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Abstract. A family of discrete time stochastic control problems with linear dynamics and
convex cost functionals are studied. For the case of a scalar control for such a model with
additive finite time horizon, discounted, and average cost per unit time convex cost functionals
as well as multiplicative (exponential) finite time horizon, discounted and long run average convex
functionals explicit solutions are described for suitable Bellman equations. In the particular case
of a linear quadratic control problem a general continuous time problem is described. The form
of the optimal strategies for each of these control problems is characterized.

1. Introduction. In this paper the primary model for control is a one dimensional
discrete time stochastic dynamical system described as follows on given probability space
(Q,F,P):

Tptl = QnZpn + bply + Wi, (1)

where n =0,1,...,T—1, ay, b, and ¢, are constants, (W,,) is a sequence of independent
and identically distributed (i.i.d.) symmetric random variables. Various cost functionals
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are considered consisting of strictly convex, even functions that are additive or expo-
nential with finite time horizons or infinite time horizons either discounted or long run
average. The results given here can be generalized for finite time horizon problems to
multidimensional control models. Finite time horizon linear convex problems with linear
cost functions with respect to control were studied in discrete time in [2] using a de-
terministic approach, and then generalized to continuous time in [I3]. For infinite time
horizon problems some special properties are required that are typical for scalar controls.
The assumption concerning independence of the sequence of noise in the case of finite
horizon problems can be relaxed by assuming only symmetry of the conditional laws
(which justifies and extends the results of the papers [7] and [8]). The case with finite
time horizon can also be studied in continuous time for a general noise and for quadratic
functionals using the family of nearly optimal controls consisting of linear controls of the
current state of the process. The purpose of this paper is to show that linear stochas-
tic dynamics and the functions in the cost functionals being strictly convex allows one
to find solutions to suitable Bellman equations for various kinds of stochastic control
problems. While the explicit forms of optimal controls are not obtained as occurs in the
case of linear quadratic problems, there are inductive characterizations for optimal con-
trols. This work generalizes several papers in various directions (see [0], [5] and references
therein). An infinite horizon discrete time linear convex problem was considered in [IJ.
A finite horizon discrete time linear convex Gaussian problem with partial observation
is considered e.g. in [I0]. Continuous linear convex problems were also studied using a
stochastic maximum principle in [4]. In the first part of this paper additive functionals
consisting of strictly convex, even functions are studied and optimal controls for finite
horizon problems, discounted and average cost per unit time problems are characterized.
In the second part of the paper exponential (multiplicative) functionals are considered
and solved for finite horizon, discounted and long run average control problems. The
main novelty of the paper consists in a unified approach to discrete time linear convex
control problems, allowing in certain cases to consider general noise processes and to find
the particular form of optimal controls for general discrete and continuous time linear
quadratic control problems. The results concerning infinite time horizon linear convex
problems seem to be original in particular a solution to an average cost per unit time
control problem for a discrete time linear convex problem. Furthermore solutions to the
Bellman equations corresponding to long run exponential functionals are obtained. This
latter result is obtained in a weaker form as a limit of finite horizon exponential problems
and in a stronger form using a vanishing discount approach.

2. Finite horizon problem. For the model with dynamics in this section the fol-
lowing finite horizon additive functional is considered

T-1
L) = B[ (fuw) + golun) + Glar)] 2)

t=0
which is minimized over all strategies V' = (ug, ..., ur_1), that are adapted, that is, u; is
measurable with respect to the filtration F; = o{W,,n < t} for t = 1,2,..... It is also

noted that the probability measure P,, and therefore its expected value is conditional
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given the initial point zy = x of the model . The right hand side of depends on V
since dynamics of (z;) is given by (I)). Therefore we could write (z}) but we shall not
point out this dependence whenever it would not lead to ambiguity. It is assumed that
the functions f;, g: and G are even and strictly convex. It is clear that then their minima
occur at 0. The following lemmas are used subsequently.

LEMMA 2.1. When F is strictly convex (resp. convex) and even then, assuming integra-
bility of F(z 4+ cWh) for a constant ¢, we infer that the function F given by

F(2) = E[F(z 4+ ¢W))] (3)
is also even and strictly convex (resp. conver).

Proof. Strict convexity of F follows from strict convexity of F. F is even because F is even
and the random variable W7 is symmetric. The case for convex F' follows analogously. m

LEMMA 2.2. For strictly convex (resp. convex) and even functions F and g and constants
a and b the following function

H(z) = inf [g(u) + F(az + bu)] (4)

u
is even and strictly convex (resp. convez). Furthermore its minimum is uniquely attained
in the interval [0, =%] if =¢£ > 0 and in the interval [=£,0] if =% < 0, and at 0 if
a = 0. Note that H(0) = g(0) + F(0) that is for x = 0 the optimal control is u = 0.

Proof. It is clear that the infimum is attained. For arbitrary x, 2z’ there are u, u’ such
that H(z) = [g(u) + F(az + bu)| and H(a2') = [g(v') + F(az’ + bu’)]. Then for A € (0,1)
taking into account strict concavity of F' and g we have

H(x+ (1= Nz') < ghu+ (1= M) + F(Maz + bu) + (1 — A)(az’ + bu'))
< Mg(u) + F(az +bu)) 4+ (1 — N (g(v') + F(az' + bu')) = AH(z) + (1 = N H(z') (5)

so that H is strictly convex. Now
H(-z) = inf[g(u) + F(—az + bu)]
=inf[g(—u') + F(—az — bu')] = inf[g(u/) + F(az + bu')]  (6)
using the fact that g and F are even. Therefore H is even as well. The case when F and ¢
are only convex can be shown almost identically. The function H is an infimum of the
sum of two convex in u functions g(u) and F'(az + bu). They attain their infima at v =0

and u = —* respectively. Therefore the infimum of the sum is somewhere between u = 0

—ax

and u = =, and by strict convexity there is a unique point where it is attained. =

Consequently the following theorem can be verified.

THEOREM 2.3. Assume that the functions f;, g; and G are nonnegative, strictly convex
and even and for each x
T—1—k

B[ > filw) +Glari)]| < oo, (7)

t=0
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fork=0,1,...,T—1, where (x,,) corresponds to the state process satisfying with con-
trol u = 0. Then there is a sequence of strictly convex even functions we, t =0,1,...,T,
that are solutions to the following system of Bellman equations:

wr(z) = G(x)

wp(x) = folz) + ir&f [9n(u) + Elwpi1(an® + byu+ cyWni1)]], n=T-1,...,0. (®)

Furthermore wo(z) = infy JL(V), and the optimal strategies are in the form i, (z,) at
time n, where U, are selectors to the equations , which are continuous functions.

Proof. By the assumption it follows that equations are well defined. By Lemmas
and the functions w, are even and strictly convex. Since the selectors are defined
in a unique way (by strict concavity) they are also continuous. The proof that wg(z) =
infy JI' (V) follows in a standard way (see Section 3.2 of [I1] or Theorem 4.1.1 of [15]). =

Consider now the case of a general noise process. Assume that random variables (W,,)
are not independent but

conditional laws P{W, 1 € -|W1,Wa,..., W, } are symmetric.

This assumption covers in particular the cases (in one dimension) given in the papers [7]
and [8]. This law can be chosen as a regular conditional probability and define the system
of Bellman equations

wr(z) = G(x)

wp(z) = fo(z) + i%f [gn(u) + Elwpyi1(ane + bpu + ¢y Whi1)|Wh, . . ., Wn]],
n=T-1,T—-2.. .1 ©)
wo(x) = fo(x) + inf [90(u) + E[wy (apz + bou + coW1)]].

Notice now that the functions (w;) defined above are random since they depend on
conditional expectations. Conditional expectations considered as with respect to regu-
lar conditional probabilities are defined everywhere. Functions (w;) exist, i.e. are finite
under suitable integrability conditions. The following theorem explains solvability of the
system @

THEOREM 2.4. Assume that the functions fi, g+ and G are nonnegative, strictly convex
and even and the right hand sides of @ are well defined. Then there is set ' such that
P(Y) = 1 and a sequence of convex even random functions wi(-,w), t = 0,1,...,T,
which for w € Q' are solutions to the system of Bellman equations @ Furthermore
wo(x) = infy JL(V), and the optimal strategies are in the form i, (z,,w) at time n,
where 4, are for w € Q' selectors to the equations @ and are continuous functions.

Proof. Since we consider regular conditional probabilities we can use Theorem 5 of [9] to
guarantee measurability of random functions w¢(-,w), t = 0,1,...,7T. Note that selectors
to the equations (9] are random and by Theorem 5 of [9] measurable. In the system (9)
we are allowed to replace essential infimum by infimum since selectors by strict convexity
of fi, g and G are uniquely defined and therefore are continuous functions. The last
part, i.e. identity wo(z) = infy JI'(V), follows in a similar way as in Section 3.2 of [L1]
or Theorem 4.1.1 of [I5]. m
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3. General stochastic linear quadratic problems. In this section initially quadratic
functionals are considered, that is, the case where fi(z) = q2?, g:(u) = eu? and
G(z) = l2? with positive constants q;, e; and [ are positive deterministic functions for
discrete time dynamics , and the results of Theorem are used.

COROLLARY 3.1. Assume that functions fi, g and G are quadratic (as above) and the
conditional laws of the noise sequence Wy, are symmetric and their conditional second
moments are finite. Then wqg is a quadratic function and an explicit form for an optimal
control is Up (Tpn,w) = knxn, where ky, is deterministic.

Proof. A standard completion of squares method is used. It is only necessary to show
that if wy,41(x) = r1x2 47y for constant r; > 0, where r is random, then w,, determined
from @D is also of the same form and an optimal value of v occurs as in the statement of
this corollary. Since E[W,,41|W1,...,W,] =0 it follows that

wy(x) = gua® + inf [ean + E[r1(an® + bpu + cyaWoi1)? +ro| Wi, .. ., W]
= gn2® +infle,u? 4+ ri(aZ2® + b2u? + S E[W2 Wi, ..., W,]

+ 2ap2bpu + 2(anx + bpu)cn E[Wy 41 |Wh, ..., W,]) + Ere|Wh, ..., Wn}]
= (qn +1a2)2”® + inf[(en +7102)u? + 2r1anxbnu]

+ G EWE 4| Wh, .o W] + E[ra|Wh, ..., W, (10)
2 2,212 ,2
9\ 9 . . 9 710,bn riazbix
(gn +1105)2 —H% {(e +riby) <u+ en+r1b%) en+rlb%}

+ 11 BW2E 4| Wh, ... W] + E[ra|[Wh, ..., W,

2 279
ryazb
= gn+ral — —22Na® + g EWE L [Wh, . Wl + Elrg[Wa,..., W]
en + 1102
2 2372
where note that g, +71a2 — ;:ﬁ;fl;% > 0, and an optimal u is in the form —%. The

remaining part of the proof follows by induction. m

Now consider a continuous time linear equation
jjt = (axt —|—but) dt+Cth (11)

with general noise (W}) with finite second moments, symmetric conditional increments,
as P{Wiis — Wi|W,,u < t} and continuous trajectories. It is assumed that the control
process (u;) is dyadic, that is, it is piecewise constant, adapted to the filtration F; =
o{Ws,s < t} and changed only at the multiples of some A. The solution to is
understood in the time interval [0, A] in the following way

y(t) = zo + bugt + c(Wy — Wy) (12)
for ¢t € [0, A]. Clearly y(t) is continuous and consider z as solution to the equation
£(t) = a(=(t) +y(1)) (13)

with z(0) = 0. Then one can show that z; = z(t) + y(¢) is the solution to (LI]). Conse-

quently we obtain
t

1
x; = e g + bug (t + (1 + 6)(6‘” - 1)) + a/ e (W, — W) ds (14)
0
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for t < A. Consider now the quadratic cost functional

JEe(V) = E, {/()T(f(mt) + g(uy)) dt + G(xT)} (15)

with f(x) = q2?, g(u) = eu? and G(z) = l2?, where V = (u;). If we assume for simplicity
that T is a multiple of A and (u;) is fixed on intervals of the length A it follows that

, T/A=1 (i+1)A
CEUREIDY [ U+ gtus)de+ Glan)]. (16)

Now consider the following sequence of random backward Bellman equations (compare

to (9)):

A
win(z) = iI&f [eUQA + E[/O f(zs)ds +wi1)a (dlac + dou (17)

A
+a/ e“(A_S)C(Wers—WiA)d8>|FiAH7 i=T/A-1,...,0,
0

with di = e*®, dy = b(A + (14 1)(e*® — 1)), and (z,) appearing in the formula for w;a
being solution to with Wy — W, replaced by WA s — W;a. The following proposition
provides a solution to the family of Bellman equations.

PROPOSITION 3.2. Assume that the right hand sides of are well defined. Then there
is ', such that P(Q) = 1 and a sequence of convex even random functions w(-,w),
t=0,1,...,T, which for w € Q' are solutions to the system of Bellman equations (17).
For each fixed A the optimal strategy is of the form upa = knxoa with deterministic k.
Furthermore each solution to is of the form w;s = rl,nxQ + 72, where Ty, 15 deter-
ministic while r2,, can be random.

Proof. Since the family of functions w,a are random use [9] to have measurable versions
of these functions. When wr () = l2?, it suffices to show the step from Wintn)a t0 wpa.
Assume that wi,41)a(x) = 714122 + 72 n+1. Then under the infimum sign for w,,(z) it
follows (using the fact that E[Wia1s — WialF;a]l = 0)

eu! A+ E {/OA q(me“s + bu(s + (1 + é) (e® — 1))
+ a/oS ea(sfr)c(WHnA —Waa) dr)2 ds + 71 pt1 (a:eas + bu (8 + (1 + %) (e* — 1))
ta /O e (Wyima — Waa) dr)2 + r27n+1|Fn4

h2 h: 2
= hi2? + hou® + hgzu + g4 = (hl — —3>x2 + ho (u + —396) +hs (18)
2h2 2h2

2
with hy > 2}1732, where hy can be random, while hq, ho and hs are deterministic. Therefore

the optimal (minimal) w is of the form —2’1732% which by induction completes the proof. m
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REMARK 3.3. In the case of continuous time it is necessary to define the class of con-
trols (us) for which equation is satisfied. Therefore the family of piecewise constant
controls seems to be reasonable. When a solution in a certain sense is given to then
it is necessary to introduce some kind of Ito’s formula and some Riccatti equation (see
[5] or [7]). In the case here the main result states that whenever there is restriction to
dyadic controls then nearly optimal controls are of the form k;x; for dyadic ¢, where
k is deterministic. This result is valid for very general stochastic noise processes (W)
provided that their increments are conditionally symmetric and the right hand sides of
equation are well defined.

4. Discounted control problem. Now a discounted control problem with an i.i.d.
noise sequence (W,,) in the dynamics of the state equation in the following form is con-
sidered

Tpt1 = 0Ty + by + Wy (19)

forn =0,1,..., with zg = z. It is desired to minimize the following cost functional for
a given fixed 8 € (0,1)

[Zﬁ (zt) +9 Ut))] (20)

A function w? is sought as a solution to

w’(x) = f(x) +inf[g(u) + BE[w® (az + bu+ cW1)]]. (21)
For a function v let

TP(x) = f(x) + inf [g(u) + BE[v(az + bu+ cW1)]]. (22)

In what follows it is assumed that the functions g and f are nonnegative, strictly convex
and even.

THEOREM 4.1. Assume that mg(z) := E[Y =, " f(x:)] < oo where (z;) corresponds to

the state process with control u, =0, forn =0,1,.... Then there is a solution w to the
Bellman equation (21), which is convez, even and w”(z) = infy JJ (V).

Proof. Let w?™(x) = (T%)"0(x). Since f and g are nonnegative w® "+ (z) > wf"(x).
Moreover by Lemmas and the functions w?™ are strictly convex and even. Since
as one can show (T7)"0(z) (see e.g. Theorem 4.1.1. of [I5]) is an optimal value of the
functional

(v [Zﬂt (22) + g(u:))] (23)

and Y .2 B°E,[f(z;)] < oo then it is uniformly in n bounded by mg(x). Consequently
there is a limit w®(z) of w®"(x). It is also a convex and even function. Therefore w”(z) is
also a continuous function and by Dini’s theorem w®™(x) converges to w”(z) uniformly
on compact sets. Moreover the following equality is satisfied

'B"H( )= f(z )—|—1nf[ (u )+6Em[w5’”(ax+bu+cW1)H. (24)
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Let G"(z) := E [w”"(z+cW)]. By Lemma G™ is a strictly convex and even function.
Then by Lemma the infimum in is attained for u from the interval [—|%Z[, |%Z]].
Since G™(z) < mg(z) and G"(x) converges to G(x) = E,[w(x + ¢Wi)], which is again
convex and therefore continuous, by Dini’s theorem G™ converges to G uniformly on
compact sets. Therefore let n — oo in , which leads to the Bellman equation . [

5. Average cost per unit time problem. Now consider the minimization of the

following long run average cost functional
T-1

. 1
JEV) = limsup B [ 3 (F(a) + g(w))] (25)
T—o00 T =0
over strategies V = (ug,...,ur—_1,...). By a Tauberian Lemma (see Lemma 8.3.1 in [15])
it follows directly that
limsup(1 — B)J7 (V) < J; (V). (26)
B—1
Consequently
lim sup(1 — §) inf JB(V) < inf J; (V). (27)

B—1

Let w?(x) = w?(x) — w”(0). Since w” is convex and even, its minimum is at z = 0 and
therefore w” () > 0. Furthermore by it is a solution to

@ (z) + (1 — B)w?(0) = f(z) + igf[g(u) + BE[w” (az + bu + W)l (28)

In what follows using a vanishing discount approach it is desired to let § — 1 in .
The following result is valid.

THEOREM 5.1. Assume that E{f(d + ¢W1)} < 0o and E{g(d + eW1)} < oo, for each
d,e € R and liminfg_,1 (1 — B)mg(0) < co. Then there is a constant A and a convex and
even function w > 0 that are solutions to the equation

w(z)+ A= f(z)+ ir&f [g(u) + Elw(az + bu + cW1)]]. (29)

Proof. We are going to show that the family {w”(z), 3 € (0,1)} is locally bounded (i.e.
bounded on any compact set) and is equicontinuous at each point. By assumption choose
a subsequence 3, — 1 such that (1 — ,)mg, (0) is bounded. Then there is a further
subsequence, for simplicity still denoted by 3, such that (1 — 3, )w® (0) converges to \.
By Ascoli-Arzela theorem (see Theorem 2.3 in [3]) choose a further subsequence (again
denoted by f3,,) such that @’ (z) converges uniformly in x from compact subsets to a
continuous function w(z). Since the functions w” are convex and even, the function w is
convex and even as well. Then we show in Step 3 that we are allowed let 5, — 1 in ,
which completes the proof. The proof now consists of several steps:

Step 1. Local boundedness of {w”(z), 3 € (0,1)}. The following inequalities are satis-
fied

0 < 0 () = wh(z) —w’(0) < f(2) +9(

- b
—azx

— £(0) = g(0) = BE[@* (W1)] = f(@) +3(—~) (30)
where f(z) = f(x) = F(0) and g(x) = g(x) ~ 9(0).

) + BE[@” (W)
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Step 2. Equicontinuity at each point of w”. Denote by @° the selector minimizing
right hand side of . Then it follows that

W (@) — 07 (y) < f@) + (a7 () + 157 ) + BE[6” (ay + b () + W)
— f(y) — 9(@°(y)) — BE[w"(ay + ba’ (y) + cW1)]
= J(@) = f) +9(2 () + L7) — 9@ (). (3D)

Since by Lemma . ) | < |%¢| equicontinuity at each point follows.

Step 3. Take the limit in (28] along a suitable subsequence. Note first that @ is convex
and even and therefore w” > 0. Moreover by Lemma infimum in is attained for u
between 0 and _2—2”, that does not depend on 8 and by Step 1 w”(ax + bu + cW;) <

flaz 4+ bu + W) + g(—awbﬂwl) and both functions are integrable. Consequently
E[w’" (azx + bu + ch)] — E[w(ax + bu + )] (32)

uniformly in u takmg values between 0 and 2%, as 3, — 1. Therefore let the subsequence
Bn — 1in (28) from which . ) follows. m

COROLLARY 5.2. For any control V it follows that A < infy J§(V) < infy J2(V). For the
control V' consisting of controls for which equality in is satisfied, we have A = J2(V).

Proof. The first inequality follows from the proof of Theorem and inequality .
Note now that for V = (ug,u1,...) and V' = (% + ug, uq,...) it follows that " =
ax + bug + cW7 with g = x under V and x}// = axg + bug + Wy = 2} with 29 = 0
under V'. Therefore

Em[TZ:_l(f( V) +g(u)| = B [2 V)4 gu) | + fl@) +g(u)  (33)

and consequently J%(V) = J§(V'). Thus infy J2(V) > infy J§(V) > A
For the control V/

w(wn) + A = f(2n) + g(un) + E[w(@ns1)|To, - - nl. (34)
Therefore by summing first T — 1 equations in it follows that
T—1
w(z) + TA = B> (f(@a) + glun) + w(or)] (35)
i=0

and since w > 0 it follows that A > J%(V) and by the first part of the proof there is the
equality. =

REMARK 5.3. Note that in the discounted problem and now also in the average cost per
unit time problem it was important to know that optimal controls, which may depend
in the discounted case on n and in the average cost per unit time on § in the problems
approximating the studied problem, are from a given compact set (in our case an interval),
which does not depend on these parameters. This allows one to insert the limit under the
infimum sign. Such a property does not hold in general in the multidimensional control
case. One can easily construct suitable counterexamples.
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6. Finite time horizon exponential functional. Now consider a discounted expo-
nential functional

T (V) = (E [exp{Tfuﬁ(m + g1(ur)) + G(xT>}D (36)

t=0
where f;, g: and G are nonnegative, strictly convex and even for ¢t = 0,1,...
(z¢) follows (19). The following technical lemma is used subsequently.

LEMMA 6.1. If F is strictly convex and E[e"@+W] js well defined for each x, then
E[GF(erch)] _ eﬁ‘(m) (37)

T —1 and

)

where F is strictly convez.

Proof. Let F(z) = In E[ef®+<W1] Then by using the strict convexity of F and the
Hélder inequality for A € [0, 1] the following inequality is satisfied:

E[eF(Ar+(1—A)y+cW1)] < E[eAF(z+cW1)+(l—>\)F(y+cW1)]
_ (E[eF(z+cW1)])>\ (E[BF(y+CW1)]) =X _ eAF‘(z)e(l—)\)F(y) (38)
with strict inequality for A € (0, 1), which completes the proof. m

COROLLARY 6.2. For strictly convex and even functions F and g and constants a and b,
assuming that E[eF@*‘CWl)] is well defined for each x the function H defined by

H(z) := i%f [g(u) + ln(E[eF(a“b““Wl)])] (39)

is even and strictly convex. Furthermore the minimum in is attained in the interval

[0, =#=] whenever =€ > 0 and in the interval [=££,0] whenever =4 < 0, and at 0 when

b

a=0o0rx=0.

Proof. Note that H(z) = inf,[g(u) + F(ax + bu)] is by Lemmas and strictly
convex. Since F' and g are even functions by Lemma and the function H is also
even and the minimum is attained in the intervals described above. Note that H(0) =
g(0) + In(EF (W) that is, for = 0 the optimal control is u = 0. =
Consider now the following system of Bellman equations
W) — ,G(@)

eWn+1(r) — i%f exp (fT,(nH) (%) + 97— (nt1) (u))E[exp(wa(ax + bu + ch))]

(40)
forn=0,1,..., T —2
(@) = inf efo@) 9000 plexp (wh_; (ax + bu + cW71))].
Optimal strategies are described in the following theorem.

THEOREM 6.3. Assume that for each x
T—1-k

E, [exp( Z fe(xe) + G(xT,k))} < 00, (41)

t=0
for k =0,1,...,T — 1, where z, corresponds to the state process with control u = 0

and the functions fi, g+ and G are nonnegative, strictly conver and even. Then functions
wy, defined in for n = 0,1,...,T are well defined, strictly convexr and even and
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wr(x) = supy JEL (V). Furthermore optimal strategies at time n, forn =0,1,...,T —1,
are of the form wuy(x,) where u, is a uniquely defined continuous selector in the equation
for wr_,.

Proof. With the assumption ) the right hand sides of the equations are well

defined. Then use Lemma [6 and Corollary [6.2] to obtain that the famlly wy, is strictly
concave and even. The remaining part of the proof is rather standard (see e.g. [I1]). m

7. Discounted exponential functional. Now consider the following exponential func-
tional for 3,v € (0,1)

s (Vr) = (B [exp{zﬂt (@) + atu) ) (42)

with dynamics of (z,,) of the form (L9). A solution of the following Bellman equation is
sought:

oxp (w*? (2,7)) = inf [exp(y(f () + g(u)) E{exp(w®” (ax + bu + Wi, 7)) }]
=: exp (T w*"(z,7)) (43)

where f and g are nonnegative, strictly convex and even.
Assume that f and g are nonnegative and ¢g(0) = 0. Then

Te’ﬁo(z,'y) = inf ln(eV(f(IHg(“))) =~f(z) =: wg’ﬁ(x,fy) >0,

and the mapping z + T%?0(x, ) is convex. Therefore (T*?)"0(z,v) := w&?(x, ) is an
increasing sequence, and by Corollary [6.2]it consists of convex functions.
Furthermore there is equality

exp( nfl( *y)) = inf [BV(f(m)Jrg(“))E{exp(wZ’ﬁ (azx + bu + W7, 7,8))}} (44)

THEOREM T7.1. Assume that mg(z,v) = Elexp(}_ ;78 f(2i))] < oo where (x;) cor-
responds to the state process with the control u, = 0, for n = 0,1,.... Then there is a
solution w®? to the Bellman equation which is conver in x, even, convex in y and

w®P (z,7) = infy JEP(V).

Proof. Note that wS?(z,v) is an optimal value of the functional

T (2,7, V) = In( By [exp(y Zﬂ (z) +g(u))]) (45)

and is uniformly bounded by In(mg(x,7)). Consequently there is a limit w®?(z,v) of
w&P (x,7). Since x — wSP(z,7) is strictly convex, the function = +— w®?(z,v) is convex
as well. Therefore z — w®”(z,7) is continuous and by Dini’s theorem for each ~y func-
tion w&”(z,7) converges uniformly on compact sets to w®”(z,~). Moreover by Corol-
lary the functions w&? are even and therefore w®” is also even. Let G™(x,7) :=
In(E{exp(ws? (az + bu + ¢W1,7))}). By Corollary the function x — G™(z,v) is
strictly convex and even. Furthermore G™(x,v) < mg(z,~y). Sequence G"(x,7) is in-
creasing and converges to G(z,7) and x — G(z,7) is convex and therefore continuous.
Consequently G™(x,~) converges uniformly to G(x,~) for fixed v. By Corollary the
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infimum in is attained for u from the interval [—|%%|, [%Z|]. By letting n to co in
it follows that w®” is a solution to (43). Moreover note that w&”(x,7) is also convex in y
because J&#"(x,v,V) is convex for fixed x and each V (which follows in a similar way
as the proof of Lemma [6.1]). Therefore w®? is convex in 7. The fact that w®? is a value
function follows in a standard way. m

8. Long run exponential functional. Now consider the minimization of
T—1

JEY (V) = limsup — T ln< [exp{ﬂy ;(f(zt) + g(ut))H> (46)

T—o0

This kind of functional is in a sense motivated by risk sensitive control problems and
the method is based on a vanishing discount approach which follows some ideas of [I4].
Now consider solving the following Bellman equation, that is, to find a constant A\¢ and
a function w such that

exp(v(z,vy) — A°(y)) = inf [e'y(f(mHg(“))E{eXp(v(ax + bu + cWh, ’y))}] . (47)
From equation by letting w®?(z,7) := w®?(z,v) — w*?(0,~) it follows that
exp(@®? (z,7) +w?(0,7) — w*?(0,78))
= inf [e7V @9 Blexp(w? (ax + bu + cWi,7v8))}].  (48)

Furthermore note that w®?(z,v) > 0 since each function w®#(x,~) attains its minimum
at 0. For x =0 in the infimum is attained by choosing u = 0 so that

exp(y(f(z) + g(=£))) E{exp(w®’ (cW1,75)) }
exp(v(f(0) + g(0))) E{exp(w# (cW1,78))}

—ep(y(f@) +3(57))) @9

where f(z) = f(z) — f(0) and g(z) = g(z) — ¢(0). Let u, be an optimal control for z.
Then

exp(@f(z,7)) <

exp(Y(f (2) + g(uz))) E{exp(w®” (ax + bu, + cW1,75))}
exp(Y(f(0) + (% + ug))) E{exp(w®F (az + bu, + cW1,78))}

= exp(y(f(:z:) + g(ug) — g(% + um>)> (50)

exp(@® (2, 7)) >

and

exp(w? (z,7) = w’(y,7))
exp(v(f(x) + g(uy + 25%))) E{exp(w®F (ay + bu, + cW1,75))}
exp(v(f(y) + g(u )))E{exp(weﬁ(ay + buy + cWi,v8))}

(7( )+ g(uy + %) - g(uy)))- (51)
)

THEOREM 8.1. Assume that mg(z,v) < oo for each x and

Elew(os(1e) +(5)))] < =
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for all B,v € (0,1). Then there is a constant \°(y) and nonnegative continuous even
convez functions v¢, forn=0,1,..., such that

exp(ve(z,y) + A°(7y)) = inf [eﬂf(x)Jrg(“))E{exp(ve(ax +bu+cWi,v))}].  (53)

Furthermore functions v¢ have the following uniform bounds

inf ]exp(y(f(x)+g(u)—g(%+u))) < e ) < exp(y(f(a:)—i-g(_Tax))) (54)

lul€[0,] 2]
and there is the inequality
Xe(v) = T (@) (55)
for control functions 4 which is a selector in the equation . Furthermore if for a given
control V= (ug,u1,...) we define a sequence of finite horizon controls
Vr = (ug, w1, ..., ur—2,upr—1 = —axr_1/b)

then for such a sequence of controls we have the inequality

T-1
limsup - In (E [exp {7 Y- (Fl) + g(ut»}}) > X (). (56)
T—o00 =0

Proof. Since by Corollary an optimal control wu, is between 0 and i it follows
that for each 8 and v € (0,1) functions w®?(-,~) are locally bounded equicontinuous
at each point (uniformly in 8 and «). Therefore by Theorem 2.3 in [3] for each v there
is a convergent subsequence (3, — 1 such that for each m = 0,1,... it follows that
WP (2, 7f™) — we,(x,7) as n — oo uniformly in 2 from compact sets. Furthermore
w¢, (+,) are convex and even functions because such are the functions w®(x,v8™). It is

clear that w®?(0,v8™) — w®#(0,v8™+1) > 0. On the other hand using we obtain
for each v € (0,1), and m =0, 1, ...

exp(w®(0,v6™)) = e‘Y(f(O)-*-g(O))E{eXp(weﬁ(CWl’,yﬁm-u))}
= 7T OF9O) Bl exp (0 (W1, v8™ ™)) } exp(w®?(0,78™ 1)), (57)
Therefore Ag;%" () 1= w*# (0,785") — w* (0, 74;") converges to Af,(7) as n — oo.

Moreover by convexity with respect to «y it follows for m =0, 1,... that
we,B T m\ we,B T m+1 we,ﬁ T m—+1\ _ we,ﬂ T m-+2
0 < w0 v8™) (z,78 B B (58)
- 8™ (1 = B) - VBT = B)
and therefore in particular
Bade () < Al (3)- (59)

Consequently A¢, () is nondecreasing in m. Since in the controls u can be restricted

between 0 and =*, letting 5" — 1 in we obtain for m = 0,1, ...

exp(wy, (¢,7) + A, (7)) = inf [T VOHED Blexp(wy, . (az + bu+cWi,7)}]. (60)
Note that by ([9)—(51)) for functions w,(x,v) it follows that
= ax e - —azx
1 _ - < wm(mx')/) < a
\u|elfg|§|} eXp(w(f(w)Jrg(U) g( 2 +U))) <e < eXp(v(f(ng( b ))) (61)
and 0 < XS (v) < K(v), where K(7) is a constant depending on . Now
@ (2, B — @ (B = AP () + wt P (Bl — wt P (B (62)
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and since from
B (weﬁn (%,7321) — w®Bn (37,732“_1)) < wePn (x, ’yﬁ,’?“) — w&Pn (x, fyﬁ;”“) (63)

by letting n — oo it follows that
Wi (2,7) = wi 1 (2,7) = =25 (Y) + 2m(2,7), (64)

where z,, is a nondecreasing sequence of functions. Clearly A\¢ () converges to A¢(y) and
by also zp,(z,7y) converges to z(z, 7). Therefore

Wi (2,7) = Wi (2,7) + X5,(7) = 2m(@,7) (65)
and if A°(y) > z(x,7) letting m — oo it follows that the sequence ws, ,;(z,7) is un-
bounded, which contradicts (61]), while if A°(y) < z(z,7) it follows that w¢,(z,7) is
unbounded which again contradicts . Consequently A¢(y) = z(z,7) and

hm (w;in—o—l(vaY) - win(ma’)/)) = 0

m—r oo

By (61) and Theorem 2.3 in [3] there is a subsequence mj — oo as well as a sequence

of functlons vf such that wy,, ,;(z,7) = vf(z,v) for i = 0,1..., uniformly on compact
subsets. Using lim,, o0 (W, 1 (x,7) — wy, (x,7)) = 0 we find that the functions v{(x,7)

do not depend on 4 and so this is denoted as v¢(z, 7). Clearly x — v¢(x,~) is convex and
even (since such is x — w¢, (z,7)). If my, — oo in equation (60)), follows. Furthermore
it can be shown that for any control (@,,) which consists of the selectors in equation

m

eVnt1 (@ Fm+DA(y) [ {exp(’yz i)+ g(; )) exp(vﬁm(XmH,y))H

> [Ex{eXp (7 i(f(Xi) + 9(%))) }] » (66)
=0

since v _,, > 0, so by taking the logarithm of both sides of and dividing by m + 1
follows. Note now that from equation in a similar way as in the finite horizon
case there is the equality

M:

exp(vy 1 (2,7) + 1A (7)) = inf B, [exp{y D (F(@1) + g(ur) + 0" (@nsr, )} (67)

t=0
where x,, corresponds to the state process corresponding to control sequence (uy). Con-
sequently for any control (u,) there is the inequality

B, [exp{y Y- (F@n) +9(un)) +0" (@as1.7) || 2 exp(vf (@) 404 (3)) 2 &0V, (68)

By it follows that v¢(zn41,7) < v(f(z) + g(=#*)) and therefore for u,; = =45+
we have the inequality
n+1

Eq|exp{y > (7(@)*) + g(ur)) = £(0) = g(0) }] = e (69)

t=0
from which follows. m
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9. Long run exponential functional—finite horizon approach. Now consider a
finite horizon exponential Bellman equation. Let w¢ (x) = w () —w¢(0). Then from
it follows that

exp(wg, 4 (z) + (w1 (0) — wi (0))) = igf ef(m)Jrg(“)E[exp(szl(ax + bu + cWh))]. (70)

A few estimates are needed now:
. exp(f(x) + g(=*)) E{exp(wy, (cW1))} = _[—ax
xp(f4 (2)) < = e(f(0)+9€0))bE{eXp(w$Lp(cW1))} =e(f@)+9(7)) (1)

and for n > 2
1 < exp(w,;(0) — ws(0)) < e/ OO Efexp(wg, (cWh))}

< ef(0)+9<0>E{exp(f(cW1) v g(_aZm)) } (72)
Furthermore denoting by 1, the selector in we obtain

exp(wi+1(x) - wvel—i-l(y))
exp(f(x) + g(— 2= W))) Bloxp(ws (ay + biy (y) + W)}
exp(f(y) + g(bti, (y))) E{exp(wg (ay + bii, (y) + cW1))}

= exp((f(a) — £(w) + o (- LTV ). )

THEOREM 9.1. Assume that for each x
T—-1-k

Eolexp( Y f()] <o, (74)
t=0
fork=0,1,...,T — 1, where z,, corresponds to the state process with control u =0,
—acWy
E[exp(f(ch)Jrg( - ))] < oo, (75)

and functions f, g are nonnegative, strictly convex and even. Then there is a pair: a con-
stant \° and a sequence of functions vg that are solutions to the Bellman equations

exp(ve 1 (z,7) + A°(7)) = inf [V @+ Blexp(ve (az + bu + Wi, 7)) }]. (76)

Furthermore the functions vg, are convex and even and
. - _/—ax
vi(@) < @) +3( =) (77)
Proof. With the assumption the finite horizon exponential Bellman equations (40))
have solutions w¢, which by Theoremare strictly convex and even. Using and
it follows that the family {w¢,n = 1,2,...} is locally bounded and uniformly continuous

at each point. From one can choose a subsequence nj such that

eXP(wak+i+1(O) - wak—&-i(O)) — A7,
ask - oo fori=0,1,2,.... By it follows that A\¢ > 0. By Ascoli-Arzela arguments
(see [3]) there is a further subsequence, which for simplicity is still denoted by n, such that
wy, o ;(x) = v5(x) fori = 0,1,... and the functions § are convex and even. Therefore by
letting £ — oo in , using that the infimum is attained between 0 and == it follows
that

exp(vy, 1 (z,v) + A5 (7)) = inf [eV(qug(“))E{exp(@fl(ax + bu + cWh, 'y))}] (78)
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Choosing a further subsequence n; we deduce that the limits limg 00 Ay, (7) — A°(7)
and o5, ,;(x) — v§(r) exist uniformly on compact subsets as k — oo, and therefore

is satisfied. By we immediately obtain (77)). m

REMARK 9.2. Using finite horizon approximation we obtain weaker version of the Bell-
man equation . Instead of one function v® we have a sequence of convex and even
functions v{. We have however a uniform bound for these functions. There are no
reason to expect that v{ do not depend on ¢ as we managed to show in the case when we
were using discounted approximation (see the end of the proof of Theorem .
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