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Abstract. We review Morita equivalence for finite type k-algebras A and also a weakening
of Morita equivalence which we call stratified equivalence. The spectrum of A is the set of
equivalence classes of irreducible A-modules. For any finite type k-algebra A, the spectrum
of A is in bijection with the set of primitive ideals of A. The stratified equivalence relation
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preserves the spectrum of A and also preserves the periodic cyclic homology of A. However, the
stratified equivalence relation permits a tearing apart of strata in the primitive ideal space which
is not allowed by Morita equivalence. A key example illustrating the distinction between Morita
equivalence and stratified equivalence is provided by affine Hecke algebras associated to affine
Weyl groups.

1. Introduction. The subject of Morita equivalence begins with the classical paper
of Morita [Mor]. Morita equivalence of rings is well-established and widely used [Laml
§18-19).

Now let k& be the coordinate algebra of a complex affine variety. Equivalently, k is
a unital algebra over the complex numbers which is commutative, finitely generated,
and nilpotent-free. Morita equivalence for k-algebras, the starting-point of this article,
is a more recent development, which introduces several nuances related to the k-module
structure of the algebras.

A k-algebra is an algebra A over the complex numbers C which is a k-module (with
an evident compatibility between the algebra structure of A and the k-module structure
of A). A is not required to have a unit. A is not required to be commutative. A k-algebra
A is of finite type if as a k-module A is finitely generated. The spectrum of A is, by
definition, the set of equivalence classes of irreducible A-modules. For any finite type
k-algebra A, the spectrum of A is in bijection with the set of primitive ideals of A.

The set of primitive ideals of A will be denoted Prim(A). When A is unital and
commutative, let maxSpec(A) denote the set of maximal ideals in A, and let Spec(A)
denote the set of prime ideals in A. In particular, let A = k. Then we have

Prim(A) ~ maxSpec(A) C Spec(A4).

The inclusion is strict, for the prime spectrum Spec(A) contains a generic point, namely
the zero ideal 0 in A. The set Prim(A) consists of the C-rational points of the affine
variety underlying k.

So Prim(A) is a generalisation, for k-algebras A of finite type, of the maximal ideal
spectrum of a unital commutative ring, rather than the prime spectrum of a unital com-
mutative ring. For a finite type k-algebra A, the zero ideal 0 is a primitive ideal if and
only if k = C and A = M,,(C) the algebra of all n by n matrices with entries in C. Quite
generally, any irreducible representation of a finite type k-algebra A is a surjection of A
onto M, (C) for some n. This implies that any primitive ideal is maximal.

In some situations, Morita equivalence can be too strong and we are led to introduce
a weakening of this concept, which we call stratified equivalence.

The stratified equivalence relation preserves the spectrum of A and also preserves the
periodic cyclic homology of A. In addition, the stratified equivalence relation permits
a tearing apart of strata in the primitive ideal space which is not allowed by Morita
equivalence.

Denote by I' a finite group. In §10, we show that stratified equivalence persists under
the formation of tensor products A ® B, and the formation of crossed products A x T'.

A key example illustrating the distinction between Morita equivalence and stratified
equivalence is provided by affine Hecke algebras. Let (X,Y, R, RY) be a root datum in
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the standard sense |L]. This root datum delivers the following items:

— a finite Weyl group Wy
— an extended affine Weyl group Wy X := Wy x X
— for each ¢ € C*, an affine Hecke algebra H,
— a complex torus T := Hom(X,C*)
— a complex variety X := T /W,
— a canonical isomorphism O(X) ~ Z(H,).
Set k := O(X). Then, for all ¢ € C*, H, is a unital finite type k-algebra. If ¢ = 1,
then H; is the group algebra of the extended affine Weyl group:

H, = C[WoX].

THEOREM 1.1. Ezcept for q in a finite set of roots of unity, mone of which is 1,
Hq and Hy are stratified equivalent as k-algebras. If ¢ # 1 then H, and Hi are not
Morita equivalent as k-algebras.

A finite type k-algebra can be viewed as a noncommutative complex affine variety. So
the setting of this article can be viewed as noncommutative algebraic geometry.

We conclude this article with a detailed account of the affine Hecke algebra H, at-
tached to the Lie group SLy(C).

For an application of stratified equivalence to the representation theory of p-adic
groups, see [ABPS].

2. k-algebras. If X is an affine algebraic variety over the complex numbers C, then
O(X) will denote the coordinate algebra of X. Set k& = O(X). Equivalently, k is a
unital algebra over the complex numbers which is unital, commutative, finitely generated,
and nilpotent-free. The Hilbert Nullstellensatz implies that there is an equivalence of
categories

(unital commutative finitely generated) ( affine complex >Op

nilpotent-free C-algebras algebraic varieties

O(X)— X.
Here “op” denotes the opposite category.

DEFINITION 2.1. A k-algebra is a C-algebra A such that A is a unital (left) k-module
with:
AMwa) =w(ha) = (Ww)a V(A w,a) eCxkxA

and

w(ajaz) = (waj)ag = a1 (waz) V(w,a1,a2) €k x A x A.
REMARK 2.2. A is not required to have a unit.
The centre of A will be denoted by Z(A):
Z(A):={ce A|lca=acVa e A}
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REMARK 2.3. Let A be a unital k-algebra. Denote the unit of A by 14. The map
w +—> w.1l 4 is then a unital morphism of C-algebras

k— Z(A),
i.e. unital k-algebra = unital C-algebra A with a given unital morphism of C-algebras
k— Z(A).
If A does not have a unit, a k-structure is equivalent to a unital morphism of C-algebras
k— Z(MA)

where M A is the multiplier algebra of A.

DEFINITION 2.4. Let A, B be two k-algebras. A morphism of k-algebras is a morphism
of C-algebras
f:A—B
which is also a morphism of (left) k-modules,
fwa) =wf(a) V(w,a)€kx A
DEFINITION 2.5. Let A be a k-algebra. A representation of A [or a (left) A-module] is a
C-vector space V' with given morphisms of C-algebras
A — Hom¢(V,V), k — Homc(V,V)
such that
1. k — Homg¢(V, V) is unital;
2. (wa)v = w(av) = a(wv) V(w,a,v) €k x AXV.

From now on in this article, A will denote a k-algebra.

A representation of A, namely A — Homg(V, V) with & — Home(V, V), will often
be denoted by A — Homg¢(V, V), it being understood that the action of k on V is part
of the given structure.

DEFINITION 2.6. A representation ¢: A — Homg(V,V) is non-degenerate it AV =V,
i.e. for any v € V, there are vy, vs,...,v, in V and aq,as,...,a, in A with

V= a1V1 + a2v2 + ...+ a,v,.

DEFINITION 2.7. A representation ¢: A — Homg¢(V,V) is érreducible if AV # {0} and
there is no sub-C-vector space W of V with:

{0y #W, W#V

and
wweW V(w,w)€ekxW and aweW V(a,w)e AxW.

DEFINITION 2.8. Two representations of the k-algebra A
p1: A= Home(V1,V1) and  ¢o: A — Homge(Va, V)
are equivalent if there is an isomorphism of C-vector spaces
T:Vi—=> Vs
with
T(av) =aT(v) V(a,v) € AXxV and T(wv)=wT(v) Y(w,v)€kxV.
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The spectrum of A, also denoted by Irr(A), is the set of equivalence classes of irreducible
representations of A.

Irr(A) := {Irreducible representations of A}/~.
It can happen that the spectrum is empty. For example, let A comprise all 2 by 2

(50,

with € C. Then A is a commutative non-unital algebra of finite type (with £ = C) such
that Irr(A) = 0.

matrices of the form

3. On the action of k. For a k-algebra A, Ac denotes the underlying C-algebra of A.
Then Ac is obtained from A by forgetting the action of k on A. For A¢ there are the
usual definitions: A representation of Ac [or a (left) Ac-module] is a C-vector space V
with a given morphism of C-algebras

A(C — Hom(c(v, V)
An Ac-module V is irreducible if AcV # {0} and there is no sub-C-vector space W of V/
with:
(0} £W, W#V
and
aw €W VY(a,w) € Ac x W.
Two representations of Ac
p1: A= Home(V1,V1) and  ¢2: A — Homge(Va, Va)
are equivalent if there is an isomorphism of C-vector spaces
T: V1 — V2
with
T(av) = aT(v) V(a,v) € AXV.
Irr(Ac) := {Irreducible representations of Ac}/~.
An Ac-module V' for which the following two properties are valid is strictly non-
degenerate:
— AcV =V,
— ifveVhasav=0 Va € Ag, then v =0.

LEMMA 3.1. Any irreducible Ac-module is strictly non-degenerate.

Proof. Let V be an irreducible Ac-module. First, consider AcV C V. AcV is preserved
by the action of A¢ on V. We cannot have AcV = {0} since this would contradict the
irreducibility of V. Therefore AcV = V.
Next, set
W={veV]|aw=0 Vac Ac}.

W is preserved by the action of Ac on V. W cannot be equal to V since this would imply
AcV = {0}. Hence W = {0}. =
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LEMMA 3.2. Let A be a k-algebra, and let V' be a strictly non-degenerate Ac-module.
Then there is a unique unital morphism of C algebras

k — Homg(V, V)
which makes V' an A-module.
Proof. Given v € V, choose v1,vs,...,v, € V and ay,aq,...,a, € A with
V= a1V1 + a202 + ...+ a,v,.
For w € k, define wv by
wv = (waq)vy + (waz)ve + ... + (wa,)vy.

The second condition in the definition of strictly non-degenerate implies that wv is well-
defined. ]

Lemma [3.2] will be referred to as the “k-action for free lemma”.
If V is an A-module, V¢ will denote the underlying Ac-module. V¢ is obtained from V'
by forgetting the action of k£ on V.

LEMMA 3.3. If V is any irreducible A-module, then V¢ is an irreducible Ac-module.

Proof. Suppose that V¢ is not an irreducible Ac-module. Then there is a sub-C-vector
space W of V with:

0#W, W#V
and
aw €W VY(a,w) € Ax W.

Consider AW C W. AW is preserved by both the A-action on V and the k-action on V.
Thus if AW # {0}, then V is not an irreducible A-module. Hence AW = {0}. Consider
kW D W. kW is preserved by the k-action on V' and is also preserved by the A-action
on V because A annihilates kW. Since A annihilates kW, we cannot have kW = V.
Therefore {0} # kW, kW # V| which contradicts the irreducibility of the A-module V. u

A corollary of Lemma [3.2] is
COROLLARY 3.4. For any k-algebra A, the map
Irr(A) — Irr(Ac), V= TV¢
is a bijection.

Proof. Surjectivity follows from Lemmas and For injectivity, let V,W be two
irreducible A-modules such that V¢ and W¢ are equivalent Ac-modules. Let T: V — W
be an isomorphism of C-vector spaces with

T(av) = aT(v) V(a,v) € AXV.
Given v € V and w € k, choose v1,vs,...,v, € V and aq,as,...,a, € A with

V= a1V1 + a202 + ...+ a,U,.



MORITA EQUIVALENCE 251

Then
T(wv) = T((war)vy + (wag)ve + ... + (war)v,)
= (wa1)Tv1 + (wag)Tvy + ... + (wa,)Tv,
=w(a1Tvy + axTva + ...+ a,Tv.) = w(Tw).

Hence T: V. — W intertwines the k-actions on V,W and thus V,W are equivalent
A-modules. =

4. Finite type k-algebras. An ideal I in a k-algebra A is primitive if I is the null-
space of an irreducible representation of A, i.e. there is an irreducible representation of
A, ¢: A — Home(V,V) with

I={acA|p(a)=0}.
Prim(A) denotes the set of all primitive ideals in A. The evident map

Irr(A) — Prim(A)
sends an irreducible representation to its null-space. On Prim(A) there is the Jacobson
topology. If S is any subset of Prim(A), S C Prim(A), then the closure S of S is
9= {I € Prim(4) |15 () L}.
Les

DEFINITION 4.1. A k-algebra A is of finite type if, as a k-module, A is finitely generated.

For any finite type k-algebra A, the following three statements are valid:

— If p: A — Home(V,V) is any irreducible representation of A, then V is a finite
dimensional C-vector space and ¢: A — Homg¢(V, V) is surjective.

— The evident map Irr(A) — Prim(A) is a bijection.

— Any primitive ideal in A is a maximal ideal.

Since Irr(A) — Prim(A) is a bijection, the Jacobson topology on Prim(A) can be trans-
ferred to Irr(A) and thus Irr(A) is topologized. Equivalently, Irr(A) is topologized by
requiring that Irr(A) — Prim(A) be a homeomorphism.

For a finite type k-algebra A (k= O(X)), the central character is a map

Ir(A) — X
defined as follows. Let ¢, given by the morphisms
A — Hom¢(V,V), k — Home(V,V),

be an irreducible representation of A. Iy denotes the identity operator of V.
For w € k = O(X), define T,,: V. — V by

T,(v) = wo

for all v € V. Then T, is an intertwining operator for A — Homc(V, V). By Lemma
and Schur’s Lemma, T, is a scalar multiple of Iy,

T, =X, Iyv X, €C.
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The map
W Ay
is a unital morphism of C-algebras O(X) — C and thus is given by evaluation at a unique
(C-rational) point p, of X:
Ao =w(p,) Ywe OX).
The central character Irr(A) — X is
P De-

REMARK. Corollary states that Irr(A) depends only on the underlying C-algebra Ac.
The central character Irr(A) — X, however, does depend on the structure of A as a
k-module. A change in the action of £ on A¢ will change the central character.

The central character Irr(A) — X is continuous where Irr(A) is topologized as above
and X has the Zariski topology. For a proof of this assertion see [KNS| Lemma 1]. From a
somewhat heuristic non-commutative geometry point of view, Ac¢ is a non-commutative
complex affine variety, and a given action of k¥ on Ac, making Ac into a finite type
k-algebra A, determines a morphism of algebraic varieties Ac — X.

5. Morita equivalence for k-algebras

DEFINITION 5.1. Let B be a k-algebra. A right B-module is a C-vector space V with
given morphisms of C-algebras

B? — Homc(V,V), k — Home(V,V)
such that:
1. k = Homg¢(V, V) is unital;
2. v(wh) = (vw)b = (Vb)w V(v,w,b) €V x k x B.
B°P is the opposite algebra of B. V' is non-degenerate if VB = V.
Note that a right B-module is the same as a left B°P-module.

With k fixed, let A, B be two k-algebras. An A — B bimodule, denoted by 4 Vg, is a
C-vector space V such that:

V is a left A-module,

V is a right B-module,

a(vb) = (av)b V(a,v,b) € A XV x B,
wyv =ww Y(w,v) €kxV.

L

An A — B bimodule 4Vp is non-degenerate if AV =V = VB. [y is the identity map
of V. Ais an A — A bimodule in the evident way.

DEFINITION 5.2. A k-algebra A has local units if given any finite set {a1,as,...,a,} of
elements of A, there is an idempotent Q € A (Q? = Q) with

Qajzan:aj, j=1,2,...,7’.



MORITA EQUIVALENCE 253

DEFINITION 5.3. Let A, B be two k-algebras with local units. A Morita equivalence
(between A and B) is given by a pair of non-degenerate bimodules

AVe BWa
together with isomorphisms of bimodules
a: VoW — A B:Wx®aV —>B
such that there is commutativity in the diagrams:

VesWae,V—Y" vepB

L@IV }

ARaV — Vv

WoaVepgW—22%  Wwesd

lgm lz

BV — Ww.

Let A, B be two k-algebras with local units, and suppose given a Morita equivalence
AV BWa a: VW —>A [ WRsaV —B.

The linking algebra is

AV
L(AVB,gWa) = ( W B ) )

i.e. L(aVp, sWa4) consists of all 2 x 2 matrices having (1,1) entry in A, (2,2) entry in B,

(2,1) entry in W, and (1,2) entry in V. Addition and multiplication are matrix addition

and matrix multiplication. Note that o and § are used in the matrix multiplication.
L(AVEB, BWa4) is a k-algebra. With w € k, the action of k on L(4 Vg, pWa4) is given by

S @ vY o[ wa wo
w b)) \ww wb)/’

A Morita equivalence between A and B determines an equivalence of categories be-
tween the category of non-degenerate left A-modules and the category of non-degenerate
left B-modules. Similarly for right modules. Also, a Morita equivalence determines iso-
morphisms (between A and B) of Hochschild homology, cyclic homology, and periodic
cyclic homology.

ExAMPLE. For n a positive integer, let M,,(A) be the k-algebra of all n x n matrices with
entries in A. If A has local units, A and M,,(A) are Morita equivalent as follows. For m,n
positive integers, denote by M,, ,(A) the set of all m x n (i.e. m rows and n columns)
matrices with entries in A. Matrix multiplication then gives a map

Mm,n(A) X Mn,r(A) — Mm,r(A)'
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With this notation, M,, ,(4) = M, (A) and M; 1(4) = M;(A) = A. Hence matrix multi-
plication gives maps

M n(A) x Mp(A) — M1 n(4), My(A) x M,1 — M, 1(4).

Thus My ,,(A) is a right M,, (A)-module and M,, 1 (A) is a left M,,(A)-module. Similarly,
M; ,,(A) is a left A-module and M,, 1(A) is a right A-module.

With A = A and B = M, (A4), the bimodules of the Morita equivalence are V =
M ,(A) and W = M, 1(A). Note that the required isomorphisms of bimodules

a:VegW — A B:W®s4V —>B
are obtained by observing that the matrix multiplication maps
M ,(A) x My, 1(4) = A, M, 1(A) x My, (A4) = M, (A)
factor through the quotients My ,(A) @i, (4) Mn,1(A), Myp,1(A) ®4 M1, (A) and so give
bimodule isomorphisms
a: My n(A) @m,a) Mp1(A4) — A
B: Mn,l(A) ®a Ml,n(A) — Mn(A)

If A has local units, then « and 8 are isomorphisms. Therefore A and M,,(A) are
Morita equivalent.

If A does not have local units, then « and S can fail to be isomorphisms, and there
is no way to prove that A and M,,(A) are Morita equivalent. In examples, this already
happens with n = 1, and there is then no way to prove (when A does not have local
units) that A is Morita equivalent to A. For more details on this issue, see below, where
the proof is given that in the new equivalence relation A and M,,(A) are equivalent even
when A does not have local units.

A finite type k-algebra A has local units iff A is unital.

6. The exceptional set €,4(X). A Morita equivalence between two finite type
k-algebras A, B preserves the central character, i.e. there is commutativity in the di-

agram
Irr(A) —— Trr(B)

X — X
Ix

where the upper horizontal arrow is the bijection determined by the given Morita equiv-
alence, the two vertical arrows are the two central characters, and [Ix is the identity map
of X.

By the exceptional set €(A) we shall mean the set of all x € X such that the fibre
over x has cardinality greater than 1:

E(A) == {x € X |fcc H(z) > 1}.

If A and B are Morita equivalent as k-algebras, then we will have €(A4) = €&(B).
Contrapositively, we have the following useful

COROLLARY 6.1. If €(A) # &(B) then A and B are not Morita equivalent as k-algebras.
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7. Spectrum preserving morphisms. Let A, B two finite type k-algebras, and let
f: A — B be a morphism of k-algebras.

DEFINITION 7.1. f is spectrum preserving if

1. Given any primitive ideal J C B, there is a unique primitive ideal I C A with

I> f~4J).
2. The resulting map Prim(B) — Prim(A) is a bijection.

For I and J as above, let V be the simple B-module with annihilator J. Then the
simple A-module with annihilator I can be realized as a quotient of V' and also as a
subspace of V.

ExXAMPLE 7.2. Let A, B be two unital finite type k-algebras, and suppose given a Morita
equivalence
AV BWa4 a: VW —>A pB:WQaV — B.

With the linking algebra L(4Vg, 5Wa) as above, the inclusions
A — L(AVB7\/WA) ~— B

0 < a 0 ) b ( 0 0 )
0 0)’ 0 b
are spectrum preserving morphisms of finite type k-algebras. The bijection
Prim(B) <— Prim(A)
so obtained is the bijection determined by the given Morita equivalence.

If f: A — B is a spectrum preserving morphism of finite type k-algebras, then the
resulting bijection
Prim(B) <— Prim(A)

is a homeomorphism. For a proof of this assertion see [BN, Theorem 3]. Consequently, if
A, B are two unital finite type k-algebras, and

AVB BWa a:V@pW —A pB:WRsV—>B
is a Morita equivalence, then the resulting bijection
Prim(B) +— Prim(A)
is a homeomorphism.
DEFINITION 7.3. An ideal I in a k-algebra A is a k-ideal if wa € I V(w,a) € k x I.

Note that any primitive ideal in a k-algebra A is a k-ideal.
Given A, B two finite type k-algebras, let f: A — B be a morphism of k-algebras.

DEFINITION 7.4. f is spectrum preserving with respect to filtrations if there are k-ideals
O0=IyhchLc...cl,_yCcl,=A inA
and k-ideals
0O=JycJic...cJ,_1CJ., =B in B
with f(I;) C J; (j = 1,2,...,7) and I;/I;_1 — J;/Jj—1 (j = 1,2,...,r) is spectrum
preserving.
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The primitive ideal spaces of the subquotients I;/I;_; and J;/J;_; are the strata for
stratifications of Prim(A) and Prim(B). Each stratum of Prim(A) is mapped homeomor-
phically onto the corresponding stratum of Prim(B). However, the map

Prim(A) — Prim(B)

might not be a homeomorphism.

8. Algebraic variation of k-structure. Let A be a unital C-algebra, and let
U: k— Z(Alt, t71)

be a unital morphism of C-algebras. Here ¢ is an indeterminate, so A[t,t+~1] is the algebra
of Laurent polynomials with coefficients in A. As above Z denotes “center”. For { € C* =
C — {0}, ev(¢) denotes the “evaluation at ¢” map:

ev(): Alt,t7] = A

Z ajtj — Z ajCj.
Consider the composition

kY 2(Al 1) Y9 Z(4).
Denote the unital k-algebra so obtained by A¢. For all ¢ € C* = C — {0}, the underlying
C-algebra of A¢ is A.
(Ac)c=A V(eC™.

Such a family {A¢}, ¢ € C*, of unital k-algebras, will be referred to as an algebraic
variation of k-structure with parameter space C*.

9. Stratified equivalence. With k fixed, consider the collection of all finite type
k-algebras. On this collection, stratified equivalence is, by definition, the equivalence re-
lation generated by the two elementary steps:

Elementary Step 1. If there is a morphism of k-algebras f : A — B which is spectrum
preserving with respect to filtrations, then A ~ B.

Elementary Step 2. If there is {A¢}, ¢ € C*, an algebraic variation of k-structure
with parameter space C*, such that each A is a unital finite type k-algebra, then for
any ¢,n € C*, A¢ ~ A,

Thus, two finite type k-algebras A, B are equivalent if and only if there is a finite
sequence Ag, A1, As, ..., A, of finite type k-algebras with Ag = A, A, = B, and for each
j=0,1,...,7 — 1 one of the following three possibilities is valid:

— a morphism of k-algebras A; — A;;q is given which is spectrum preserving with
respect to filtrations.

— a morphism of k-algebras A; < A;;1 is given which is spectrum preserving with
respect to filtrations.

— {A¢}, ¢ € C%, an algebraic variation of k-structure with parameter space C*, is given
such that each A¢ is a unital finite type k-algebra, and n,7 € C* have been chosen
with Aj = A’?’ Aj+1 = AT.
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To give a stratified equivalence relating A and B, the finite sequence of elementary steps
(including the filtrations) must be given. Once this has been done, a bijection of the prim-
itive ideal spaces and an isomorphism of periodic cyclic homology [BN] are determined:

Prim(A) «— Prim(B) HP,(A4) = HP.(B).
PROPOSITION 9.1. If two unital finite type k-algebras A, B are Morita equivalent (as
k-algebras) then they are stratified equivalent.

A ~ B=—A~B.

Morita
Proof. Let A, B two unital finite type k-algebras, and suppose given a Morita equivalence

AVg W4y a:VegW — A B:W®aV — B.

L(4Vi, 5 W) = ( 4 V>.

The linking algebra is

W B

The inclusions

A L(AVB,VWA) ~— B

ams (& 0 b— 00
00 0 b
are spectrum preserving morphisms of finite type k-algebras. Hence A and B are stratified
equivalent. m
According to the above, a Morita equivalence of A and B gives a homeomorphism
Prim(A) ~ Prim(B).
However, the bijection
Prim(A) <+— Prim(B)
obtained from a stratified equivalence might not be a homeomorphism, as in the following

example.

EXAMPLE 9.2. Let Y be a sub-variety of X. We will write Zy for the ideal in O(X)
determined by Y, so that

Iy ={w e O(X) |w(p) =0 VpeY}.

Let A be the algebra of all 2 x 2 matrices whose diagonal entries are in O(X) and whose
off-diagonal entries are in Zy . Addition and multiplication in A are matrix addition and
matrix multiplication. As a k-module, A is the direct sum of O(X)® O(X) with Zy & Zy .

e oX) Iy
N Iy OX) )
Set B =0O(X)®0O(Y), so that B is the coordinate algebra of the disjoint union X Y. We
have O(Y) = O(X)/Zy. As a k = O(X)-module, B is the direct sum O(X) & (O(X)/Zy).
THEOREM 9.3. The algebras A and B are stratified equivalent but not Morita equivalent:
A~B A ~ B.

Morita
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Proof. Let M2(O(X)) denote the algebra of all 2 x 2 matrices with entries in O(X).
Consider the algebra morphisms

A — My(O(X)) @ OY) +— O(X) ® O(Y)
T v (T, tas]Y) (w,0) — (T, 0)

t11 tig w 0
T = T, = .
( to1  too ) ’ ( 0 0 )
The filtration of A is given by

{mc(%? g>CA

and the filtration of M2 (O(X)) @ O(Y) is given by
{0} € Mx(O(X) @ {0}) € M2(O(X)) ® O(Y).

where

The rightward pointing arrow is spectrum preserving with respect to the indicated
filtrations. The leftward pointing arrow is spectrum preserving (no filtrations needed).
We infer that

A~ B.

Note that

Prim(A) = X with each point of ¥ replaced by two points
and Prim(B) = Prim(O(X) @ O(Y)) =X UY.

The spaces Prim(A) and Prim(B) are not homeomorphic, and therefore A is not Morita
equivalent to B. m

Unlike Morita equivalence, stratified equivalence works well for finite type k-algebras
whether or not the algebras are unital, e.g. A and M,,(A) are stratified equivalent even
when A is not unital. See Proposition below.

For any k-algebra A there is the evident isomorphism of k-algebras M,,(A)
A ®c M, (C). Hence, using this isomorphism, if W is a representation of A and U is

~

a representation of M,,(C), then W ®c U is a representation of M,,(A).
As above, M,, 1(C) denotes the n x 1 matrices with entries in C. Matrix multiplication
gives the usual action of M,,(C) on M,, 1(C).

M,,(C) x M, 1(C) — M,, 1(C).

This is the unique irreducible representation of M,,(C). For any k-algebra A, if W is a
representation of A, then W ®¢ M, 1(C) is a representation of M,,(A).

LEMMA 9.4. Let A be a finite type k-algebra and let n be a positive integer. Then:

(i) If W is an irreducible representation of A, W ®c M,,.1(C) is an irreducible represen-
tation of M, (A).
(ii) The resulting map Irr(A) — Irr(M,,(A)) is a bijection.
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Proof. For (i), suppose given an irreducible representation W of A. Let J be the primitive
ideal in A which is the null space of W. Then the null space of W®cM,, 1(C) is J@cM,,(C).
Consider the quotient algebra A ®@¢ M, (C)/J ®c M, (C) = (A/J) ®c M,,(C). This is
isomorphic to M,,,(C) where A/J = M,.(C), and so W ®c M,, 1(C) is irreducible. m

PROPOSITION 9.5. Let A be a finite type k-algebra and let n be a positive integer, then
A and M,,(A) are stratified equivalent.

Proof. Let f: A — M,(A) be the morphism of k-algebras which maps a € A to the
diagonal matrix

a 0 ... O
0 a 0
0O 0 ... a

It will suffice to prove that f: A — M, (A) is spectrum preserving.

Let J be an ideal in A. Denote by J© the ideal in M,,(A) consisting of all [a;;] € M,,(A)
such that each a;; is in J. Equivalently, M,,(A) is A®cM,,(C) and J = J ®@c M, (C). It
will suffice to prove

1. If J is a primitive ideal in A, then J is a primitive ideal in M, (A).
2. If L is any primitive ideal in M,, (A), then there is a primitive ideal .J in A with L = J°.

For 1., J primitive = J¢ primitive, because the quotient algebra M,,(A)/J is
(A/J) ®c M, (C)

which is (isomorphic to) M,.,(C) where A/J = M,.(C).
For 2., since C is commutative, the action of C on A can be viewed as both a left

and right action. Matrix multiplication then gives a left and a right action of M,,(C)
on M, (A)

M, (C) x My (A4) = Mp(A4),  My(A) x My (C) = My (4).
for which the associativity rule

(@) =a(0p) o, BecM,(4) 0cM,(C)

is valid.
If V is any representation of M,,(A), the associativity rule
(af)(Bv) = a[(68)v] a,B€Mp(A) 0€My(C) veV
is valid.

Now let V' be an irreducible representation of M,,(A), with L as its null-space. Define
a (left) action
M,(C)xV =V

of M,,(C) on V by proceeding as in the proof of Lemma (the “k-action for free”
lemma), i.e. given v € V, choose v1,va,...,v, € V and a1, as,...,a, € M, (A) with

V=1V + QU2 + ...+ QU
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For 6 € M,,(C), define fv by
Ov = (Bay)vy + (Baz)va + ... + (Ba v,
The strict non-degeneracy, Lemmas and of V implies that Av is well-defined as
follows. Suppose that uy,ug,...,us € V and By, B, ..., € M, (A) are chosen with
v =V + agvs + ...+ v, = Brug + Bous + ... + Bsus.

If o is any element of M,,(A4), then

al(faq)vr + (Baz)ve + ... + (Bag)v, — (081)ur — (0F2)us — ... — (05s)us]
= (af)[a1v + agvg + ... + v, — Brug — Boug — ... — Bsus] = (ab)[v — v] = 0.

Use f: A — M, (A) to make V into an A-module
av = f(a)v, acA, velV.

The actions of A and M,,(C) on V commute. Thus for each § € M, (C), 6V is a sub-
A-module of V', where 6V is the image of v +— v. Denote by E;; the matrix in M, (C)
which has 1 for its (i, ) entry and zero for all its other entries. Then, as an A-module,
V' is the direct sum

V=FE1WV®ERV®...0F,,V.

Moreover, the action of E;; on V maps E};V isomorphically (as an A-module) onto E; V.
Hence as an M,,(4) = A ®¢ M,,(C) module, V' is isomorphic to (E11V) ®c C™ — where
C™ is the standard representation of M, (C), i.e. is the unique irreducible representation
of M, (C),
V= (EHV) Xc c".

E11V is an irreducible A-module since if not V = (E1;V) ®c C"® would not be an irre-
ducible A ®¢ M,,(C)-module.

If J is the null space (in A) of Ey;V, then J® = J ®c M, (C) is the null space of
V = (F11V) ®c C™ and this completes the proof. =

10. Permanence properties

THEOREM 10.1. Denote by T' a finite group. Stratified equivalence persists under the
formation of tensor products A ® B, and the formation of crossed products A x T'.

PROPOSITION 10.2. Given ki-algebras A ~ A’ and ko-algebras B ~ B’ then
A B~A @B
as k1 ® ko-algebras, all tensor products over C.

Proof. We first prove that A® B ~ A’ ® B. Let {I;} be the filtration for A, and {I}} be
the filtration for A’. Then {I; ® B} (resp. {/; ® B}) will serve as filtrations for A ® B
(resp. A’ ® B), in the sense that the maps

Ij/Ij—l ® B —)IJ//IJ/_l ®B
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are spectrum-preserving. A similar argument will prove that A’ ® B ~ A’ ® B’. Then
A B~A @B~ A @B

as required.
Let ¥ be a variation of k;-structure for A:

ki — Z(Alt,t7'))
and let
Up:ke — Z(B)
be the ks-structure for B. Then
VRUp:k @ky — Z(Alt,t7])) ® Z(B) ~ Z(A® B)[t,t ]
will be a variation of k1 ® kg-structure for A ® B. n

LEMMA 10.3. Assume that A and B both have T' acting (as automorphisms of k-algebras),
and we are given a I'-equivariant morphism ¢ : A — B which is spectrum preserving.
Then ¢ xT': AxT'— B x 1T is a spectrum preserving morphism of k-algebras.

Proof. According to Lemma A.1 in [ABPS], Irr(A x I'),Irr(B x T') are in bijection with
the (twisted) extended quotients:

(Irr(A) //T)y ~ Irr(A x T) (Irr(B) //T)y ~ Irr(B x T).

Since ¢ : A — B is spectrum preserving, the 2-cocycles fj of T' associated to Irr(A)
and Irr(B) can be identified. Hence ¢ determines a bijection of the (twisted) extended
quotients

(Irr(A) //T)g «— (Irx(B) //T)g.
By applying Lemma A.1 of [ABPS], this implies that ¢ x I' is spectrum preserving. m

PROPOSITION 10.4. If A and B both have T' acting (as automorphisms of k-algebras),
and we are given a I'-equivariant stratified equivalence A ~ B, then

AxT ~BxT.

Proof. Suppose now that we are given a I'-equivariant morphism of k-algebras ¢ : A — B
which is, in a I'-equivariant way, spectrum preserving with respect to filtrations, i.e. the
filtrations of A and B are preserved by the action of I'. This gives a map of k-algebras
dXI:AXT to BxI. We claim that this map is spectrum-preserving with respect to
filtrations.

Using the filtrations, consider the map I;/I,_1 — J;/J;j—1. This is a I'-equivariant
spectrum preserving map. Hence by Lemma [10.3] the map

(Lj/Ij—1) I = (J;/Jj—1) @ T

is spectrum preserving. So the filtrations of A xI"and B x I" given by I; xI" and J; x T’
are the required filtrations.
Suppose given a I'-equivariant variation of k-structure for A, i.e. a [-equivariant unital
map of C-algebras
k— Z(Alt,t™1])



262 A.-M. AUBERT, P. BAUM, R. PLYMEN, M. SOLLEVELD

where the I'-action on k is trivial. Due to the triviality of this action, k is mapped to
Z(A[t.t7)" = (Z(A) Tt
By the standard inclusion
(Z(A)F € Z(A«T)
k is mapped to Z(A x T)[t, ¢t~
k— Z(Ax D)t t Y

which is the required variation of k-structure for the crossed product A x I'. m

11. Affine Hecke algebras. Let (X,Y, R, RY) be a root datum in the standard sense
[L, p. 73]. This root datum delivers the following items:

— a finite Weyl group Wy,

— an extended affine Weyl group Wy X := Wy x X,
— for each ¢ € C*, an affine Hecke algebra H,,

— a complex torus T := Hom(X, C*),

— a complex variety X := T /Wy,

— a canonical isomorphism O(X) ~ Z(H,).

The detailed construction of H, is described in the article of Lusztig [L} p. 74]. Set
k := O(X). Then, for all ¢ € C*, H, is a unital finite type k-algebra. If ¢ = 1, then H;
is the group algebra of the extended affine Weyl group:

Hi = C[WpX].
11.1. Stratified equivalence for affine Hecke algebras

THEOREM 11.1. FEzcept for q in a finite set of roots of unity, none of which is 1, H, is
stratified equivalent to Hq:

Hq ~ Hl.

Proof. Let J be Lusztig’s asymptotic algebra [Li, §8]. As a C-vector space, J has a basis
{ty|v € WpX}, and there is a canonical structure of associative C-algebra on J. The
algebra H, is viewed as a k-algebra via the canonical isomorphism

O(T/Wo) = Z(H,)-

Lusztig’s map ¢, maps Z(H,) to Z(J) by Proposition 1 in [ABP] and thus determines a
unique k-structure for J such that the map ¢, is a morphism of k-algebras. J with this
k-structure will be denoted by J,. Let

a: WoX — NU{0}

be the weight function defined by Lusztig.
The algebra J has a unit element of the form 1 =}, ,, where D is a certain set of
involutions in W,. For any ¢ € C*, the C-linear map v, : Hqy — J defined by

d)q(cw) = Z hw,d,vtv (1)
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is a C-linear homomorphism preserving 1. The summation is over the set
{deD, veWpX |a(v) =a(d)}.

The elements C,, are defined in |Ll p. 82] and form a C-basis of H,. The coefficients
hw,d,» originate in the multiplication rule for the C.,, see [L} p. 82].
The map ¢, is injective. Thus all algebras H, with ¢ € C* appear as subalgebras of
a single C-algebra J.
Define
Ji = ideal generated by {t, € J|a(v) < k}
I = ¢ (Jr).
We have the filtrations
0chclhhc...cl,=H,
0CJ1CJ2C...CJTZJ,
and

Irr(J) = UIrr(Jk/Jk_l), Irr(H,) = Ulrr(lk/lk_l).

Let M be a simple H,-module (resp. simple J-module). The weight aps of M is defined
by Lusztig in [L| p. 82]. Let Irr(H,)x (resp. Irr(J)x) denote the set of simple H,-modules
(resp. simple J-modules) of weight k. It follows from Lusztig’s definition that

II‘I’(Jk/Jk-_l) = II"I‘(J)k, IrI‘(Ik/Ik_l) = II‘I"(Hq)k.

Consider the commutative diagram

H, —2s g
| |
J/RCTUNA

l l

I/ Iioh —— Ji/Jk—1.
(¢q)k
The middle horizontal map is the restriction of ¢4 to I. This map is defined by
equation but with summation over the set
{deD, ve WX |a(v) =a(d) < k}.

The bottom horizontal map is middle horizontal map after descent to the quotient
Iy, /I;;—1. This map is defined by equation but with summation over the set

{deD, veWpX |alv) =a(d) =k}

We now apply one of Lusztig’s main theorems, Theorem 8.1 in [L]: Assume that ¢ € C*
is either 1 or is not a root of 1. Let M’ be a simple J-module of weight a ;. The pre-image
qS;l(M ") will contain a unique subquotient M of maximal weight ap; = apsr. Then the
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map M’ — M is a bijection from the set of simple J-modules (up to isomorphism) to
the set of simple H,-modules (up to isomorphism).
We reconcile our construction with Lusztig’s bijection by observing that our map

()i = I/ Te—1 = Ji/Tk—1

determines a map

Irr(J) — Irr(Hg) s (3)

This map is weight-preserving, by construction, and coincides with the Lusztig bijection.
The map is spectrum-preserving by Lusztig’s theorem, and so the original map ¢, is
spectrum preserving with respect to the filtrations .

H, is then stratified equivalent to 7 by the three elementary steps

HqWJqWJ1W,H1~

The second elementary step (i.e. passing from J; to Ji) is an algebraic variation of
k-structure with parameter space C*. The first elementary step uses Lusztig’s map ¢,
and the third elementary step uses Lusztig’s map ¢;. Hence (provided ¢ is not in the
exceptional set of roots of unity — none of which is 1) H,, is stratified equivalent to

Hl = C[WOX] = O(T) X Wo. u

REMARK 11.2. In Theorem [IT.I} the condition on ¢ can be replaced by the following
more precise condition:
> 4o 5o

weWy
where ¢ : Wp X — N is the length function, see [Xi2, Theorem 3.2].

If ¢ # 1 then H, and #H; are not Morita equivalent as k-algebras, for the exceptional
sets are not equal:
G#1 = €(H,) # E(Hy).

11.2. The affine Hecke algebras of SLy(C). If the root datum
(X,Y,R,RY)

arises from a connected complex reductive Lie group G, then we will write Hq(G) = H,.

An interesting situation arises for H,(SL2(C)). Let s,¢ be the simple reflections in
the (extended) affine Weyl group WyX. When ¢ + 1 # 0 there is an isomorphism of
C-algebras between H, and Hi:

HqﬁHl
q+1 q—1
TS»—>23+2, Tt%—>2t—|—2.

On the other hand, when ¢ # 1, H, and H; cannot be isomorphic as k-algebras, for
the exceptional sets are different. Let T' denote the standard maximal torus in SLg(C):

{(S 1(/)z> )”éo}'
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We have Wy = Z/2Z, k = O(T /W) the algebra of Z/2Z-invariant Laurent polynomials
in one variable. Note that the non-trivial element of W acts by

(o) (0 2)

The quotient variety T//Wy comprises unordered pairs {z1, 22} of nonzero complex
numbers which satisfy the equation z;20 = 1.
The exceptional sets are

E(Hy) = {-1,-1}u{1,1}
E(Hy) ={-1, -1} U{q,1/q}.

As ¢ with ¢ # 1 is deformed to 1, the point {—1,—1} stays fixed, and the point
{q,1/q} moves to the point {1,1}.

11.3. The affine Hecke algebras of SL3(C). The case of SL3(C) is considered in §11.7
of Xi [Xi] where it is proved that H, and #; are not isomorphic as C-algebras whenever
q # 1. As k-algebras, H, is not Morita equivalent to #; whenever ¢ # 1 because the
exceptional set &(H,) with ¢ # 1 is not the same as €(H1).

In contrast to this, except for a finite set of roots of unity (none of which is 1),
according to Theorem [I1.1}, H, is stratified equivalent to H;.
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