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Abstract. We show that if the Hardy—Littlewood maximal operator is bounded on a reflexive
Banach function space X (R) and on its associate space X'(R), then the space X(R) has an
unconditional wavelet basis. As a consequence of the existence of a Schauder basis in X (R),
we prove that the ideal of compact operators (X (R)) on the space X (R) is contained in the
Banach algebra generated by all operators of multiplication al by functions a € C(]R)7 where
R = RU {oo}, and by all Fourier convolution operators W°(b) with symbols b € Cx (R), the
Fourier multiplier analogue of C(R).

1. Introduction. The set of all Lebesgue measurable complex-valued functions on R is
denoted by 9M(R). Let M*(R) be the subset of functions in 9M(R) whose values lie in
[0, 00]. For a measurable set E C R, its Lebesgue measure and the characteristic function
are denoted by |E| and xg, respectively. Following [BS88, Chapter 1, Definition 1.1],
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a mapping p : MT(R) — [0,00] is called a Banach function norm if, for all functions
1,9, fn (n € N) in MF(R), for all constants a > 0, and for all measurable subsets E of R,
the following properties hold:

(A1) p(f) =0 f=0ae., plaf)=ap(f), p(f+g) < p(f) + r(9),

(A2) 0<g< fae = p(g) <p(f) (the lattice property),

(A3) 0< fn 1 fae = p(fn) 1 p(f) (the Fatou property),

(Ad) [E] < oo = p(xp) < oo,
(A5)

=

5) |E| < oo /E f(x)dz < Cp(f),

where Cg € (0,00) may depend on E and p but is independent of f. When functions
differing only on a set of measure zero are identified, the set X (R) of functions f € M(R)
for which p(|f]) < oo is called a Banach function space. For each f € X(R), the norm
of f is defined by

1 x ) == p(If])-

With this norm and under natural linear space operations, the set X (R) becomes a
Banach space (see [BS88, Chapter 1, Theorems 1.4 and 1.6]). If p is a Banach function
norm, its associate norm p’ is defined on 9™ (R) by

0(0) =swn{ [ f@g()do: fem ®), o5 <1} g eMIR)

By [BS88, Chapter 1, Theorem 2.2], p’ is itself a Banach function norm. The Banach
function space X'(R) determined by the Banach function norm p’ is called the associate
space (Kothe dual) of X(R). The associate space X’(R) is a subspace of the (Banach)
dual space [X(R)]*.

Let F : L?>(R) — L*(R) denote the Fourier transform

(FN@) = Flo)i= [ feat, e
R

and let F~1: L2(R) — L%(R) be the inverse of F,
(F7t9)(t) = L / g(x)e " dr, teR.

27 Jr
It is well known that the Fourier convolution operator W°(a) := F~taF is bounded on
the space L?(R) for every a € L>(R). Let X(R) be a separable Banach function space.
Then L?(R) N X(R) is dense in X (R) (see Lemma [2.1| below). A function a € L>°(R) is
called a Fourier multiplier on X (R) if the convolution operator W°(a) := F~taF maps
L?(R)NX (R) into X (R) and extends to a bounded linear operator on X (R). The function
a is called the symbol of the Fourier convolution operator W¥(a). The set My (g) of all

Fourier multipliers on X (R) is a unital normed algebra under pointwise operations and
the norm

lall My = WO (@) lBx @),
where B(X (R)) denotes the Banach algebra of all bounded linear operators on the space

X (R). Let K(X(R)) denote the ideal of all compact operators in the Banach algebra
B(X(R)).
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Recall that the (non-centered) Hardy—Littlewood maximal function M f of a function
f € LL _(R) is defined by

loc
1
(M f)(e) = swp /Q F)|dy,

where the supremum is taken over all intervals Q C R of finite length containing z.
The Hardy—Littlewood maximal operator M defined by the rule f — M f is a sublinear
operator.

Suppose X (R) is a separable Banach function space such that the Hardy—Littlewood
maximal operator M is bounded on the space X (R) and on its associate space X'(R). Let
C’(R) denote the C*-algebra of continuous functions on the one-point compactification
R = RU {oo} of the real line. Further, let C'x(R) be the closure of C(R) N V(R) in the
norm of M x (g), where V(R) is the algebra of all functions of finite total variation on R.

Consider the smallest Banach subalgebra

Axr) = alg{al, W°(b) :a € C(R), be Cx(R)}
of the algebra B(X(R)) that contains all operators of multiplication al by functions
a € C(R) and all Fourier convolution operators W0(b) with symbols b € Cx (R).

The algebra Ax ) is well understood in the case when X (R) = LP(R, w) is a Lebesgue
space with 1 < p < oo and a Muckenhoupt weight w (see, e.g., [BKS02, Chapter 17] and
also [D79] for the non-weighted case). Surprisingly enough, the algebra Axg) has not
been investigated for more general Banach function spaces X (R). The aim of this paper
is to start studying the algebra Ax g) on reflexive Banach function spaces X (R) under
the assumption that the Hardy—Littlewood maximal operator M is bounded on the space
X (R) and on its associate space X'(R).

Our main result is the following.

THEOREM 1.1. Let X(R) be a reflexive Banach function space such that the Hardy-
Littlewood mazimal operator M is bounded on X(R) and on its associate space X'(R).
Then the ideal of compact operators IC(X (R)) is contained in the Banach algebra Ax ().

Theorem implies that the quotient Banach algebra
AWX(R) = AX(R)/’C(X(R))

is well-defined. It follows from [K15D, Theorem 2.9] that if X(R) is either a reflexive
rearrangement-invariant Banach function space with nontrivial Boyd indices or a reflexive
variable Lebesgue space such that the Hardy—Littlewood maximal operator is bounded
on X (R), then A% ) is commutative.

QUESTION 1.2. Is it true that the quotient algebra AQ(R) is commutative under the
assumptions of Theorem [TIJ?

In order to prove Theorem [1.1) we have to insure that the space X (R) has a Schauder
basis. In Section[2] we prove a stronger result that might be of independent interest. It says
that, under the assumptions of Theorem the space X (R) has an unconditional wavelet
basis. Similar questions were considered earlier in [NPR14] and [INSI15] under hypotheses
on the space X (R), which are different from ours (see also [Hollal [Hol1bl [So97, W12]).
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In Section |3] we observe that the multiplication operators al with a € L* and the
Fourier convolution operators W0(b) with b € M x(r) cannot be compact on the space
X (R) unless they are trivial. Thus, the nontrivial generators of the algebra Axg) are
noncompact.

In Section [4] we state that a rank one operator T} defined by

(Tyf)(z) = a(z) / b(y)/ (y) dy.

R
where a and b are continuous and compactly supported functions, can be written as a
product of generators of the algebra Ax ). We prove Theorem by showing that each
compact operator can be approximated in the operator norm by finite rank operators
and, further, by a finite sum of operators of the form T7.

2. Wavelet bases in Banach function spaces

2.1. Density of nice functions in separable Banach function spaces. Let Cy(R)
and C§°(R) denote the sets of continuous compactly supported functions on R and in-
finitely differentiable compactly supported functions on R, respectively.

LEMMA 2.1. Let X(R) be a separable Banach function space. Then the sets Co(R),
C§°(R) and L?*(R) N X(R) are dense in the space X (R).

The density of Cy(R) and C§°(R) in X (R) is shown in [KS14] Lemma 2.12]. Since
Co(R) C L*(R) N X(R) C X (R), we conclude that L?(R) N X (R) is dense in X (R).

2.2. Uniform boundedness of families of operators satisfying local sharp max-
imal operator estimates uniformly. For s > 0 and f € L; (R), consider the local
s-sharp maximal function of f defined by

M . 1 . 1/s
i (x) = Zg};;g(g(@/czf(y)c dy) ,

where the supremum is taken over all intervals @@ C R of finite length containing x.
The theorem below follows from [KS14, Theorem 3.6].

THEOREM 2.2. Let X(R) be a separable Banach function space such that the Hardy-
Littlewood mazimal operator M is bounded on X(R) and on its associate space X'(R).
Assume that 0 < s < 1 and Q is an index set. Let {T,, },cq be a family of linear operators
such that

(a) for each w € Q, the operator T,, is bounded on the space L*(R);
(b) there exists a constant cs € (0,00) depending only on s and such that for every w € €,
every f € CP(R) and every xo € R, one has

(T f)¥ (0) < cs(M [)(o).
Then each operator T,,, w € Q, is bounded on X (R) and

sup || 1o || 3(x ®)) < 0.
weN
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2.3. Estimates for local sharp maximal operators of families of operators as-
sociated with kernels. Let D’'(R) be the space of distributions, that is, the dual space
of C§°(R). The action of a distribution a € D'(R) on a function f € C§°(R) is denoted
by a(f) = (a, f). A locally integrable function K : R?\ {(z,7) : z € R} — C is said
to be a kernel. One says that a linear and continuous operator Tk : C§°(R) — D'(R) is
associated with a kernel K if

Tk f,9) //ny )f(y)dx dy

whenever f, g € C§°(R) with supp f Nsupp g = 0.
For each point g € R, each radius r > 0 and a kernel K, we consider the interval

I=1(xg,7)=(x0—1r,x0+7)

(DrK)(y // K(z,y) — K(z,y)| dxdz.
IxI

Let © be an index set. Follovvlng [AP94] Section 2.1], a family of kernels { K, }weq is
said to satisfy Condition (D) uniformly in € if there are constants Cp, N € (0, 00) such
that for all w € Q, all f € C§°(R) and all 2y € R,

sup / (D1EK.) )|/ ()] dy < Cp(M ) (o). 21)
ly—zo|>Nr

r>0

and the function

THEOREM 2.3. Let Q be an index set, {K, }weq be a family of kernels and let {Tk_ }wea
be the family of operators associated with the kernels in the family {K,}weq. If

(a) the family {K,}weq satisfies Condition (D) uniformly in Q with some constants
Cp,N € (0, OO);

(b) the operators Ty, extend to bounded operators from L'(R) into L>°(R) uniformly
in Q, that is, there exists a constant C11 € (0,00) such that for all w € Q and all
fe R,

ililg()\Hl’ ER:|(Tk, f)(@)| > A}|) < Crallfllo @),

then for allw € Q, all s € (0,1), all f € C§°(R) and all zy € R,
(T )7 (20) < C(Mf)(ao), (2:2)

where
Cy:=22""Y(N(1 - 5)"Y/*Cy 1 + Cp).

Proof. This theorem is proved by analogy with [AP94] Theorem 2.1] (see also [KJLHO09,
Theorem 2.6] for tracing the constant Cs). Since the definition of the local s-sharp max-
imal function adopted in this paper slightly differs from that of [AP94, [KJLHO09|, we
provide some details here.

Fixw e Q, f € C§°(R) and xy € R. Let Q be an interval of finite length containing
and I be the smallest interval centered at xg, which contains Q. Then |Q| < |I] < 2|Q)|
and

. 1 . 1/s /o s 1 ) 1/s
i (7 [t —aeay) <2 n (G [ pw —da) e
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Let f = fi + f2 where fi = fX1(zo,nNr), I = I(x0,7), and N is given by Condition (D).
Set

(T fo)1 = ﬁ / (Tic. f2)(4) dy.

Since [|a|® — |b|*| < |a — b|* and (|a| + [b])Y/* < 21571 (|a|'/* 4 |b|'/*) for a,b € C and
0 < s <1, we have

. 1 . 1/s
;gé(I/II(TKWf)(y)—CI dy)

1/s
< <|11| /I|(Twa1)(y) + (T, f2)(y) — (Twa2)1|de>
1 s 1 s e
< (m J @@+ g [T naw) - T dy)

et 1 . 1/s 1 . 1/s
<o [( 4 i)+ (o (1o - @) |
=: Ql/s_l(Jl + JQ) (24)

By [KJLHQ9, formulas (2.48)—(2.49)],
JL S N(1—5) Y Cra(Mf)(xo), J2 < Cp(MF)(xo). (2.5)

Combining ([2.3)—(2.5)), we arrive at (2.2)). =

2.4. Families of standard kernels in the sense of Coifman and Meyer. Let ()
be an index set. We say that a family of kernels {K,},cq is a uniform in Q family of
standard kernels (in the sense of Coifman and Meyer, see, e.g., [MC97, p. 9]) if there exist
constants Cq,Co, C3 € (0,00) such that for all w € Q and all pairs (z,y), (2,9), (z,w) in
R?\ {(z,z) : z € R}, one has

Ch

Colz —z . 1
Ko(ey) — Koyl < 22280 ooy lpy, @
|z —y| 2
Cslw —y| . 1
Ko (2, w) — Ku(z,y)| < Te 2 if |w—yl<jle—yl (2.8)

An operator Tk, associated with a standard kernel K, is called a Calderdn-Zygmund
operator.

LEMMA 2.4. Let Q be an index set and let {K,}weq be a uniform in Q family of stan-
dard kernels. Then {K, }ucq satisfies Condition (D) uniformly in Q with the constants
Cp =8C5 and N = 2.

Proof. Take N =2. Fix g € Rand r > 0. If y ¢ I = I(x0,2r), then for z, z € I(xg,r),

1 1
\x—x0|<r§§|y—xo|, \z—xo|<r§§|y—x0\.
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Hence, taking into account (2.7, we obtain for all w € Q and x, z € I(zo, ),

1Ko(z,y) = Ku(z,y)| < [Ku(z,y) = Ku(zo0,y)| + Ko (2, y) — Ku(20,)]|
CQ‘Z_.’I/'O| CQ|£L‘—$0| < 2027“

ly — xol? ly —xo0l> = |y —axol?”
Then
1 2027’
DK, )(y 27// K, (z,y) — K (z,y)|dvdz < ————
( )( ) |I(.’EQ7T)|2 zo,r) X1 ro,r)‘ ( ) ( )‘ |y—x0|2
and
[ mEa@wld e [ W
ly—zo|>2r ly—zo|>2r |y - $0|
- |f ()l
= 202’[" / _— dy
7;0 ant1r<ly—mp|<2nt2r |Y — Tol?
= 1
< 2C,r 7/ d
< 2 Z (2n+17)2 9 r [y —zo| <272 |f(y)l dy

< 202 Z 2"+27’ / |dy

I(zo, 2"+2r)

_4022 Nrien T )l dy

I(xo,27+2r)
< 4@(22 ) M f)(z0) = 8Co(Mf) (o),

which implies (2.1)) with N =2 and Cp = 8C5.

2.5. Families of Calder6n—Zygmund operators associated with kernels defined
by orthonormal wavelets. As usual, let

_ /R F(@)9(@) da. (2.9)

be the standard inner product in L?(R).
Following [HW96], Section 5.3], a function
W :]0,00) = (0,00)
is said to be a radial decreasing L*-majorant of a function g : R — C if |g(x)| < W(|z])
for a.e. z € R, and W € L'([0,00)), W is decreasing, W (0) < oo.
Recall that a function 1 € L?(R) is called an orthonormal wavelet if the family
Yin(x) =222z —k), z€R, jkeT,

forms an orthonormal basis in L?(R).
Let &€ be the family of all sequences € = {€; 1} ez With e, € {—1,1} for all j, k € Z.
For an orthonormal wavelet 1) and a sequence € = {€; 1} rez € &, consider the kernel

=20 cintin@inly), @y eR. (2.10)

JEZ kEZ
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If the wavelet ¢ has a radial decreasing L!-majorant W, it follows from [HW96], Sec-
tion 5.3, Lemma 3.12] that

(Ko@) <Y 2 [z —k)p(2y — k) <> 20 W(|2Zx — k)W (12y — k)

JEZL keZ JEZ k€EZ
<CW) Y 2wz —y)),
JET
where C(W) depends only on W and, by the proof of [HW96, Section 5.6, Theorem 6.12],
D 2W( e —y|) < ==l W1l L1 ((0,00))-
JEZ

Hence, |K(z,y)| < oo for all z,y € R such that x # y.

THEOREM 2.5. Suppose that 1 is an orthonormal and differentiable wavelet such that 1
and its derivative ¥’ have a common radial decreasing L'-majorant W satisfying

/00 sW(s)ds < 0. (2.11)
0

Then the family {K_.}cce given by (2.10) s a uniform in € family of standard kernels
with the constants C1,Cy,C3 in (2.6)—(2.8]) depending only on W.

The proof of this theorem is analogous to the proof of [HW96l Section 5.6, Theo-
rem 6.12] and therefore is omitted.
Let us consider the operator Tk associated with K., which is given for f € L?(R) by

(Tr. £)(@) =D ejnlfrtbin)bjn(x), z€R. (2.12)

JEL kEZ

For each € = {¢j 1 }jxez € &, the operator Tk_ is an isometry on L*(R).

THEOREM 2.6. Suppose that 1 is an orthonormal wavelet having a radial decreasing
L'-majorant W satisfying (2.11). There exists a constant C1 1(W) depending only on W
such that for every sequence € = {€j 1 }jrez € € and every function f € L'(R) N L3(R),

il;l())(/\Haf €R: (T, f)(@)] > A}Y) < CLaW)If o),

where the family of operators {Tk._}ece is defined by ([2.10) and (2.12) on L*(R).
Since the function s — W(|s|) belongs to L>°(R) and, by (2.11)),

/Ooo W(s)In(1 + s) ds < /OOO W (s) ds < oo,

Theorem follows from [KaSa99l Chapter 7, Theorem 9.
Combining Theorems with Lemma we arrive at the following.

THEOREM 2.7. Suppose that 1 is an orthonormal and differentiable wavelet such that
Y and its derivative have a common radial decreasing L'-majorant W satisfying .
Then there exist constants C11(W),Cp(W) € (0,00) depending only on W such that for
every € = {€; r}tjrez € €, every s € (0,1), every f € Cg°(R) and every xy € R, one has

(Tk. f)¥ (20) < Cs(W)(M f)(z0),
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where
Cs(W) :=22/571(2(1 — 5) V01 1 (W) + Cp(W)),

and the family of operators {Tk_}ece is defined by (2.10) and (2.12)).

2.6. Boundedness of square functions associated with orthonormal wavelets.
Let 1 be an orthonormal wavelet. Consider the family of kernels {K.}.cs defined by
and the family of operators {Tk_}.ce associated with these kernels, which are
given by for f € C§°(R).

THEOREM 2.8. Let X(R) be a separable Banach function space such that the Hardy-
Littlewood mazimal operator M is bounded on the space X (R) and on its associate space
X'(R). Suppose that ¢ is an orthonormal and differentiable wavelet such that ¢ and its
derivative have a common radial decreasing L'-majorant W satisfying . Then for
alle ={ejr}jrez € E, the operators Tk, defined initially on C§°(R), extend to bounded
linear operators on X (R) and

N = sup || Tk, | 5(x (®)) < oo
€€

This theorem follows from Theorems and

Let X (R) be a Banach function space and X’ (R) be its associate space. It follows from
the Holder inequality for Banach function spaces (see [BS88, Chapter 1, Theorem 2.4])
that for f € X(R) and g € X'(R), the pairing (f, g) is correctly defined by (2.9).

One of the main ingredients of the proof of the existence of unconditional wavelet
bases in Banach function spaces is the following theorem. Its proof is inspired by Meyer’s
approach (see [M95] Section 6.2] for the case of Lebesgue spaces and [INS15, Theorem 4.2)
for weighted variable Lebesgue spaces).

THEOREM 2.9. Let X(R) be a separable Banach function space such that the Hardy-
Littlewood mazximal operator M is bounded on the space X(R) and on its associate space
X'(R). Suppose that v is an orthonormal and differentiable wavelet such that v and its
derivative have a common radial decreasing L*-majorant W satisfying and such
that Y, € X'(R) for all j,k € Z. Then the sublinear operator V' defined by

VAE = (E X ttn@E) . aer (213)

JEL kEL
is bounded on the space X (R).

Proof. Fix f € X(R) and g € X'(R) such that ||g||x/&) < 1. Let the set & = {1, 1}%*%
be equipped with the Bernoulli probability measure p obtained by taking the product of
the measures on each factor {—1, 1}, which give a mass 1/2 to each of the points —1 and 1.
By Khintchine’s inequality (see, e.g., [Gut05, Corollary 8.1] and also [M95l Section 6.2,
Lemma 2]), there exists a constant L € (0, c0) such that

(V) < L/g |(Tx. f) (@)l dp(e), = €R, (2.14)

where the family of operators {Tk, }cce is defined by (2.10) and (2.12)). Then, by in-
equality (2.14]), Fubini’s theorem and Holder’s inequality for Banach function spaces (see
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[BS88, Chapter 1, Theorem 2.4]), we obtain

Livn@a@iae < [ ([ 1@ n@]due)o) dr
=L [( [ 1T D@sta)lar) aute)

<L [ I flxwlolve du@) < 2 [ T flxedute).  (@15)
By Theorem for all e = {e; 1} rez € £, we have
ITx. fllx@® < NIfllxm®)- (2.16)

Combining ([2.15)) and (2.16)), we see that for all f € X(R) and all g € X'(R) satisfying
lgllx®) <1,

/ (V1) (@)g(x)| de < LN / 1l dis(e) = LN fllx o).

It follows from the above inequality and the Lorentz—Luxemburg theorem (see [BS8S|
Chapter 1, Theorem 2.7]) that for all f € X(R),

IV Fllx® = IV Filxrm

= sun{ [ 1V )@@ dz g € X'R). ol <1} < IV lxco,
which completes the proof. m

2.7. Existence of a wavelet basis in a Banach function space. By [HW96, Sec-
tion 2.3, Theorem 3.29], for every r € {0,1,2,...}, there exists an orthonormal wavelet
1 with compact support such that 1) has bounded derivatives up to order 7.

Recall that a function f in a Banach function space X (R) is said to have absolutely
continuous norm in X (R) if || fxg, || x@®) — 0 for every sequence {E,}72, of measurable
sets on R such that xg, — 0 a.e. on R as n — oo. If all functions f € X(R) have
this property, then the space X (R) itself is said to have absolutely continuous norm (see
[BS88, Chapter 1, Definition 3.1]).

Now we are in a position to prove the main result of this section.

THEOREM 2.10. Let X(R) be a reflexive Banach function space such that the Hardy—-
Littlewood mazimal operator M is bounded on X(R) and on its associate space X'(R).
Suppose that v is an orthonormal C-wavelet with compact support. Then the system

{j:d.k € Z}

is an unconditional basis in X (R) and the wavelet expansion
F=Y20 (i bintin

JEL keL
holds for every f € X(R), where the convergence is unconditional in X (R).
Proof. If a Banach function space X (R) is reflexive, then it follows from [BS88, Chapter 1,
Corollary 4.4] that the spaces X (R) and X’(R) have absolutely continuous norms. Hence,
by [BS88, Chapter 1, Corollary 5.6], the spaces X (R) and X’(R) are separable. Then,
in view of Lemma L*(R) N X (R) is dense in X(R) and L?*(R) N X'(R) is dense in
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X'(R). Since ;1 € Co(R), we have ¢, € X(R) and 9 € X'(R) for all j,k € Z.
Moreover, there exist constants C,§ > 0 such that W(s) = Ce™%% s € [0,00), is a
common L!-majorant for ¢ and ¢’ that satisfies (2.11]). By Theorem the operator
V given by is bounded on the spaces X (R) and X’(R). Then the desired result
follows from [INS15, Theorem 4.1]. m

3. Noncompactness of multiplication and Fourier convolution operators

3.1. Noncompactness of nontrivial multiplication operators. The following the-
orem can be extracted from [HKKO06L Theorem 2.4].

THEOREM 3.1. Let X(R) be a separable Banach function space and a € L*(R). Then
the multiplication operator al is compact on the space X (R) if and only if a =0 almost
everywhere on R.

We give another proof of this result based on the following lemma, which is of inde-
pendent interest.
For a sequence of operators {Ay, }neny C B(X(R)), let

s-lim A,
n—oo

denote the strong limit of the sequence, if it exists. For A, x € R, consider the function

ex(x) := e,

LEMMA 3.2. Let X (R) be a separable Banach function space and K be a compact operator

on X(R). Then

s-limep,, Ke,:lf =0
n—00 "

on the space X (R) for every sequence {hn}nen C R such that

lim A, = *+oco.
n— oo

Proof. The idea of the proof is borrowed from the proof of [BKS02, Lemma 10.1] and
[KIJLHO8, Lemma 3.8]. Let f € X(R) and g € X'(R). By Holder’s inequality for Ba-
nach function spaces (see [BS88, Chapter 1, Theorem 2.4]), fg € L*(R). Hence, by the
Riemann—-Lebesgue lemma (see, e.g., [Kat76, Chapter VI, Theorem 1.7]),

tim [ e i f(@)g(@) da = lim (£)"(<h,) =0 (3.1)

n—oo R

whenever h,, — oo as n — oo. Since the space X (R) is separable, it follows from
[BS88, Chapter 1, Corollaries 4.3 and 5.6] that the associate space X'(R) is canonically
isometrically isomorphic to the Banach dual space [X (R)]* of X(R). Hence equality
implies that the sequence of multiplication operators {eanlI }nen converges weakly to the
zero operator on the space X(R) as n — oo. It is clear that |les, I||g(x®)) < 1 for all
n € N. Since the sequence {ej I }nen is uniformly bounded, the operator K is compact,
and the sequence {e,;ll }nen converges weakly to the zero operator as n — oo, we conclude
that in view of [RSS11, Lemmas 1.4.4 and 1.4.6], the sequence {e,, Ke,;nlf}neN converges
strongly to the zero operator on the space X(R) as n — co. m

Proof of Theorem [3.] 1t is clear that if @ = 0 a.e. on R, then al is the zero operator,
whence it is compact. Assume that al is compact and consider a sequence {h, }neny C R
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such that h,, = 400 as n — oco. It is clear that ey, (aI)e;nlI = al for n € N. Then, by
Lemma [3.2]

al = s-limey,, (al)e; ' T =0,
n—00 "

which implies that a =0 a.e. on R. =

3.2. Noncompactness of nontrivial Fourier convolution operators. The follow-
ing result was recently obtained by the authors.

THEOREM 3.3 ([FKK19, Theorem 1.1]). Let X(R) be a separable Banach function space
such that the Hardy-Littlewood mazimal operator M is bounded on X(R) and on its
associate space X'(R). Suppose that b € Mx ). Then the Fourier convolution operator
WY (a) is compact on the space X(R) if and only if b= 0 almost everywhere on R.

In the next section we will show that, along with the fact that each individual nontriv-
ial multiplication operator al with a € L*°(R) and each nontrivial Fourier convolution
operator WO(b) with b € M X (r) 1s never compact on the space X (R), the algebra gener-
ated by the operators al and W(b) contains all compact operators, similarly to Banach
algebras of Toeplitz operators with continuous symbols on Hardy spaces.

4. Algebra of convolution type operators with continuous data

4.1. Fourier convolution operators with symbols in the algebra V(R). Suppose
that a : R — C is a function of finite total variation V'(a) given by

V(a) := supz la(zy) — a(zk—1)],
k=1

where the supremum is taken over all partitions of R of the form

—o0o< < <...<Tp <400
with n € N. The set V(R) of all functions of finite total variation on R with the norm

lallv := llallL> @) + V(a)

is a unital non-separable Banach algebra.
THEOREM 4.1. Let X(R) be a separable Banach function space such that the Hardy—
Littlewood mazimal operator M is bounded on X(R) and on its associate space X'(R).

If a function a : R — C has a finite total variation V(a), then the convolution operator
WY(a) is bounded on the space X (R) and

W (a)llsx ) < exllallv (4.1)
where cx s a positive constant depending only on X (R).
This result follows from [K15al Theorem 4.3].
For Lebesgue spaces LP(R), 1 < p < oo, inequality (4.1]) is usually called Stechkin’s
inequality, and the constant cp» is calculated explicitly:

tan(m/(2p)) if 1 <p <2,
cre = ||SllBr®) =

(4.2)
cot(m/(2p)) if2<p< oo,
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where S is the Cauchy singular integral operator given by
(Sf)(z) = i lim 1)
T e—=0 R\(z—e,z+¢) t—a
We refer to [D79, Theorem 2.11] for the proof of in the case of Lebesgue spaces
LP(R) with cpr = ||S]|g(Lr (r)) and to [GK92, Chapter 13, Theorem 1.3] for the calculation
of the norm of S given in the second equality in .

dt. (4.3)

4.2. One-dimensional operator with continuous compactly supported data.
A proof of the next lemma can be extracted from the proof of [KILH13, Lemma 6.1].

LEMMA 4.2. Suppose X (R) is a separable Banach function space. Let a,b € Cy(R) and
a one-dimensional operator Ty be defined on the space X(R) by

(Tif)(a) = a(e) [ W) 1) . (1.4
Then there exists a function ¢ € C(R) NV (R) such that Ty = aW°(c)bI.

4.3. Proof of Theorem It follows from Theorem that the space X (R) has a
Schauder basis. It is well known that every compact operator on a Banach space with a
Schauder basis can be approximated in the operator norm by linear operators of finite
rank (see, e.g., [ST0, Chapter I, Corollary 17.7]). It follows from [BS88, Chapter 1, Corol-
laries 4.3 and 4.4] that the Banach space dual [X(R)]* of the space X (R) is canonically
isometrically isomorphic to the associate space X’(R). Hence a finite rank operator on
X (R) is of the form

Zaj / ) fy)dy, z€eR, (4.5)

where a; € X(R) and b; € X'(R ) for j € {1,...,m} and some m € N. Since the set
Co(R) is dense in X(R) and in X'(R) in view of Lemma for every € € (0,1) and
every j € {1,...,m}, there exist a;,b; . € Co(R) such that

ajllxw = lajellxe| <1 (4.6)
and

la; — ajellx®) < 65 — bjellx @ < (4.7)

€ €
2m([[ojll x ) + 1) m(lla;lx @ + 1)
Let T, denote the operator defined by (4.5) with a;. and b, . in place of a; and b;,

respectively. It follows from Hoélder’s inequality for Banach function spaces (see [BS88|
Chapter 1, Theorem 2.4]) and inequalities (4.6)—(4.7) that for f € X(R),

”Tmf —Tn sf”X(]R

< [0 e [t +[35es [10 s mal,,,

Z llaj — ajellx @10l x @) fllx ®) +Z||ajf||X(]R)Hb

Jj=1

r) 1 fllx(®)

m

— ellflxm el fll x®)
1900 + D (lagllxcey +1) <ellfllx
2 (155 HX/(R)H) I 2 T om (gl x ) + 1) ®
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whence || T, — Thy || < €. Therefore, each compact operator on the space X (R) can be
approximated in the operator norm by a finite sum of rank one operators T} of the form
with a,b € Cy(R). By Lemma each such operator can be written in the form
Ty = aW°(c)bI with ¢ € C(R) N V(R). It follows from Theorem that ¢ € Cx(R).
Hence T7 € Ax (), which completes the proof. m
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