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Abstract. The impulse control problems for a Markov—Feller process with a long-term cost
(ergodic) are considered, but the controls are allowed only when a signal arrives. This is referred
to as control problems with constraint. Such problems are studied by the authors in SIAM
J. Control. Optim. vol. 54, 55, 56 for the case of a compact metric state space and are extended
in [Modeling, Stochastic Control, Optimization, and Applications, Springer, 2019, 427-450] to the
situation of a locally compact state space with a uniform ergodicity assumption. The long term
average cost problem is re-considered here with a non-uniform ergodicity assumption satisfied,
for example, by a large class of diffusion processes in the whole space.

1. Introduction. A vast body of literature has been devoted to optimal stopping and
impulse control of Markov processes, e.g., see the references in Bensoussan and Lions 2] [3],
Bensoussan [I], Davis [4], and for ergodic impulse control, Palczewski and Stettner [21]
and the references therein. A relatively small part of this literature concerns problems
where constraints are imposed on the stopping times (see the references in [16]). In
[13}, 14}, [15] we have studied optimal stopping and impulse control problems of a Markov
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process r; when the stopping times must satisfy a constraint, namely, the control is
allowed to take place only at the jump times of a given process y;, these times representing
the arrival of a signal. In these references, x; belongs to a compact metric space, and an
extension to a locally compact Polish space appears in [16] under a uniform ergodicity
assumption for what concerns the ergodic impulse control. In particular, this means that
the case when x; is a diffusion process in the whole space R? is not covered.

The aim of the present work is to address the ergodic impulse control problem with
constraint, with a locally compact state space, under more general ergodicity assumptions.
We use a similar method as in the previous work, namely, relying on an auxiliary problem
in discrete time, which here turns out to give an HJB equation which is of the same type of
the equation for semi-Markov decision processes (as in Jaskiewicz [§], Luque-Vasquez and
Hernandez-Lerma [I1]. We use specific additional assumptions, in particular to obtain an
optimal control based on the exit times of a continuation region as it is usual for classical
impulse control.

The paper is organized as follows. In Section 2, we introduce the statement of the prob-
lem (definitions the uncontrolled process, which is the two components process (x¢,y:),
the admissible controls, the total average cost). Section 3 includes the main assumptions
and preliminary properties. Section 4 presents the HJB equations. In Section 5, we study
the existence of an optimal control based on the exit time of a continuation region. Sec-
tion 6 gives comments on the ergodicity assumptions and Section 7 adds a few remarks
on the case of diffusion processes.

2. Statement of the problem. In short, an impulse control problem for a Markov—
Feller process with a long-term cost (ergodic) is considered, but the controls are allowed
only when a signal arrives, but the details are many. Let us begin with some notation,
definitions, comments, and the actual statement of our ergodic problem.

2.1. The uncontrolled process. First let us mention our
Basic notation:

e Rt = [0,00[, E a locally compact, separable and complete metric space (in short, a
locally compact Polish space), and also Ng = {0,1,...} (i.e., natural numbers and 0),
NO = NO U {OO},

e B(Z) the Borel o-algebra of sets in Z, B(Z) the space of real-valued Borel and bounded
functions on Z, Cy,(Z) the space of real-valued continuous and bounded functions on Z,
Co(Z) real-valued continuous functions vanishing at infinity on Z, i.e., a real-valued
continuous function v belongs to Cy(Z) if and only if for every € > 0 there exists a
compact set K of Z such that |v(2)| < e for every z in Z \ KT} and also, if necessary,
BY(Z),Cf(Z), Cf (Z) for nonnegative functions; usually either Z = E or Z = ExR™;

e the canonical space D(RT, Z) of cad-lag functions, with its canonical process denoted
by zt(w) = w(t) for any w € D(R*, Z), and its canonical filtration FO = {F? : t > 0},
Fl=0(2s:0<5<t).

'Typically E = R and this means that v(z) — 0 as |z| — oo.
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AsSUMPTION 2.1. Let (2, F, x4, i, Pyy) be a (realization of a) strong and normal homo-
geneous Markov process, on Q = D(RY, E x RT) with its canonical filtration universally
completed F = {Fy : t > 0} with Foo = F, where (x4, y;) is the canonical process having
values in E X RT, and E,,, denotes the expectation relative to Py,.

(a) It is also assumed that x; is a Markov process by itself (referred as the reduced state),
with a Cy-semigroup @, (t) (i.e., ®,(t)Co(E) C Co(E), Yt > 0), and infinitesimal
generator Ay with domain D(A;) C Co(E).

(b) The process y; (which is referred to as the signal process) has jumps to zero at times
TlyeeoyTn — 00 and yp =t — 7y, for 7, <t < 741 (i.e., 71 is the time of the first
jump —to zero— of y:, each jump is ‘the signal’ and y; is evactly the ‘time elapsed
since the last jump or signal’), and if yo = 0 and 79 = 0 then it is assumed that
conditionally to x¢, the intervals between jumps T, = T, — Th—1 are independent,
identically distributed random variables with a continuous intensity function satisfy-
ing ko < Max,y) < ki, for suitable positive constants.

REMARK 2.1. Actually, we begin with a realization of the reduced state process x; on
the canonical space D(R™, E) and the signal process y; is constructed based on the given
intensity A(z,y), and this procedure yields a Co(E x R*)-semigroup denoted by @, (t).
Thus, in view of Palczewski and Stettner [19], all this implies that both semigroups ®,(t)
and ®,,(t) have the Feller property, i.e., ®,(t)Cy(E) C Cp(E) and @, (t)Cy(E x RT) C
Cy(ExR™T), and since only a strong and normal Markov process is assumed, the semigroup
P, () is (initially) acting on B(ExR™) and so, weak (or stochastic) continuity is deduced
from the assumption of a cad-lag realization, which means that

(x,y,t) = Egzy{h(x¢,y:)} is a continuous function, (1)

for any h in Cp(ExR™). In [13] 14} [15] a probabilistic construction of the signal process y;
was described, but there are other ways to construct ®,,(¢). For instances, begin with
the process (z4,9;) with §; = y + t having infinitesimal generator A = A, + 9, and a
Co(E x RT)-semigroup. Then, add the perturbation Bh(z,y) = Xz, y)[h(z,0) — h(z,y)],
which is a bounded operator generating a Co(E x RT)-semigroup, with domain D(B) =
Co(E x RT). Hence A,, = A° + B generates a Cy(E x R")-semigroup, with D(A4,,) =
D(A”), e.g., see Ethier and Kurtz [6, Section 1.7, pp. 37-40, Theorem 7.1]. Therefore A,
will also denote the weak infinitesimal generator in C,(E x RT), in several places of the
following sections.

REMARK 2.2. Note that Assumption (b) on y; means, in particular, that
t
Poo{T, € (t,t+dt) |ze, 0 < 5 <t} = Ay, 1) exp(—/ A(@s, 5) ds) a, (2
0

and then it is deduced that ®,,(t) has an infinitesimal generator A,, = A, + A, with

Ayp(x,y) = Oyp(z,y) + Mz, y)[p(x,0) — o(z,y)], (3)
and recall that J, denotes the derivative with respect to y, and that A > 0 and X €
Cy(E x RT). Moreover, using the law of 71 as in and the Feller property of (zy,y;), it
is also deduced that

(z,y) = Egy{g(x;,)} belongs to Cy(E x RT), (4)
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for any g in Cyp(F). Note that if we begin with a sequence {7}, T, ...} of IID random
variables and yo = y then 7 (the first signal) is random variable independent of 77, T5, . . .
with distribution
PZO{TI € ](l + y7b+ y]}

PacO{Tl > y} .

Furthermore, in turn, by applying Dynkin’s formula to A, ¢(z,y) = f(z,y), it follows
that

Pry{m €]a, b} =

yY) = By h Ty, isin Cy(E xR™), 5
(z,y) {/0 [z yt)dt} s »(E x RT) (5)
for any f in Cy(E x RY).

REMARK 2.3. Note that because A(x,y) is bounded (for y near 0 is sufficient), there
exists a constant a such that Pyo{m > a > 0} > a > 0, for any = in E. Moreover, from
Assumption (b) on the signal process 1y; we have

Ezo{m} = Ezo{/ooo tA(z4, 1) exp(— /Ot Az, 8) ds) dt},

so if A(z,y) < k1 < oo, for every y > 0, and z € E, then E,o{m1} > a1 = 1/ky. Also,
the condition E,o{71} < a2 is satisfied since by Assumption [2.1)(b) A(z,y) > ko > 0 for
Yy > yo, x € E, then as = yo + 1/kg. Moreover, since A(z,y) is a continuous function in
E x R*, the continuity of E,, {7} follows.

DEFINITION 2.1 (with comments). The expression
{Xpn=2,,n=0,1,...}, (6)

with 79 = 0 and Xy = «, defines a homogeneous Markov chain in E with respect to the
filtration G = {G,, : n =0, 1,...} obtained from F, namely, G,, = F,, . In this context, if

T =inf{t > 0:y, =0}, (7)

is considered as a functional on 2, then the sequence of signals (i.e., the instants of jumps
for y;) is defined by recurrence

Tk+1=inf{t>7'k:yt=0}, Vk=1,2,..., (8)

with 71 = 7, and by convenience, set 79 = 0. Let us also mention that Remark [2.3] yields:
there exists a constant a; such that

Poo{r>a, >0} >a; >0, Vx€eE, (9)
and by Assumption there exists another constant ay > 0 such that
Emo{’r} < ag, Ve E, (10)

therefore,
0<ar <7(z) =Eu{r} <az, VzekE, (11)

for some real numbers ay, as.
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2.2. The controlled process. For a detailed construction we refer to Bensoussan and
Lions [3] (see also Davis [4], Lepeltier and Marchal [I0], Robin [22], Stettner [24]).

Let us consider Q® = [D(R*; E x R*)]*°, and define F? = F; and F;'*! = F @ F3,
for n > 0, where F; is the universal completion of the canonical filtration as previously.

An arbitrary impulse control v (not necessarily admissible at this stage) is a sequence
(0, &n)n>1, where 6, is a stopping time of Fr1 6, > 6, 1, and the impulse &, is .7-"5;_1
measurable random variable with values in E.

The coordinate in 2° has the form (20,99, 2}, yt, ..., 2%, y?,...), and for any impulse
control v there exists a probability P, on ©2°° such that the evolution of the controlled
process (x},yy) is given by the coordinates (z7,yy") of 2> when 6, <t < 6,41, n >0
(setting 6y = 0), i.e., (x},yy) = (2F,yP) for 8, <t < 0,41. Note that clearly (z},v})
is defined for any t > 0, but (z{,4!) is only used for any ¢ > 6;, and (xéjl,yéjl) is the
state at time 6; just before the impulse (or jump) to (fl-,yé:l) = (xéi,ygi), as long as
0; < co. Remark that the impulse control v = {(6;,&;) : i > 1} and the probability Py, are
constructed by means of a sequential (or inductive) procedure, and it may be convenient
to add p = 0 and & = x, which is not considered as an impulse. Hence, {(z?,¢?) : t > 0}
is the uncontrolled Markov evolution (of the state) and {(xi,y!) : t > 6;} denotes the
Markov evolution after the i-impulse, i.e., only the first ¢ impulses are applied and the
Markov process restart anew at time 0; < oo with initial condition (xé,yé) = (&,0),
since yé:l = 0. Also the sequence {7{ : k > 1} of signals after 6; is given by the functional
Tho1 = inf{t > 7} : y; = 0}, beginning with 7§ = 6#; < oo, and using the convention
inf{} = oo. For the sake of simplicity, we will not always indicate, in the sequel, the
dependency of (x,yy) with respect to v. A Markov impulse control v is identified by
a closed subset S of E x RT and a Borel measurable function (x,y) — &(z,y) from S
into C = E x RT \ S, with the following meaning: intervene only when the the process
(z¢,y:) is leaving the continuation region C and then apply an impulse &£(z,y), while
in the stopping region S, moving back the process to the continuation region C| i.e.,
Oir1 = inf{t > 0; : (z¢,y}) € S}, with the convention that inf{()} = oo, and &1 =
f(azéiﬂ,yéiﬂ), for any i > 0, as long as 6; < oco.

Now, recalling that 7,, are the arrival times of the signal given by , the admissible
controls are defined as follows:

DEFINITION 2.2.

(i) A stopping time 6 is called admissible if almost surely there exists n = p(w) > 1
such that 6(w) = 7,.)(w), or equivalently if  satisfies & > 0 and yp = 0 a.s. If 6 = 0
(i.e., n = 0) is allowed, then 0 is called a zero-admissible stopping time.

(ii) An impulse control v = {(6;,&;),7 > 1} as above is called admissible, if each 6;
is admissible (i.e., 6; > 0 and yp, = 0), and &; € I‘(:Eé?l). The set of admissible impulse
controls is denoted by V.

(iii) If 6; = 0 is allowed, then v is called zero-admissible. The set of zero-admissible
impulse controls is denoted by V.

(iv) An admissible Markov impulse control corresponds to a stopping region S =
So x {0} with Sy C E, and an impulse function satisfying £(z,0) = &y(x) € I'(z), for
any x € Sp, and therefore, if {(z?,4?) : ¢ > 0} is the uncontrolled Markov evolution (of
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the state) and {(z%,y{) : t > 6;} denotes the Markov evolution after the i-impulse then
n=0,17=00=1),%=z 0 =inf{t >0, :y? =0} (Vk>1), m =inf{k>no:
acgg € S}, 61 = 7',?1, T%l =01, & = f(mgl,O), and next, 7} = inf{t > 7} | : y! = 0}
(Vk > 771)7 2 = lnf{k > m x.}_; € SO}a Oy = 7_7}27 7_32 = 027 62 = S(xéyo)a and so
forth. For a zero-admissible Markov impulse control, it suffices to use n; = inf{k > g :
”T(T);S € So}, i.e., toreplace k > ng with k > g, within the construction of 7; in the previous
iteration.

As seen later, it will be useful to consider an auxiliary problem in discrete time, for
the Markov chain X,, = z_, with the filtration G = {G,,n > 0}, G, = F2~'. The
impulses occur at the stopping times n; with values in the set N = {0,1,2,...} and are
related to 6; by n; = inf{k > n;_1 : 6; = 7).} for admissible controls {f;} and similarly
for zero-admissible controls with 7; = inf{k > n;_1 : 0; = Té} The discrete time impulse
control problem has been consider in Bensoussan [I], Stettner [23]. Thus

DEerFINITION 2.3. If v = {(9:,&),¢ > 1} is a sequence of G-stopping times and
Gy,-measurable random variables §;, with §; € I'(zr, ), 7 increasing and 7; — 400
a.s., then v is referred to as an admissible discrete time impulse control if n; > 1. If
n; > 0 is allowed, it is referred as an zero-admissible discrete time impulse control.

For an admissible impulse control v, with a running cost f(z,y) and a cost-per-impulse
c(z, ), the average cost is defined as

T
I 0) =B { [ 1) ds + 3 b ercta 6},
: (12)

P
J(z,y,v) = hrni,lo%f T JH(0,z,y,v).
The ergodic control problem is to characterize
p(z,y) = inf J(z,y,v), (13)
vey
and to find an optimal control. Also, consider an auxiliary problem given as

po(z,y) = inf J(z,y,v), with
veEVy
(14)

= 1
J — liminf ————

(@9,v) =lmint gy
and J™(0,z,y,v) as in (12)) with T' = 7,,. Later it is shown that u(z,y) = po(z,y) is a

constant.

JTn(07may7V)a

REMARK 2.4. Similarly to [I5, Remark 5.4]), it can be shown that the results which
follow are the same if ‘liminf’ is replaced by ‘lim sup’ in the definition of the cost either

(12 or @4

3. Main assumptions and preliminaries. It is assumed that the running cost f(z,y)
and the cost-per-impulse ¢(z, £) satisfy

f:ExR" = R*", bounded and continuous,

15
¢: Ex E — [cg,+0[, ¢g >0, bounded and continuous, (15)
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Moreover, for any « € E, the possible impulses must be in I'(z) = {{ € E : (x,&) € T'},
where I is a given analytic set in F x E. Actually, for every x in E the following properties
are assumed to hold

) # T'(z) is compact, V¢ € I(x), I'(€) C T'(x),
o(@,8) +e(&€) 2 e(z,€), VEeT(x), VE € I(§) C T().
Finally, by defining the operator M

Muv(z) = inf {c(z,§) +v(§)}, (17)

¢€l(z)

(16)

it is assumed that

M maps Cy(E) into Cp(FE), and there exists a measurable selector

A

£(x) = £(x,v) realizing the infimum in Mu(z), Va,v. (18)

REMARK 3.1.

(a) The last condition in is to ensure that simultaneous impulses are never optimal.
(b) requires some regularity property of I'(x), e.g., see Davis [4].

(c) It is possible (but not necessary) that a belongs to I'(x), actually, even I'(z) = E
whenever E is compact, satisfies the assumptions. However, an impulse occurs when the
system moves from a state x to another state £ # x, i.e., it suffices to avoid (or not to
allow) impulses that moves x to itself, since they have a higher cost.

The transition probability of the Markov chain X,, as in Definition is P(z,B) =
E.olp(z,;), with 7 defined by @, for any Borel subset B C E. Also, define the operator

Pu(z) = Epo{v(z,)}, Vz€E, (19)

for every bounded and measurable function v, i.e., Plg(z) = P(z, B), for every z € E
and B € B(FE), the Borel g-algebra on E.
We assume the following conditions:

there exists a continuous function V : E — [1, 00] (20)

and there exist a closed set C' and an open set D in E such that C' C D, a probability m
on F satisfying
0<m(C)<1=m(D)and sup{V(z) : z € C} < o0,
PV(z) < 1V (z) + Bale(x), VaeE, (21)
P(x,B) > fom(B), Vxe D,VBCD, B¢cB(E),
for a suitable constants By, $1 in ]0,1[, and B2 > 0. As shown in the next section, the

function PV is necessarily continuous.
Let us now give some preliminary properties.

LEMMA 3.1. The operator P defined by maps Cyp(E) into itself.

Proof. In view of the equality

Py(z) = ]E:,c{/oOO Az, t) exp(f /Ot MMz, 8) ds)v(mt) dt}7
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for any g in C,(E x RT), define the semigroup

B(t)g(e.y) = B {eo(~ | Mewy+5) ds)g(en g+

which satisfies

Pu(x) = /000 O(t)g(x,0)dt, with g(z,y) = Az, y)v(z).

Since A(z,y) > ko, the bound || ®(t)g(x,0)| < e *ot||g|| enables the use of Lebesgue
Theorem to show that if {®(t) : t > 0} is Feller then Pv(z) is continuous, and moreover,
since also A is bounded, the operator P maps Cy(E) into itself.

Therefore, it suffices to prove that {®(t) : t > 0} is a Co-semigroup. To this purpose,
note that by assumption, ®°(¢)g(z,y) = E.{g(z¢,y+1)} is a Co-semigroup with infinites-
imal generator A° = A, + 9,. Accordingly to Dynkin [5, Theorem 9.7, pp. 298-299], the
infinitesimal generator of {®(t) : t > 0} is A = A° — AT and D(A) = D(A®). Thus,
{Cf)(t) :t > 0} is a Cy-semigroup as a consequence of Dynkin [5, Theorems 2.9 and 2.10,
pp. 74-77]. Note that there is no need of ®(t) when \(z,y) = A(y). =

Let us comment on condition .
LEMMA 3.2. Under Assumptz'on and , the function PV is continuous.

Proof. Since V is a continuous and positive function (a priori unbounded) there exists
an increasing sequence {V;} C C,(E) such that Vi(z) 1 V() for every z € E, e.g.,
Vie(z) = min{V (z),k}, k =1,2,.... Also note that if v — u > 0 are measurable functions
then Pv — Pu > 0. Hence, the monotone convergence ensures that PVj(z) 1 PV (x) and
Dini’s Theorem implies that PV, — PV uniformly on compact sets of E. Therefore, if
xn — « then PVj(z,) T PV (z,) uniformly in n. Also, because V}, belongs to Cy(FE) it
follows, that for every k fixed, PVy(z,) — PVj;(z) as n — co. Hence, the inequality

|PV (z,) — PV (2)| < |PV(xy) — PVi(xn)| + |PVi(z,) — PVi(2)]
+ |PVi(x) — PV ()|, VYn,k,
shows that PV (x,) — PV (x) as desired. m

For the reasons which will appear later, we introduce a function W = W (x) to replace
V(z). The following Lemma is shown in Jagkiewicz [8, Lemma 3.1, and pp. 2572-73].

LEMMA 3.3. Under the ergodic assumption and and with the same By, B1, P2,
C and D, the function W(x) = V(x) + B2/Po satisfies

PW () < /W (z) + Le(x)Bs, V€ E,
PW () < §'W (2) + for(x) /D W(z)m(dz), VeeE,
P(z,B) > Boy(x)m(B), VYxe D, VBCD, BeB(E),

where v is a continuous functions on E such that0 <~y <1,v=1inC,v=0on E\D,
and B8 = (Bof1 + B2)/(Bo + B2) is a constant in ]0,1].
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In is convenient to denote by By (E) [and Cy (E)] the space of real-valued measurable

[continuous] functions with finite W-weighted norm

[ollw = bup{lv I/W(z): 2 € E}.
LEMMA 3.4. The operator P defined by (19) maps Cw (E) into itself.
Proof. One checks that

|Pu(z)] < |lv(z)lwPW(z), Vve Bw(E),
and the inequality PW (x) < /W (z) + k (Lemma [3.3) yields
[Pv(@)llw < K |lv(z)llw, Vve Bw(E),

and some constant &’ > 0.

To prove that Pv is continuous for any v in Cy (E), consider the continuous and
positive functions v+ = ||v(z)|wW + v. Since the space E is o-compact (i.e., F is the
union of a sequence of compacts), there exists an increasing sequence {vki :k>1}in
Cy(E) such that vif (z) 1+ v*(x) for every x in E. Now, if x,, — 2 then, as n — oo,

Puif(z) = lim inf Pvif (x,) < lim inf Pv¥(z,)

and as k — oo, we deduce that = +— Pv*(z) is lower semi-continuous. Because =
PW (z) is continuous, this implies that  — £ Puv(z) is also lower semi-continuous, which
means that x — Pv(x) is continuous. m

In the following sections, we need to assume that
M maps Cy (E) into itself. (22)
A simple situation is

LEMMA 3.5. If I'(z) C Ko, a fixzed compact set in E, for any x in E; then Mv is bounded,
for any real-valued continuous function v on E, and therefore, | Mv||w(E) < oo.

Proof. Indeed, from the inequality
[Mu(z)| < sup{c(,€) : € € D(2), z € B} +sup{|v(§)] : € € Ko},
the result follows. m

LEMMA 3.6. If the operator M maps Cy(E) into itself, T'(x) is pre-compact for every x
in E, the multivalued-function © — T'(x) is continuous in the Hausdorff metric of sets,
and that the Polish space E is locally compact, then v continuous implies Mv continuous.

Proof. Indeed, if d denotes the metric on E then, for every € > 0 the set K.(z) = {f’

d(¢,¢) <e, €€l (x } is a compact set. The convergence in the Hausdorff metrlc 1mphes
that given any € > 0 there exists r > 0 such that d(z,z’) < r implies dg(T'(z),T'(2')) < ¢,
and therefore I'(z") C K (), for any 2’ satisfying d(z,z’) < r. Thus, if v = 0 on K ()
then Mov(z') = Mo(a'), for any z’ in B,.(x) = {2’ : d(z,2’) < r}. Since continuous
functions are bounded on compact sets, there exists v, in Cp(F) such that v = v, on
K. (x). Hence, because Mv(z') = Mwvy(z') for every 2’ in B, and Muj, belongs to Cy(E),
we deduce that Mwv is continuous on B,., i.e., the operator M maps continuous functions
into continuous functions, as desired. m
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LEMMA 3.7. If

3K >0 such that sup W() < KW(z), Vz€E,
¢el(2)

then the operator M satisfies
[Mvllw < K'(1+ |vllw), v € Bw(E),
for some constant K’ > 0.
Proof. From |v(z)| < |[v||lwW () follows
Mo(z) > inf v(§) > —|vlw sup W() > —|vflw KW ()
§ET(x) gel(x)

and
Mo(e) < Ko+ [ollw nf W(E) < Ko+ [ollw KW (@),

with K. = sup{|c(z,€)| : £ € T'(x), x € E}. Hence the desired estimate holds with
K =max{K., K}. u

REMARK 3.2. Note that if W(x) has at most a polynomial growth with £ = R? and
['(z) — x is contained in a fixed bounded set, then the assumption of Lemma [3.7]is true.
However, the assumption of Lemma [3.7| may hold even when I'(x) — z is not bounded.

4. HJIB equation. The Dynamic Programming Principle shows (heuristically, see [15]
Section 3] that, with wg(z) = we(z,0), and for every z in E,

wn(e) = min{Eaof [ o) - paldt +wo(en)} Mo}, (23)

is the corresponding Hamilton-Jacobi-Bellman (HJB) equations in a weak form with two
unknowns gy and wg. Also, both problems are related (logically) by the condition

w@) = Ea{ [ () = mldt +un(e) ). Yo B, y>0,

w(x,y):wo(x,y), V93€E7y>0a

(24)

and so, if wo(x) is known then the last two equality yield w(z,y) and wo(z,y). Recall
that 7 is defined by (7)) and that since w(z,y) = wo(z,y) for any z € E and y > 0, it
may be convenient to write wo(z) = wo(z,0) as long as no confusion arises. Note that
the functions w(x,y) and we(x) may be called potentials, and a priori, they are not costs,
but they are used to determine an optimal control.

REMARK 4.1. Note that conditions do not look like a HIB equation, however, we
will check later the relation wo(z) = min{w(z,0), Mw(z,0)}, and so, conditions are
indeed equivalent to the HJB equation

we,) = Baof [ o) = gl + min{u(z,0), Mu(e,0)} |

for (w, po).
Let us remark that the HJB equation is equivalent to
wo(x) = min{ Mwo(x), {(x) — po7(z) + Pwo(z)}, (25)
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where -
((z) = Ezo{/ f(weys) ds},  7(@) = Eao{r}, (26)
0
with 7 as in , and in view of Assumption (b) (see also Remark , the operator
Ph(z) = Ezo{h(z,)} (27)
has been defined in , initially from C,(F) into itself, but Lemma shows that also
it maps Cy (E) into itself. Note that yields
0<l(z) < az|lf]- (28)
Moreover, from the Feller property of x; and the law of 7 it follows that ¢(z) is continuous.

THEOREM 4. 1 Under Assumption and (| ., ., and | which is complemented
with (| ., and ., there exists a solution (po,wo) in R+ x Cw(E) of ., and
therefore, of .

Proof. As in [15], the HJB can be written as

wo(z) = )U{ }{L — po7(€) + Pwo(€) } (29)

with L(x, &) = £(§) + ]lg¢mc(x, f), which is a particular case of the average cost optimality
equation studied in Jaskiewicz [8] (among others). In our case, however, the function L
and the set-function z — T'(z) U {a} are not continuous, so that a slight adaptation is
necessary as follows. Indeed, define P'(-|z) = P(-|z) — Boy(x)m(-) and consider the
operator

To(z) = inf{L(z,€) — g7(§) + P'v(¢) : € € '(w) U{x}},

where the constant g is given by

o= it oS v 0}

and S is the set of all stationary policies. Now, due to the continuity of =y, the function
P’v(x) is continuous if v is so. Even if not all assumptions in Jaskiewicz [§] are satisfied
in our case, the alternative expression of T as

Tou(z) = min{feirrl(fx){ﬁ(f) +c(x,€) — )+ P'v(€)}, Uz )+ Plo()},

shows, after using assumption (22)), that T maps Cy (E) into itself. Thus, as in Jagkie-
wicz [8], the definition of P'(- | x) and assumptions yield

|Tvl(x) — Tvg(:z:)| < sup |P’vl(§) — P’v2(§)|,
g€l (z)U{z}

which implies

| Tvi(2) = Twa(2)| < lor —vollw  sup  P'W(E) < [lvr — va|lwB'W ()
ger(z)u{z}
with 8" as in Lemma ie., T is a contraction in Cy (E). Therefore, there is a fixed
point wp in Cw (E), i.e.,

wo@) = _inf L L@,€) = g7(&) + Puo(€) - 67(¢) /D wo(2) m(dz) }.

gel(z)u{z}
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Hence, the rest of the proof in Jaskiewicz [8] shows that

/ wp(z)m(dz) =0
D
and that (g, wp) is a solution to (29)). Moreover, we deduce

n—00 n

:O7

similarly to Luque-Vésquez and Herndndez-Lerma [I1, Lemma 4.3(c)]. m

5. Existence of an optimal control. To obtain an optimal control of the same type
as in the [15] (i.e., based on the exit times of {x € E : wo(z) < Mwo(z)}), we will use
the following additional assumption:

Knowing that the equation h(z) = £(z) — jr(x) + Ph(x), as a particular case of Theo-
rem has a solution (j,h) in R* x Cyw (E) and j = J(x,0,0) (since I'(x) = {x} means

‘no control’, denoted by v = 0), we assume that
h is also bounded above, (30)

see Remark[5.0] below for a discussion on this assumption.

THEOREM 5.1. Under Assumptian and , , and , which is also com-

plemented with
Muwy is bounded below, (31)

as well as , , , the constant g obtained in Theorem satisfies
1o = inf{j(x,O, v):v e Vo}

and there exists an optimal feedback control based on the exit times of the continuation
region [wo < Muwyg).

Proof. First consider the case po = j. Exactly as in the proof of [15, inequality (5.6)],
it is shown that po < J(x,0,v) for any v in Vy, ie., po < j. Thus, if gy = j then
o = inf{J(z,0,v) : v € Vy} = j = J(2,0,0), and v = 0 is optimal.

Now let us consider the case pg < j. Note that assumption implies that there
exists a constant K such that h(z) < K, for any x. Thus, we can define the function

h(z) = h(x) — K < 0 to make the translation by h in the equation of wy. Indeed, since
we have ((x) = h(z) — Ph(z) + j7(z), we obtain
(x) = min{), (j — po)7(z) + Pi(x)},

with @(x) = wo(z) — h(z) and (z) = Mwy(z) — h(x) = Mwo(z) — h(z) + K, and in
view of , we can choose K sufficiently large to have ¥ > 0.

Hence, we have an equation corresponding to an (ergodic) stopping time with a strictly
positive running cost and a positive stopping cost v, a priori unbounded.

In order to solve this problem as in [I5, Theorem 5.1], for 1y < j, we need to extend
the results of Bensoussan [Il Section 7.4, pp. 74-77] on discrete-time (ergodic) optimal
stopping time as follows: if ® is a continuous linear operator from Cy (E) into itself, and

velw(E), ¢v=0, (eCy(E), lz)=1L>0,
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then the equation
u(z) = min {¢(z), {(z) + Pu(z)}

has a unique positive solution in Cy (E) and the optimal stopping time 7 satisfies E{7)} <
EW (x), with k = ||¢||w /4o-

We will skip the details, since this is a slight adaption of the bounded case.

Next, the remaining of the proof is similar to [I5, Theorem 5.1], with the same optimal
control 7;4+1 = inf{n > 7; : wo(X,) = Mwo(X,,)}, where E,{7;} < oo, for any z. =

REMARK 5.1. If f(z,y) = f(x) does not depend on y and x; has a unique invariant
probability measure (, and the zero-potential

o o) =B { | Tlf(e) — flas}, with F=(() >0

is continuous and satisfies
9 —
BA(e0)} = hie) ~B.{ [ 7@ = Flas}, Ve,

and for any bounded stopping time 6, then j = f and the condition “{z : f(x) > f} is
compact” ensures that is satisfied (see Palczewski and Stettner [20]). If f depends
also on y then one can find a similar condition with f = ¢(f), where ¢(dz, dy) is supposed
to be a unique invariant probability measure of (x¢,y;) and there is a continuous zero-
potential h(z,y).

Now, we would like to obtain that pug is also the optimal cost given by . To proceed
along the lines of the case E' compact, we first obtain another form of the HJB equation
for w(z,y).

THEOREM 5.2. If the assumptions of Theorem and the following condition on the
weight function W: there exists a positive constant 0 < k < ko < A(z,y) < k1 such that

E.{e MW (x;)} < W(x), Vt>0,VzcFE, (32)
are fulfilled, then the function w(zx,y) defined by satisfies
—Agyw(z,y) + Mz, y)[w(@,0) — Mw(z,0)]" = f(z,y) — po. (33)
Proof. Recall that w(z,y) is defined by

wies) = Eny{ [ Feru) - polat + wofen)}.

and use the precise space where w(z,y) is actually defined. First, the inequalities

Emy{/o |f (e, ye) = pol dt} < (sup | f(z,y) — o)) (Sgp]Ew{T})

z,Y

and show that the first term of w(x,y) is bounded. Next, from the law of 7, we have

E.,{wo(z,)} Ex{/ommt,ym exp(~ /Otx<x87y+s> s )wo(z) dt .
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Since wy belongs to Cyw (E) we have |wg(zt)| < ||wo|lwW (2¢), and the bound on the
density X yields

Epy{wo(z,)} S/ ke o'E, {wo(zy)} dt < k1||w0||W/ ~(ko=k)tE {e_ktW (z,)} dt,
0
and together with the hypothesis (3 , it follows that

|Eay{wo(z,)}| < (z), VY(z,y) € ExRT.

This leads us to introduce Cyy (E xR™), similarly to Cy (E), as the space of all real-valued
continuous functions v on E x R such that

[vllw = sup{|v(z,y)|/W(z) : (v,y) € Ex R} < o0,

and to affirm that w(z,y) belongs to Cy (E x RT).
Now, w(z,y) can be written as

w(z,y) = Ez{/ooo €XP<* /Ot/\(xs,y +3) dS)

X [f(ze,y +1t) — po + Mg,y + t)wo(wy)] dt}.

and the expression (see also Lemma (3.1])

b(t)o(e,y) = B {exp(- / Aoy +5) ds oz y +1) }

defines a contraction semigroup on Cy (E x RT). Indeed, use assumption to check
the contraction property

e ’“’tHUlIW]E {W(ze)} < [vllwW(z).
(t) : t > 0} then the function w(x,y)

t
800w 0)] < Eofexp(~ [ AMawy+)ds) olz
0
<
Thus, if R is the potential corresponding to {®
becomes

w(z,y) = Ro(x,y), with o(,y) = f(z,y) — po + Az, y)wo(x),
and again, if view of assumption (32), R is a (linear) bounded operator on Cyy (E x RT).
Therefore, by means of Dynkin [5, Theorem 1.7, pp. 41-42], the function w is the solution
of the equation
—(Az + 0y)w + Aw = f — po + Awy,

where A, + 9, — X is the weak generator of {®(t) : t > 0}.
Since [15, Lemma 5.6] is still valid under the current assumptions, we obtain

wo(z) = min {w(z,0), Mw(z,0)} = w(z,0) — [w(z,0) — M"w(x,O)]+
and rearranging the terms in the previous equation for w(z,y), we deduce
—Agyw + Mw(z,0) — Mw(x,0)]T = f — uo
as desired. m

REMARK 5.2. As seen in the next section, condition (32]) is not very restrictive.
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LEMMA 5.1. Define V+ C V, the class of controls satisfying

%E”y{w (7, yr }—)O as T — oo.

Under the assumptions of Theorem [5.2] we have
po < J(x,y,v), Vv E Vy+,
provided Vy,+ # 0.
Proof. Since assumption yields, for every ¢t > 0, x, v,
Eqylw(ze, ye)| < wllwB{W (1)} < "W (z) < o0,
the HJB equation implies that

t
M= [ 7)) ds + (e
0
is a P,,-submartingale. As in [I5, Theorem 5.8], sinceﬂ
w(ag *,0) < e(zp, ' &) +w(&:,0), Vi1,

we deduce that
T
w(z,y) < E;y{/ [f (@, ye) — po) dt + Z 9; 1&g, < + w(-TTayT)}
0

Hence, dividing by T and letting T — oo we deduce that po < J(z,y,v), as long as v
belongs to Vy+. =

LEMMA 5.2. Define V,,- C V similarly to the class Vy+ with w™ replacing w*. Under
the assumptions of Theorem and U € V- we have py < J(x,y, D).

Proof. Let (6,€) be the first impulse of an arbitrary admissible impulse control v in V,
and T be a finite stopping time. We are going to show that

B2, { [ o) = ol d+ (e ) + (€. 0))

A6
> ]E;y{/ [f (e, ye) — po] At + Lo [e(2, &) + w(E,0)] + ]192Tw(95T,yT)}- (34)
0

Indeed, it was seen that M, is a P,, submartingale, and thus E,,{Ms | Frae} > Mrne,
i.e.,

9 TAO
B2, { [ (o) =l dtwihn) | Prao} > [ 1) = ol e+ e o).

This yields
0
E;y{/ [F (e, yt) = po) dt + Losrw (g, yr) + Lo<rw(zg, yp) | J-"W}
0

TAO
> / [f (24, y¢) — po) At + Losrw(z, yr) + Locrw(xy, vo),
0

2this inequality holds at impulse times, even if in general we do not have w < Mw.
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and, after remarking that Llg<7w(x),yg) is Frap measurable, adding Lo<r[c(zy, yg) +
w(€,0)] on both sides, and taking expectation, we have

0
B2 { [ (o) = poldt + ozr(adpm) + Tocrle(af o) + (6.0}

TAO
> EZU{/ [f(ze, ye) — po) At + Losrw(2y, yr) + Lo<r[c(zg, yo) + w(§,0)]}~
0
Now, we have seen that, at impulse times,
w(mg, y@) < C("Eg, 6) + w(€7 0)

and hence, using this on the left hand side, we obtain .

Let us verify that if & belongs to V,,- (which is defined similarly to V,+), then

Indeed, from the explicit optimal stopping time representation (as in [I5])

w(z,y) = i%szy{/Oe[f(xt;yt) — pol dt+Mw(wa70)},

for any admissible stopping time 6, and using the optimal stopping time 6, and optimal
impulse & (corresponding to a minimizer of Mw), we obtain

X TAb; R R
w(xa y) Z ]E:y{/o [f(xta yt) - :U‘O] dt + ]]-él <T [C(Iglagl) + w(&h O)]

+ ]]‘élsz(xT’ yT)}
By iterating this argument with 7" constant, it follows that

TAO, n—1 A

w(CU; 0) + MOT > E;o{/ f(xhyt) dt + Z 19A1‘<T [C(:L.gfl,gz)]
0 ] i

T 1 [w(xT/\én ) yT/\én)] }

* — w™, the previous inequality yields

Dividing by T, letting T' — oo and using w = w
o > J(P) as desired. m
THEOREM 5.3. Under the assumptions as in Theorem[5.2] and assuming that D belongs
to Vy+ NVy-, t.e.,

1 v

T Emy{|w(xT, yr)|} =0 as T — oo. (35)
we have

po = inf{J(z,y,v) : v € Vy+ } = J(z,y,0), (36)

where the constant o and the optimal feedback control U are as in Theorem/|5.1), translated
by T, see ,
Proof. From Lemmas and o < J(v), for every v € Vy+ and po > J(?), and
since ¥ € V,,+, we deduce (36]). m

REMARK 5.3.
(a) If w is bounded then, obviously, V,,+ = V,,- = V and assumption of Theorem 5.3
is satisfied.
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(b) Also, based on the inequality

|EZy {w(@r, yr)}| < [wlwEH{W (er)},
if we assume that
AW (x) < =W (z)+b, [>0,
then one can show that for v = 0 (no control), we have
1o
Jim B {W(zr)} =0,

i.e., v = 0 belongs to V4 and V,,—, which are therefore nonempty subset of admissible
impulse controls.

Now, let us mention some cases (examples and comments) where our assumptions are
satisfied.

6. About the ergodicity condition. If we assume that there exists a norm-like (or
Lyapunov type) function V() > 1, for every z in E (i.e., also V(z) = oo as |z]| — o0,
and in the domain of the extended generator) and constant 8 > 0 and v > 0 such that
AyV(x) < =BV (x) + v, where A is the infinitesimal generator of x;; then PV (z) <
B'V(z) +~ for some constants 0 < 5’ < 1 and 7/ > 0, where P is the operator given
by . Indeed, to check this assertion, use Dynkin’s formula and the assumptions on V'
to get

PV(&) = Exa{V(27)} < V() = Eao{ [ Vi) dt} +9Euor).

Moreover, one checks that
t

EIO{/OTV(xt)dt} - EI{/OOO exp(—/o A@s, 5) ds)V(xt)dt}

> eEw{/OOO exp(— /Ot Az, 8) ds)V(xt))\(act, t) dt} =ePV(z),

with e = 1/sup{A(z,y) : z,y} (i.e., > 1/k1). Hence PV (z) < V(z) — fe PV (z) ++/, with
v = ysup,ep Ezo{7} = 7a2 (see Remark [2.3) and finally the desired inequality with
B =1/(1+ Be) follows.

Now, for instance, if for any compact set C' C E there exist a constant 0 < o < 1 and

a probability v such that

Plg(x) > ale(z)v(B), VB e B(E),
then the condition PV (z) < g'V(x) + ' for every x in E is equivalent to PV (z) <
B1V(x) + B2le(zx) for every x in E, for some constants 0 < 87 < 1 and 2 > 0 and
a compact C (this is a particular case of Meyn and Tweedie [I8, Lemma 15.2.8, pp.
379-380)).

Another point is that under the same assumption A,V (xz) < —pV(z) 4 v for every x
in E, we deduce that for any constant k > 0 the function Vj(z) = V(z) + v/k satisfies
A Vi(x) < kVi(x) for every = in E. (Indeed, A, Vi(x) = AV (x) < kV(z)+v = kVi(x))
Since Vi, > V > 1 we have E {e ¥V, (24)} < V() for every z in E and t > 0. This
means that the condition A,V (z) < —fV(z) 4+ ~ for every x in E implies that the
property on the weight function W required in Theorem is satisfied.
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REMARK 6.1. Note that in Meyn and Tweedie [I7, Theorem 6.1, pp. 536-537] it is proved
that the condition A,V (z) < —pV(z) + v for every x in E implies (in particular) the
exponential ergodicity of x;. It should be observed that this condition is to be written
with truncation of the process z, i.e.,, first get an increasing sequence {O,,} of open sets
with compact closure and such that O, 1 E, and then consider the first entrance time
T, of E\ O,. Thus, define z} = z; for any ¢t < T, and 2} = z, for any ¢t > T,,, with a
fixed state x;, in E'\ O, (e.g., ¥;, = 27 ) and A} the extended generator of z', so that
the condition becomes A7V (z) < —BV(x) + v for every z in O,,.

PROPOSITION 6.1. If, besides the assumptions of Theorem [5.1], we assume also that

(i) T'(z) C K, for every x and some fized compact set K;

(ii) for some Y > 0 the stopping time Tiy = inf{t > 0: (z¢,y:) € K x [0,Y]} satisfies
E{Tky} < oo, for every x,y;

(iti) L = {(z,y) : f(z,y) < po} is compact and Ty, = inf{t > 0 : (x¢,y:) € L} satisfies
E. {Tr} < o0, for every x,y;

then the function w is bounded and therefore the conditions of Theorem [5.3] are satisfied
(actually, Vip+ = V- = V).

Proof. First we show that w is bounded above and next below. Indeed, for any function v
locally bounded in E (in particular continuous), assumption on the switching cost ¢
yields
co + inf v(§) < Mo(z) < [[¢f| + sup v(§),
£EK ceK

and therefore, wy < Mwyg implies wo < ||e|| + supge x wo(§) = by. Hence, from

we,) =Eay{ [ (£ o] ds-+ un(en)}

it follows that w(z, y) = ¢(x,y)+Egy{wo(xr, )} with ¢ bounded, i.e., wt (z,y) < ||p||+b1,
and b; can be assumed nonnegative. Thus w™ is bounded.

Next, using inequality with T'= Tky ATy, and observing that f — ug > 0 for
any 0 <t < 7T, we have

w(xa y) Z ]E;y{]]-@<T [C(Ig7 E) + w(fa 0)] + J]-QZTw(xTa yT)}
> By (Lper) nf o(2,€) + inf w(e,0)

+Emy{]]-92T}1nf{w(xay) : (1’7y) € (KX[(]’Y]) UL}a

i.e., w(x,y) is necessarily bounded below. m

7. Diffusion processes. Consider a diffusion in E = R? given by dz; = b(z) +
o(x¢) dB; with b and o are continuously differentiable functions, b having linear growth,
o being bounded, and oo* is strictly elliptic (uniformly in z). Classic results on the
diffusion processes (e.g., Friedman [7, Sections 1.6 and 2.4, pp. 22-25 and pp. 42-48],
Ladyzenskaja et al. [9, Section IV.11, pp. 356-364], and references therein) show that x;
admits a transition density function p(z, t, 2"), which is strictly positive and continuous in
x, . As a consequence, given any t* > 0 and any compact C' C R there exist a constant
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0 < a < 1 and a probability v such that
P(x,t*,B) = / p(z,t*,2')da’ > ale(x)v(B), VB e BR?Y), Ve R
B

Equivalently, for any k& > 0, a similar property holds for the resolvent chain corresponding
to the kernel

Rufe5) = [ ke M (@) 1) (a) dt,

i.e., for any compact C' C R? there exist a constant 0 < a < 1 and a probability v such
that
Ry(z,B) > al¢(z)v(B), YB e B(R?), Yz e R

As a consequence, since
t

P(z,B) = EI{/OOO exp(—/0 Mz, 8) ds))\(xt,t)]lg(:vt) dt}

k k
> = Rk1 (I‘, B) > = a]lc(x)u(B),
k1 k1
we deduce that

P(x,B) > Bolc(z)v(B), VB e BRY), Ve RY
as assumed in .

Now in view of Section [f] we see that if there exists a Lyapunov function such that
A,V (z) < =BV (z)+~ for every x in R then the whole hypothesis is satisfied as well
as the additional condition of Theorem Also, the Markov process z; is exponentially
ergodic and one can show that when the function f(z,y) = f(z) depend only on z, there
exists a function h(z) satisfying the additional assumption of Section

Finally, if we are in the case of I'(z) C Ky, a fixed compact, for every = in R?, then that
all the results of Section [p] are valid. Moreover, as a simple example with the Lyapunov
function V(z) = 22 +1 is the diffusion z; in R defined by dz; = —x; dt + o () d By, with
o continuous and bounded, and such that o?(x) > ag > 0. Certainly, more complicate
examples can be found in Meyn and Tweedie [17), Section 8, pp. 537-539].

Some classes of diffusion processes with jumps give examples satisfying our ergodic
assumptions, e.g., Masuda [12].

References

[1] A. Bensoussan, Dynamic Programming and Inventory Control, Stud. Probab. Optim.
Statist., IOS Press, Amsterdam, 2011.

[2] A. Bensoussan, J.-L. Lions, Applications des inéquations variationnelles en controle stochas-
tique, Méthodes Math. Inform. 6, Dunod, Paris, 1978.

[3] A. Bensoussan, J.-L. Lions, Contrdle impulsionnel et inéquations quasi-variationnelles,
Méthodes Math. Inform. 11, Gauthier-Villars, Paris, 1982.

[4] M. H. A. Davis, Markov Models and Optimization, Monogr. Statist. Appl. Probab. 49,
Chapman & Hall, London, 1993.

[5] E. B. Dynkin, Markov Processes, vol. 1, Grundlehren Math. Wiss. 121, Springer, Berlin,
1965.



206

(6]

(10]
(1]

[12]

(13]
[14]
[15]

[16]

[17]
(18]

(19]

[20]
21]
[22]
23]

24]

J. L. MENALDI AND M. ROBIN

S. N. Ethier, T. G. Kurtz, Markov Processes, Characterization and Convergence, Wiley Ser.
Probab. Math. Statist. Wiley, New York, 1986.

A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall, Englewood
Cliffs, NJ, 1964.

A. Jaskiewicz, A fized point approach to solve the average cost optimality equation for
semi-Markov decision processes with Feller transition probabilities, Comm. Statist. Theory
Methods 36 (2007), 2559-2575.

O. A. LadyZenskaja, V. A. Solonnikov, N. N. Ural’ceva, Linear and quasilinear equations
of parabolic type, Transl. Math. Monogr. 23, Amer. Math. Soc., Providence, RI, 1967.

J. P. Lepeltier, B. Marchal, Théorie générale du contréle impulsionnel markovien, STAM J.
Control Optim. 22 (1984), 645-665.

F. Luque-Véasquez, O. Herndandez-Lerma, Semi-Markov control models with average costs,
Appl. Math. (Warsaw) 26 (1999), 315-331.

M. Masuda, Ergodicity and exponential S-mizing bounds for multidimensional diffusions
with jumps, Stochastic Process. Appl. 117 (2007), 35-56; Erratum:| ibid. 119 (2009), 676—
678.

J. L. Menaldi, M. Robin, On some optimal stopping problems with constraint, SIAM J.
Control Optim. 54 (2016), 2650-2671.

J. L. Menaldi, M. Robin, On some impulse control problems with constraint, STAM J.
Control Optim. 55 (2017), 3204-3225.

J. L. Menaldi, M. Robin, On some ergodic impulse control problems with constraint, STAM
J. Control Optim. 56 (2018), 2690-2711.

J. L. Menaldi, M. Robin, On optimal stopping and impulse control with constraint, in:
Modeling, Stochastic Control, Optimization, and Applications IMA Vol. Math. Appl. 164,
Springer, Cham, 2019, 427-450.

S. P. Meyn, R. L. Tweedie, Stability of Markovian processes. I11I. Foster—Lyapunov criteria
for continuous-time processes, Adv. in Appl. Probab. 25 (1993), 518-548.

S. P. Meyn, R. L. Tweedie, Markov chains and stochastic stability, second ed., Cambridge
Univ. Press, Cambridge, 2009.

J. Palczewski, ¥.. Stettner, Finite horizon optimal stopping of time-discontinuous functionals
with applications to impulse control with delay, SIAM J. Control Optim. 48 (2010), 4874—
4909.

J. Palczewski, L. Stettner, Infinite horizon stopping problems with (nearly) total reward
criteria, Stochastic Process. Appl. 124 (2014), 3887-3920.

J. Palczewski, L. Stettner, Impulse control mazimizing average cost per unit time: A nonuni-
formly ergodic case, SIAM J. Control Optim. 55 (2017), 936-960.

M. Robin, Contréle impulsionnel des processus de Markov, Theése d’état, 1978,
https://hal.archives-ouvertes.fr/tel-00735779 /document.

L. Stettner, Discrete time adaptive impulsive control theory, Stochastic Process. Appl. 23
(1986), 177-197.

L. Stettner, On ergodic impulsive control problems, Stochastics 18 (1986), 49-72.


http://dx.doi.org/10.1002/9780470316658
http://dx.doi.org/10.1080/03610920701270980
http://dx.doi.org/10.1137/0322040
http://dx.doi.org/10.4064/am-26-3-315-331
http://dx.doi.org/10.1016/j.spa.2006.04.010
https://dx.doi.org/10.1016/j.spa.2008.02.010
http://dx.doi.org/10.1137/15M1040001
http://dx.doi.org/10.1137/16M1090302
http://dx.doi.org/10.1137/17M1147573
http://dx.doi.org/10.2307/1427522
http://dx.doi.org/10.1017/CBO9780511626630
http://dx.doi.org/10.1137/080737848
http://dx.doi.org/10.1016/j.spa.2014.07.009
http://dx.doi.org/10.1137/16M1085991
https://hal.archives-ouvertes.fr/tel-00735779/document
http://dx.doi.org/10.1016/0304-4149(86)90035-9
http://dx.doi.org/10.1080/17442508608833400

	1 Introduction
	2 Statement of the problem
	2.1 The uncontrolled process
	2.2 The controlled process

	3 Main assumptions and preliminaries
	4 HJB equation
	5 Existence of an optimal control
	6 About the ergodicity condition
	7 Diffusion processes
	References

