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Abstract. Barker recently proved new weak-strong uniqueness results for the Navier—Stokes
equations based on a criterion involving Besov spaces and a proof through interpolation between
Besov-Holder spaces and L?. We improve slightly his results by considering Besov—Morrey spaces
and interpolation between Besov—Morrey spaces and L2, ..

1. The Navier—Stokes equations. Let iy a divergence-free vector field on R3. We
shall consider weak solutions to the Cauchy initial value problem for the Navier—Stokes
equations which satisfy energy estimates.

The differential Navier—Stokes equations read as

—

O+ a.VT = Al — Vp
divii =0
(0, .) = dp.
Under reasonable assumptions, the problem is equivalent to the following integro-
differential problem:
i = ey — B(d, d)(t, z)
where

t
B(i,7) = / AP div(@ © 7) ds (1)
0
and P is the Leray projection operator. (See [LR._2, [LR. 6] for details).
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Weak Leray solutions for the Navier—Stokes equations. When i, € L?, Leray
proved existence of solutions % on (0, 4+00) x R3 such that:

e i L¥PL2NLIH],

[ ] hmt*)()Jr ||ﬁ(t, ) - 7._[0”2 = 0,

e we have the Leray energy inequality

t
(e, )2 + 2 / 15 ® a2 ds < (172 (2)

Such solutions are weak solutions: the derivatives in the Navier—Stokes solutions are taken
in the sense of distributions. Those solutions (that satisfy the energy inequality ) are
called Leray weak solutions.

When i € L?, Leray’s proof of existence of solutions [Le] is based on mollification,
energy estimates and compactness arguments:

e he solves
Orle + (906 * ae)vae = At — Vpe
with div @, = 0 and @(0,.) = @o. Here, ¢ € D, [pdr =1 and ¢ (z) = Hp(£);
e the solution holds on an interval (0,7,) where T, depends on € and on |||z and we
have the equality

t
||aﬁ<t,.>\\§+2/ 19 @ )12 ds = [[do2;
0

e the solution is then global; moreover by Rellich theorem, we find a subsequence that
converges strongly in (L?L2 )1, to a Leray solution .

Such solutions (i.e. obtained by this mollification/extraction process) will be called in the
following restricted Leray weak solutions.

Restricted Leray solutions satisfy the Leray energy inequality which takes into account
the energy on the whole space. But they enjoy as well a pointwise inequality property:
for a non-negative locally finite measure p we have

3 (|7?) + 2V @ @) = A(|@?) — div((2p + |@*)a@) — p. (3)

Leray solutions that enjoy the pointwise energy inequality are called suitable Leray solu-
tions [CKN].

Local weak Leray solutions. The pointwise energy inequality allows one [LR. 1}, [LR. 2]
to develop a theory of weak solutions with infinite energy. Consider iy a divergence-free
vector field that is uniformly locally square integrable:

sup / |iio ()| dx < +oo.
z9€R3 J|z—120|<1

A local Leray solution on (0,T) x R? is a solution such that
o i€ L¥(L2,,) N (LIH) ) uoc,

uloc
e for all compact subsets K of R?, lim;_,o+ fK li(t,.) — t|? dox = 0,

e we have the pointwise energy inequality .

Local in time existence of restricted local Leray solutions has been proved for a positive T’
that depends only on |||z (see Section .
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2. The Prodi—Serrin criterion for weak-strong uniqueness. Based on a compact-
ness criterion, the proof of existence of Leray solutions does not provide any clue on the
would-be uniqueness of the solution to the Cauchy initial value problem.
A classical case of uniqueness of Leray weak solutions is Serrin’s criterion for weak-
strong uniqueness [P1} [Sel. If @, € L? and if the Navier-Stokes equation has a solution @
n (0,T) such that

2 3
de€ Xp=LYLY with =+ - =1and 2<p< +o00
p g

then if ¢ is a Leray solution we have @ = ¢ on (0,T).
The proof of the criterion is based on the fact that if ¥ is a Leray solution and if  is
the mild solution with ||@]|x, < +oo, then the difference W = @ — ¥ satisfies a Gronwall

estimate:
i +2 [ 19 e wigas <2 [ | [ 090 e .

We have (for 2 s+ E =1)
13
17 ® @2 < Cllalg @371V @ @y *
so that

\/ (@.5) da| < 17,1151V © a5 = @, ()27 (1V & w]?) 7.

Thus, we find

/ ’/ dx‘ds<(]/ \|u||P||w\|2ds+/ ¥ @ @3 ds.

The fact that [|@(0,.)]|32 = 0 and |@(¢,.)||3 < C’fo ]| ||@]|3 ds then gives @ = 0 on
(0, 7).

We may comment a little further in the case 2 < p < 400. In that case, the bilinear
operator B (given by ) is bounded on X7 = LYLY. Thus, we find that the existence
of T > 0 and of a solution in LPLY with ]% + %:1 is equivalent to the existence of T’
such that e, € LPL? on (0,7") (and on (0, +00), since iy € L?). Using the thermic
characterization of Besov spaces, we can see that this is equivalent with

= 3—1+3/q
Ug € Bq,p .

Thus, the initial value is not only in L2, but it must belong as well to a Besov space with
a better regularity than provided by the embedding

2 5—3/243/q 5—3/24+3
L? C B, C B 3/2+8/a,

3. The Koch and Tataru theorem and T. Barker’s question. We may now wonder
how to generalize the Prodi-Serrin criterion. It means: given @y € L? and weak Leray
solutions associated to g, find a space X (as large as possible) such that if moreover
iy € X then we have a solution @ € Xt for some space Xt of functions on (0,7) x R3
and such that the existence of a solution in X7 implies that any other weak Leray solution
is equal to this solution « for 0 <t < T.
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The space BMO™!. First of all, we precise which kind of space X we are going to study.
The idea is to look at an initial value which generates a solution in some uniqueness
class (where uniqueness holds for small solutions). The setting where to construct such
solutions is the setting of mild solutions, as introduced by Kato [Ka]: mild solutions are
constructed by the Banach contraction principle.

Due to the symmetries of the equations (if @ is a solution for initial value @y, then
Nii(A2t, Mz — 1)) is a solution for the initial value \iio(A(x — x¢))), we look for spaces
with norms invariant through the transforms g (.) — A@(A(. —zo)) (for A > 0). Moreover,
in order to be able to define

t
B(i,7) = / AP div(d ® 7) ds
0
at least for i@ = ¥ = e'®iiy (first step of the Picard iteration to find a fixed-point to
il = ™ iy — B(il, i), we ask that f[o,l]xB(o,n les2iio(y)|? ds dy < +oo.
Thus, we are led to introduce the space X of distributions v such that

® Sup,. \f||e v||oo < 400,
® SUPg_y 4 eps( (t=3/ fo fB(IO B (y)]? dy ds)Y/? < +oo.

This space X has been 1dent1ﬁed by Koch and Tataru [KocT]: this is the Triebel-
Lizorkin space F_%,, or equivalently the space BMO ™' = v/=ABMO. Moreover, they

o, 2’
proved the following theorem:

THEOREM 3.1. For 0 < T < oo, define

t 1/2
Iy = suwp Vil et s (2[R ayds) "
0 JB(wo,Vt)

0<t<T,xoER3

There exists Co (which does not depend on T') such that if T € (0,4o00], if @ and U are
defined on (0,T) x R3 and if

t
B(i, ) = / e8P div(d @ 7) ds
0

then
1B(d, 0) || xr < Colll| x|Vl x7-
COROLLARY 3.2. If |let® | x, < 4C , then the integral Navier—Stokes equations have a
solution on (0,T) such that ||i]|x, < 2|0l x, -
This is the unique solution such that ||t x, < m.
A special case of initial data that leads to a solution in some Xt is given by the
subspace VMO ™! of BMO ™.
DEFINITION 3.3. VMO ™ is the closure of compactly supported functions in BMO ™!,
If @y € VMO™!, then limy_g et o]l x, = 0. Remark that we have the embedding
B,;;+3/q C VMO ™! for 2 < p < 400 and % +% = 1. As a matter of fact, we may consider

VMO ™" as a limit case for the scale of spaces By ,1,+3/ ?. Thus, Barker [Bal raised the
following question:



EXTRAPOLATION, MORREY SPACES AND NAVIER-STOKES EQUATIONS 283

QUESTION. If @, belongs to L2 N VMO ™!, does there exist a positive time 7" such that
every weak Leray solution of the Cauchy problem for the Navier—Stokes equations with
iy as initial value coincide with the mild solution in X7 7

If 4y € L2 N VMO™" and if [[e*®ip] x, < ﬁ, then if @ is a restricted Leray so-

lution of the Navier-Stokes solutions with initial value o, then ||7]x, < 2||e"®o]|x,.-
In particular, we have uniqueness of restricted Leray solutions on (0,T).

As a matter of fact, this proof of local uniqueness of restricted weak Leray solutions
holds for a slightly more general class:

DEFINITION 3.4. BMO, "' is the space of distributions ug in BMO ™" such that
: tA _
Jim | x, = 0.
In the following, we will focus on the hypothesis @y € L? N BMO&1 and on the issue

of uniqueness for Leray solutions.

4. The limiting case. Up to now, we do not know how to prove local uniqueness of
the Leray solutions when the initial value %y belongs to L? N BMOy ! What we know
for sure is that the mild solution @ in Xt belongs to L%((e,T) x R?) for every positive
e € (0,T). Moreover, 1 is a weak Leray solution and for every other Leray solution ¢ and
for € > 0, we have

O (@.7) = 0.0, + Oyid.¥

which gives for 0 <e <t <T

/ﬁ(t,x).ﬁ(tx) dx = /ﬁ(e,x).ﬁ(e,x) dx

From
/ 00+ 0.0V ) do = / 0.5 (5—i0)) -+ (T—0)(0.97) do = / @((5—0).5 (0—10)) do
and letting € go to 0, we get

t
/U(t,x).ﬁ(t,m) dr = Hﬁoug—z/ /ﬁ@ﬁﬁ@ﬁdms
0

t
— lim / /17((17 —@).V(7 — @) dz ds
e—0 €
and (letting ¥ = )
t
e I = ol =2 | 19 @ s

Combining those two equalities with the Leray energy inequality for ¢

t
W@J@+2AHV®ﬂ@w§H%ﬁ
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we get the following inequality for @ = @ — ¥

t T
||w(t,.)ug+2/ |W®w||§dsg2/ ‘/a.(w.ﬁw)dx‘ds. @)
0 0

As a matter of fact, the key ingredient in Prodi—Serrin’s criterion is the estimation of

1(@,d) = /’/ ﬁw)dx‘ds

but, if W = ¥ — @ with ¢ a Leray solution and @ the mild solution in X7, we do not even

the integral

know whether I(u, ) is finite.
In the limiting case of Prodi and Serrin, (for p = 2 and ¢ = +00), we write

t t
||w(t,.)ug+2/ IV @ @2 ds < 2 V) da| ds
0 0

t
< 2/ 1@ ® @l|2||V ® @2 ds
0
and get

< [ lalaigas o)

Of course, we may conclude under the assumption that i € L2L°. Actually, we shall
not be interested in measurability issues for functions with values in a non-separable space
such as L (i.e. in Bochner measurability for instance), as we are dealing with locally
integrable functions for the Lebesgue measure dtdz on (0,7) x R3. Thus, for almost
every t the quantity ||@(¢,.)]lco Will be well defined as a measurable function of ¢, and
@ € L7L2° will simply mean that fOT || a(¢, )||2OQ (dx) At < +00. (See [LR.2] for details.)

If @ € L7L on (0,T) x R3, the Prodi-Serrin criterion proves that every weak Leray
solution ¢ on (0,T) is equal to the mild solution «. (This has even be extended to the
case @ € L?BMO, by Kozono and Tanyuchi [KozT]). But it is not easy to translate the
condition that # € L? L into an equivalent assumption on . The problem comes from
the fact that the bilinear operator B is not bounded on L?L°.

On the other hand, if we only assume @y € L? NBMO, ! we only know the inequality
12, oo < 4]l xr 0\(/1;). We find an integrability issue near ¢ = 0. To check that this is
actually an issue, consider the following example: take & a divergence-free vector field in
the Schwartz class such that the Fourier transform of & is compactly supported in the
annulus 1 < [¢] < 2; define

ZQJ 1+ (2 x);

we have @y € L2, i € Bgp /9 C B3l (with 2 < p < +o0 and 242 =1) but
Uy ¢ BOO 5; as the bilinear operator B is bounded on LYLY N L?L%°, if we assume that
the mild solutlon e LYLY belongs to L2L°°, we would find that emﬁo € L?2L%°, and
thus @y € B_l,; thus, we have fo ||@||2, dt =

002’
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5. Barker’s theorem. In this section, we shall sketch the proof of Barker [Bal, as we
shall extend it in Section [7] to the case of Besov-Morrey spaces. The main idea in the
recent paper of Barker is the following one: if we want to use only the inequality

. o1
[t oo < llllxr —7

Vi

to deal with the Gronwall inequality , we need to assume more than @ € L{°L2.
Indeed, we have the following easy lemma:

LEMMA 5.1. Let§ > 0. Let A and B be locally bounded non-negative measurable functions
on (0,T] such that

limtA(t) =0 and sup t °B(t) =0.
lim 2A(2) S (t)

If we have moreover, for all t € (0,T],

B(t) S/o A(s)B(s)ds
then B = 0.

Proof. We have
0
B(t) < — sup sA(s) sup o °B(0)
0<s<t 0<o<t

so that B = 0 on (0,Tp] as long as supg. .7, sA(s) < 0. For t > T, we then write
B(t) < supg, <7 A(s) f}o B(s)ds and we find B =0. =

As W = 0 — i = (U — ePily) — (@ — e'Pilp), the extra information on |||z will be

provided by the following lemma:

LEMMA 5.2. Let @y be a divergence-free vector field with iy € L* and let ¥ be a weak
Leray solution of the Navier—Stokes equations with initial value ty. If moreover

Uy € [LQ,B(;YOO]&OO for some —1< —y<0 and 0<0<1
then there exists 6 > 0 such that

supt~°||d(t,.) — ey < +oo0.
>0

Proof. Assume g € [L?, B3, ]g,00- For 0 < e <1, split @ in @ + Be with
&cll2 < Coe® and |[|Bc]| p=r_ < Coe’™

where Cy does not depend on e (but depends on ).

We have a solution 176 for the Navier—Stokes equations with initial value ﬁ: such
that ||T.(t,.)]|lsc < C1t~7/26%= on an interval (0,7,) with 7' ~"/2e6=1 = C,. Moreover
B. = iy — @ € L? and we find that SUPg s, Ul < Cs and that |U, — et25||2 <
C,t(1=7)/2¢0-1
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Since U, is in L?L2° on every bounded interval, we get

/ﬁe(t,z).ﬁ(t,x)dz:/ge(z) to(x) dx
tor top o
—2/ /V®UE.V®17dxds—/ /Ue((ﬂ'—U V(T - ))d:ﬂds
0 0

t
1Tt )2 = (1.2 - 2 / 19 © 0.2 ds.

Combining those two equalities with the Leray energy inequality for ¢

t
(e, )3 + 2 / 15 © 52 ds < |02

and

—»

we get the following inequality for W, =

-,

W (t ||2+2/ IV ® W.||2ds < ||045||2+2/ ‘/ (W VW) de| ds.
Thus, we get
t
IVt )15 < 3 + CEE0D [ (s, ) ds

so that

- tl—'y
[We(t, )3 < Cie 296Xp<02 26— 1)1—7)

Now, for 7 < 1, take € = 7% with 5% + (0 — 1) > 0. We find that, for 0 < ¢t < T.
with

T, = ¢/ 20-0)/(1-9) Z (/0= 260-0)/01-2) [where 2(11_—79) <1

we have the inequality

15 = e doll2 < llaclle + [Wella + [ Te — € B2

0 c; t'o (1-7)/2 6-1
< C()G 1+ exp mT177 + C4t V)/=¢ .

If 7 is small enough, we have 7 < T, and we find

|5(r,.) — e ™ig|l2 < Cor (1 4 €1/ 4 0yr(1=1/241(0-1)

The lemma is proved. =
Barker’s theorem then reads as:

THEOREM 5.3. Let iiy be a divergence-free vector field with iy € L?and let T be a weak
Leray solution of the Navier—Stokes equations with initial value iy. If moreover

: 2
iip € BMOy ' N B, %, with 3<q<+o00 and —s>—-1+=
' q

then there exists T > 0 such that if U is a Leray solution and if 4 is the mild solution
with ||@]| x, < 400, then @ =0 on (0,T).
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REMARK 5.4. We have the embeddings L? C B;§/2+3/q C B;i{zw/q, so that the infor-
mation conveyed by the hypothesis @y € B oo 18 interesting only for the high frequencies
of iiy. Moreover the embeddings L? = Bg 9 and BMO ™' ¢ B! o give

L*NBMO, "' C B t+?/1 c B 12/,

Thus, the information conveyed by the hypothesis @y € Bq 5. is not contained in the

assumption i@y € L? N BMOy ! Finally, if —s > —1+ % = ]2), then we have
2 —1 ~ - 5—1+2/ 5— 5143/
L*NBMOy " NB, 5, CB,,“"NB, 5 CB, "

Thus, the theorem is interesting only in the range —1 + % < -5 < -1+ %, which
corresponds to the gap between L? N BMOy ! (where local uniqueness is conjectured to
hold) and By, ,1,+3/ ¢ (for which the Prodi-Serrin criterion shows that local uniqueness
holds).

A further remark is that we have the embedding B;io”’/q C Bl\/IO_l7 so that we have
a Prodi-Serrin criterion with @ € Ly L% (with 2 4 2 = 1) replaced with

sup '/7||i, < +oo and hmtl/pHu( g = 0.
o<t<T

Proof.
We may now sketch Barker’s proof for Theorem [5.3] The first step is the use of

interpolation inequalities in order to be able to check that gy fulfills the assumptions of
Lemma [5.21

e Since iy € L? = BY, and iy € BMO ™" C B, Panel

1+2/qﬂB s

q,00
e The Besov space Bq71 is embedded in the Sobolev space W =74
For ¢ < r < 0o, we have W24 = [LQ,W_‘S’T][Q] with é = % + % and —s = —66

r

we have iy € B

00007

e Since i € B we have for —1 4+ 5 < —0< =8, Uy E Bq’1

(complex interpolation)
e Since W=%" ¢ By 1+3/T , we have [L2, Wf‘s”"}[g] - [LZ,B;‘T;ZS/?"]Q,OO with

5 1/2—1/r (—s)
=T a1y —itag T OWM

so that —§ — % > —1 for r large enough.

We may now end the proof: recall that if ¥ is a Leray solution and if @ is the mild
solution with ||@||x, < +oo, then the difference W = & — ¥/ satisfies a Gronwall estimate:

t
@(t, )2 < / 112, )2 ds.

By Lemma [5.2] we have [|7(t,.) — e[|z = O(t?) and ||i@(t,.) — e'2ip|ls = O(t%) for
some positive 4. On the other hand, we know that ||@(¢,.)]|c = 0(%). Using Lemma
we find that W =0, and v = 4. =



288 P. G. LEMARIE-RIEUSSET

6. The Prodi—Serrin criterion for Besov—Morrey spaces. Morrey spaces provide
a natural tool for extending the Prodi—Serrin criterion.

DEFINITION 6.1. For 1 < r < ¢ < +o0, we define the Morrey space M™9 as the space of
Lebesgue measurable functions f on R? such that

1/r
sup B[ p@rde) = i < 4.
R>0,z0€R3 B(Zo,R)

Similarly, the space M is the space of locally finite Borelian (signed) measure p such
that

sup B[ dl) =l < o
R>0,30€R3 B(zo,R)

Remark: For absolutely continuous measures du = f dx with f € Llloc, we have

il = s R[] ).
Zo,

R>0,z0€R?
The key inequality in the proof of the Prodi—Serrin criterion was the inequality (for
allw e H')
3
Juwlla < Cllullgllw]3” [ Vel

with ]% + % =1 and 3 < g < +oo. If we want to replace this inequality by a more general
inequality
3
Juwllz < N(w)flwly” Vel

(again with % + % =1 and 3 < ¢ < +00), then we proved in [LR_3|] that the existence of
a finite N (u) is equivalent to the fact that u € M9, and moreover that N (u) = ||| yz.q-
(Remark that this is false in the case p = +o0, ¢ = 3, where M?3 has to be replaced by
a set of singular multipliers.)

This leads to the following easy extension of the Prodi-Serrin criterion:

THEOREM 6.2. If @iy € L? and if the Navier-Stokes equations has a solution @ such that
. 2 3
@€ M7 with =+ ==1 and 3 < q< +o0
p q

then if U is a Leray solution we have @ =¥ on (0,T).

If 3 < ¢ < 400, the existence of T > 0 and of a solution in LPM?? with % + % is
equivalent to the existence of 7" such that e!“@, € LPM%% on (0,T") (and on (0, +00),
since iy € L?), thus with

143/q
0 € BM2 iy

This Besov—Morrey space has been introduced in 1994 by Kozono and Yamazaki [KoY].
It is easy to check that, for 2 < p < 400 and % + % =1, we have the inequality

T 1/p
A
et uoles < Co [ e ol )

so that we have the embedding BM12+3/q C BMOgy ! for 2 < p < 400 and % + % =1.
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7. Barker’s theorem and Besov—Morrey spaces. We shall extend Barker’s theorem.
MAIN THEOREM 7.1. If

e iy € L? NBMO,*

e 3 < g< +oo, _3>_1+*‘mdU0€BM1qm

then there exists T > 0 such that if U is a suitable Leray solution and if ¥ is the mild
solution with ||t x, < +oo, then @ =7 on (0,T).
Proof. As we shall see, the proof is very similar to Barker’s proof for Theorem [Bal.

However, we shall meet some technical issues.
We sketch the proof:

e iy € L? = BY, and @y € BMO ™' C B3, thus @y € By +2/q,

ouOGB(;;H/qOBMSlq thusuOGBMpq forl<p<q,%:170+%and
—oc=-5(1-6)+6(-1 ) 1+ . We shall take p > 2.

e As p < ¢, we have B,;;H/q CB;;Q/Q Thus, for —1—|—§<—'y<—0,

—1+2/q - v =, MP1
B ﬂBMMOO CBMMlCW .

. _ P.q
We now encounter our first problem. We can no longer write W=7"M"" a5 a subspace

of an interpolation space between L? and B 1+5. More precisely, let us assume B! C

Mp.a 1
(L2, B 210,005 by homogeneity of the norms, we must have —7—7 =—(1-0)3-6(1-9).
We have
(L2, B! 0.00 C B, oi)

with r = Z;. In particular, for u € [L2, B 426,00, We sce that e Aetd3y goes to 0
in 8’ when ¢ goes to +oo. But if 3p < 2¢, if u depends only on (z1,23) and not on z3,
and if u € BMZ 2qs5 1 (R %), then u € BMZQ L(R?) and e2etP3y = eAu. Thus, we have a
contradiction.

We better use complex interpolation and write that

W—W,Mm _ [M2,2q/p W—p,M"W/P][g]

for r > p, 152 —I— - p, ~v = 6p. (For interpolation of Morrey spaces, see [LR_4l [LR. 5].)
Then, we remark that M?24/? C L2, and write that

[M2,2q/p7W_p7M'r,rq/p][ ] [MQ ,2q/p W p, M™ rq/p] 6,00 - [L2

uloc» Bo_oljc:ogp/(rq)]@,oo
In order to finish the proof, we thus need to use the machinery of energy control for
suitable local Leray solutions [LR. 2, [LR 6]. This will be done in the following sections,

and we shall finish the proof in Section [I0] m

8. Weak local Leray solutions. We recall basic results for local weak Leray solutions.

We endow L?,  with the norm

uloc

lullzz, = sup [upo(z — K)l|2,

where g is a non-negative function in D, supported in a ball B(0, Ry) and such that
Zkez?) 900(1' - k) =1
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When @, € L?,., proof of existence of solutions for the Navier-Stokes equations
is based on mollification, energy estimates and compactness arguments (for details, see
[LR_6], Section 14.1):

o We solve

Bl + (pe % @) Vi, = A — Vp,
with divd. = 0 and @.(0,.) = @. Here, ¢ € D, [pdz =1 and pc(z) = Fp(%). Here
ﬁpe is given by the Leray projection:

ﬁpﬁ = —(pe * 116).6146 + Pdiv((pe * Ue) ® ).

e The solution holds at least on an interval (0,7,) where T, depends on € and on

_ . 3/2
||U0||L310C (Te = mln(l,COHﬁOET
uloc

t
/(po(x—k)|ﬂ'e(t,x)|2x+2/ /apo(m—k)|ﬁ®ﬁe(s,x)\2dxds
0

)). Moreover, we have the inequalities, for k € Z3,

t
< /mx - k>|ﬁo<t,x>|2dx+cl/ / (s, 2)|? da ds
0 J]z—k|<Ro

t t
1 , [
+02/ / 74\176(5,35)|3dzds+02/ / |t (s, )| dz ds.
0 Jjo—k|>5Rr, [T — K 0 Jje—k|<5R0

e Defining
ac(t) = [lde(t, )z

uloc

and

Be(t) = sup (/Ot/goo(a: — k)|§®ﬁ€(s,x)|2 dxds)1/2,

kez3

we get the inequality
t
/gpo(x — k)| (t, )| dx + / /gpo(x — )|V @ (s, 2)]> da ds
0

< a0 + 5 (1) + Cs /Ot ac(s)2ds + Cs /Ot ac(s)® ds
so that
(07 < 200 + 26 | () ds + 204 / () ds
and finally 0 ’
0c(t)? < 200 (0)2 + 2Cs /0 ae(5)? ds + 2Cs /0 (5 ds.

Thus, as long as 8Cst < 1 and 128 Cst||do||7. < 1, we find that a.(t) < 2|[tol| 2, and
uloc uloc

Be(t) < 2||tol|rz,_ -
e The solution is then defined on (0, min(gZ, W)) and controlled inde-
L2

loc

pendently from e. By Rellich theorem, we find a subsequence that converges strongly in
(L?L2)10c to a suitable local Leray solution 4.
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An important point is: assume moreover that 7y € BMO, * and that ||e*® || x, < ﬁ
(where Cj is the constant of Theorem [3.1]) then @ is defined at least on (0,7) and
|| xp < 2|t x,- As T does not depend on €, we see that the local Leray solution
Lo A
i satisfies @ € Xg with S = min(T, - 5Cs m) and ||7]|xs < 2|l o] xp -

loc

~loo With —1 < —v < 0, then . is defined at least on (0,7)
where T = Clliio[3%, " and supge,r /2 [ii(t, ) < 25upocyer /2! o . As
T does not depend g)oﬁxe, we see that the local Leray solution i satisfies the inequality
SUpg i< gt/ 2||d(t, .)||0o < +o00 where S = min(T'

Similarly, if @, € BY

) 803’ 128C3 HuoH4 )-

loc

9. Comparison of local weak Leray solutions. If @ and ¢ are two local weak Leray
solutions, on (0,7) with initial values up and ¥, we would like to be able to estimate
a(t,.) — U(t,.) from the estimation of @y — ¥i. This can be done only when at least
one of the solutions is regular enough. We shall assume that @ € LZL°. We sketch the
computations described in [LR 6], Section 14.4.

Define W = 4 — v,

a(t) = [|@(t, )l L2

uloc

, —sup //goox— |V®w(sx)|2dxds)

keZ3

Using the suitability of ¢ and the regularity of ¥, we find (for 0 < ¢ < min(1,7))
t
/gpo(x — k)|wi(t, x)|? da + / /goo(x — )|V @ @(s,z)|? dx ds
0
1 t t t
< a(0)? + 5 (1) +cl/ a(s)2d3+02/ a(s)6d3+03/ (s, )2 a(s)? ds
0 0 0

where the constants C; do not depend on 7', @, nor on v. Finally, we find
t
(V) < 20(0) +2(Cr + Callllm s, + 75e13,,)%) [ a0 ds

+%z/|w al(s)?ds. (6)

We have the same estimate even if 4 is not integrable near ¢t = 0. Let us only assume
that @ € L?L° on every (e, T) with € > 0. Considering a time ¢y > 0 which is a Lebesgue
point for the functions ¢t — [ p(z — k)|d(t,z)|*dz and t — [o(z — k)|d(t, z)|* dz, we
deduce that @ and ¢ are local weak Leray solutions on (to,T) with initial values @(tp,.)
and U(tg, .). Thus, we shall find that, for ¢ > g,

/gpo(a: )|t )| de < 2 / ol — B)[d(to, z)2 do

t
-wwwagﬂ/a@wmna Jii(s..) |2 als)?ds. (7)

to to

+2(C1 + Ca(||a]| poe 12

uloc

It is then enough to let ¢y go to 0 and then take the supremum with respect to k.
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10. Proof of Theorem We may now finish the proof. We consider two solutions
of the Navier-Stokes equations with initial value @, € L? N BMOg I'n B]\_;l)q’oo with
—s> -1+ % (and 3 < g < 400): we assume that 7 is a suitable Leray solution and # is
the mild solution in Xr.
As ¥ is suitable, ¥ is a local Leray solution as well and we may estimate the L2
norm of 4 — w: defining B(t) = ||a(¢,.) — 9(¢ ,.)||L‘2110C and
A(t) = 2(C1 + Cs(J|ull Lo 2

uloc

uloc

+ 10l peer2, )" + 2G|, )|,
we get
t
B(t) < / A(s)B(s) ds.
0

As lim; 0 tA(t) = 0, we shall try to apply Lemma Thus, we shall use interpolation
estimates to search for a control of B(t) as O(¢t~°), in the spirit of Lemma
Recall that we have introduced the following numbers:

psuchthat2<p<%q
1 — 6 the barycentric coordinate of % in [1 1]:

=(1-6)+0;
(1—=60)(=s) +6(=1+2)

1
—o the corresponding point in [—1 + %, —s] ap
—~ such that —1 + % <=y < —0

r such that p <r < +

1 — n the barycentric coordinate of  in the segment [ , 2]
—p the corresponding point in [—v,0]: —p = n(—7).

We have the following embeddings:

e BY,NBMO™! C By;t**

—1+2/q —s —0
e By, ﬂBMlq CBM]quo

« Bogn By, CB, CWonM
o WM — [Ny 2q/p’W p AT /P ]

. [M2,2q/p,W*p,M“M/p][n] C [M2,2q/p’ W*p,M“”’/”}n’oo - [L BZ POO3P/(T¢1)]

uloc?
If we take r very large, we have n =1 — % + o(1) and

3p 2
—p= o= (1= )2 +on) €]-1 00

Thus far, we have seen that iy € [L?
A € (0,1). We shall now estimate o — e*A4,
0 < e< 1, split 4y in @ + ﬂi with

Gl 2z, < Coc” and [|Be]|pn, < Coe™!

ulOC,B;O A oJn.oo for some n € (0,1) and some

iy when v is a weak local Leray solution. For

where Cy does not depend on € (but depends on ).

As B, = iy — a., we have ”EEHLﬁloc < |dollz2, + Co (an estimation which does
not depend on ¢) and we know that we have a (restricted) weak Leray solution of the
Navier-Stokes equations U, with initial value . such that sup,, <t<Tp 1T, e, <C,
where Ty and Cy depends only on [|do[/r2  (and not on e).
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As B. € B, we have as well ||Uc(t,.)]|oo < Cot™>/2¢"1 on an interval (0,7) with

00,007

T M/2en=1 = €5, Tt is then easy to check that ||U, — etAB_;Hle < Cyt1=N/2en=1,
Using our results on comparison of suitable local Leray solutions, we get the following
inequality for W, = 7@ — U, and A(t) = supyezs [ po(x — k)|We(t, z)|? dz:

t t
AP < 2oy, +Cs [ AdoPds+Co [ s AR ds. (®)
uloc 0 0

Thus, we get

so that

t t
A (t) < Cre® + Cy / Ac(5)? ds + Coe?1—1) / s A(s)? ds,
0 0

tl*)\
A (t) < Cre21eCst exp <C’962(’71)1>\>.

Now, for 7 < 1, take e = 7# with 352 + p(n — 1) > 0. We find that, for 0 < ¢ <
min (7., Tp) with

T

_ 20N 2050 /(-3 _ 2N 120-m/0-N  [here 4 2(11_—;7) <1

we have the inequality

< llacllz + Well2 + [Uc — €2 Bl
< 0106"(1 + eclltlﬂ/Tﬁlik) + C4t(1_)‘)/2677_1.

v — 6mﬁo”m

uloc

If 7 is small enough, we have 7 < T, and we find

15(r,.) — e g2 < Cor#n (1 + eCf/(2(1*/\))) + Cyr(=N/24nn=1)

The theorem is proved.
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