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Abstract. This paper is concerned with an optimal selling rule for pairs stock trading. A pairs
position consists of a long position in one stock and a short position in the other. The problem
is to find an optimal stopping time to close the pairs position by selling the long position and
buying back the short position. In this paper, we consider the optimal pairs-trading selling rule
by allowing the stock prices to follow a general geometric Brownian motion with regime switch-
ing. The optimal policy is characterized by threshold curves obtained by solving the associated
HJB equations (quasi-variational inequalities). Moreover, numerical examples are provided to
illustrate optimal policies and value functions.

1. Introduction. Pairs trading is about simultaneously trading of a pair of stocks.
A pairs position consists of a long position in one stock and a short position in the other.
In this paper, assuming an existing pairs position, our goal is to determine when to fold
and close the position.

Pairs trading is closely related to the timing of the optimal investments studied in
McDonald and Siegel [MS]. In particular, they considered the optimal timing of invest-
ment in an irreversible project. Two main variables in their model are the value of the
project and the cost of investing. They demonstrated one should defer the investment
until the present value of the benefits from the project exceed the investment cost by
a certain margin. Further studies along this line were carried out by Hu and ksendal
[HO] to specify precise optimality conditions and to provide a new proof of the following
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variational inequalities among others. Their results can be easily interpreted in terms of
pairs-trade selling rule when treating the project value as the long position and investment
cost the short position.

In this paper, we extend these results to incorporate markets with regime switching.
We focus on a simple and easily implementable strategy, and its optimality and sufficient
conditions for a closed-form solution.

Mathematical trading rules have been studied for many years. For example, Zhang [Z]
considered a selling rule determined by two threshold levels, a target price, and a stop-
loss limit. In [Z], such optimal threshold levels are obtained by solving a set of two-point
boundary value problems. Guo and Zhang [GZ] studied the optimal selling rule under a
model with switching Geometric Brownian motion. Using a smooth-fit technique, they
obtained the optimal threshold levels by solving a set of algebraic equations. These pa-
pers are concerned with the selling side of trading in which the underlying price models
are of GBM type. Recently, Dai et al. [DZZ] developed a trend-following rule based
on a conditional probability indicator. They showed that the optimal trading rule can
be determined by two threshold curves which can be obtained by solving the associated
Hamilton—Jacobi—Bellman (HJB) equations. A similar idea was developed following a con-
fidence interval approach by Iwarere and Barmish [IB]. Besides, Merhi and Zervos [MZ]
studied an investment capacity expansion/reduction problem following a dynamic pro-
gramming approach under a geometric Brownian motion market model. In connection
with mean reversion trading, Zhang and Zhang [ZZ] obtained a buy-low and sell-high pol-
icy by characterizing the ‘low’ and ‘high’ levels in terms of the mean reversion parameters.
Song and Zhang [SZ] studied pairs trading under a mean reversion model. It is shown
that the optimal trading rule can be determined by threshold levels that can be obtained
by solving a set of algebraic equations. A set of sufficient conditions are also provided
to establish the desired optimality. Deshpande and Barmish [DB] introduced a control-
theoretic approach. In particular, they were able to relax the requirement for spread
functions and showed that their trading algorithm produces positive expected returns.
Other related pairs technologies can be found in Elliott et al. [EHM] and Whistler [W].
Recently, we [TZZ] studied an optimal pairs trading rule. The objective is to initiate
and close the positions of the pair sequentially to maximize a discounted payoff function.
Using a dynamic programming approach, we study the problem under a geometric Brow-
nian motion model and proved that the buying and selling can be determined by two
threshold curves in closed form. They also demonstrate the optimality of their trading
strategy.

Market models with regime switching are important in market analysis. In this paper,
we consider a geometric Brownian motion with regime switching. The market mode is
represented by a two-state Markov chain. We focus on the selling part of pairs trading
and generalize the results of Hu and Oksendal [HO| by incorporating models with regime
switching. We show that the optimal selling rule can be determined by two threshold
curves and establish a set of sufficient conditions that guarantee the optimality of the
policy. We also include several numerical examples under a different set of parameter
values.
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This paper is organized as follows. In §2, we formulate the pairs trading problem
under consideration. In §3, we study the associated HJB equations and their solutions.
We provide a set of sufficient conditions that guarantee the optimality of our selling rule.
Numerical examples are given in §4. Some concluding remarks are given in §5.

2. Problem formulation. We consider two stocks S' and S2. Let {X},¢ > 0} denote
the prices of stock S! and {X?2,t > 0} that of stock S%. They satisfy the following
stochastic differential equation:

1(5)= () [Cate) e+ (S o )2 (e)]- o

where p;, i = 1,2, are the return rates, oy, 4,7 = 1,2, the volatility constants, o a
two-state Markov chain, and (W}, W?) a two-dimensional standard Brownian motion.
Let M = {1,2} denote the state space for the Markov chain a; and let Q =

(/\Al A; ), with A; > 0 and Ay > 0, be its generator. We assume oy and (W}, W?)
2 —A2

are independent.

In this paper, we consider a pair selling rule. For simplicity, we assume the corre-
sponding pair’s position consists of a one-share long position in stock S' and a one-share
short position in stock S2. The problem is to determine an optimal stopping time 7 to
close the pair’s position by selling S' and buying back S2.

Let K denote the transaction cost percentage (e.g., slippage and/or commission)
associated with stock transactions. For example, the proceeds to close the pairs position
at tis (1 — K)X} — (1 + K)X?. For ease of notation, let 3, =1+ K and s =1 — K.

Given the initial state (z1,22), @ = 1,2, and the selling time 7, the corresponding
reward function

J(x1, 29,0, 7) = E[epr(Bin - Bbe_)], (2)
where p > 0 is a given discount factor.

Let F; = o{(X}, X2, a,) : r < t}. The problem is to find an {F;} stopping time 7 to
maximize J. Let V(z1, 22, @) denote the corresponding value functions:

V(x1,x2,a) = sup J (21, z2, 0, 7). (3)

REMARK 2.1. The ‘one-share’ pair position is not as restrictive as it appears. For exam-
ple, one can consider any pairs with n; shares of long position in S' and ny shares of
short position in S2. To treat this case, one only has to make change of the state vari-
ables (X}, X?) — (n1X},n2X?). Due to the nature of GBMs, the corresponding system
equation in will remain the same. The modification only affects the reward function
in implicitly.

Throughout this paper, we impose the following conditions:

(A1) For « = 1,2, p > p1(a) and p > pa(a).
Under these conditions, we have the lower and upper bounds for V:

Bsx1 — Pz < V(ze, x2, @) < Bsz1. (4)
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Actually, the lower bound follows from the value function definition
V(z1,x2,a) > J(w1, 72, ,0) = Bsw1 — P2

The upper bound can be obtained from Dynkin’s formula

J(x1,29,0,7) < E[e_pTﬁin] = fs (3;1 + E/ e_thtl(—p—F ,ul(at))dt) < Bsx1.
0

3. HJB equations. In this paper, we follow the dynamic programming approach and
focus on HJB equations. First, for i = 1,2, let

A= 3 o022 2 + 20nseres 50 b e oy
i = 9 a11\?)Ty ax% a12(1)X1T2 axlaiﬂg a22\1)Ty ax%
+ pa(i)a1 B, + p2(i) 22 s (5)
where

a11(i) = 011 (1) +015(1), a12(i) = 011()o21 (i) +012(1)002(i), and aga (i) = 03, (i) +035(0).
Formally, the associated HJB equations have the form:

min{(p — Ap)v(zy, 22,1) — A (v(21, 22, 2) — v(x1, 22, 1)),
v(z1,22,1) — Bewy + Poaa} =0,

min{(p — A2)v(21, 22,2) — A2 (v(z1, 32, 1) — v(21, 72,2)),
v(21,22,2) — Bet1 + Ppaa} = 0.
To solve the HJB equations, we first convert them into equations with a single in-

dependent variable by introducing y = z5/x1 and v(x1,xe,1) = xyw;(xe/x1), for some
function w;(y) and ¢ = 1, 2. Then direct calculation yields

(6)

Ov(xy, x2,1) . , ov(x1, x2,1) o
o = w;(y) — yw;(y), s = wj(y),

62’()({1}1,$2,Z.) _ wa;I(y) aQU(.’E17.’E27i) _ w;l(y) 8211(;31,:3272') _ _yw;l(y)

oz? 1 0z3 x| 011029 1

We rewrite A;v(x1,x2,4) in terms of w; to obtain
Agv(wr, 2,0) = w1 {oiy?w] (y) + [p2(i) — p1 (D)]ywi(y) + pr ()wily) }-
where o; = [a11(7) — 2a12(7) + a22(7)]/2. Let
Lilwi(y)] = oiy?wy (y) + [n2(i) — i ()]ywiy) + p(Dwi(y), i=1,2.
Then, the HJB equations can be given in terms of y and w; as follows:
min{(p+ A1 — L1)wi(y) — Mwa(y), wi(y) + foy — Bs} =0, )
min{(p + Az — La)wa(y) — Aawi (y), wa(y) + Boy — Bs} = 0.

In this paper, we only consider the case when o; # 0, i = 1, 2. If either o7 = 0 and/or
o9 = 0, the problem reduces to a (partial) first order case and can be treated in a similar
and much simpler way.
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First we consider the equations:
(p+ M —Ly)w; = Mwe and  (p+ Ao — La)wy = Aow. (8)
Then both w; and wsy satisfy the equation
[(p+ M —L1)(p+ X2 — L2) — A do]w = 0.

Note that both £; and L, are the classical Euler type operators and therefore the
solutions to the above equation is of the form w = y° for some §. This leads to that &
must satisfy

[0+ A1 —A1(9)][p+ A2 — A2(0)] — M A2 =0, (9)

with
Ai(8) = 0i8(5 — 1) + [pa() — pa(0))6 + (i), =12 (10)
It is elementary to show the equation @ has four zeros which can be arranged as follows:

61 >09>1>0> 63> 0d4.
Let

4 4
wy = Z cljy‘sj and wy = Z Cij‘sj,
j=1 j=1
for some constants c¢;;. Then, in view of the equations in , it follows that
cLi(p+ A — Ai(d;)) = Aicg;  and - ca;i(p + Ag — Az(d5)) = Aacy;-

Define
+ A — A1(0;
T]J p 1)\1 1( J) * (11)

Then it follows from @D that
11 p+)\2—A2(5j) ’

Therefore, co; = njc14, j = 1,2,3,4. Hence,

4 4

wy = chjy’sj and wy = ancljy’sﬂ' (12)
Jj=1 Jj=1

will be the general solution of (g).

Heuristically, one should close the pairs position when X} is large and X? is small. In
view of this, we introduce Hy = {(z1,22) : 2 < k121} and Hy = {(21,22) : ©2 < kox1},
for some k; and ko so that one should sell when (X}, X?) enters H; provided oy = i,
1=1,2.

In this paper, we need consider two cases: k1 < ko and ko > ky. By symmetry in
a; = 1 and oy = 2, we only need to consider one of them, say k1 < ko. We treat two
separate cases: k1 < ko and ki = ko.

Case 1: k1 < k. First, we divide (0, 00) into three intervals:

Fl = (O,kﬂ, FQ = (kl,k2)7 and F3 = []CQ,OO).
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Then, on each of these intervals, the HIJB equations can be specified as follows:

Iy wi(y) = Bs — Boys wa(y) = Bs — Boy;
Dot (p4+ M — L)wi(y) = Mwa(y);  w2(y) = Bs — Boys
Lz (p+ M — L)wi(y) = Mwz(y); (p+ A2 — L2)wa(y) = Aswi(y).
We are to find solutions on each intervals. First, on I's, recall the linear bounds for value
functions given in . Recall also that ; > 1 and d, > 1. It follows that the coefficients
in for %1 and y°2 must be zero. Therefore,
= C1y% + Coy®  and  wy = 13C1y" + maCoy™

Next, to find solution on I's, note that a particular solution for

(p+ M —L)wi(y) = Mwz(y) = M (Bs — Boy)

can be given by wy = a1 + asy, with

_ Mfs and ag = ——Alﬁb .
p+ A — (1) p+ A1 — (1)
To find a general solution of the above non-homogeneous equation, we only need to solve
the homogeneous equation (p+ A1 —£1)w; = 0. This is also of Euler type and its solution
is of the form y”. Then v must be the roots of the quadratic equation

o1y(y = 1) + [p2(1) — pa(D)]y + pa (1) —p = Ay = 0.
They are given by

[ (13)

1 Ml( Mz(l) oM - m(1)

N=g+———— +\/ + )
2 o1 01
\/ (14)

( u2(1)>2+p+)\1—u1(1)'

g1

5+

2

The general solution for w; on I'y is given by

A1Bs B A1Bn y
p+A— (1) pH+ A —pe(l)”

wy = C3y™ + Cyy™ + (15)

for some constants C3 and Cy.

Smooth-fit conditions. Smooth-fit conditions in connection with optimal stopping typ-

ically require the value functions to be continuously differentiable. Next we use such

smooth-fit conditions to set up equations for parameters Cj, j = 1,2,3,4, ki and k».
First, the continuous differentiability of wq at ki yields

Bs — Bok1 = Csk{* + C4k]® + a1 + azks,

_ (16)
—By = Camk]* ™' + Cuek* ™! + as.
Similarly, we have the equation for wy at ko
Bs = Boka = n3C1ky® + muCaky?, an

—B = 130301 k3> ™1 4 1u04Coky L
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Finally, the equations for wy at ko are given by

Csk)' 4 Cykd* + ay + agky = C1ES? + Cokl?,

_ _ (18)
Ok ™' + Cuyakd ™ + ag = 6501k ™Y + 6,CokS L.

We solve equations and for Cj, j = 1,2,3,4, in terms of k; and k2 and obtain

Cn —043s 4 (04 — 1) Brko
1= 55 )
n3(03 — da)ks
Co— 0305 + (1 — 03) Bk
2 — 54 )
14(d3 — da)ksy
~ 72(Bs —a1) + (1 —72) (B + az)ky
03 — Y1 Y
(v2 — 1)k
o n(Bs —ar) + (1 = 1)(By + az)ks
Ci= L .
(’YQ - 71)k1

Substituting these into , we obtain two equations on ki and ko

Y2 (Bs — a1) + (1 —72)(By + az)k: (@)71
(v2—m) k1

—n(Bs —a1) + (11 = 1) (B + az)ks (/iz
(v2—m) Ky

_ —04Bs + (04 — 1) Bukz n 038s + (1 — 03) Brks

n3(d3 — 04) n4(83 — 04)

Y2
+ ) + a1 + azke

and

Y2(Bs —a1) + (1 = 72)(By + az)ks (@)%
(v2 =) T\

71 (Bs —a1) + (1 — 1)(Bp + az)k kg \ 72
(2 =) 72(17) ks

1
—0408s + (64 — 1) Brk
4 (4 )b253

+

0305 + (1 — 03) Brka
n3(d3 — d4) N4(03 — 64)

We next simplify these equations and obtain

dy4.

[v2(Bs — a1) + (1 = 72)(Bb + a2) k] (%)w1 + y2a1 + (2 — 1)agks

_ —04fs + (84 — 1) B2 d38s + (1 — 53)51)792( 6
n3(03 — 64) n4(03 — 64) oo

(v2 —03) +

and
[=71(Bs — a1) + (71 — 1)(By + az)k1] (%)72 + (1 —m)agks — 1101

_ —04Bs + (64 — 1) Bk 0585 + (1 — 03) Buke (64— 1)
n3(03 — 64) n4(03 — 64) B

(03 —71) +
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To reduce the above equations into linear equations in k; and ko, we let r = ko /k;.
Then, we have

o —04Ps(v2 — d3) | 93Bs(v2 — da)
=) + =)+ il = [+ S |
e T - e e

and

[=7(Bs = a1) + (0 = DBy + az)kn |17 = [_2%25331) + 52522(24—_53)

(05 = 1)(ds = 71)Bo , (1= 05)By(04 — m1)
i [ n3(03 — d4) * na(03 —65) (1- 71)@} ka.

Jr’Ylal]

To simplify notation, let

b R ey
e R Ter Y
By = 773186?2—?533)& +0 _ni3<)(s/jb£7§4>_ Rl
T e nm O

Then, we have

{(72(55 —a1) + (1 —72)(Bo + az)k1)r™ = Ay + Biko,
(=71 (Bs — a1) + (71 — 1)(Bo + az)k1)r?2 = Ay + Baks.

Eliminate k; to obtain the equation in r:

Ay —pBs—a)r  Ag+yi(Bs —an)r?

(1 —72)(By + az2)r™ — Bir (v — 1)(By + a2)r’2 — Bor

Let

A —pBima)r Ast (B —a)r”
f(r)= (1= 72)Bo + a2)r —Bir (71— 1)(By + aa)r — Bar’ (19)

‘We assume

(A2) f(r) has a zero ro > 1.
Use this ry and recall that ky = rgk; to obtain

b — Ay — y2(Bs — ar)rg! _ Ay + 71 (Bs —ar)ry?

! (1 =72)(Bp +a2)ry" — Biro (v — 1)(Bp + ag)ry® — Barg’ (20)
b — Ay — (B —a)rgd ™t Agrg + i (Bs —ar)rg? T

2 = rok1 = =

(1 =2)(Bo +a2)rg" — Birg  (v1 — 1)(By + az)rg® — Barg
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Using these k1 and ko, we can express C1, Co, C3, and C4. Therefore, the solutions
wy and wsy are given by

Bs — Bby for y € I'y,
wi(y) = Cay" + Oy +ay +asy for y € Ty,
C1y% + Coys for y € T's;
) Bs — Bvy for y e Ty UTy,
wal\y) =
Cin3y°* + Conay’ for y € I's.

Note that the variational inequalities in the HJB equations need to hold. In particular,
we need the HJB inequalities to hold:

i (p+M—Ly)wi(y) — Mwe(y) >0, (p+ A2 — L2)wa(y) — Xwi(y) >
Ly: wy > Bs— Boy, (p+ A2 = Lo)wa(y) — Aqwi(y) >
L3 w1 > fBs— Boy, wa > Bs — Boy-

Next, we simplify these inequalities and establish equivalent conditions.

0;
0; (21)

First, consider the inequalities on I';. Recall that on this interval, both w; and ws
equal B, — Bpy. Simple calculation yields that

(p4+M —L1)(Bs = Boy) = (p+ A1 — p1(1)Bs — (p+ M1 — p2(1)) Boy.

So, (p+ A1 — L1)wi(y) — Mwz(y) = 0 leads to (p — p1(1))Bs — (p — p2(1))Bpy > 0. This
is equivalent to

Similarly, if we = 85 — Bpy, then
(p+ A2 — L2)wa(y) = (p+ A2 — p1(2))Bs — (p+ A2 — p2(2)) Boy-
Therefore, (p 4+ A2 — L2)wa(y) — Agwi(y) > 0 on 'y is equivalent to

(p — 11(2))Bs
(p = 12(2))Bs

The inequalities on I'; are equivalent to

ky <

mind P W)Bs (p— 1 (2))5s }
= { (0= (1B (0~ 122§ 22)
Similarly, the second inequality in on I's is equivalent to

wi(y) < Bo — oy + — [(p = 11(2))Bs — (p — p12(2)) Boy] (23)

A2

To see an equivalent condition for the first inequality on I's, let ¢(y) = w1 (y)—Bs+Bby.
Then ¢(k1) = 0, ¢' (k1) = 0. Note that ¢’ (y) can have at most one zero on I's. This implies
@(y) > 0 on I'y is equivalent to ¢ (k1) > 0 and ¢(k3) > 0. Namely,

{¢"(k1) = Cym(n — DE 2 + Caya(ye — D2 > 0 and

24
(ko) = C3k3" + Caky® + a1 + asks — Bs + By > 0. 29
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Finally, to see an equivalent condition of the second inequality in on I'z, let
() = waly) — o + foy. Them, ¥(ks) = 0, @/ (ks) = 0, 1(00) = oo, and 4/(c0) > 0.
Note also that t(y) can have at most one zero on I's. It follows that ¢ (y) > 0 on I's is
equivalent to ¥ (k) > 0. So, the second inequality on I's in is equivalent to

V" (ky) = C1n36s (83 — 1)kS =2 4+ Congda (64 — 1)k 2 > 0. (25)
The other inequality on I's is wi(y) > Ss — Bpy. Hence,
Chy® + Coy®* > Bs — Boy. (26)

We assume these equivalent inequalities.
(A3) The inequalities in , , , , and hold.

Case 2: k1 = ko. In this case, let kg = k1 = ka. We have wy = wa = 85 — fpy on (0, ko]
and
wy = C’ly63 + C’2y54 and wy = C’m:;y‘sg + an4y64

on [kg, 00). Then, smooth-fit conditions imply at kg
Bs = Boko = Cikg® + Caky',
~B = 83C1kg" ™" + 810k
Bs = Buko = nsC1ky” + naCaky',
—By = n303C1kY* " + nad4Coklt L
This implies C; = Cinz and Cy = Cany. Hence wi(y) = wa(y) = w(y). Then w(y)
satisfies
(p+ A = Li)w(y) = Mw(y) and  (p+ e = La)w(y) = Aw(y)

for y > ko. This yields (p — £1)w(y) = 0 and (p — L2)w(y) = 0. Since both p — £; and
p — Lo are of Euler type, we have w(y) = Cyy™ with ~o satisfying the two quadratic
equations:
o170 — 1) + [p2(1) = pr (V)]0 + pa (1) = p =0
o270 (0 — 1) + [12(2) — 1 (2)]y0 + 11 (2) —p =0

and taking the value:

(1) = (1) \/(1 (1) - u2<1>)2 L p—m()

201 2 201 g1
(2) = p2(2) (2) — pa(2)* (2) 0
1 w1(2) — pa(2 1 w1(2) — pa(2 p— (2

The second equality is the necessary and sufficient condition for k1 = ky. Now the smooth
fitting conditions yield

Bs — Boko = C1k® and  — Boko = Ciyok]°.
We can solve this system and obtain

—00s _ —koBp _ (=70)" Bimmo Bi=10 B0

ko= ———, = = = :
ST =08 T kg (=)0 B T (—yg) (1 — )

(28)
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Note that v9 < 0, which implies that both kg and C; are positive. Finally the solution to
the HJB equations is given by

Bs — Poy  for y € (0, ko),

Cyy for y € (ko, 00).

wi(y) = wa(y) = w(y) = {

Next we prove that the variational inequalities hold in this case. We need to show
(p—L1)w(y) = 0 and (p — L2)w(y) =0 on (0, ko],
U)(y) > BS - 5by on (ko, OO)

We first prove the second inequality. Let ¢o(y) = w(y) — Bs + Boy = C1y” — Bs + Boy.
Then, ¢o(ko) = 0, ¢(ko) = 0, and ¢ (y) > 0. It follows that ¢o(y) is increasing on
(ko, 00). Therefore, ¢o(y) > 0 on this interval.

To show the first inequality in , note that on (0, kol, for ¢ = 1,2,

(p—Li)w(y) = (p— L:)(Bs — Boy) = (p — p1(i))Bs — (p — p2(i)) Boy-

Therefore,

(29)

(p— Li)w(y) = 0 on (0, ko] <= ko < <Z—m(@)ﬁs _

(p = p2(@)) By
We have
o < EI s 00 < PR ()~ (9) < = )
If po(i) > p (i), then using ., we have g < 1/2. Tt follows that
(p2(i) = p1(i))v0 < M < p— i)

because of assumption (Al). So (p — L;)w(y) > 0 on (0, ko] in this case.
If po(d) < p(7), then we have

Yo(p2(i) — pa(i)) < p— pa (i)
. . 2 .
= (uali) - mu»\/ (; + “1(1)2;”2(2)) + 2ol

e (i 4 P =) | ()~ pa(i)?

2 20;
— \/ st >>2 o) B |l )
— (2 L m )20:12( ))2 Lp- m(') - (25(;1?1; i) - /Zz)g') N u1<z'>2;u2<z'>>2
— u1(i)2;iu2(i) J& p—pali S ( p— m MZQ)())>2_|_ 2,0—#1;2—#2(1')
=< (%" uf)()))z ;< 25%;21)( Ly = ezl

which holds due to (Al). Therefore, the inequalities in hold.
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A werification theorem. We provide a verification theorem for both Cases 1 and 2.

THEOREM 3.1. In Case 1, assume (A1), (A2), and (A3). In Case 2, assume (Al). Then,
v(x1, T2, @) = T1we(x2/21) = V(21 22,0), a = 1,2. Let D = {(x1,22,1) : 22 > kyz1} U
{(w1,22,2) : 22 > kow1}. Let 7 = inf{t : (X}, X2, ou) &€ D}. Then 7* is optimal.

Proof. The proof is similar to that of Theorem 2]. We only sketch the main steps
for the sake of completeness. First, for any stopping time 7, following Dynkin’s formula,
we have

v(wy, 2, ) > Be PTo(XE X2 ;) > Ee "™ (B X} — BpX?) = J(x1, 22, a, 7).

)
So, v(x1,x2, ) > V(x1,x2,a). The equality holds when 7 = 7*. Hence, v(z1,x2,a) =
J(x1, 22,0, 7%) = V(21,22,0). m

4. Numerical examples. In this section, we give three examples, one for each case:
k1 < ko, k1 = ko, or k1 > ks.

EXAMPLE 4.1 (k1 < k2). In this example, we take

pi(1) =0.20,  pa(1) =0.25,  pi(2) = —0.30, pa(2) = —0.35,
0'11<1) = 0.307 0'12(1) = 0.10, 0'21(1) = 0.10, 0'22(

0'11(2) = 0.407 0'12(2) = 0.20, 0’21(2) = 0.20, 0’22(2) = 0.457
A1 = 6.0, A2 = 10.0, K = 0.001, p = 0.50.

Then, we use the function f(r) in and find the unique zero rg = 1.020254 > 1.
Using this o and , we obtain ki = 0.723270 and ko = 0.737920. Then, we calculate
and get C7 = 0.11442, C; = —0.00001, C3 = 0.29121, Cy = 0.00029, n3 = 0.985919,
and 7y = —1.541271. With these numbers, we verify all variational inequalities required
in (A3). The graphs of the value functions are given in Figure

Fig. 1. Value functions V(z1,x2,1) and V(z1, z2,2)

EXAMPLE 4.2 (k1 = k2). In this example, we take

pi(1) = p(2) =0.20,  po(1) = p2(2) = 0.25,

o11(1) = 011(2) = 0.30, 012(1) = 012(2) = 0.10,

0'21(1) = 0'21(2) == 010, 0'22(1) == 0'22(2) == 0357

A1 = 6.0, Ao =10.0, K =0.001, p=0.50.
Clearly, the second equality in holds, which leads to k1 = ko = kq. Use to obtain
ko = 0.705098 and C7 = 0.126431. This gives the corresponding value function. Its graph
is given in Figure [2|
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Fig. 2. Value function V(z1,z2) = V(z1,22,1) = V(21,22,2)

EXAMPLE 4.3 (k1 > ko). Finally, we take a different set of parameters from those used
in Example [A.1}

pi(1) = —0.10, (1) =0.20, p1(2) =0.25, pa(2) = —0.15,
011(1) = 035, 0'12(].) == 015, 0'21(].) S 015, 2(1) ES 0 30
011(2) == 020, g12 2) == 010, 0'21(2) == 010, 0'22(2) == 015,

A\ = 6.0, X2 = 10.0, K =0.001,  p=0.50.

In this example, if we apply the procedure used in Example[d.1]for k; and ks, we notice
some of the variational inequalities in (A3) will be violated. This means the condition
k1 < ko does not apply. Based on the symmetry of the problem in @ = 1 and a = 2,
we switch the set of parameters about o = 1 and a = 2 and obtain k; = 0.379300 and
ks = 0.824070. The ‘new’ value functions (V(21,29,1), V(21,22,2)) can be obtained in
a similar way. So are the verification of the variational inequalities in (A3). Then, we
switch back to obtain k; = 152 = 0.824070 and ko = 12;1 = 0.379300. The same for the
value functions (V (1, z2,1) = V(x1, 22,2) and V (1, z2,2) = V (21,2, 1)). Their graphs
are given in Figure [3]

Fig. 3. Value functions V(z1,z2,1) and V(z1,z2,2)

5. Conclusions. The main focus of this paper is on a pairs trade selling rule. It extends
the results of McDonald and Siegel [MS| and Hu and @Qksendal [HO] by incorporating
models with regime switching. It would be interesting to extend the results to include the
buying side of optimal timing. Besides, it would also be interesting to consider models in
which the market mode a; is not directly observable. In this case, the Wonham filter can
be used for calculation of the conditional probabilities of & = 1 given the stock prices up
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to time ¢. Some ideas along this line have been used in Dai et al. [DZZ] in connection

with trend following trading.

[DZZ]

[DB]

[EHM]
[GGR]
(GZ]
[HO]

(1B]

[MS]
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