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Abstract. We generalize Young’s inequality to Orlicz functions. The Young’s inequality is widely
used not only in Mathematics but also in Mechanics and Risk Management. We show that for
Orlicz function ®, its Young complementary function ® and dual complementary function ®*
coincide.

1. Introduction. In the 1930’s Young’s Inequality was proved [HLP]. That is, for
f:]0,400) = [0,+00) a continuous and strictly increasing function with f(0) = 0, for
all nonnegative u, v,

u v .
/of(s)ds+/0f (s)ds > uw

and the inequality turns into equality if and only if v = f(u). After that, in the last
century, Jensen’s Inequality was proved [BOL [Jj, MPF]. That is, if p : [0, +00) — [0, +00)
a right continuous and nondecreasing function with

(1) p(0) = 0;
(2) p(s) >0if s > 0;
(3) lims—op(s) =0 and limg_, 4 p(s) = +00
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/ p(s) ds+/ p*(t) dt > uv
0 0

and the inequality turns into equality if and only if v = p(u) or v = p*(v), where
p*(t) = sup{s : p(s) < t}. There is a proof using graphs [KR] with details in [WS]. These
inequalities play not only a fundamental role in many fields of Mathematics [BB, Bz, MO,
but also an important role in other fields [BDP]. The developing of Mechanics [FL] [ES]
and Risk Management [BEF] lead the more functions involved. For example, in [BE], it
is needed that the functions take the value of 4+o00. In this paper, removing the above
restrictions (1)—(3), we prove Young’s Inequality in every detail for a right continuous
and nondecreasing function p : [0, +00) — [0, +o0] whose value can be +o00. Such kind of
functions are widely adopted [BE, [FLL [F'S], especially in Orlicz spaces theory [HW], [FHS|
Mj, [HML [M1]. We generalize the results of [KR] [Cs, WW| WWCW]. We refer the reader
to see [Cs, WW, WWCW,, [RR] for more details.

DEFINITION 1.1 ([KR]). ® : R — [0, +00], where +o0o can be a possible value, is called
an Orlicz function, provided that it is even, convex and left continuous on [0, +00) with
®(0) = 0. Set
ag :=sup{s > 0: ®(s) =0}; B :=sup{s > 0: B(s) < oo}

where R is the set of all real numbers. An interval (a,b) is called a Structure Affine
Interval (SAI) of ® provided that ®(s) is affine on (a,b), and for all ¢ > 0, ®(s) is not
affine on (a — ¢,b) or (a,b+¢). Set S¢ := R\ U;=(ai, b;), where (a;,b;) is a SAI of @
and by = +o0

DEFINITION 1.2 ([KR]). Let Q be a set in R™ and (Q,% u) be a measure space [DU].
For a real valued measurable function u(t) on , let pg(u) := [, ®(u(t)) du. We define
the Orlicz function spaces Lo

then for all u,v € R

L :={u: pg(Au) < oo for some A > 0},

equipped with the Luxemburg norm

el o) fmf{/\>0 %(A) <1}

or the Orlicz norm

|lul|le := sup / lu(t)v(t)| du = mf 7[1 + po(ku)], where v € Lo«
P (v)<1 0k
Lgs is a Banach space.
Lemma 1.3 ([KR]). For an Orlicz function ®, its right derivative ®',(s) exists for all
s € R, and @', (s) is nonnegative, nondecreasing and right continuous in [0,+00). More-
over, for each u € R,

lul
P(u) = /0 P’ (s)ds.

Proof. In the paper, for a convex function ®, if s’ < s, ®(s') = ®(s”) = 400, we always
assume

O(s") — ®(s') = +o00
(that is to say, ', (s) = oo for s > ).
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First, for 0 < 51 < s3 < s3, since ® is convex and ®(0) = 0, we see that
D(s2) — (s1) < D(s3) — (s1) < D(s3) — P(s2) )
So — 81 83 — S1 §3 — S2
In fact, if ®(s3) < +oo, by [KR], we get (). If ®(s2) < 400, and P(s3) = 400, by the
convexity of ®, we get

P(s2) — P(s1) _ P(s3) — P(s1)

< ;
So — 81 83 — 81
and
P - o P -0
(92) =~ ®(s1) _, o _ B(s3) = P(s2)
So — 81 S3 — S2

s0 (%) is true. If ®(s1) < 400, and P(s3) = +00 = P(s3), then by the assumption at the
beginning of the proof
D(s2) — O(s1) D(s3) — (s1) _ B(s3) — D(s2)

:+OO: = 5
S9 — 81 S3 — 81 S3 — 89

so (k) is true. If ®(s1) = ®(s2) = P(s3) = 400, then by the same assumption
Os2) = ®(s1) _ o D(s3) = (s1) _ Blss) — B(s2)
So — 8§71 83 — 81 83 — 82

)

so () is true.
Summarizing, for 0 < s1 < s3 < s3, (%) holds.

Secondly, for all h > 0, by (x), f(h) = w is nondecreasing, so

@’ (s) := lim w7

h—04
exists for all s € [0, +00).
We claim that @', (s) is nondecreasing on [0, +-00). In fact, for 0 < 51 < s, and h > 0
small enough, by (x)

(I)(Sl —+ h) — @(81) (I)(SQ — h) — @(81 + h)

h S S9 — 81 — 2h
< @(82) — (I)(SQ — h) < @(82 + h) — @(SQ) 7
- h - h
% @(51 + h) — (I)(Sl) < (I)(SQ) — (I)(SQ — h) < (D(SQ + h) — (I)(SQ)
h - h - h '

Let h — 0. We get
P’ (51) < @L(s2) < P/, (s2).

Finally, ®’, (s) is right continuous on [0, 4+-00). Since ®’, (s) is nondecreasing, we get
8/1L121+ P’ (s") > @, (s).

If @', (s) = +o0, we have +00 > limy_, o+ @/ (s") > @/ (5) = 400, ie. limg_, 5+ P, (s) =
P’ (s).
If @', (s) < 400, for any € > 0, there exists & > 0 such that

¥ (s) < D(s+ h})l — P(s)

< P (s) +e.
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Fors<s' <s+h
d h)—®
P (s) <P\ (s") <P (s+h) < w

so @' (s) <limg_,,, @' (s") < @' (s) + 2¢, since € is arbitrary, we get limy_, @/, (s') =
P’ (s).

Summarizing, for all s € [0, +00), limy_,,, @/, (s') = ', (s), i.e. &/ (s) is right con-
tinuous on [0, 4+00).

For each u € R, since ®(u) is even, we can assume u > 0.

As u < fg, then there exists a positive number M such that @/, (s) < M, for all

s < wu. By [Ni], we get

+e <P (s)+ 2

B(u) = /O " (s) ds.

As u = f3p, since ', (s) is nondecreasing and nonnegative, by the left continuity of ®(u)
and the Levy Theorem, we have

[ul Ba
?(Bp) = lim P(u) = lim P’ (s)ds = / P’ (s)ds.
0

u—LBg u—Bgy J0O
As u > B, ®(u) = +00. By the assumption, we get +o0o = fé; P (s)ds < [ ¥ (s)ds,
so ®(u) = o0 = f[;; P, (s)ds < [, D', (s)ds.
In summary, for all u € R,

Jul
D(u) :/0 P’ (s)ds. m

REMARK 1.4 ([KR]). For an Orlicz function ®, there exists a nonnegative, nondecreasing
and right continuous function p on [0, +0c) such that for each u € R,

O(u) = /ulp(s) ds.
For simplicity, we rewrite ®’ (s) as p(s) anfi D’ (s) as p_(s).
Obviously, we have
REMARK 1.5 ([Cs]). An interval (a,b) is SAI of @ if and only if p(s) is constant on (a, b).
DEFINITION 1.6 ([KR]). For p: [0, 4+00) — [0, +00] a nondecreasing function, set
PH(t) = sup{s > 0 p(s) <t} = inf{s > 0: p(s) > 1},
p(t) :=sup{s > 0:p(s) <t} =inf{s > 0:p(s) > t},

|v]
D" (v) := /0 p*(t) dt.

REMARK 1.7. If p(s) = 0, ®(u) = 0, Ly = Lo := {all measurable functions}, but for
all u € Lo, ||lul|(@) =inf {A > 0: pg(%) <1} =0, so (Ls, ||.|) is not a normed space. If
p*(t) =sup{s > 0: p(s) <t} = +o0, ®*(v) = 400, then Ly« = {A}, a trivial space. Also
the converse is true, i.e. if p = 400, p* = 0.

Hence we further assume p #Z 0 and p Z 400, i.e. ag < 400 and B¢ > 0.

DEFINITION 1.8 (Young’s sense complementary function [KR]).
®(v) := sup{ulv| — ®(u) : u € R}.
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2. Main results

LeMMA 2.1 ([KR]). Ifp: [0,+00) — [0, 400] is nondecreasing and right continuous, then
p* 1 [0, +00) = [0,400] is nondecreasing and right continuous, and for all € > 0,

(1) p*(p(s)) = s;
(2) p*(p(s) +¢) > s, if p(s) < +00;
(3) p*(p(s) =€) <'s, if p(s) < +o0.
Proof. For t € [0,400), first by the definition p*(t) = sup{s > 0 : p(s) < t} > 0. Next
for 0 <t < t”, we see that

p*(t') =sup{s > 0:p(s) <t'} <sup{s > 0:p(s) < t"} = p*(t").
Suppose that for some ¢ > 0, p*(t) < p*(t+) := limp—0,n>0 p* (¢ + h). Take p*(t) < ' <
s < p*(ty). By p*(t+) < p*(t + h) for all h > 0, from the definition of p* and since
p is nondecreasing, we see p(s”) < ¢t + h. Since h is arbitrary, p(s”) < t, we obtain a
contradiction: ¢ < p(s") < p(s”) < t.

We see that p*(p(s)) = sup{s’ > 0: p(s’) <p(s)} > s, hence (1) is true.

For any s > 0, € > 0, p(s) < 400, since p(s) is right continuous, there exists s’ > s
such that p(s’) < p(s) +¢€, so p*(p(s) +¢€) =sup{s’ > 0:p(s") < p(s) +e} > s > s, thus
(2) holds.

For p(s) < +oo, p*(p(s) — ) = sup{s’ > 0: p(s') < p(s) — e} = inf{s’ > 0: p(s') >
p(s) — e} < s. Thus (3) is satisfied. m

By the Levy Theorem and p* being nondecreasing and nonnegative on [0, +00), it is
easy to see the following

REMARK 2.2 ([KR]). For p* of Lemma O*(v) = fov‘ p*(t)dt is an Orlicz function,
ie. ®* : R — [0, 400] is even, convex and left continuous on [0, +00) with ®*(0) = 0.

ProprosSITION 2.3. For an Orlicz function ®

o =p(0-):= i p-(s) = i 24

Pa- =p(too):= lim p_(s)= lim p(s).

s——+o0
Proof. Let a = lim,_o, p(s) = limsso,s-0p(s), by the assumption p # oo, we get
a < +oo. For any h > 0, there is 6 > 0 such that for all 0 < s < §, p(s) < a + h.
From ag+« = sup{v > 0 : ®*(v) = 0} = inf{t > 0 : p*(¢t) > 0} and p*(a + h) =
sup{s > 0 :p(s) < a+h} >0 > 0, we see that ag+ < a + h. Since h > 0 is arbitrary,
we deduce that ag- < a. If @ = 0, we get agr = a. If @ > 0, since p(s) is nonde-
creasing, we see that p*(¢t) = sup{s > 0 : p(s) < t} <0 for all 0 < t < «, moreover
ag = sup{v > 0 : ®*(v) =0} = sup{t > 0 : p*(¢t) < 0} > ¢t. Since ¢t is arbitrary, we
deduce ag- > a, hence ag+ = a.
Put 8 = lim,_, oo p—(8) = lims—s 400 P(S).

A. Consider the case 8¢ < 400 and p(+o0) = +oo. For all n > 0, p*(n) =
sup{s > 0 : p(s) <n} < Bg and Be+ = sup{v > 0: ®*(v) < 400} = sup{t >0 :
p*(t) < +oo} > n. Since n is arbitrary, we get Sp« = +00 = p(+00).
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B. The case B¢ = +00.

B-1. If 8 = 400, then for all n > 0, there exists 400 > s’ > 0 such that p(s’) > n,
so p*(n) = sup{s > 0 : p(s) < n} =inf{s > 0 : p(s) > n} < ¢ < 4o0,
moreover B¢+ = sup{t > 0 : p*(t) < +oo} > n. Since n is arbitrary, we get
Ba+ > 400 = 3 = p(+00).

B-2. If 8 < 400, for all h > 0, p*(8 4+ h) =sup{s > 0: p(s) < B+ h} = +o0,

Bor =sup{t > 0: p*(t) < +oo} =inf{t > 0: p*(t) = o0} < B+ h.
Since h is arbitrary, we get g« < 5.

B-2-i. If 0 = 3, combining B¢~ < 8 and B¢~ > 0, we get Be+ = 0= 8 = p(+00).

B-2-ii. If 0 < g, for all h > 0 there exists 0 < s’ < +o00 such that +o00 > p(s’) > 8 — h.
Thus p*(8 — h) = inf{s > 0 : p(s) > B — h} < § < 4o00. Moreover g~ =
sup{t > 0 : p*(t) < 400} > B — h. Since h is arbitrary, we get S~ > [, and
therefore Bg+ = 8 = p(+00). m

LEMmMA 2.4 ([KR]). Ifp: [0,4+00) — [0, +00] is nondecreasing and right continuous, then
p** = p. Moreover ®** = ®.

Proof. Let s € [0,400). If p(s) < 400, s < Bs, then for any ¢ > 0, by Lemma
p*[p(s) —e] <s, s0

p*(s) =sup{t > 0:p*(t) < s} > p(s) —e.

Since ¢ is arbitrary, we get p**(s) > p(s).
On the other hand, by Lemma [2.1] p*[p(s) + €] > s, so
p**(s) =sup{t > 0:p*(t) < s} =inf{t > 0:p*(t) > s} <p(s) +e.
Since ¢ is arbitrary, we get p**(s) < p(s). So p**(s) = p(s).
If p(s) = +oo, then s > fg, for all n > 0, p*(n) = sup{s > 0: p(s) < n} < fo < +00.
p*(s) = sup{t > 0: p*(t) < s} > sup{t > 0: p*(t) < Bs} > n. Since n is arbitrary, we
get p™(s) = 400 = p(s). =

LEMMA 2.5. Given a nonnegative and nondecreasing function p(s), p(s) is strictly in-
creasing on [0,400) implies that p* is continuous on [0,4+00), and p(s) is continuous on
[0, 4+00) implies that p* is strictly increasing on [0, p(+00)].

Proof. First, we prove that p(s) is strictly increasing implies that p*(¢) is continuous.

Suppose that p*(t) is not continuous. Since p*(¢) is right continuous, we have p*(t_) <
p*(¢) for some t € (0,400). Take s’, 8" € Rsuch that p*(t_) < s’ < s” < p*(t). By Lemma
p(s) = p**(s) and by Lemma we see that for all ¢ < ¢, there exists £/ > 0 such
that p(s’) = p**(s') = p™*(P*(t') + ') > /. By the arbitrariness of ¢, p(s’) > ¢. On
the other hand, by Lemma p(s”) = p**(s”) = inf{t > 0 : p*(t) > s’} < t, so
p(s”) <t < p(s’), and since p is nondecreasing, p(s”) > p(s’), hence p(s”’) = p(s’). This
is a contradiction to p(s’) < p(s”).

Secondly, we prove that p(s) is continuous implies p*(¢) is strictly increasing. Suppose
that for some ¢',t” € (0, p(4+00)], t' < ¢ with p*(¢') = p*(t") := s. Then

p(s) =p™(s) =sup{t: p*(t) < s} > t" > 1.
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On the other hand, for all s’ < s, since p*(¢) is nondecreasing,

p(s") =p™(s’) =sup{t > 0:p*(t) < s’} =inf{t > 0: p*(t) > s’} <t < t",
so p(s—) =limg,_p(s’) <t <t < p(s), a contradiction to the continuity of p. m
LEMMA 2.6. Given a nonnegative and nondecreasing function p, for any € > 0, if

(1 —e)p(s) <p°(s) < (1 +e)p(s) Vs>0,

then
P 0 zr(cl) vz
(1+2)®* 115 Sfbg*(v)g(l—s)@*(lig) Vo> 0.

Proof. Since (1 —e)p(s) < p(s) < (1+¢)p(s), we get

and

p*(t) =sup{s > 0:p°(s) <t} >sup{s >0: (1 +¢)p(s) <t}

—supls >0 pls) < — —*(t)
= 8upqy S = L pLs _1+€ =p 1+€

Thus p*(l%re) < p¥(t) < p*(é) Hence

7 () = /O'Upa*(t) i < /pr*(l )

~u-0 [ () et - 0w (7)
o (v) = /prs*(t) dt > /Olvlp*(1 o)

=00 [T () = 0var (o)

) <o) < (1) (). =

— &

SO

v
1 q)*(
( +5) 1+e¢

LEmMA 2.7 ([CS]). Given an Orlicz function ®, for any € > 0, there exists a strictly
convezx Orlicz function ®° with p(s) strictly increasing such that ag: = 0, p*(0) = 0 and
(I—-e)p(s)—e<p(s) <A +e)p(s)+e Vs>0
(1—e)®(u) —e<P(u) < (14+¢&)@(u)+e VYueR

and (1+¢)®" <1L+5) —e< P (v) < (1 —¢g)P" (%_E) +e Vvelk
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If ag =0 and p(0) =0
(1 —¢)p(s) <p*(s) e)p(s) Vs=0
(1—¢e)®(u) )< (1+e)®P(u) VYuelR

o
and (1+a)@*(1i€)gq>a*()g(1—a)q>*( 78) Vv eR.

g

(1+
(u

IN A

Proof.
Case 1. Assume that ag = 0 and p(0) = 0.
A. For (a1, by):

A-1.If p(a1) = p(b1), by the right continuity of p, take bj > by such that p(b1) < p(b}) <
(14 €)p(b1) and take ay = a1, define p°(ay) = p(ar), p°(b1) = p(by). For s € (ay,by),
p°(s) is defined as a line connecting (af,p(a})) and (b7, p(b})).

A-IL. If p(a1) < p(by). Take af = a1 and b} = by, define p*(a)) = pla1), ¢ =
min{p(b}), (1+¢)p(a1)} and p*(s) is defined as a line that connects (a},p(a})) and (b7, ¢)
for s € (a},b}).

Thus we see that p°(s) is nonnegative and strictly increasing on (a},b}) and for all
s (@ 1), (1-2)pls) < Py < D p(ay) = plar) < p°(s) < (1+<)plmn) < (1+)pls).

B. For (ag, bs):

B-I. In the case of So = (az,b2) N[a}, b)) = 0, repeating arguments as in Case A, we
define p*(s).

B-II. In the case of Sy = (ag, ba)N[a), b]) # 0, we see that as < a} < by or ag < b} < ba.
B-II-1. Since (a1,b1)N(az,b2) = 0 and a3 = af, the inequality as < a) < by is impossible.
B-II-2. If b} < bo, take ab = b}. Repeating the arguments of Case A, we define p®(s).

C. For (as, bs):

C-I. In the case of S3 = (a3, b3) N ([a],b]) U [ah,b5)) = 0, repeating the arguments of
Case A, we define p(s).

C-II. In the case of S5 = (ag,b3) N ([a}, b)) U [ah, b)) # 0.

C-II-1. If (as,b3) C ([af, b)) U[ah, bh)), p°(s) has been well defined.
C-1I-2. If (a3, b3) € ([a}, b)) U [ah, bh)), combining that (a1, b1),(az,b2) and (as,bs) are
mutually disjoint, and (a},b]) and (a}, b)) are disjoint, we see that there exists one and

only one ¢ such that a; < ag < b, < bs. Repeating arguments of Case B-II-2, we define
pe(s).
Assume that for (ay, by,), there exist mutually disjoint {(a},b;)}%_| with UZ 1(as,b;) C

(2R

Uk 1(af,b;) such that p°(s) is positive and strictly increasmg with

(2R

(1 —e)p(s) <p°(s) < (1 +¢e)p(s) Vse U (ag, by)-

For (ag+1,bk+1), we see that

D-I. In the case of Skyr1 = (agr1,bk11) N (Uk 1@, b)) = 0, repeating the arguments
of Case A, we define p°(s).

D-II. In the case of Sgi1 = (ak+1,bpr1) N (UiC 1lal, b)) # 0.

(2R

D-II-1. If (a1, brs1) € (UF 1lal, b)), p°(s) has been defined previously.

D-II-2. If (ak+1, bit1) Z (U;—;[a}, b})), combining that {(a;, b;)}F_; are mutually disjoint
and {(a’,b})}¥_, are mutually disjoint, we see that there exists one and only one i such

(2R
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that a < ag41 < b} < bi+1. Repeating arguments of Case B-11-2, we define p®(s). Hence
p°(s) is positive and strictly increasing with
k1

(1 —e)p(s) <p(s) < (L+e)p(s) Vse€ U (a5, bf)-

By induction, we define p°(s) on ;- (a;,b;) such that p°(s) is positive and strictly
increasing with
(L=e)p(s) <p°(s) < (1 +¢)p(s) Vs =0.

In the case of (ag,bo) = (a,+00) # 0, if +00 > p(a) > 0, define

f(s) = (1+(1-5)e)pla), s=a+n, n=0,1,2,...
p°(s
connected by line, s€(a+n,a+n+1), n=0,1,2,...

then for s € (a, +00), there exists n such that for s € [a +n,a +n + 1), we have
1
< - — < pf
pls) < (14 (1= 57 )e)pl@) < p°(s)
1
< (1 + (1 - W)s)p(a) < (1 +¢)pla) = (1+¢)p(s).

If p(a) = 400, we define p*(s) = p(s) = 400, s € [ag, +0).

If p(a) = 0, by the monotonicity, we see that (ag, +00) = (0, 4+00), then p = 0, which
contradicts the assumption.

Hence we define p°(s) well as s € Jiog(a;,b;), and define p°(s) = p(s) as s &
Ui2o (@i, b;). Then for any ¢ > 0, there exists a strictly convex Orlicz function ®° such
that p°(s) is strictly increasing with age = 0, p¢(0) = 0 and

(1—e)p(s) <p°(s) < (1 +e)p(s) Vs=0
1-—e)®(u) <P°(u) < (1+e)P(u) VYueR

J<e) <(-ger (=) VveR

Wf U
and (1+4+¢)® (1 +E
Case 2. ag > 0 or p(0) > 0.
2-1. If agp > 0, then without loss of generality, assume p(s) is strictly increasing for
s > ag. We can make the arguments in Case 1 once more if p(s) is not strictly increasing
for s > ag. By the assumption ag < 400, since p is right continuous, there exists a
number «, @ > ag > 0 such that ac < ¢ for some ¢ < min{p(a),e}. Define p°(s) = £s
as s < a and p°(s) = p(s) as s > a. Then p°(s) is strictly increasing with age = 0,
p°(0) =0.And as 0 <t < ¢, p™*(t) =sup{s > 0:p°(s) <t} =sup{s > 0: £s <t} = 2t;
ast > ¢, po*(t) = sup{s > 0: p°(s) <t} =sup{s > 0:p(s) <t} =p*(t). Thus ag- =0,

and

€ < ¢ =——=—X <u<

P (u) < 2%(a) ) 5 S 0<u<a,
2

e e ac ac €

W) <P =T =T <o, O<vse
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In summary, p®(s) is strictly increasing with ags = 0, p°(0) = 0 and
(1—ep(s)—e<p°(s) <(1+e)p(s)+e Vs>0
1—-e)P(u) —e<P°(u) < (1+¢e)®(u)+e VYueR
and (1+¢)®” (%%) —e <O (v) < (1-— 5)@*(1 i z—:
2-11. If p(0) > 0 then since p is nondecreasing, ag = 0. Since S > 0, take fp > a >
ag = 0 such that ap(a) < . Repeating the arguments of Case 2-1, we get p®(s) of 2-1. m

)+5 Vo eR.

THEOREM 2.8 (Young’s Inequality [KRI). If ® is an Orlicz function, then for allu,v € R,
O(u) + @ (v) > |u||v] > uv.

Proof. Let u,v € R.

A.®: R — [0,+00] and p(s) is continuous and strictly increasing on [0, 4+00). Let
t = p(s) ++ s = pL(t), then p : [0,+00) — [0,4+x], s =0 > t = p(0) := a* and s =
u <> t = p(u). Therefore p~! : p([0, +00)) — [0, +00), i.e. p~1 : [p(0), p(+0)) — [0, +00).
Then p* : [0,+00) — [0,+00], and for 0 < t < a*, p*(t) = sup{s > 0 : p(s) < t} <
sup{s > 0: p(s) < a*} = 0. Hence for all u,v € R

Jul Jul p(u)
s)ds = sp(s)|l¥l — sdp(s) = |ulp(u) — -1
[ psrds=sp = [ sants) = ot < [T o000t

o*

/O'Up*(t) dt = /Oa* p*(t) dt+/aljp*(t) dt = /:pl(t) dt

[ [v]
O(u) + 0" (v) = /0 p(s)ds +/0 p*(t)dt
p(u) ] o]
= Julp(u) — / pi(t)dt + / pi(t) di = [ulp(u) + / pi(t) dt

a* a* (u)

[v|

= [ul o] + |ul(p(u) — [v]) +/ pH(t) dt

p(u)

D(u) + 0% (v) = [ul v].

o]

O(u) + @ (v) = [ul [o] + [u|(p(u) — |v]) + /( )p_l(t) dt

> Jul [vo] + [ul(p(w) = [o]) +p~" (p(w)) ([v] = p(w)) = [u] |v].
If [v] < p(u),

[v]
®(u) + % (v) = [uf [v| + [u|(p(u) — [v]) + /( )p‘l(t) dt
p(u)

= ful o]+ Jultp(w) ~ o) = [ p7 )t

]

> Jul [o] + [ul(p(w) = [v]) = p~" (p(w)) (p(w) = [0]) = [u] |v].
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In summary, for all u,v € R
O(u) + @ (v) = |u| |v] > uv.

B. For an Orlicz function @, by Lemma [2.7] we get a strictly convex function ®¢ with
a strictly increasing p°. By Lemma p* is continuous, and by Lemma [2.7 once more
we get an Orlicz function ®°*¢ with a continuous strictly increasing p**¢. Hence for all
u,v € R, let v’ = u(l —¢), v =v(1 —¢€), by the result A, we get

(I)E*E(v/) + @E*E*(u/) Z |U/| |’Ul|.

By Lemmas 2.4] 2.5] 2.7 and [2.6] we get

/

() < (1+e)d* (W) +e < (14¢)(1— 8)‘I>*(1 - 5) +2e
and
BT (1) < (1 — &) B (%) — _E)q)s(l _/€> <(1-9)(1 +€)(I)(1Ii/5> +e.
Hence
(1—e)®(u) + (1 — %) *(v) + 3¢ = (1*52)‘I’<1i[€) “1’52)‘1)*(10_/5) +3e

> /|| = (1 =&)?|ul |v],
S0
(1—e*)®(u) + (1 —?)d*(v) + 3¢ > (1 —€)?|u| |v|.
Letting € — 0, we have
D(u) + @ (v) > |u||v] > uv. =

PROPOSITION 2.9. Given an Orlicz function ®, the following are equivalent: for u,v € R

(1) |v] = p(u) or [u] = p*(v);
(2) |v] € [p—(u), p(u)];
(3) [ul € [p™(v),p"(v)].

Proof. (1) = (2). Otherwise,

1-I. |v] = p(u) or |Ju| = p*(v), |v] < p—(u) or
1-IL. |v| = p(u) or |u| = p*(v), |v| > p(u).
1-I-. |v] = p(u), |v| < p—(u). We deduce |v| < p_(u) < p(u), a contradiction with

[v] = p(u).

1-T-ii. |u| = p*(v), |v| < p—(u). Since p_(u) = sup{t > 0 : p*(t) < |u|} = inf{t >0:
p*(t) > |ul}, we deduce that p*(v) < |u|, a contradiction with |u| = p*(v).

1-II-. |v| = p(u), |v] > p(u). A contradiction.

L. [ul = p*(v), |v] > p(u). By Lemma[2.1] p*(v) = p*(p(u) +¢) > |ul, a contradiction
with |u| = p*(v).

(2) = (1). Otherwise, |v| € [p—(u),p(u)], [v| # p(u), [u] # p*(v).

2L |v| € [p-(u), p(u)], [v] # p(u), |u| > p*(v).
2-T-i. |v| € [p—(u),p(w)], [v| > p(u), [u| > p*(v). v < p(u) is contradictory to |v| > p(u).
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= p_(p*(v) + ¢), since p*
) < p*(v) + ¢, we deduce
v’ > |v|, a contradiction

2-IHi o] € [p-(u), p(w)], [v] < p(u), |U\>p* v). From p_(u)
is right continuous, there exists v’ > |v| such that p* (v’
p—(u) = p—(p*(v)+e) =sup{t = 0: p*(t) <p*(v)+e} =
to [v] = p—(u)).

211 Jo] € [p(w), D), [v] # p(u), [u] < p*(0)

2-1-. |v| € [p—(u), p(w)], |v| > p(u), |u| < p*(v). |v| < p(u) is contradictory to |v]| > p(u).

2-II-i. Ju| € [p—(u),p(w)], |v| < p(u), |u| < p*(v). By Lemma we deduce p(u) =
p(p*(v) —€) < |v|, a contradiction to |v| < p(u).

b
b

In summary, (1) < (2).
Replacing ® by ¥* and u by v, using Lemma[2.4] repeating the arguments of (1) < (2),
we get (1) < (3). »

THEOREM 2.10 (Young’s Equality [KR]). If ® is an Orlicz function, then for all u,v € R
O(u)+ 0" (v) =uv <= |v| =pu) or|ul =p*(v).

Proof. Necessity. Set f: R xR — R, f(u,v) := ®(u) + ®*(v) — uwv. By Theorem
it follows that f(u,v) > 0. If f(ug,vo) = 0 then f(ug,vo) = min f(u,v), gi (ug,vg) :=

limu_mo f(“”ou)—w < 0 and f (uo,vo) = limu_)u0 %ﬁ:guovo) > 0. We get
p—(ug) —vo <0, p(ug) —vo >0,
S0
p—(uo) < wo, p(uo) = vo

i.e. by Proposition [2.9]
p—(uo) < wvo <plug) <= [vo| = p(uo) or [uo| = p*(vo)
Sufficiency. For u,v € R, |v] = p(u) or |u] = p*(v). We shall discuss two cases:
A. |v| = p(u) and B. |u] = p*(v).
A. Jv| = p(u), then p(u) = |v| < +o0.
A-1. If |u] < Bs, p(u) < 400, for e small enough % < B¢, by Lemmas

and 2.7
g o < e (UE)
— ((11""_55)”> < (1 —&-E)p((ll—i__i)u) +¢e < 400,

we get p****((1 + ¢)u) € R. By Theorem 2.8} A
(L4 &)fulp™* (L + e)u) = ©=((1 + e)u) + @7 (p=((1 + £)u)).
By Lemmas and [2.7) again
1
+E)u] (14+¢e)®°(u) > (1 —?)P(u) — ¢

O (14 e)u) > (1 + )P {( -
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and
(I)s*s (pe*s*((l +8)u))
> (1= )@ (pF= (14 e)u)) > (1 )(1 +£)d* {pi(ié‘)“)} .
> - [BR0] oo ee ]
> (1- )0 [““‘?T?‘E] .
Hence,

(1 + )[ul ((1 +€)p {(11%-_2)11] + s>

> (1 —e)®(u) + (1 —*)d* {(li)f_(:)ﬂ — 2e.

By the left continuity of ®* and the right continuity of p and Sg- > 0, we get
lulp(u) = ®(u) + *[p(u)].

By Theorem [2.8) we see that for u € R, |u| < s
|ulp(u) = ®(u) + ©*[p(u)].

A-2. For u,v € R, |u| = B3 < +o0. By the right continuity of p(s), we get p(u) =
p(Be) = limy g, p(s) = +00. By the assumption g > 0, we see that |u|p(u) = +oc.
Also by the assumption ag- < +00, ®*[p(fs)] = ®*[+00] = +00. So ®(Be)+2*[p(Se)] =
D*[p(Bs)] = 400, thus for |u| = B < +00 we have

lulp(u) = @(u) + @*[p(u)].

A-3. For u,v € R, |u] > B¢ < 4o00. Then |u|p(u) = +o00 and ®(u) > /Blgp(s) ds =
+00, so

|ulp(u) = ®(u) + *[p(u)].
Summarizing for u € R,
|ulp(u) = ®(u) + *[p(u)].

B. |u] = p*(v). By Lemma exchanging positions of v and u, ® and ®* (p and p*),
and repeating the arguments of A, we get for v € R,

olp* (0) = (" (1) + °(0).
THEOREM 2.11 ([KR]). Given an Orlicz function ®, then for allv € R
d*(v) = B(v).
Proof. For all u,v € R. By Theorem
D(u) + @*(v) > ulv|, ie D" (v) > ulv| — P(u),

so for all v € R
*(v) > sup{ulv| — ®(u) : u € R} = &(v).
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On the other hand, if 0 < p*(v) < 400, by Theorem m

©*(v) = p*(v)|v] — 2(p"(v)) < sup{ulv] - (u) : u € R} = B(v).

if p*(v) = +o0, |v] > Bo+r > 0, |v|p*(v) = +o0, by the assumption ag < +oo and
D(p*(v)) = ®(+00) = +00, S0

thus

[olp™(v) = @7 (v) + @(p*(v)),

®*(v) = sup{ulv| — ®(u) : u € R} = ®(v). =

By Remark we get

REMARK 2.12 ([KR]). @ is an Orlicz function, i.e. ® : R — [0, +oc] is even, convex and
left continuous on [0, +-00) with ®(0) = 0.

By Remark and Lemma we have
PrOPOSITION 2.13 ([KR]). For an Orlicz function ®, ® = .
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