FUNCTION SPACES XII
BANACH CENTER PUBLICATIONS, VOLUME 119
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2019

A NOTE ON TYPE OF WEAK-L! AND WEAK-/! SPACES

ANNA KAMINSKA

Department of Mathematical Sciences
The University of Memphis, TN 38152-3240, U.S.A.
E-mail: kaminska@memphis.edu

Abstract. We present a direct proof of the fact that the weak-L' and weak-¢! spaces do not
have type 1.

It has been known for some time that the weak-L' space is not normable, that is,
there does not exist a norm equivalent to the standard quasi-norm || f||1 « in the weak-L?
space [2]. In [4, Proposition 2.3] it was proved more, namely that the weak-L! space does
not have type 1. This was obtained indirectly as a corollary of more general investiga-
tions. Here we present a direct proof by constructing suitable sequences of functions that
contradicts type 1 property in weak-L' or weak-¢! spaces.

Let r, : [0,1] = R, n € N, be Rademacher functions, that is r, () = sign(sin 2"7t).
A quasi-Banach space (X, | - ||) has type 1 [3, [7] if there is a constant K > 0 such that,
for any choice of finitely many vectors z1,...,z, from X,

1 n n
/ HZ rk(t)kadt <K |lokl.-
0 Tk=1 k=1

Clearly if X is a normable space then X has type 1. For theory of quasi-Banach spaces
see [5].

If f is a real-valued measurable function on I, where I = (0,1) or I = (0,00), then
we define the distribution function of f by df(\) = [{x € R |f(z)| > A}| for each A > 0,
where | - | denotes the Lebesgue measure on R, and the decreasing rearrangement of f is
defined as

fr(t) =inf{s >0:ds(s) <t}, tel.
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The weak-L' space on I, called also the Marcinkiewicz space and denoted by Li o0 (I)
[T, [6], is the collection of all real valued measurable functions on I such that

I/

The space L1 o(I) equipped with the quasi-norm || - ||1,00 is complete.

Analogously we define a sequence weak-£! space. Given a bounded real-valued se-
quence x = {x(n)}, consider the function f(t) =37, 2(n)X{n—1,n)(t), t >0, and define
a decreasing rearrangement z* = {z*(n)} of the sequence = as follows

z*(n)=f*(n—1), neN

Then the weak-¢' space denoted as {1 o, consists of all sequences = {z(n)} such that

1,00 = suptf*(t) < oo.
tel

|z]]1,00 = supna™(n) < oo,
n

and ¢1 o equipped with || - ||1,00 is & quasi-Banach space.

LEMMA 1. For every n € N there exists a sequence (gjn)j—y C L1,00(0,1) such that
||gj(n—1)||1,oo < 1; nGNa j:]-a"'vnv

and for sufficiently large n € N and every choice of signs n; = £1, j =1,...,n,

1 n—1
3 nlogn < H E ngj(n—l)H < nlogn.
= 1,00

Proof. Let k,n € Nand i =1,...,n — 1. Define for ¢ € (0, 1),

1 1
fri(t) = WX(mk,imk](t) + WX(infk,nlfk](t)-

Setting
n—1
Fr =" fij,
j=1

we have

n—1 n—1

Fo(t) = i(z W)X(m%y(m)w}(tx te(0,1).

i=1 j=1
We will show that for all £ € N and all n > 10,

1
3 nlogn < || Fill1,00 < nlogn.

In fact, if in % <t < (i+1)n"%, i=1,...,n — 1, then
n—1 1

n*(logn — = —_—

< nk logn.

<

Hence for all 0 < t < n'=%(1 —1/n),
n*(logn —1) < F(t) < nFlogn,

and so
1 1\
”Fk”LOOSF 1—5 n"logn < nlogn
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and for all n > 10,

1 1 1
| Fll1,00 > ) (1 - n)nk(logn -1 > §nlogn.
Let m = 1,...,2" 1 and e™ = (e",...,e™ ;) be a sequence of signs eyt = =£1,
j=1,...,n— 1. We assume here that €™ # ™2 if m; % msy. Define now the functions

n—1
_§ : m
Gm = Ej ,fmj-
Jj=1

Notice that the supports of Gy, are disjoint and that G,,, = F},, whenever 5}”0 =1 for
j=1,...,n— 1. Therefore

n—1

2
1
H Z Gm > HGmg‘ 1,00 = ||Fm0| 1,00 > - N10gn~
1,00 2
m=1
On the other hand observe that
2n71 2n71
Z F,, < Z n™1ognX (n-m n-m+1]-
m=1 m=1
Then
2'!1.71 2'7:.71
*
(Z Fm) < Z n™ IOg nX(n—m_n—z'ﬂfl,n7m+1_272n*1],
m=1 m=1
and so
n—1
H Z FmH < max sup tn™logn < nlogn.
1 l,oco  m=l1,...,2"~ te(n-m—n=2""1 pomt+1i_g-2n—1)
Hence

gn—1 gn—1
1,00 Z 1,00
m=1 m=1

Now, let for j=1,...,.n—1,n €N,

271—1

Gitn-1) = Y _ € fmj-
m=1

For any n; = +1, j =1,...,n — 1, we have

n—1 n—1 21t 2"~ n—1
> Migim-1) = Z%‘(Z 6}”fmj> = ( nﬁ}"fmj).
j=1 =1 m=1 m=1j=1

Setting now af* = e, m=1,...,2" 7" j=1,...,n— 1, we get

n—1 2n71 2n71

n—1
Z Ni9j(n—1) = Z (Z O‘;nfmj) = Z GTYL'
j=1 m=1

m=1 j=1
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Hence by the previous inequalities, for every choice of signs 7; = 1 and for sufficiently
large n, we have

1 n—1
§n10gn§ HZ njgj(n,l)Hloo < nlogn. (1)
j=1 ’
The functions f,,; have disjoint supports with respect to m = 1,...,2""! for each
j=1,...,n—1. Hence
2n—1
_on—1
9jn—1)| = Z fmj and  supplgj-1)l = (n7*" 1.
m=1
It follows in view of the construction of the sequence (f,;) that for j = 1,...,n —1,

t € (0,1) and n € N we have
* 1
95n—1) () = o= Xo,a-n-2n1)(®):

Hence for all j=1,...,n—1and n € N,
t
Gitn-1 1,00 = SUp tg3,_1 () = SUPp ——=— X101, —2n-1,(t) < 1. 2
| it )H - t€(0,1) it 1)( ) te(0,1) t +n—2""t H(01-n"2 1( ) )
In view of and the proof is completed. =
REMARK 2. Lemma [I| remains also true for the sequence space ¢ .

THEOREM 3. The spaces L1 oo (I) and €1, do not have type 1. In particular, Ly (1)
and {1 o are not normable.

Proof. Applying Lemma [T] we get
1 n —n n
S I ri®ginlly odt 273, 1o miginlli o (n+1)log (n + 1)
n = n >
> =1 gm0 > =1 1ginlli,c0 2n

as n — oo, which shows that the space L1 . (I) does not have type 1. By Remark [2f the
proof also holds for sequence case. m

— 00,
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