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Abstract. In this paper we revisit linear stochastic volatility models with correlated Brownian
noises. In such models the asset price satisfies a linear SDE with coefficient of linearity being
the volatility process, and a volatility equation with time-dependent coefficients. This class
contains among others the Black—Scholes model, the Heston model and the log-normal stochastic
volatility model. We present a representation theorem for the density of price, conditions ensuring
smoothness of density and some other properties. As an application of using of our general
framework we can refine the results for the log-normal stochastic volatility model with correlated
noises.

1. Introduction. The famous Black—Scholes model with its relatively stringent assump-
tions does not capture many phenomena of modern financial markets. A prime example
is the stochastic nature of the financial asset’s volatility, called volatility smile (see for
example Hull and White [6]). In recent years many stochastic volatility models have
been introduced and developed. However, making the volatility stochastic complicates
the models considerably (see for example Rebonato [14]). It is not our aim to review the
broad range of stochastic volatility models. We focus on and develop idea of modeling
stochastic volatility as SDE with time-dependent coefficients, so in the simplest possible
but effective way. We start with a theorem giving a representation of the density function
of the underlying asset price in a linear stochastic volatility model. This representation
allows us to find a closed formula for the density function, which is important for appli-
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cations (see, e.g., Carmona and Durrleman [2]). We formulated the conditions ensuring
that the density function of X; belongs to the class C*° = C>°((0,0)), and then give a
form of the density. Moreover, in a few theorems we present some probabilistic properties
of density of X in a linear stochastic volatility model, among others an interesting factor-
ization of the density of & = X , where ~ is a gamma random variable with parameter

1/2 independent from X. Knowmg the moments E(In X;)™ we can compute E(X;e~X?)
under some assumptions, which in fact leads to the closed form of density of &. Let us
note that some interesting results regarding moments in stochastic volatility models can
be found in Lions and Musiela [12].

In the last section we present how using our general framework we can refine the
results for specific models. We consider the log-normal stochastic volatility model with
correlated noises. Using the representation of density we present forms of density of the
price process, which improve the formula presented in Gulisashvili [4]. As an application
of our results we obtain a new result for the Hartman—Watson distribution (Corollary
4.5)) (other results on the Hartman—Watson distribution can be found in [9]). We also
find a recurrence which enables to compute E(ln X;)" for every n =1,2,....

2. Preliminaries. We consider a market defined on a complete probability space
(Q, F,P) with filtration F = (F3)cjo,7), T < o0, satisfying the usual conditions. By F%
we denote the natural filtration generated by a process Z augmented to satisfy the usual
conditions. Without loss of generality we assume that the savings account is constant
and identically equal to one. Moreover, we assume that the price X; at time ¢ of the
underlying asset has a stochastic volatility Y;, which has the dynamics given by time
dependent SDE, so the dynamics of the vector (X,Y) is given by

dX, = Y, X; dW,, (1)

where X, Y, are positive constants, the processes W, Z are correlated Brownian motions,
AW, Z), = pdt with p € (—1,1), and p: Ry xRy = R, 0 : Ry xRy — R are continuous
functions such that there exists a unique strong solution of (2] . which is positive. We have
fo Y2 du < oo P-a.s. since Y is continuous, so it follows from the well known properties
of stochastic exponent that a unique strong solution of SDE on [0, 7] has the form

t 1 t
X, = X, exp(/o Y, dW, — 5/0 Y2 du) (3)

(see, e.g., Revuz and Yor [I5]). The process X is a local martingale, so there is no arbitrage
on such a market. We assume that the asset price is being modeled under the risk-neutral
probability.

We call this model a linear stochastic volatility model, because the SDE governing
the asset price is linear with respect to the asset price itself with the coefficient of lin-
earity being the stochastic volatility Y. Note that the known models such as Black and
Scholes model, log-normal stochastic volatility model, Heston model (where Y2 is a CIR
process) and Stein and Stein model belong to this class. For a review of such models see
[4, Chapter 2].
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REMARK 2.1. It is worth noticing that the constant p in the model can be replaced by
a measurable, deterministic function p : [0,7] — (—1,1) and the results of this paper
remain true with minor modifications.

3. Existence of the density function and its representation. We start with a
theorem on existence of the density function of the underlying asset price in a linear
stochastic volatility model, and its representation. This representation allows us to find
a closed formula for the density function (see examples in the next section), which is
important for applications (see, e.g., Carmona and Durrleman [2]). Of course, our theorem
gives for the Black—Scholes model the well-known density function of price. Gulisashvili
in [4, Section 3] gives various representations formulas for stock price densities in the
specific linear stochastic volatility models. Our technique of proof is different from that
in [4].

By ® (resp. ¢) we denote the cumulative distribution function (resp. the density
function) of the standard Gaussian random variable.

THEOREM 3.1. Fizt € (0,T]. In a linear stochastic volatility model the distribution of Xy
has the representation

P(X; <r) = E@(ln(r/ig(; “Z(t)>, (4)

where r > 0, and

= /Y dZ, /Ygdu, (5)

B0 =07 [ YV2du, (6)

Moreover, the random variable X; has the density function gx, on (0,00), which has the

representation
o (r) = | L o (R0 20z g

roz(t) oy

If
E(0%(t) " < o, (8)

then the density function gx, is continuous.
Proof. Notice that we can represent W in the form

Wi = pZi + /1 — p* By, (9)

where (B, Z) is the standard two-dimensional Wiener process. This together with
implies that

In X; = In Xo + 0(t) + 05(t), (10)
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where

t 1 t
0(t) ::p/ Y, dZ, — pr/ Y2 du,
0 2 0

t 1 t
05(t) ;:\/17;)2/ YudBufg(lpr)/ Y2 du.
0 0

For fixed » > 0 we have

P(Xt S 7') = E]]-{Xo exp(fot Y, qu_% fot Yu2 du)ST}
(11)
_ Z

B EE[R{pf; Yy dZy++/1-p? fot Y, dB,—% fot Y2 du<In(r/Xo)} | S }
Since SDE has the unique strong solution, there exists an appropriately measurable
function ¥(:,-) such that Y = ¥(Yp, Z) (see, e.g. Ikeda, Watanabe [7]). Together with the
fact that the processes B and Z are independent Brownian motions, this implies that the
random variable 85 (t), for a fixed trajectory of Z,, u < t, has the Gaussian distribution
with mean fi = —1(1 — p?) fot Y2 du and variance 62 = (1 — p?) fot Y2 du. Consequently,
by , we obtain

P(X;<r)= EP(uz(t) +oz(t)g <In XLO ‘ ]—‘tZ>
(< L 1) o L),

where g is a standard Gaussian random variable independent of FZ, uz(t) and o%(t) are
given by and @, respectively. This finishes the proof of .

Since
9 o nlr/Xo) —pz®)) _ 1 In(r/Xo) — pz(t)
or (o4 (t) royz (t) Oz (t)
we have, by the Fubini theorem for nonnegative functions,

P(th):E/o" 1(t)¢(1n(8/X0)_“Z(t))ds

SOy oz(t)

-/ La;a) ¢(ln(s/)§i<t> Mt))] @

for r > 0. Hence the random variable X; has the density function gx, given by @
The continuity of density, under assumption (8], follows from (7)) and the Lebesgue
dominated convergence theorem. Indeed, fix an arbitrary r > 0. Observe that
1 (b(ln(s/XO) - MZ(ﬂ)
(t)

SOz Uz(t)

S —

is continuous on (0, c0), and
1 1 Xo) — 1 1 1 Xo) — t
¢( n(s/Xo) Nz(t)) < ( )¢< n((r+€)/Xo) — pz( )) —J (2)
soz(t) oz(t) r—e\oz(t) oz(t)
for s € (r—e, r+e€). Since, by (), J is integrable, we conclude that lim_,, gx, (s) = gx, (7)
by the Lebesgue dominated convergence theorem. m
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REMARK 3.2. From the last theorem it is clear, under our standing assumption |p| < 1,
that finding the distribution of X, for fixed ¢, reduces to deriving the distribution of the
vector ( fg Y. dZ,, fot Y2 du), so to finding functionals of Brownian motion. For the case
p = £1 we have the same conclusion because in this case we have W = £Z and

t t
1
Xt:Xoexp<:i:/ YudZuff/ deu).
0 2 0

In the next proposition we give two sufficient conditions for to hold.
PROPOSITION 3.3. Assume that one of the following conditions holds:

i) There exists m > 1 such that

E(/Ot Y2 du)_m/2 < . (13)

ii) There exists >0 and m > % such that

t m
]E(/ Y26 du) < . (14)
0
Then condition 1s satisfied.

Proof.
i) Using the Holder inequality we see that implies for m > 1.
ii) Assume that holds. Since, by the Hoélder inequality,

b \B/BED 1/(148)
tg(/Yudu> (/Yu ﬂdu) 7
0 0

t —1/2 ¢ 1/(26)
E(/ deu) gt—(5+1>/<2ﬂ>E(/ Y;Qﬂdu) .
0 0

Hence, using again the Hoélder inequality with p = 2mpg > 1, we conclude that
implies (8)). m

we have

Now, we formulate the conditions ensuring that the density function of X; belongs to
the class C*° = C*((0,00)) and present an analytic form of the density. An application
of this proposition will be presented in Theorem In what follows by f(™ we denote
the n-th derivative of f.

PROPOSITION 3.4. Fizt € (0,T]. Let Xog = x > 0. Assume that
1 Mz(t)>p ( )<1n(7‘/33) —Mz(t))‘
M ———— )| <00 15
T (a) ¢ 0 15)
for every r € (0,00), n € N, p € {0,1}, and
Eo,™(t) < o0 (16)

for every m € N. Then the density function gx, belongs to the class C*. Moreover, if

Jm E<ag+11 o (T ;zu(i)(t)) ) -0 "
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for every r € R, then
9x.(1) = (Y mnGr/2))"), (15)
n=0

where the coefficients i, (depending on fized t) are given by

= E<a§1(t) e (_ Zig )) 1)

Proof. Theoremimplies, by assumption , that r — gx, (r) is continuous on (0, o).
Using similar arguments as in the proof of Theorem 3.1 we can differentiate g and we
obtain

i1 (252 e (272)

Now, using assumptions , , the elementary formula
6" (@) = —2¢" (z) — ko1 ()

and proceeding as in the proof of Theorem [3.1] we deduce that the function

B (e (e )

is differentiable. By similar arguments, using mathematical induction, the fact that

E In(r/x) — pz(t) o <1n(7“/x) - NZ(t)) ’ < 00,

oy (t) az(t)

and the Leibniz formula we infer the first statement.

To prove the second statement let us define a function H on R by formula

10 ==( (o))

By similar arguments as above we see that H € C'*°. If condition holds, then H can
be expanded into the series

H(O) =) 70" (20)
n=0

The sequence () we find in a standard way by taking derivatives of H at point 0. By
Theorem for @ = In(r/x), we have

1
g9x,(r) = ;H(ln(r/x))
Combining this and we finish the proof. m

In the next few theorems we present some properties of X.

THEOREM 3.5. Assume that Xo = =, EfOT X2Y2du < oo, Ea%(t)™! < oo. Let v be a
gamma random variable with parameter 1/2 independent from X and

1 z 3
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Let us define, fort > 0,
Hy(2) = E(Y}?| X; = 2),

Fy(2) ::]E(G( VH,(X,) \ = z) (21)

Assume that, for every z > 0, the functz’ons t — H, t — F; are continuous. Then

X2 x
Pted>: /F Ydu )1 g .00y (2) dz. 22
(4’7 ‘ 27Tz3ep u) (0.00)(2) d2 (22)

Proof. Let us recall that X; = =z + fot X Y. (pdBy + /1 — p?dV,), where B,V are two
independent Brownian motions. From the It6 lemma we have

)\2
de Mt = —Xe X,V (pdB, + /1 — p2dV,) + 5 e M X2Y2 dt (23)

for A > 0. The local martingale in is a true martingale since fOT EX2Y?2 du < oo, by
assumption, so

)\2 t )\2 t
Ee Xt =72 ¢ 5 E/ e M X2Y2 du = e 4 EIE/ e MY X2H, (X,) du.
0 0

Hence the function t — Ee~*¥" is differentiable for ¢ > 0, and

d A2
e e M = 7IE:(e—”tXEHt(Xt)). (24)

Using the fact that Ee=>"/(47) = ¢=* and independence of X; and ~ we have

A2 1 _
?E(e AXtXtQHt(Xt)) = 5]E(e )\ZXf/(4’Y))\2Xt2Ht(Xt)). (25)

The density of - S given by f(z) = e *12/(4@]1(0 ) (2) is differentiable on (0, c0) and

f(0)=0. Moreover G= 57/, thus we obtain using integration by parts

;E( —>\2X2/(47))\2X Ht Xt / / —>\ u Z)\Q 2H( )f(z) dzPXt(dU)
= %/o /0 e N2 Hy(u) f'(2) dz Px, (du) = E(e_’\zxf/(M)G(v)Ht(Xt)).

Hence and from and we conclude, for & = f—j, that

%Ee*& — E(e NEG(y) Hy(Xy)). (26)

Observe that from we have

| ¢(1n<2rm/x> - uz<t>>] "
oz(t) oz(t) ’

0 t > ge,(2) dz :=P(& € dz) is differentiable since E(0%(t)) ™! < oo. Next, we conclude
from that

]P’(ftEdv):;UE[

2 ge.(2) = e, () Fu(2). (27)
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Moreover, &y has the density

2

x
ggo(z)dzz]P’(@ € dz) = W

By assumption, ¢ — F} and ¢t — H; are continuous. Thus, using and we conclude
that

e U1 0y (2) dz. (28)

6.2 = 5t (~ T+ [ Fule) ) b (2] 29)

which is the statement of the theorem. m
2
Hence we deduce an interesting factorization of the density of & = %.
COROLLARY 3.6. Under assumptions of Theorem[3.5], for z > 0 we have

2

i) ]P’(iff: € dz) = ]P’(% € dz) exp(/ot F.(z) du) .

. X2\ E(GMHERYEF) A, (297))
i) E(GOH(X0) | H‘Z) - TN .

Proof.

i) It follows immediately from and (28).

ii) The assertion follows from the fact that for two positive independent random
variables X and Y having densities gx and gy respectively,

X N 9ovWygx(yz)
P(vedy| 3 =2)= E(Ygx (V)

forz>0. m
From Corollary it follows that to know the density of X?/(4v) it is enough to

know the form of function F. As we will see in the next proposition the distribution of
X?2/(47) leads to the explicit formula of modified Laplace transform of X?.

PROPOSITION 3.7. Under the assumptions of Theorem[3.5], for any v > 0 we have
2

E(Xt exp(—f—;)) = xexp(—g + /Ot F,(v) du). (30)

Proof. Let & = %‘2. Using subsequently Fubini’s theorem, the elementary formula
0o 2
“Vrs S / 1 ( s )
e = — exp|—Av— — ) dv for s >0,
v2Jo Vom? 4v
the identity Eexp(—g) = ¢~ and Corollary we obtain

2 oo 2
%, _ XY Lo g X ! (_ 2, _ Xi
Ee Eexp( A 4’Y) Ee IE(\/E A Wexp v 4v>dv

X2
e NVE (Xt exp (——t)> dv
4qu

_ 1

o0
B /0 2V o3
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for A > 0. Hence and from Corollary [3.6] we have

2

| e m (e (-0 ae

oo
— Be V& — / exp(—)\zv +
0 0

t 2

F,(v) du) 21}\9;7% exp(—Z—v) dv

for A > 0. The assertion follows. =

The next theorem states that knowing the moments E(In X;)" we can compute
IE](Xte*)‘Xt2 ) under some assumptions and finally the function F'.

THEOREM 3.8. Fiz A >0, t > 0. Let ¢, = 5 >°77 0 ) (2k + 1)™. If for every n € N
we have

E(Xie ) < 00, E(InX,)" < oo, (31)
then
n + )
lim ianE(Z ¢(ln Xt)l> > EX;e M7 (32)
=0
Moreover, if
n n 2
1imE(Z e (In X,) ) = 1mEY " ¢(nX,) <E(Xe M) (33)
" =0 " =0
then
E(Xie ™) =3 aE(In X,)" (34)

Proof Fix t > 0 for which is satisfied. As 2% = Y00, (kl?!x)i and ze > =

S ore 0 , 22**1 we have

) D PG LI S
k=0 i= =0

and

o0
E(Xee ™) =E Y e, (ln Xp)",

for c, = 5377, %(2k+ 1)™. Let X (¢) = ¢;(In X;)?, i € N. By assumptions X ) (¢)
is integrable. For k € N let

n

Zn:ZX(i)(t), A ={w:sup Z,(w) = Zx(w)}, A= UAk
i=0 "

Integrability of X; yields

STEXie M1y, = EXpe ML, (35)
k=1
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Observe that on A¢ we have sup,, Z,, = > oy X (¢) and the equality

E(Xie M 1p0) = 3 E(en(In X,) 1) (36)
n=0

follows from the monotone convergence theorem. Define
B, ={Z,(w) >0}, & =supZ; —2Z,>0.
J
From Fatou’s lemma, for fixed k, we have
liminf BE, 1a,np, > E(Zela,) — E(Xie X 14,).
On the other side, the Lebesgue dominated convergence theorem yields

ImEE, 1z, nB, = EZilp, —lmEZ, 1), B,
n n

and thus
EX;e X1y, <liminfEZ, 15,5, <EXie X1y,
n
where in the first inequality we used again Fatou’s lemma. In result for any kq, ko, ..., kn
and N € N

N
S OEXe N1y, = lim inf EZ, 15, 1,

j=1
Hence, from , Fatou’s lemma, and Fubini’s theorem we obtain

EXe M1y = Y liminf EZ, 1a, g, <liminf Y EZ,1x,np, = liminf E(Z;1,).

k=1 k=1
If we assume , then

liminf EZ <limEZ} =1limEZ, < E(Xte—,\xf)
n n n
and the assertion follows from (32)). m

In the next section we describe a recursive procedure for calculation of E(In X;)" in
the lognormal stochastic volatility model.

4. Log-normal stochastic volatility model. In this section we present how our gen-
eral results can be used for the specific models. Using our general framework we obtain
the refined results for the log-normal stochastic volatility model.

A log-normal model is a model where the process Y is a geometric Brownian motion,
SO

Y, = ye?Z 002 50 o> 0. (37)

It was considered by Hull and White in the case of uncorrelated noises [6]. In the case
of correlated noises it is a SABR model with 8 = 1, introduced in 2002 by Hagan et
al. [0]. Sin [I6] and later Jourdain [10] proved that in the log-normal stochastic volatility
model the price process X is a martingale if and only if p < 0. Their rather technically
complicated proof relied on Feller’s test for explosion. Another proof can be found in
Lions and Musiela [I2]. A simple proof of this result can be found in [§].
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From now, for simplicity of presentation, we assume that Y; = yeZ*~%/2. The results
below can be deduced with some effort for the process ye"Zt_t"z/ 2 0 > 0, by the scaling
of time. The first result is an application of the representation of density given by .

THEOREM 4.1. Fizt > 0. Let Y; = yeZt—t/2 and Xg =x > 0. Then
2e~/8 1

gXt(T) = Ty\/m h(m,ﬂ%P)

> 0(z,t
< [ H K (G e et B e (as)
0 z

where K_1 is the modified Bessel function and

1
h(z,r,y,p) = ﬁ\/ y2(1 — p?) + (In(r/z) + py)?, (39)
z 2 > 2
0(z,t) = e™ /(20 e/ (20 gz cosh(W) ginh () sin(ru/t) du, 40
(2,1) \/ﬁ ; (u) sin(mu/t) (40)

H(z,y,p) \/7\/22 (1—p?) + (pz — y/2)?,

q(z,m,y,p,2) = (In(r/z) + py)(2pz — y)

21— 1)
for z > 0.

Proof. Let Ty be an exponential random variable with parameter ), independent of FY>X .

From we have
1 In(r/z) — pz(Ty)
E =E
gXT)\ (r) |:’I”O'Z (T)\) (b( oy (T)\) ’
where pz(t) = p(Y; —y) — 34, oz(t) = V1—p?VA;, Ay = fot Y2 du. Hence and
from Theorem 4.11 Matsumoto and Yor [13] describing the joint density of the vector
(eBra=Ta/2, fOTA e?Bu=t du) we conclude that

IEgXTA ( )

_(In(r/z) — py(v — 1) + y*u/2)?
ry\/27r (1- / / Vu exp 2(1 - p?)y?u )
A

X oy ph)(u, 1,v) dudv,

where p(¥) is the transition probability density of the Bessel process with index +, and
here v = y/2X + 1/4. Let us substitute v = zu. The last expression is equal to

T L W@y R G /2 gy

/ *3/2] eq(wTyPZ)/
ryW o u?
where I, is the modified Bessel function. Identifying the GIG density in the last expression
we see further that this equals

— x,T z H J»‘,T, )
3/QI eq( YD )2K_1(H(z7y,p)h(x,r,y,p))h((zyyp)p) dz

A -
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To finish the proof we use another identity for modified Bessel functions

I,(z) = / 67727&/29(2},” dt, z>0, (41)
0
(see [13], (2.10)]), Fubini’s theorem and the standard Laplace transform argument. =

REMARK 4.2. Formula giving density of X} is the improvement of the formula pre-
sented in Theorem 4.15 of [4] which consists of 3 complicated integrals. In this point we
have to mention that 6(z,t) giving the Hartman—Watson distribution (see, e.g., [I3, The-
orem A.l]) is an oscillating function for small ¢. So, is not easy to handle with by using
numerical methods, see Barrieu, Rouault and Yor [I]. Some methodology of approximat-
ing 6(z,t) nearby 0 useful for numerical applications was presented in Gerhold [3].

Continuing the argumentation from Theorem [£.I] we can find another form of integral
in , so we can present a result which gives another form of density of X;.

THEOREM 4.3. Fizt > 0 and Xg = x > 0. The density function of X; in the lognormal
stochastic volatility model is given by

In(r/x)4p1
‘ on(1—p?)  h2(z,7m,y,p)
o] 212
y*h:(z,r,y, p)
X/O exp<fsf W)w(azm%p(s),6m,r7y’p(s))ds, (42)
where
w(a, B) = / 273/2670‘22+ﬁ29(z,t) dz, a>0, B€R, (43)
0
and for s >0

h?(z,r,y, p) P (Yo In(r/z) + py
T,7,Y,p = #7 ,r = —h s Y 7)
Qz,ry, (S) 48(1 _ pg) B./, ,y,p(S) 1_ p2 (43 (l’ T,y p) + y

with h and 6 given by and .
Proof. Using the integral representation of modified Bessel function K_;
1 [ 2
K_i(u)= f/ e 5T/ (49) g (44)
0

u

(see Lebedev [IT], p. 119]), and the Fubini theorem we obtain

x,T z 9(Z7t)
Typ/ H(z,y,p)K_ (H(Zvyap)h(faray,P))GQ( TYP2) 372 dz

H? h? 0
/ / exp(—s— (Zayvp) (Ivrvyap))eq(zrypz) ( )d ds
h2(x, 7y, p) 4s

—(In(r/x)+py)/(2(1—p*)) 2p2
Yy (3777"79’:0))
= 0T T oA 1 9y x,T s Px.r ds.
h2(z,r,y, p) /o exp( 5 16s(1 — p?) W(Q,r,y,0(8), Ba,ry,p(8)) ds

This and give . m
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PROPOSITION 4.4. Fizt,p, y = Yy. Assume that one of the following conditions holds:

i) A=0,
i) 0<X<1/y and p? > =42,

iii) A ¢ [0,1/y] and p* < ~4XED

Then
Ee ™ (y2(1 - p?) (%) T (/) + py)? <%>4)
=/ Qe_t/8 — 2 h Q(Z’t)
VY (1 p)/o 23/2\/22 + (2(2,y, p)
« exp(— /T F g, 0)0G 5o N) (1 + V(=2 + (2,9, 0)0(2, . p, /\)) dz,

(W (z,y,p, N) /2

where

C(zy.0) = (zp - %)2(1 -7

1 — p? — 2 2
Yy p ) =1-y7 22 + Cz(g,y,p) (zpl —(% = A) '
Proof. Using Theorem [£.1] we have
2 2 NS AT NN
]E((ZJ (1—=p%) + (In(Xy/x) + py) )(?) e py)
= h 2(1—p? n(r/x 2\ (T - - 2e7t/8 1
= [} G202+ w4 () AT ) haryp)

o0 0zt
x (/ H(z,y, p)K_1(H(z,y, p)h(z,, y»ﬂ))eq”’"y’p’z)% dZ) dr.
0 z

Next, using substitution u = In(r/x) + py, the Fubini theorem, formula , the form of
functions h and H we see that the last expression is equal to

/ / /1— —t/s 3/2 eXp< S_i( +M))

4 (1—p%)
X /_Ooexp( 5y (1_p )<z + (28 _y/2)) )—i—u(;ﬁ__yp/f)—)\))dudsdz
= [T [T anim gt (s - (4 G2

2p—y/2)2 2, (2p—y/2)
224 4 (pl—yf>/2)) S

Now, in the last expression we can again use the form of GIG distribution, since from
assumption it follows that

z /2
((plyp)_A) 0

22 4 (p=u/2)®
+ (1-p?)

1—y*(1—p*)—~
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for all z > 0. In result the last integral equals
_ 0(z,t) 1
2 2 t/8 1— 2 ? _
f, 2 ) e e

2 2 3/4
x Ko (VE+ Py Vo 3,0, 0) (W > .

which, due to the fact that K3/9(z) = %e’z(l + z), is equal to

(WV(z,y,p, )32

\/Eyze_t/s(l _pz)/oo 0(z,1)

0 23/2 22+C2(27yap)
x exp(—v/ (22 + C2(2, 4, )0 (2,4, 0. M) (1 + V(2% + (2,9, p))0 (2, y, p, N)) d.

This finishes the proof. m

As an application of this result we obtain a new result for the Hartman—Watson
distribution (compare with Remark [4.2)).

COROLLARY 4.5. Let p=0 and y =1. For any t > 0 and \ € (—1,0]

EKl . an(Xt)> <Xt>x] _ Jremt/s /OO" H(z,t)(;j;— 1/4) e=P(=) (o) + 1)

x x pg(z’ )‘)

where

Pz = (2 + i —(1)2+ )\)2>1/2.

Proof. The result follows directly from the last proposition. m

COROLLARY 4.6. Forp=0,y=1,t>0 and o € (0,1/2)
o (1 () (7] 5[ (2 (%))

Proof. We put & = —\ and observe that p(z, —a) = p(z, —(1 — a)) for every o € (0,1/2).
The assertion follows from the previous corollary. m

As we found the density has complicated form, so it is difficult to calculate density
even numerically. Therefore, we present an application of Proposition 3.4 which gives the
density of asset price in a linear stochastic volatility model in the form of series with
coefficients v, k = 1,..., defined by . To use Proposition we need to verify its

Zi—t)2

assumptions. For this we observe that for Y; = ye we have E(0z(t))* < oo for any

a € R. The last observation and some tedious algebra lead to the desired conclusion. We
k3 2
omit technical details. To find v it is enough to compute ]E[ (él;@()t))i)ﬂ exp(f 2(5722(8)))2)}

for natural 4, j since ~j is a linear combination of such expressions.
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PROPOSITION 4.7. Let Y; = yeZ %2 Xqg =2 >0 and i,j € N. Then

E[(wzw (- 0207 )

oz(1))"* 2(az(1))

z —(i+j —(i+j Py t
_Z<> —py) (1 - p?) (+J)/2h(Pyy)k (+]+1)/26XP(—W—§)

2, 2

></0 (pyz = 5)F1(p,y, 2) HVPTRARG iy 2 (o, )L (p, , 2)) exp(§255)6(z, 1) dz,

where K; are the modified Bessel functions, 6 is given by and

p2y2

b l77z_
1= (p,y, 2) 2\/—

Proof. In the proof we use a similar idea as in the proof of Theorem We take an

h(p,y) = |1+ VA2 (1= p?) + (2pyz + 1)2.

exponential random variable T with parameter )\, independent of F and use the form of
the joint density of the vector (e57a=Tx/2 fOTA e?Bu=t dy). As a result, we have

I— E|:((MZ(T 2))! eXp(— (1z(Th))? )}

oz(Tx))"+ 2(02(Th))?
v—l —u/2 v—1) —u/2)2 A
/ / & ](”/3))/2 EXP<_ (py(Zu(l )— pz)/ : )v2+'y+1/2p(7) (u, 1,v) dudv,

where p?) is the transition probability density of the Bessel process with index v =
2\ + 1/4. We can rewrite the last expression, using substitution v = uz, as

I S TR

2,2
Py z Py Al
X exp(1 — 22— p2))7z3/2 u3/2LY(Z) dudz,
where I, is the modified Bessel function. Using the Newton formula we expand the
expression (py(uz — 1) —u/2)" into the sum and obtain

I— Z/w ‘ (pyz _ l)k(_py)z‘—k(l _ ) 2y~ (i)

= k—(i+j+1)/2—1 _912 _ihQ d
XUO u eXp( 5 Py, 2) 5 (p,y)) u

2,2
Py z Py A
xexp(l — 2(1_p2))zg/21v(2)d2~

Using the GIG distribution we can compute the internal integral and obtain

Lo 1\k o tieivsa i (LY, 2)\ TR /2
I = — 2 (=ou) (1 = p2)@H)/2,,=(i+)) IR
/;J/O (k) (pv2 2) (=py) (1= p?) y~ o ( o) )

2,2
Py z Py A
X 2Kk7(i+j+1)/2(h(pa y)l(p,y,Z)) eXp<1 — pz - 2(1 — pg)) Z3/QI’Y(Z) dz.
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To finish the proof we again use , Fubini’s theorem and the standard Laplace trans-
form argument. m

In the next proposition we find a recurrence which connects E((In X;)"Y}¥) for different
values n € N and k£ € NU {0}, in particular using this we can compute E(In X;)" for
everyn =1,2,....

PROPOSITION 4.8. Let uy, 1 (t) = E((In X;)"Y/}F) fort > 0, n € N, k € NU {0}. The

functions wy, i, satisfy

n(n—1 n
% Un—2kt2(t) — = Un—1,ky2(t)

2
k(k—1
% Un i (t) + nkpun_1 p1(t). (45)

Proof. By , , @[) and we see that uy, ,(t) are well defined. Moreover,

U;L,k(t) =

+

t
]E/ (In X,,)*"Y;2* du < oo,
0

so we conclude from It6’s lemma that u, € C' and holds. m

REMARK 4.9. Proposition allows us to find values of u, in a recursive way. In
particular, we can find u, (t) = E(In X;)". Let us observe that ug x(t) = y*etF(k=1)/2,
k € NU{0}. Moreover, from we have
1 k(k—1
4 (8) =~ o palt) + HEZY)
for every k. From this ODE we obtain u; j for k € NU{0}. To obtain us ;, for £k € NU{0}
we have to solve the system of ODEs for n =2 and k € NU {0}, i.e.

k(k —1)
2
Generally, having calculated w,,  for all m < n and & € NU {0} we find w,  for all

k € NU {0} using (45). The procedure is completed.
In particular, knowing u,_s2 and u,_12 we find E(ln X;)" = wu, o(t) since u;z,O =

n(n—1) n
5 Upn—2,2 — 5Un—1,2-

w1,k (t) + kpuo ry1(t)

Uy 1, (t) = o kr2(t) — u1 pra(t) + ug 1 (t) + 2kpus g1 (1)
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