 3.7]). For the
cases p = 1 or 0o, see [9, Theorems 3.9, 3.10, 3.11].

Theorem 2.1] points out that in order to compare Besov spaces defined by the modulus
of smoothness with those given by the Fourier transform it is essential to work with
logarithmically perturbed Besov spaces. In fact, these kind of generalized Besov spaces
have received attention by a number of authors. See, for example, the papers by Leopold
[27], Caetano, Gogatishvili and Opic [5], Cobos and Kithn [I5], Cobos, Dominguez and
Triebel [11] and the references given in them. Among other things, these spaces are useful
in the study of compactness in limiting embeddings.

3. Interpolation methods. Interpolation theory is a useful tool to develop the theory
of Besov spaces. In fact, the proof of Theorem [2:1]is accomplished by using a modification
of the real interpolation method. Next we recall the construction of the real method.
Let A = (Ao, A1) be a Banach couple, that is, two Banach spaces Ag, A1 which are
continuously embedded in a common linear Hausdorff space. So, we can form their sum
A + A; and their intersection Ag N Aj.
Peetre’s K- and J-functionals are defined for ¢t > 0 by

K(t,a) = K(t,a;Ag, A1) = inf{||a0||,40 +tllailla, ca=ao+ a1, a; € Aj}7 a€ Ay + Ay,

and
J(t,a) = J(t,a; Ao, A1) = max{||al|a,, tl|alla, }, @€ AgNA;.

Note that K(1,-) and J(1,-) are the norms on Ag + Ay and Ay N Aj, respectively.
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For 0 < # < 1 and 0 < ¢ < oo, the real interpolation space (Ao, A1)g,q is formed by
all a € Ag + A; having a finite quasi-norm

[e7e] p th 1/q
HG’H(AO»Al)G,q = (/0 (t_ K(t’a)) t) ’

where again the integral should be replaced by the supremum if ¢ = oco. We refer to
[2, 32], 4, 1] for full details on the real method.
For 1 <p<o00,0<q,q0,q1 <00, —00 < 8 # 81 <ooand 0 <6 <1, it turns out
that
(Bplyos Bplg)o.q = By, where s = (1—0)so+ 0s1.

P90’ T Pyq1
The following interpolation result is new. It shows that logarithmic smoothness also
appears by interpolation of classical spaces B%q.

THEOREM 3.1. Let 1 <p<00,0<0<1,0<q#qn <o0andb=(1-0)/q0+0/q1 —
1/q. Then we have with equivalence of quasi-norms
0 0 _ ROb
(prCIO’BP#h)evq =By
Proof. According to [T, Lemma 3.3], the spaces B = are approximation spaces on L,

P.dj
when we take as approximation family the subsets

Gr={g9€L,:suppFg C{zx e R": |z| <k}}, keN,
and Gy = {0}. Namely,

Bgﬂz]‘ = {f € Lp : ||fH = (i Ek(f)gjk71>l/qj < oo}
k=1

s 8= (1= (S et ) <

k=1
with Ek(f)p = 1nf{||f - 9||Lp g€ kal}'

Consequently, using the interpolation formula for approximation spaces established
by Fehér and Gréssler [2I, Theorem 5] (see also [10, (3.6)]) we conclude that

0 0 _ ROb
(Bpgo: Bpgi)o.g = Bylg.

The following logarithmic perturbation of the real method is useful to work with
Besov spaces having logarithmic smoothness.

Let £(t) =1+ |logt|, 6(t) = 1 + log(1 + |logt|) and for A = (o, ) € R? put

(14 |logt])* if 0<t<1,
(1+ Jlogt|)*= if 1<t < o0,

A (t) = oo (1) = {

and define £¢*(t) similarly.
For 0 <6 <1 and0 < q< oo, we put

o0 dt 1/q
(AO;Al)G,q,A = {a S AO +A1 : ||a||(A0,A1)9,q,A = </ (tiegA(t)K(t,a))q t) < OO}
0

If ap = aeo = a, we simply write (Ao, A1)g,q,o- Clearly, (Ao, A1)a,4,0 = (Ao, A1)a,q4-



DUALITY FOR LOGARITHMIC INTERPOLATION SPACES AND BESOV SPACES 113

Note that we allow now that 6 takes the extreme values 0 and 1 because, as we shall
see later, the definition is meaningful if we ask A to satisfy a certain condition.

If 0 < 6 < 1 then the space (Ao, A1)p,q4.a is a special instance of the real method with
a function parameter already studied by Gustavsson [22], Janson [26], Ovchinnikov [29]
and Persson [31] among other authors. The resulting theory is close to the theory of the
real method. Some results that we will show later will illustrate this fact. However, if
6 = 0 or § = 1, the function ¢~?¢*(t) does not satisfy the assumptions of these papers.
Logarithmic methods, including those extreme values, have been studied in the papers
by Evans and Opic [19] and Evans, Opic and Pick [20]. However, there were some natural
open questions for these methods when 6 takes the extreme values 0 or 1. Let us take a
more careful look at these cases.

First note that K (¢,a; Ag, A1) = tK(t~1,a; A1, Ag). Hence, a change of variables yields
that (Ao, A1)0,q,(a0,a0) = (A1, 40)1,9,(am,a0)- Therefore, it is enough to study just one
of the two spaces. Then this formula allows transferring the results to the other method.
We will consider here the case 8 = 1.

The first difference with respect to the real method is that now it may happen that
(Ao, A1)1,4.4 = {0}. In order to avoid it, we should assume that

ag+1/g<0 if ¢ < oo,
{ao <0 if ¢g= .
Under this assumption, it turns out that
Ao N Ay — (Ao, A1)1,g.8 — Ao + A1

Here, — means continuous embedding. The interpolation property for linear operators
holds for these constructions.

If Ag — A; and |lalla, < |lalla, for a € Ag, then K(t,a) = t|jal|a, for 0 <t <1.In
this case we can disregard the part of the integral over the interval (0,1) in the quasi-norm
of (Agp, A1)1,4,a- Indeed, we have

(/01 [t (1)K (t,a)] it)l/q = llalla, (/01 feoa() Cit)l/q,

The last integral is finite by our assumption on ag. Hence, replacing the integral by the

finite integral ([ [t=1¢> (t)]q %)Uq, and since K (¢, a) is a increasing function, we get

(/01 [t (1)K (t,a)]” ?)Uq < cllal|a, </1°O (1o (1)) it>1/q
= C(/loo [t 1 (1) K (t,a)]* Cf) v

lal /OO _ K(ta)  ]tdn\ 1)
ll(Ao,A1)1,q.8 1 Lt(1+logt)maee |t -

Hence the parameter «g has no role when Ag < A;. The equivalence shows the con-
nection between logarithmic interpolation spaces and the so-called limiting interpolation
spaces for ordered couples which have been studied in [13] T4} [T6] [7] among other papers.

This shows that
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We can now realize another important difference between logarithmic methods with
# = 1 and the real method. It is well-known that if ¢ < oo then Ay N Ay is dense in
(Ao, A1), (see, for example, |2, Theorem 3.4.2/(b)]). However, this density property
does not hold in general for (Ag, A1)1,4,a. Indeed, assume that o satisfies

0o +1/g<0 if ¢g< o0,
{ o

Ao <0 if q= o0,

and that Ay — A; with embedding having norm less than or equal to 1. Since |jal|a, =
llall ag+4, = K(1,a) and the function K (t,a)/t is non-increasing, we obtain

lal /°° _ K(ta)  ]Tdn\
(Ao,A1)1,q,a ) t(1+10gt)_aw t
o0 ar\ 1
<lala [+ rog0e= E) < el
1

This yields that (Ag, A1)1,44 = A1 with equivalence of quasi-norms. In particular,
(l1,050)1,98 = loo. Since €1 = {1 N s is not dense in l, this example shows that
in general the intersection is not dense in the interpolation space if o, satisfies .

Density property of the real method is a consequence of its representation in terms
of the J-functional. For the case of logarithmic methods with 8 = 1, the representation
in terms of the J-functional has been studied by Cobos and Segurado [I7], in the case
of 1 < ¢ < oo, and Besoy and Cobos [3], when 0 < ¢ < 1. Note that the example with
(£1,€s) that we have just seen shows that there is no J-representation when ay is in
the range (2)).

Let on the other hand

s >0 if0<g<l1,

Qoo — 1/¢' >0 if 1l <qg< oo,
where 1/qg+1/¢' = 1if 1 < ¢ < oo. The space (Ao,Al)l‘],qvA is formed by all those
a € Ag + A; for which there exists a sequence (ty,)mez C Ao N A; such that

a= Z Uy (convergence in Ag + Ap)

and
( i [TWA(W)J(zm,um)]")l/q < o0.

We endow (Ao, A1){, , with the quasi-norm

= A a\ /4 .
lallaang,, =mt{ (3 e emIC" wn)]) T ia= Y w b

If oo +1/g >0 and 1 < g < o0, it is shown in [I7, Theorem 3.5] that

(A07 Al)l,q,(amaoo) = (AOa Al)i’,q7(ao+1,aw+1) (3)
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with equivalence of norms. So, in this range, to go from the K-representation to the
J-representation, one should correct the exponents of the logarithm by adding one unit.
Note also that ¢ has no influence in the new exponents of the logarithm.

If aoo +1/g > 0 and 0 < ¢ < 1, then by [3| Theorem 3.2/(i)] we have

(A(Jv Al)l,q,(ao,aoo) = (Aga AT){,q,(a0+1/q,aoo+1/q)'
Here A7 is the Gagliardo completion of A; in Ag + Ay (see [I, Definition 5.1.3 and
Theorem 5.1.4]). So A; — A7 < Ap + A1 Note the difference from the previous case:
now the correction in the exponents of the logarithm changes with the value of q.

If oo = —1/q and 1 < g < oo (respectively, 0 < ¢ < 1) then the J-representation also
exists but in addition to the changes indicated for the case as, + 1/g > 0, an iterated
logarithm to the power 1 (respectively, to the power 1/¢) should be also inserted in the
part of the sum on N (see [I7, Theorem 3.6] and [3| Theorem 3.2/(ii)]).

4. Duality. With the help of those J-representations, the dual of (Ao, A1)1,4,(ag,au) has
been investigated in [I7), B]. In what follows, we assume that the Banach couple (A4g, A1)
is regular, that is, Ag N A; is dense in Ay and A;. So, the pair formed by the dual spaces
(Ap, A}) is also a Banach couple.

As is well-known (see, for example, [32] Theorem 1.11.2]), for 1 < ¢ < oo and 1/q +
1/¢' =1, the duality formula for the real method says that ((Ag, A1)a,q)" = (Ap, A))e.q-

If 6,q are as before and (ap, ) € R?, then it follows from a result of Cwikel
and Peetre [I8, Theorem 3.1] (see also [31, Theorem 2.4]), that ((AO,Al)qu,(ao’%o))/ =
(Ap, A/l)e,q’,(faooﬁao)'

When 6 = 1 the dual of the logarithmic spaces, described in terms of the K-functional,
depends again on the relationship between ¢ and A. The following result is proved in [17]
Theorems 5.6, 5.8 and 5.10].

THEOREM 4.1. Let (Ao, A1) be a regular Banach couple. Let 1 < g < oo, 1/g+1/¢ =1
and (ap, ) € R? such that ag +1/q < 0.

(a) If aoo +1/q > 0 then ((Ao, Al)lyq,(ao,%)y = (A A1 g/ (11— )
(b) If aee = —1/q then ((A07A1)1,q,(o¢0,71/q)) equals

oo [ p(=1/q",—1—a0) ($)pp(—1.0) () K q'd 1/q
{reayea- (7| OE ORI T oo

(c) If aco +1/q <0 then ((A07A1)1,q,(040,aoo))/ = A} N (Ap, All)l,q’,(flfl/q’,flfaoy

These interpolation formulae allow us to describe the dual spaces of Besov spaces for
1 < ¢ < oo having in mind that for the generalized Sobolev spaces H; with —oo < s < o0,
I <p<ocand 1/p+1/p' =1, we have (Hy)' = H_* (see [32, Theorem 2.6.1/(1)]).
Indeed, in the classical case, if —co < s < 00, 1 < p < oo and 1 < g < oo, if we choose
so < s<spand 0 <6 < 1withs=(1—0)sg+ sy then By, = (H;O,H;I)g’q and
therefore

. . ! — — —_
(By ) = ((H;O7H;1)9’q) = (H,*,H," )o,y = B,", -
If we work with additional logarithmic smoothness —oco < b < oo, then choosing s, s1, 6
as before but using the logarithmic interpolation method, we have Bt = (Hz0, HS')g 4.
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(see [12, Theorem 5.3]). Consequently
s s s ! —5 —s —s,—b
(szg)/ = ((Hpo’ le)e,q,b) = (Hp’ 07 Hp/ 1)0,q’,—b = Bp’,q’ .

In particular (BJ:!) = Bg,’fq,b.
In order to describe the dual of the Besov spaces given by differences Bg:g, we first
recall that for 1 < p < 00, 1 < ¢ < oo and a > 1/q, the logarithmic Lipschitz space

Lipgl}_a) consists of all functions f € L, having a finite norm

1 44 1/q
”fHLip;l’L}_”) = ”f”LP + (/0 {M] tt> '

We refer to [23] [24] and the references given there for properties of these spaces. Connec-
tion between Lipschitz spaces and Besov spaces is given by the embeddings

1,—a+1/min{2,p,q} i (1,—a) 1,—a+1/max{2,p,q}
By — Lip, o ™ = By

(see [8, Theorem 5.2]).
Consider also the lift operator I_; defined by

Laf = FH( A+ [2) 72 FS).
The following result is proved in [8, Theorem 4.3].

THEOREM 4.2. Let 1 <p < oo, 1< g< oo andb> —1/q. The space (Bg:g)' consists of
all tempered distributions f € H;l such that I_1f € Lips”;b_l) with 1/p+1/p =1=
1/¢+1/q'. Moreover ”f”(Bg;{;)' ~ HI,1f||Lip<1,,7’b71).

Next we consider the case 0 < ¢ < 1. Peetre [30] proved that if (Ag, A1) is a regular
Banach couple, 0 < 6 <1 and 0 < ¢ < 1, then

((Ao, A1),q)" = (Ap, A1)o,c0 - (4)
As a consequence, he derived that

(Byg) =B, for 1<p<oo, I/p+1/p'=1,0<g<1, —00<s<o0.
To get formula (), Peetre observed that if (E,|| - ||) is any quasi-Banach space and we
consider the semi-norm

|z||* = inf{z lzo| : = le,, n e N}
v=1 v=1

and put N = {z € E : ||z||* = 0}, then the completion of the quotient space E* = 17/]\\/
satisfies (E*)’ = E’. Then he proved that ((Ao,Al)g,q)u = (Ap, A1)p,1 which yields ||
having in mind the duality formula for ¢ = 1.

As for logarithmic methods with 0 < # < 1 and 0 < ¢ < 1, it was established in [6]
Theorem 3.1] (see also [28, Corollary 2]) that ((Ao, Al)(97(17(%7%0))ti = (A07A1)9,1,(a0,%0)-
Combining it with the duality formula for 0 < 8 < 1 and the interpolation properties of
Besov spaces with logarithmic smoothness, one can derive that for 1 < p < oo, 1/p +
1/p =1,0 < g < 1and —oco < s,b < 00, we have (B;:Z)/ = B;i;;b. In particular,
(Bs) =By

,00
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The dual of the space Bg:g for 0 < ¢ < 1 has been described in [3]. We first compute

((Ao,Al)l,q,(O(OAM))Tj when a4+ 1/g > 0. Using the J-descriptions and proceeding as
in [30] we obtain

((A07 Al)l,q,(ao,aw ) (AO ’ AN

L (a0+1/g:0m+1/))

(
= (A7 A1N>1 1,(a0+1/q,200+1/4)
= (A, AT)1,1,(a0+1/q—1,000+1/q—1)
= (Ao, A1)1,1,(c0+1/q— Lo +1/g-1)
where the last equality follows from the fact that
K(t,a; Ag, A1) = K(t,a; Ay, AT), t >0, a € Ag + Ay,

(see [I, Theorem 5.1.5]). From this result and the duality formula for ¢ = 1 we derive the
following result.

COROLLARY 4.3. Let (Ag, A1) be a regular Banach couple. Let (o, as) € R? and
0 < g <1 suchthat ag +1/q <0 and oo +1/q > 0. Then

(A0, A1) 14, (00.00)) = (A6 AD100,(—am—1/0.—a0-1/a)-
As a consequence, we get in [3, Theorem 5.2] the following.

THEOREM 4.4. Let 1 < p < oo, 1/p+1/p' =1,0< q <1 and b > —1/q. The space
(Bgig)/ is formed by aoll f € Hz;l such that I_1f € Lipg:;obfl/q) with 1/p+ 1/p’ = 1.
Moreover
gy ~ Moo = M- fley + sup (),
In conclusion, for Besov spaces defined by the Fourier transform with classical smooth-
ness 0 and logarithmic smoothness with exponent b € R and 1 < p < co, we have

b
(BObY = By it 1<q<oo, 1/g+1/¢ =1=1/p+1/p,
P BY Y if 0<g<l
Note that the dual for 0 < ¢ < 1 is always the same space. However this is not the case
for Besov spaces defined by differences where

||I—1fHLip<1,—b—1) if 1<qg<o0,
»’,q

11 g

pq)/

||I—1fHLi Gb-1/a) if 0<g<1.

Observe also that in the description of the dual of Bp o> the parameter ¢ has no role in
the exponent of the associated Lipschitz space if 1 < ¢ < oo, while if 0 < ¢ < 1 the

exponent is —b — 1/gq.

5. Another description for the dual of B . The results of this last section are new
and show another description for the dual of B0 b without involving Lipschitz spaces. We
start with an auxiliary result.

We put Z— = {0, — ...} Let 0 < g < 00, @ € R and let (Ag, A1) be a Banach

couple. The space [Ag, A ]1 q.0 18 formed by all those a € Ag + A such that there exists



118 F. COBOS AND L. M. FERNANDEZ-CABRERA

(W) mez- € Ag N Ay with a = 221:700 wy, (convergence in Ag + A;) and
0 1/q
(3 preemienw.)’) " <.
The quasi-norm in [Ag, A1]{ , , is given by

||a\|[A07A1HTq=a:inf{( zoj [z—mza(gm)J(Qm,wm)}q)”q:a: zoj wm}.

m=—0oQ m=—0o0

LEMMA 5.1. Let Ay, A1 be Banach spaces such that Ay — Ay with the norm of the
embedding being less than or equal to 1. Let 0 < g < 0o and A = (o, o) € R? satisfying
Qoo 2> 0 if 0<qg<1,
0o —1/¢' >0 if 1<qg<oo and 1/g+1/¢ =1.

Then we have with equivalence of quasi-norms (140,141)‘1])(;{’A = [Ao, Al]f,q’ao.

Proof. Assume that a € (AO,Al)fq)A and let @ = >°°_ _ u,, be a representation of a
with
- —m pA (om m q 1/a
(Y metemaemun)?) " < 2lallagang,,

Then Z;le Uy, belongs to A; because, if 1 < ¢ < oo, by Holder’s inequality we get

3 fumlla, < Y 2727 )
m=1 m=1

m=1 m=1
and the last sum is finite due to aso —1/¢ > 0. If 0 < ¢ < 1, using the Jensen inequality
we obtain

> lumlla, <> 272 up) < (Z [2_"’J(2m,um)]q>1/q
m=1 m=1 =

s 1/q
< (Z [2—mzaw(2*'L)J(2m,um)}q) x sup {7 (2")}

and the supremum is also finite because now oo > 0. Let v = >~ °_| u,,. By the previous
computations we have [[v[[a, < c1flall 4, Ay - Let wn = up ifm = —1,-2,-3,...
’ »q,

and wg = ug +v. Then a = Z?n:—oc Wy, in Ag + A1 = A and
° —m pa m m q 1/q
lollapany,.. < (3 e @M@, w)]?)

0 1/q
<erllola, + (Y e @nIm wa)]?) ] < eslall gy, -

m=—0o0

HQHCQ7 (AoaAl)lJ’q,A — [Ao,Al]J

1,g.00- Lhe converse embedding is clear. m
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THEOREM 5.2. Letl <p<oo,1<g<oo, 1/p+1/p=1=1/q+1/¢ and b > —1/q.
The space (Bg:g)’ consists of all tempered distributions f such that there is a sequence
(fm)mez- C Ly with f = Z?n:_oo fm (convergence in S") and

0

N1/d
(3 e @)l + 271l ))) " < oo

m=—0oQ
Furthermore,

0

IAlsgey ~ it {(3 et @)U dle, + 2"l )]") )
p,q f:z

m=—oo fm m=-—00

Proof. Consider the couple (L,, W, ) formed by L, and the Sobolev space W, . According
to [1, Theorem 5.4.12], there are positive constants c¢q,co such that for any g € L, and
any t > 0 we have

clK(t,g;LP,WZ}) < min{1,t}||glr, +w(g,t)p < CQK(t,g;Lp,WZ}).
Reversing the couple we get
K(t,g; Wpl7 Ly) ~ min{1,t}||g|, + tw(gﬂf_l)p.
Take any 7 with 7 + 1/¢ < 0. It follows from the previous estimate for the K-functional
that
By = Wy, Ly, r)-
Now, using Theorem [£.1]/(a) and (B, we derive that
0,6}/ -1 -1 J -1 J
(B@q) - (Hp/ Ly )1, (—b-1,—r—1) = (Hp/ ’LP’)l,qG(—b,—T) - [Hp’ Lol
where the last equality follows from Lemma Therefore, the definition of the J-space
[H;l, Lp’]lj,q/,—b shows that a tempered distribution f belongs to (BJ?)" if and only if
there is a sequence of functions (fy,)mez- C Ly such that f = Z?n:_oo fm (convergence
in §’) and

0 ,
( > [z—me—b(T”)J(W,fm;Hgl,Lp,)]q)”q < o0.

Finally, since the lift I_; : H;l — L, is bijective and bounded, we get

0

N 1/d
gy~ oot {03 et @)U fulle, + 27Ul )])7) " ) o

m=—oc m=—oo

We finish the paper with the corresponding result for 0 < ¢ < 1.

THEOREM 5.3. Let 1 < p < oo, 1/p+1/p' =1,0<q <1 and b > —1/q. The space
(Bg:g)/ consists of all tempered distributions f such that there is a sequence (fum)mez- C

L, with f = Z(T)n:—oo fm (convergence in S") and

Sup (2 me YA ([ |z, + 27 ) < oo
mes—
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Furthermore,

Wl ~ ot { s (27 @ (s fllny, + 27 e, )
RS LB,

m

Proof. Proceeding as at the beginning of the proof of Theorem we get Bg:g =
(Wz}’ Ly)1,q,(rp) With 74 1/q < 0. Hence, by Corollary we get

0,b\/ _ -1
(Bpa) = (H,"s Ly )1,00,(~b-1/g,~7—1/q)-
Now, applying and Lemma we derive that

!/ _ —
(Big:l;) = (Hp/l’LP’)1J,oo,(—b+1—l/q,—7'+1—1/q) = [Hp’17LP’}“1],oo,—b+l—1/q .

This equality and the properties of the lift I_; yield that a tempered distribution f
belongs to (Bg:g)/ if and only if there exists (fim)mez- C Ly such that f = an:foo fm
(convergence in §’) and

Sup @ me A M (o e, + 27 fmllz,,)) < oo

mesl—
Moreover,

Wy~ ot { s (2o @ ) sl o+ 27l )} o
s R d
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