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Abstract. We consider an elastic thin film w C R? with three dimensional bending moment.
The effective energy functional defined on the Orlicz—Sobolev space over w is obtained by
I'-convergence and 3D-2D dimension reduction techniques in the case when the energy den-
sity function is cross-quasiconvex. In the case when the energy density function is not cross-
quasiconvex we obtained both upper and lower bounds for the I'-limit. These results are proved
in the case when the energy density function has the growth prescribed by an Orlicz convex
function M. Here M, M™ are assumed to be non-power-growth-type and to satisfy the condi-
tion AglOb (that imply the reflexivity of Orlicz and Orlicz—Sobolev spaces generated by M), and
M* denotes the complementary (conjugate) Orlicz N-function of M.

1. Introduction. In this paper we consider an elastic thin film as a bounded open
subset w C R? with Lipschitz boundary. The set Q. := w x (=5,5) C R3 for a small
thickness ¢ is considered as an elastic cylinder approximate to the film w. We consider
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the variational integral functional (the re-scaled kinetic energy of the elastic cylinder €.)
defined by

L Jo. W(H(z))dz if He V.

400 otherwise,

Gs(H) = { (1)

where
V. :={H € LM(Q;R¥*3) : curl H = 0 (distributionally)}.

The purpose of this type of research is to investigate, as the thickness ¢ goes to zero,
the I'-convergence limit of the sequence of the above re-scaled energy functional.
Let the energy density function W : R3*3 — R satisfy the growth and coercivity
conditions
1

GM(F) =1) SW(F) < C(L+ M(|F]))  (VF € R¥) (2)

for some C' > 0. We assume that M: R — [0,00) is some Orlicz convex N-function of
the non-power growth and M, M* satisfies the condition A%lOb. Here M™ denotes the
complementary (conjugate) Orlicz N-function of M. Examples of Orlicz N-functions M
with these properties are M (t) = [t|P(log(1 + |¢]))9, where p > 1 and ¢ > 1 or M (t) =
[t|P (log(1+1t]))9 - (log(log(1+]¢])))?2, where p > 1 and ¢, ¢2 > 1. Many other examples of
the N-function M can be found in [35, Theorem 7.1, pp. 58-59], [62}, 59, [60] and [47) 48].

In our previous papers (see [40, 411 [42] [39]) we extend to the reflexive Orlicz—Sobolev
space setting WM the results established respectively by H. Le Dret and A. Raoult
in 1993-1995 [43] 44] and by G. Bouchitté, I. Fonseca and M. L. Mascarenhas in 2004
and 2009 [0, [6] in the case of the re-scaled total energy functionals (containing both
the bulk and surface energies) for thin films in the reflexive Sobolev space setting with
M(t) = |t|P for some p € (1,00). It is important to note that the papers [43] [44] of
H. Le Dret and A. Raoult in 1993-1995 contain the first precise convergence results for
the re-scaled energy functionals in the nonlinear theory of thin membranes through the
use of I'-convergence. Their work was further developed by G. Bouchitté, I. Fonseca and
M. L. Mascarenhas in 2004 [5] and in 2009 [6] for the re-scaled elastic total energy func-
tionals with the additional two- and three-dimensional bending moment in the nonlinear
membrane theory in the reflexive Sobolev spaces WP,

In [37] C. Kreisbeck and F. Rindler extend the results established in 2009 [6] by
G. Bouchitté, I. Fonseca and M. L. Mascarenhas to the setting of A-free vector fields in the
reflexive Sobolev spaces WP, Results on variational problems within A-free framework
(the notion of A-quasiconvexity) in the Sobolev space setting WP were obtained by
I. Fonseca and S. Miiller in 1999 [22] and were advanced by A. Braides, I. Fonseca, and
G. Leoni in 2000 [9] and by I. Fonseca, G. Leoni, and S. Miiller in 2004 [2I]. References
on recent results about A-free vector fields in the reflexive Sobolev spaces WP can be
found in [61], [38], [36], 37, 14} 15].

The main purpose of the present paper (see Theorem is to extend to the reflexive
Orlicz-Sobolev space setting W1 the results (in the special case A = curl) established
by C. Kreisbeck and F. Rindler in 2015 [37] for the case of the above re-scaled energy
functional and thin films in the reflexive Sobolev space setting with M (t) = [t|P for some
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p € (1,00). Here we present a different approach for the proof of [37, Proposition 4.1],
by the explicit use of special test function from Step 1 of Proposition defined
by means of the function from Lemma We consider only the case A = curl since the
general case requires a new study, for examples in order to find an explicit special test
function of the type for the general operator A.

The technical scheme for proving the upper bound in Theorem [5.5] comes back to
the proofs of similar results [12], Theorem 9.1], [23], [58, Chapter 8] for the classical case
for the integral energy functional of an elastic body in Sobolev spaces. The technical
use of Young measures for proving the lower bound in Theorem [5.5] is originated from
the proofs of similar results [32], [58, Chapter 8] for the classical case for this energy
functional in Sobolev spaces (cf. [22, Proposition 3.8], [37, Proposition 3.5] and [30] [19]).
The coercivity condition W (F) > &(M(|F|) — 1) is crucial for proving the upper bound
(see the arguments after the inequality up to the use of the Moore Lemma in the
proof of Theorem |5.5|).

We would like to point out that our results and the results established by C. Kreisbeck
and F. Rindler do not involve any boundary conditions of thin films. Further, the re-scaled
energy functional does not contain the surface part of the total free energy. It is
important to consider curl-free thin films with boundary conditions and with the surface
part of the energy. In the connection with these open problems, as in our previous papers
(see [40}, 411, [42]) it would require the use of specific trace theorems for Orlicz—Sobolev
spaces (see A. Kalamajska and M. Krbec [29] and references therein). Recent results
on dimension reduction problems involving thin structures in the Orlicz—Sobolev space
setting can be found in [33], B4, 24]. References of various recent papers on variational
multiple integral functionals and partial differential equations from nonlinear elasticity
and non-newtonian mechanics in Orlicz—Sobolev spaces can be found in [55] [Tl 50l 57].

2. Some terminology and notation. From now on, unless stated to the contrary,
M: R — [0,00) is assumed to be a non-power-growth-type Orlicz N-function (i.e., even
@ = 0 and lim;— 40 @ = +00). Let M* be the
complementary (conjugate) Orlicz N-function of M defined by M*(7) := sup{tT — M (¢) :
t € R}. We assume M, M* € AS°". Here the condition M € AS°® means that M (2t) <
cM(t) (t > 0) for some ¢ € (0,00). The condition M € Ay means that M(2t) < c¢M(t)
(t > tp) for some tg € [0,00) and ¢ € (0, 00).

Denote by |v| the Euclidean norm of v and by (u,v) the scalar product. Given an
open bounded subset G C RY with Lipschitz (e.g., C%-smooth) boundary dG equipped
with the (N — 1)-dimensional Hausdorff measure "1, denote by L (G;R™) the Orlicz
space of all (equivalent classes of) measurable functions u: G — R™ equipped with the
Luxemburg norm ||ul|pa g rmy := inf{X > 0: [, M(|u(x)|/)\)de < 1}. It is known that
M, M* € A, is equivalent to the reflexivity of LM (G;R™).

Recall that the Orlicz—Sobolev space WM (G;R™) is defined as the Banach space of
R™-valued functions u of L™ (G;R™) with the Sobolev—Schwartz distributional derivative

Du € LM(G;R™*N) equipped with the norm

convex function satisfying lim;_¢

”uHWLM(G;Rm) = ||UHLM(G;Rm) =+ HDUHLM(G;RMN) < 00.
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Let M(R™) be the Banach space of bounded signed Radon measures on R™,
and Cp(R™) be the Banach space of all continuous functions f : R™ — R with
lim|y|~o f(A) = 0 equipped with the sup-norm. It is known that (Co(R™))* = M(R™).
Let L (M(R™)) denote the Banach space (of all equivalence classes) of Cp(R™) weakly
measurable functions v :  — M(R™) with the norm ||v| e = Ha: — v [(R™) HLOO < 00,
where |v,|(R™) is the total variation of v, on R™. It is known that L3?(M(R™)) can
be interpreted as dual space (L!(Co(R™)))* via the injection v +— (-,v), where (f,v) :=
Jo(v( ))dx for all f € LY(Co(R™)). Given a measurable function z : Q — R™,
dcﬁne thc parametmzed Dirac measure §, € Lgy (M(R™)) by x € Q + 0.(x) := d,() (the
Dirac measure supported at z(z)).

Recall [13] [7], [8, Definition 7.1] that a sequence of functions I, from a topological
space X to R is said to I'-converge to I for the topology of X if the following conditions
are satisfied for all z € X:

V. = x, Ip(z) < liminf I (z.),
e =y, Le(ye) = Io(y).

3. Setup. Define I := (— ;, 2) and  := w x I. Without loss of generality we may
11

assume that w CC Q?, where Q" = (—35, 5) . Greek indexes will be used to distinguish
the first two components of a vector, for instance (z,,) and (z, x3), designates (z1, z2) and
(71,2, 23), respectively. We denote by R3*3 and R3*? the vector spaces of respectively
3 x 3 and 3 x 2 real-valued matrices. Given F' € R3*2? and b € R3, denote by (F|b) the
3 x 3 matrix whose first two columns are those of F' and the last column is b.

Let W: R3*3 — R be a continuous function satisfying the growth conditions (2)). We
consider the variational integral functional J, : WhM(Q,;R3) — R, where J, (U) (the
re-scaled kinetic energy of the elastic cylinder Q. under a deformation U : Q. — R?) is

represented by the functional

)= | W(DU)dz. (3)

A function g : R™*" x R! — R is called cross-quasiconvex (cf. [I8, @5]), if
sFD< [ g(F+ Dpla),d+ (@) do

for all (F,d) € R™*™ x R! and for all ¢ € WLM(Q™;R™) and n € L5°(Q™; R!), where

L3 Q) = {ne L=(@"R): |

and WLM(Q™; R™) denotes the WM _closure of the set of all C'-smooth Q"-periodic

per
functions defined on Q" with values in R endowed with W1%™_norm. Here the
Q"-periodicity of ¢ on Q™ means that ¢ = @|g, where ¢ is defined on R” and @(z) =
@(z+k) for all k € Z" and all z € R™. We will use also WLM (Q"; R™) := WLM(T?; R™),

per
where T” denotes n-dimensional torus. Similarly, L (Q™;R™) denotes the L-closure
of the set of all continuous @Q™-periodic functions defined on Q™ with values in R endowed

with L*-norm and we use L (Q™;R™) := LM (T™; R™).

ndsz},

n
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4. The formulation of main results. Let Z be the space of membrane deformations
defined by

Z={2c W'M(Q;R3) : D3z = 0}.
Observe that Z is canonically isomorphic to W1 (w; R?) [49, Theorem 1.1.3/1]. Let z de-
note the element of W1 (w; R3) that is associated with z € Z through this isomorphism:

2(xq,x3) = Z(x4) ace. (4)
Since we want to identify the sequence convergence with the thickness of our domain
tending to zero, for simplicity we assume this thickness parameter € takes its values in a
sequence g,, — 0.

THEOREM 4.1. Let J. be defined in [@). Assume M, M* € AEP " Assume that the func-

tion W: R3*3 — R s cross-quasiconvex and satisfies the hypothesis . Let U, €

WEM(Q;R?). For each e > 0 and & = (Ta,%3) € Qe we associate © = (T4, T3) 1=

(550” %i‘g) € Q and we set uc(Tq,x3) := U (%o, T3). Then:

(i) (lower bound) if (Daue|%Dsu.) — H weakly in LM (Q;R3*3) for ue € WHM(Q;R3)
and H € LM(Q;R3*3), then there exist u € Wl’M(w;R3) and b € LM(Q;R3) such
that by the 3D-2D dimension reduction isomorphism (4) H = (D,u|b) and

hmme /WD u|b) dx;

(ii) (upper bound) for every H = (Dyu|b) with u € WM (w;R3) and b € LM(Q;R3),
there erists a sequence u. € WHM(Q;R?) such that (Dque | éD3uE) — H weakly in
LM(Q;R3*3) and

lim sup J. (U, /W (Dqt|b) dx.

e—0
Theorem [.1]is a corollary of the following Theorem [£.2]
We define the curl. operator of a matrix-valued function F : R? — R3*3 ag

curl, F!
2 i 8E3 1 BFZQ 1 anl aFig 8F12 8le
curl, F := |curl, F¢|, curl. F*:= - = — , —
3 0xo € Ox3 € Oxs Oox1 0x1 0xo
curl, F'

where F' denotes the i-th row of F (i = 1,2,3), i.e. F* = (Fj1, Fja, Fi3). Note that
curl; F' = curl F. We define

rlg F'*
emo . OF, OF, 0F, 0F,
curlg F':= |curlg F*|, curly F*':=|— , , - .
3 81‘3 8903 6.’171 8332
curly F'

By the expression curl, F' =0 in  (distributionally) we mean

8Fi3_}aFi2 () = — / F Iy }8790
8%2 g 8%3 v)= 138 X2 2
dx

10F, 0F ( ).__/ Py 10p
e Ox3  Oxy vr= o\ e Ox, 71

8FZ-2 8F11 o ] 7(,0
(3331 8332)(@) o /Q<F12 wr O )
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for all ¢ € C3°(Q2) (i = 1,2,3). Analogously by curly F' = 0 in  (distributionally) we

mean
(s Ji0r= = gy =0
(%1211)(@);/ llgid:ch (6)
(ot = T )0 i= = [ (Pl = gl =0

for all p € C§°(N) (i =1,2,3).
A function W: R3*3 — R is said to be curl-quasiconvez (cf. [22 [0, 21]) if

W(F) < / W(F + H(y)) dy

for all F' € R and all H € W' (Q;R**?) such that [, H(y)dy = 0 and cwrl H = 0

per

in Q, with Q = Q% = (— ;, ;) . Let QcurtW denote the curl-quaszconvex envelope of W

per

QeuntW (F) := inf{/Q W(F + H(y))dy : H e WLM(Q;R3*3),

curl H =0 in Q,/QH(y)dyzO} (7)

for F € R3*3. By Q% W we denote the asymptotic curly-quasiconvex envelope of W

curlg

curl W (F) := lim Qcpy, W (F):ili% Qurt W(F), (8)

where

turt, W (F) = inf{/Q W(F + H(y))dy : H € Wy (Q;R>*?),

curly

1
||cur10 H|‘W*1v1(Q;R3X3) < ; 7/ H(y) dy = 0}
Q

with W=11(Q; R3*3) denoting the dual of W, > (Q; R**3). Here W, >°(Q; R™) denotes
the closure of C5°(Q;R™) in WH°(Q;R™)-norm.

THEOREM 4.2. Let J. be defined in , QeunlW in and chrlo mn , Assume
M, M* € A%l()b. Assume that the continuous function W. R3*3 5 R satisfies the hypoth-
esis . Let U. € WHM(QR3). For each ¢ > 0 and & = (%,,%3) € Q. we associate
x = (Tq,x3) = (:Ea, %53) € O and we set uc(To,x3) 1= U (Zo, Z3). Then:

(i) (lower bound) if (Dauc|%Dsu.) — H weakly in LM (Q;R3*®) for ue € WHM(Q;R?)
and H € LM(Q;R3*3), then there exist u € W1 M (w; Rg) and b € LM(Q;R?) such
that by the 3D-2D dimension reduction isomorphism [{#l) H = (Dyu|b) and

hm mf J( / Qaunt, W(Dou|b) d
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(ii) (upper bound) for every H = (Dyu|b) with u € WM (w;R3) and b € LM(Q;R3),
there exists a sequence ue € WHM(Q;R?) such that (Daue |1 Dsuc) — H weakly in
LM(Q; R3*3) and

hmsupJ / QeunnW (Do |b) dx

e—0

5. The equivalent formulation of main results. Notice that after the change of
variables as in previous theorems with the association

R _
T = (xouxfi) = (xou €m3>7 ue(xouxfﬂ) = Us(xa7x3)7

the re-scaled energy jg(U) in can be rewritten in the equivalent form

J.(u) ;/Qw< |t Dgu) da.

In order to individualize this new sequence ngu and since the direct consideration
of J. would imply the study involving the weak topology of the Orlicz—Sobolev space
WM (Q;R?) which is non-metrizable on unbounded sets, it is needed to consider the
new functional J. : WM (Q; R3) x LM (Q;R?) — R U {+00} defined by

- - W(DaouliDsu)dx if LDsu=10
Jo(u,b) = {fﬁ (Dau|2Dsu) =73 (9)

400 otherwise.
Theorem [£.2] is equivalent to Theorem [5.1]

THEOREM 5.1. Let J. be defined in @D QcurtW in and chrlo n . Assume
M, M* € A%l‘)b. Assume that the continuous functlon W:R3*3 — R satisfies hypothe-
518 . Then:

(i) (lower bound) if (Doue|+Dsu.) — H weakly in L™ (Q;R3*3) for u. € WM (Q;R?)
and H € LM(Q;R3*3), then there exist u € Wl’M(w;Rg) and b € LM (Q;R3) such
that by the 3D-2D dimension reduction isomorphism () H = (D,u|b) and

liminf J. (ue, L Dyu.) > / O, W (Do |b) du;

e—0
(ii) (upper bound) for every H = (Dyu|b) with u € WM (w;R3) and b € LM(Q;R3),
there exists a sequence ue € WHM(Q;R?) such that (Dgue |1 Dsuc) — H weakly in
LM(Q;R3*3) and

limsupje(ug,%Dgue)g/ QcunW (Dot |b) da
Q

e—0

Define Iy : WHM (w; R?) x LM (Q; R3) — R by

1
To(a, b) = / / W (Doit|b) dao ds.
0 Jw
By [37, Lemma 6.3] Theorem [5.1] implies:

COROLLARY 5.2. If W is asymptotically curly-quasiconver, i.e. W = Q2 W (in par-
ticular, if W is cross-quasiconvez), then J. converges to the functional Iy in the above

sense of I'-convergence with respect to the weak topology in LM (£;R3*3).
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We consider the equivalent to the functional J, re-scaled integral functional that is

FL(H) = Jo W ))dx if curl. H =0 in Q (distributionally) (10)
400 otherwise,
where H € LM (Q; R33).
Define
U. = {H € LM(Q;R**3) . curl. H = 0 (distributionally)}
and

Uy := {H € LM (Q;R**3) : curly H = 0 (distributionally)}.
Fact 5.3. If H = (Dqu|LDsu) for u e WHM(Q;R3), then H € U..
FacT 5.4. If H € Ue, then there exists u € WHM (Q;R®) such that H = (Dgu|<Dsu).

The proof of Fact is analogous to the proof of [62, Regularity Theorem, p. 3], [28
Theorem 10.5.1, Sections 10.4-10.6], [51, Theorem 3.8].
Theorem is equivalent to Theorem
THEOREM 5.5. Let F. be defined in (L0), QeunW in and QX W in (8). Assume
M, M* € AEIOb. Assume that the continuous function W: R3*3 — R satisfies hypothe-
sis . Then:
(i) (lower bound) if He — H weakly in L™ (Q; R3*3) for H. € U. and H € LM (Q; R3%3),
then H € Uy and

hrn mf F ( / Qaun, W

(ii) (upper bound) for every H € Uy, there exists a sequence H. € U, such that H. — H
weakly in LM (€Q; R3*3) and

limsup F. (H, / Qe W (H
e—0
Define
Fo(H) = Jo W ))dz if curly H =0 in Q (distributionally)
400 otherwise,

where H € LM (Q; R3*3).

COROLLARY 5.6. If W is asymptotically curly-quasiconvez, i.e. W = Q% W (in par-
ticular, if W is cross-quasiconvez), then F. converges to the functional Fy in the sense
of T'-convergence with respect to the weak topology in LM (Q; R3*3).

curlg

6. The proof of Theorem

LEMMA 6.1. Let QcunnW be the curl-quasiconver envelope of W. Then —QcuW is a
normal integrand.

LEMMA 6.2. For alle >0 andd >0
chrlEW = chr15W (11)
The proofs of Lemmas and are the same as in [37, Lemmas 2.14 and 2.12].
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Let f € LM(Q) be a Q-periodic function, where Q = [—%; %]3 The triple Fourier
series of a complex-valued function f is defined as
Slfl(x1,20,23) = D Coppp T TERes) (12)

m,n,k=—o0

where  cpnk = // f(z1, 22, x3) e~ 2milmartnea+hes) qo. dpo das.

For N € N, let Sy[f](x1,x2,x3) denote the partial sums of , ie.
N
Snlfl(@r,ma,w3) = D coppp TR RS,
[ml,|n|,[k|=0

LEMMA 6.3. Assume M, M* € A8°" and let f € LM (T3) = LM (Q). Then Sn[f] — [f]
in LM (T?)-norm as N — oo.

The proof is analogous to its special case for f € LM(T) (see, e.g., [60, Corollary 9,
p. 197]). It suffices to use also corresponding auxiliary results for functions over T? in
[25, Proof of Theorem 3.5.7] and [25], Proofs of Theorem 3.5.1 and Corollary 3.5.2].
Define

N s
In(=%,2)f]:= ) cmnk-/ e?milmaitnaatht) gy
mlnl,lk|=1 —1/2
+ Z CmnO/ Qﬂz(mwl-l‘nl'z) dt + Z CmOk/ e?ﬂz(mazl-‘rk:t) dt
|m|,|n|=1 1/2 |m|,|k|=1 —-1/2
N s _ N s '
+ Z COnk/ e27rz(n12+kt) dt + Z CTYLOO/ eQ'n’z(mzl) dt
|n\ lk|=1 —1/2 =1 ~1/2
. T3 .
+ Z COnO/ 27”(";82) dt + Z COOk/ 27”(]“) dt+COOO/ 627T’L(0) dt
ml=1 1/2 k=1 1/2 ~1/2
= Inaan (=3 23) ]+ Inio (** z3)[f]+ In(on)(— %, 23)[f]
+ Ino1,1) (=5 23)[f] + In(1,0,0) (=5 23)[f] + In(0,1,0)(— 3. 23) [ ]
+ In,01) (=5, 23)[f] + In(0,0,0)(— 3, 23)[f].

LEMMA 6.4. Let f € CS( Q) bea@ perzodzc function. Then there exists Ino(—%,x3)[f] €
LM(Q) such that In(—%,23)[f] = Is(—%, 23)[f] in LM(Q)-norm and almost everywhere
on Q. Moreover

ai(foo(—%vxz)[f]) = [/] (13)
T3
%(Ioo(—%ax@[f]) = [Ioo(—%ﬂﬂs) [gx{” (i=1,2) (14)

in the sense of Sobolev—Schwartz dzstmbutwns of D'(
denote the equivalent class of [ and Io(—3 )[ ]

where[ ] and [Io(—%, )[gf 1]

,2), respectively.

)
(i =
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Proof. We divide the proof into three steps.
Step 1. By [25, Theorem 3.2.9], for ¢,,nx for the Q-periodic function f € C*(Q) and
for In(1,1,1)(—3,%3)[f]

xz

3 . 3
‘cmnk/ eQTrz(mml—i-nwg—i-kt) dt‘ S ‘cmnk/ 1 dt‘
—1/2 —-1/2

C C
< R /m2 + n2 + k2)4 = ma/3 . nA/3 . g4/3 "

Therefore

N .
Z Hcmnk)/ eQ‘n’i(mml-i—nmg—Q—kt) dtH
—1/2 LM(Q)

[ml,n|,|k|=0
N

< |eooo + Z

Iml,[nl,[k|=1

C
mA/3 . A3 . A3 'XQ(x)

LM(Q)

< |Co()0| + ! i © < 00.
- M~1(1/meas(Q)) e mA/3 . nd/3 . |A/3
Using the same arguments as above we obtain a similar estimation for the rest of com-
ponents IN(1,1,0)(—%7963)[f]7 IN(1,0,1)(—%a 333)[f]a RN IN(o,o,o)(—%»xs)[f]-
By the Riesz—Fischer LM-theorem (see [46], cf. [63, Theorem 3.2.1], [53, Proposi-
tion 4.A]) we deduce that the sequence In(—3,3)[f] is convergent in L™-norm and
almost everywhere to some function Ic(—3,23)[f] € LM (Q).

Step 2. From the result of Step 1 we deduce that for ¢ € C5°(Q) € LM (Q)

£<Im(—;,x3)[f])(w) = —<I°° (‘i’“) L gai>
]\;Exloo<IN<;,x3)[f]»gi>

N . ‘
= — lim < E Cmnk/ esz(mzl+nw2+kt) dt
—1/2
ml.|nl,k|=1 /

N T3 ) T3 ) 8@
+ Z Cmno/ esz(mx1+nz2) dt + ...+ cooo / 62771(0) dt, >
Iml,In|=1 —1/2 -1/2 Oz
N C
— _ lim < Z mnk (eQwi(mlernwngkzg) - e27ri(mw1+nw27k/2)
|m],|n|,|k|=1 2mik
N
; 1 1 0
2mi(mz1+nx2) - + i
+ Z Cmn0 € 2 (1‘3-1-2)+...+Cooo<l‘3+2),am3>.

[ml,[n|=1
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Using integration by parts we have

Cmnk (e27ri(mx1 +nxot+krs)
2mik

) 1 1 0
+ Crno e2m(mm1+nm2) r3+ = | +...+ coool x3 ‘|‘ o
2 T O3
// (/ Cmnk 27ri(mx1+nac2+k:c3)

_ eZ'n’i(mzlJrnzgfk/Z))

0
27rz(mm1+nx2 k/2) 2 d
1/2 27TZk )axg T3
[—1/2;1/2]?
1/2 } 1
+ Cmn0 / eZWZ(mLElJrTL:DQ) <’123 + ) 87@ dl‘g
—1/2 2 ) 0x
1/2 1 b
+...+Co()0/ <$3+ ) 1 d.%'g) dxry dxs
~1/2 O3
1/2
o Cmnk // 2-rm mxl+n12)( 27rsz3 1 2 _ 27le'/ / 27rikrc3<pdx3) dl’l de
2mk —-1/2 1/2
—1/2;1/2]2
) 1/2 1/2 ,
+ Cono // <627m(mw1+nw2) (.’ﬂ + >¢’ / e27rz(ma:1+na:2)90dm3> dxy dzy
1/2 ~1/2
[—1/2;1/2)?
1 1/2 1/2
+ ...+ Cooo // <<I3+)(p —/ (deg) dxldxg
2) 7y Sy
[—1/2;1/2]?

= —Conk /// e27ri(mzl+nzg+kx3)<pdx1 das d:Eg — Con0 /// eZWi(mz1+nz2)sodz1 dzo dx3
Q Q
— ... = Cooo ///gpdml dxgo dxs.
Q

Hence

(1 (=529 )111) ) = Jim (5171 ).

N—o00
By Lemma 3 for f e Ch.(Q) € LA(Q) = LM (

LM (T3)-norm. Then Sy[f] — [f] Weakll;erln LM(Q). S

o (13m0
So 42 (Le(~3.23)[f) =

[f] (regular distribution generated by [f]), that means is
satisfied.

3) we see that Sx[f] — [f] in
ince Cg°(Q) ¢ LM (Q), then

(71, 9)-

Step 3. Now, we want to prove . Here we restrict ourselves to the case ¢ = 1. The

proof is analogous to that of in Step 2. It is enough to observe that for ¢ € C§°(Q)
0

i (IOO (—%7333) [f]) (p) = —<I°° (_;’x?’) & &p>

5‘x1
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—tim (I (-1 [f]ai =—1li ; "
- Ngnoo N 271.3 ’61‘1 n 1rnoo

> e |
+ Z Cmn0/3

|ml, Inl,|kl=1 —1/2
2#2(m11+nz2 dt ¥ cooo /xg 2772(0 dt a(p >
ml,In|=1 1/2

—1/2 &Tl
N
= — lim § cm’f.lk? (e2ﬂi(ma:1+na:2+kxg)
N—o0 2mik
[m|,In|,|k|=1

a 1 1\ 9
+ | Zl:_l Conmd e2mi(mar +nws) (333 4 2) + ...+ cono (1'3 + ) >

(9:];‘1
Using integration by parts we obtain

Cmnk ( 2mi(mzy+nao+krs)
omik

eZﬂ'i(mwl +nxo+kt) dt

_ e27ri(mac1 +nzo—k/2) )

e?‘n’i(mwl +nw2—k/2))

. 1 1\ 0
+ Cruno e2mi(ma1+nws) <£L’3 + 2) + ...+ cooo (Sﬂs + > op >

61‘1
1/2
/ / Cmnk (eQWi(m:c1+nw2+k::c3) . e27ri(mz1+na:27k/2))ai dzy
—1/2 2mik

T
1/2
N Cmno/ / e2mi(mz1+nas) (.Tg n 1) Oy
—1/2

[(—1/2;1/2)?

2

1/2 0
+...+ Cooo/ <1‘3 + ) L4 d:El) dzxs dxs
1/2 2 ) 0z

_ Cmnk 27rz (mz14+nzetkzs) eQwi(mx1+nx27%k)) ’1/2
27mk
—1/2{1/2)2

—1/2

eQﬂ'l(m11+n12+k13) _ eQﬂi(mIl+nI2_%k))§Dd(I}1) de d!L‘3

(GQWi(mx1+nx2) (373 + ;) @‘1/2

~1/2
1/2 1
- 2mm/ gZmi(mertnas) (Ig + > ® d:vl) dxo dxs
1/2 2
1/2
=+ coo0o // (<$3 + )90‘ 0) dxo dxs

[(—1/2;1/2]2

xrs3 .
= —Crnk /// 2mim / e2mi(mar+nwatkt) dt p dxq dzo drs

—1/2

Q
xr3 .

— Cmn0 /// 27Tim/ e27rz(mz1+n:v2) dthdiL’l dl’z dl’g + ...+ Cooo - 0.
—-1/2
Q
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£<1m<;,x3)[f}>(¢)]}§nm<ﬂv< ; )[aaﬂ <p>'

From the result of Step 1 (by using the Riesz-Fischer LM-theorem) we see that
In(=%5,23)[2L] = Io(=3,23)[2L] in LM(Q)morm for SL € C2.,(Q). Therefore

In(—3 xg)[gwfl] Io( 3)[§£]Weakly1nLM(Q).Thus

£ (22

Oy
since C§°(Q) € LM(Q). So 52 (Ino(—3 xg)[f]) = I [
tion generated by [Ioc(—3,73) [aaafl]]), ie. is proved for i=

PROPOSITION 6.5. For H € Uy, there exists a sequence H,, € U, such that H, — H in
LM (Q; R3*3)-norm.

Hence

] ] (regular distribu-

Proof. We divide the proof into two steps.

Step 1. Let H € Up. Assume in addition that the function H € CO(Q;R3*3) is
Q-periodic. Set H = [H', H?, H?]T, where H' denotes the i-th row of H (i = 1,2, 3), i.e
H' = (H;1, Hia, H;3). We can define

. 1 8H13 1 8H13
H: = H’L Ioo ) 7Hi Ioo ) . 7Hi ’ 1
G o by R G O S LD
where H! denotes the i-th row of H. (i = 1,2,3) with H. = [H}, H2, H3]". By Lemma
H! € LM(Q;R3) and
oo | 129 [52] )
Io(—% 2 o (=3 ,0

ase — 0 (i = 1,2,3) and so H. — H in LM(Q;R3*3). By Lemma we calculate
curl, HY for i =1,2,3 in D'(Q) sense (see (F])), namely for every ¢ € C§°(€2)

8Hi3 10 1 8Hi3
(3x2 —EM(HQ‘FE'IOO 1‘3){3@]))(@)
/ 0H;s 1 8H12 0H;s / 10H;,
= - = = —— cpdx;
Q 61‘2 £ 8173 8:62 Q 9 8$3
10 aHzB HZ3
(Fars (e (300 [ D ~5)®
B 10H, OH;3 OH;3 )
_/Q< 93 +{5)x1} 8351) Pl )
0 1 OH;3 0 1 OH;3
EACEEE ( o) [az]) g (e (3) 52 ) )
/ 3H12 1 Hyz | OFu S B *Hiz 1\ o
oo 2’ 3 a!ElaIEQ 81'2 i 27 3 Bxgaml 14
_/ OHi;  0Fy ) dx
o Q 8501 8:02 L4 '

Then H. € U., since H € Uy (see (6)).

||H; — HiHLM(Q;R3) =£

— 0,
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Step 2. Assume that H € Uy is a non-smooth function. By the standard mollifying
kernel technique (see, e.g. [37, Step 5, p. 25]) we can define a mollified sequence H,, € U
such that H, € C52.(Q;R%*%). By Step 1 for each H,, we may find H, € U, such
that H,  — H, in LM(Q;R3**®)-norm as k — oc. Since H,, — H in LM (Q;R3**?)-norm
(see [16], Theorem 2.1], [I, Theorem 8.21]), by using the Moore Lemma [I7, Lemma
1.7.6] (on double limits of sequence with respect to metrizable topologies) we can find a
subsequence H,, () 1(p) Of Hy 1 such that H,, ) k) — H in LM (Q;R?**3)-norm as p — oo

and Hn(p),k(p) S L{gp. ]

THEOREM 6.6 (Decomposition lemma). Assume M, M* € AS8°". Let H, € U., and
H, — H weakly in LM (Q;R3*3). Then there exists the decomposition H, = W, + R,
for some W,, and R,,, where W, € W}}eﬁw(Q;RMs) s such that curlg W,, = 0 in Q,

M(|W,]|) is equi-integrable, fQ W, dy =0 for alln € N and R,, € L™ (Q;R3**3) is such
that R, — 0 in LM" (; R3*3)-norm.

The proof of Theorem is analogous to the proof for its W' P-version [22, Lemma
2.14, Lemma 2.15], [37, Theorem 3.2].

THEOREM 6.7 (The Young measure representation; see [3, 2, [10], cf. [20], [54]). Let
Q C RY be a bounded open domain and let zj be a sequence of measurable functions

bounded in L'(Q,R™). Then there exist a subsequence zj, and a weak* measurable map
v:Q — M(R™) such that the following statements hold:

(i) 62, s weak™ convergent to v in the sense: for every f = f(x,\) € LY (Co(R™))

lim (5, ,f) = lim /f z, 2, ( dx—/( g f(x,)\)dz/w(/\)> dz = (v, );

Z 5
k—oo ' Ik k—o00

(i) lvellm@rm) =1;
(iii) if ¥: Q@ x R™ — R is a Carathéodory function, bounded from below, then

liminf | (z,zj, (v))de > [ P(x)de
k—oo Jo Q

where

() = Wa, P(,-)) = | (2, A) dve(N);

]Rm
(iv) if¢: Q x R™ = R 4s a Carathéodory function, bounded from below, then

lim /w(x7zjk(x))dx:/ﬂz/;(x)dx<+oo

k—oo Jq
if and only if Y¥(-, zj,(+)) is equi-integrable. In this case
U( 25, () =9 in LY(Q).
The map v is called Young measure generated by the sequence z;.

PROPOSITION 6.8 (localization). Assume M, M* € AS°". Let H, € U., and H, — H
weakly in LM (Q;R3*3). Let v, be the Young measure generated by the sequence H,,.
Then for almost every a € 2, there exist a subsequence €,, of €, and a sequence
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2 € WEM(Q; R3*3) such that curly 2z, = 0 in Q, M(|zx|) is equi-integrable,

per
/zkdy:H(a) forkeN
Q

and zj, generates the homogeneous Young measure (Vq)yecq-

The proof of Theorem is analogous to the proof for its WP-version [22, Proposi-
tion 3.8], [37, Proposition 3.5].

Proof of Theorem[5.5 The upper bound. Let H € Uy. By Proposition [6.5 there exists a
sequence H,, € U., such that H, — H in L™ (Q;R3*3)-norm. By Lemma — Qe W
is a normal integrand. Since QW (F) < W(F) for F € R3*3 by (2) we have

—QeuntW(F) > =C(1+ M(IF|))  (VF € R¥?).

By the LM-generalization [27, Theorem 10] of the LP-l.s.c. theorem (see [4, [56], cf. [20]
Theorem 6.49]) we deduce that the functional H — [, —QcunW (H) dz is sequentially
lower semicontinuous with respect to strong convergence in LM (Q; R3*3). Therefore the

functional u +— [, QecurtW (1) dz is upper semicontinuous with respect to strong conver-
gence in LM (;R3*3), i.e.

limsup/ chﬂW dl’</ cher )d (16)

n—oo

By the coercivity condition in we deduce from ) the existence a subsequence (not
relabeled) H,, such that sup,, fQ (|Hp|) dx < oo. Therefore the sequence H,, is bounded
in the Orlicz space LM (Q;R3*3).

By the LM-generalization of the A-free relaxation LP-theorem (see [9, Theorem 1.1])
and by Lemma for each n € N there exists a sequence H,; € U., satisfying
H, r — H, weakly in LM (Q; R3*3) such that

lim F,, (Hpy) = lim W(H, ) dx

k—o0 k—o0 Q

:/ chrlan(Hn) dx:/ QCuﬂW(Hn)dI. (17)
Q Q

By the norm-boundedness of the sequence H, we can choose H, ; such that the set
{H,x : n,k € N} is a subset of some closed ball of LM (Q;R?>*3). By the reflexivity and
separability of LM (Q; R3*3) [35] 52, 26, (1], the Alaoglu-Bourbaki theorem together with
[31, Theorem V.7.6] imply that any closed ball of LM (€; R3X3) equipped with the weak
topology is compact and metrizable. Hence by (|16]) and (| we obtain

limsup lim F, (Hpx) / QeunW (H

n—oo k—o0

By using the Moore Lemma [I7, Lemma 1.7.6] (on double limits of sequence with re-
spect to metrizable topologies) we can find a subsequence H,, ) k(p) of Hy p such that
Hyy ) k(p) — H weakly in LM (Q; R3*3) and

limsup £, (Hn(p) k(p)) / QeuntW(H) dz.

p—o
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The lower bound. Let H,, € Uz, and H,, — H weakly in L™ (Q; R3*3). By (F) and (6)
we deduce that H € Uj.
We may extract a subsequence H,, such that

liminf F;, (H,) = lim F., (Hp,) = hm W (Hy, ) dr < co. (18)

n— 00 k—o00 k—oo Jo

By the bound and Theorem (iii) we obtain that

lim inf /Q W(H,,)dx > /Q ( . W(\) dur()\)> da. (19)

k—o0

By Proposition there exists Qo C Q with meas(€Q \ ) = 0 such that for a € Qq,

there exists a sequence z, € WM (Q;R3*?) with curlyz, = 0 in @ and M(|z]) is

equi-integrable, such that z; generates the homogeneous Young measure (v,)yeq and
satisfies fQ zi dy = H(a). Fix a € Q. By the growth conditions , the sequence W (z)
is equi-integrable. By Theorem |6 - (iv) we obtain

Jim W(zk)dy—/

k—o0 Q

( W () dya()\)) dy. (20)
R'rn
Using w(y) = 2x(y) — H(a) as a test function in the definition of Q7 we have

liminf/ W(zg)dy = hm / W(H(a) + z, — H(a)) dy

k—o0

> ilip chrIOW( ( )) = SSITIOW(H(G))'

Then and imply that
L[ woanm) arz eguwiia) e )
Q R™

Therefore by the Tonelli Theorem (see, e.g. [31, Theorem 1.6.12], [20, Theorem 1.121])

and by the bound W (F) > —4 (see (2)) we deduce that

/Q( W dz/z()\)) dz = meas(Q)/Q( Gy dugE(A)) dz

:/Q(/Q( y W) dv,(3) ) de) dy:/Q(/QO( . W) dva(A)) da) dy

= [ (L wodn)dy) da= [ 05, w (@) da
QO Q R™
Hence, by and , we deduce that

liminf F, (H, —hmlnf/W e dm>/chr10 (2))dz. m

n—oQ
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