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Abstract. In this paper we get an algebraic derivative relative to the convolution
t
(a0 = [ fle= vty
0

associated to the operator D‘S, which is used, together with the corresponding operational calcu-
lus, to solve an integral-differential equation. Moreover we show a certain convolution property
for the solution of that equation.

1. Introduction. W. Kierat and K. Skérnik [2], using the Mikusiniski operational
calculus, have solved the differential equation
d’x dx
— +(c—t)— —ax =0 c,aeC
which for ¢ = 1 reduces to the Laguerre differential equation and one of its solutions is

=3 ()0

k=0
satisfying the convolutional property

t

9 (o x m)(0) = 2arslt)

where * represents the Mikusinski convolution.
We define the algebraic derivative

_16—1

Df(t) = 5 tf(t), for the convolution (f *g)(t) = /0 f(t —)g(y)di

where I*f(t) = ﬁ fot (t — 7)1 f(7)dT represents the Riemann-Liouville fractional in-
tegral operator.
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The convolution * is defined on the set

o0
= {f(t) = Z ajt"~1 uniformly convergent on compact subsets of [0, oo)}

introduced by Alamo and Rodriguez in [1].
Using a similar technique as in[2] and the appropriate operational calculus for x we
can get a solution of the following integral-diferential equation

~D(D°)2x+(14+D)D°z —ax =0 (a€C) (6§>1)
which we denote by x,(¢), satisfying
DOxq * x](t) = Tays(t).

2. An operational calculus for D°. The algebraic derivative D. Let § > 1 be
a fixed real number (when 6 = 1, it reduces to Kierat and Skérnik’s case). As Alamo
and Rodriguez [1] did, we define the set of positive real variable functions with complex
values

Cs = {f(t) = Z ajt"* =1 uniformly convergent on compact subsets of [0, oo)}
k=1

They proved that (Cs, +,-¢) is a vector space.

Unlike these authorb we will consider in Cs the Mikusinski convolution given by
(f+9)(t) = [y £( g()dy.

From the deﬁmtlon of * we get immediately the following propositions.

PROPOSITION 1. 1. tko-1 tm‘s‘l = B(kd, mo)t(ktm)o—1,

2. (fxg)(t) =202 2{2:] 1 a]bk -;Bljs, (k=)o) kot
Here B(u,v) fo —t)u=1t=1dt represents the beta function, f(t) = S po | aptt®=?
and g(t) = Ek:1 bith?~ 1

This proposition shows us that * is a closed operation on Cs, so we can conclude that
(Cs,+, %) is a subring of (C, 4+, ). Here C represents the set of continuous complex func-
tions of a positive real variable. Mikusinski [3] and Yosida [5] showed that the convolution
* has no zero divisors and there is no unit element on the set C, thus we can state the
next proposition.

PROPOSITION 2. (Cs, +, %) is a commutative non-unitary ring without zero divisors.
REMARK. It can be proved in a direct way that (Cs, +, *) is a ring.

Therefore, C5 can be extended to its field of fractions M5 = Cs x (Cs—{0})/ ~, where
the equivalence relation ~ is defined, as usual, by (f1,91) ~ (f2,92) < f1 * g2 = g1 * fo;
actually My is a subfield of the Mikusinski field. The elements of My will be called
operators, and from now on we denote by g the equivalence class of the pair (f,g).

The operations of sum, multiplication and product by a scalar can be defined on Mjy
through

. ﬁ+é: fixge+ g1 fo

g1 92 g1 * g2
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S 2 _hixh
g1 g2 g1 * g2
/

o
e o = —

g g

Alamo and Rodriguez [1] showed that the operator D° is an endomorphism on Cj
and proved that for all f(t) = Y27, axt®~1 in Cjs

DI°f(t) = f(t),

PDPf(t) = f(t) —art® L = f(t) — [t' 0 F()]smot’ 1, (2.1)
(I°)™(DO)™ f(t) = f(t) — Zaﬂfj‘s_l- (2.2)

These identities will be useful for our development.
The next proposition allows us to identify the operator I’ and its positive integer
powers with certain functions in Cs.

PROPOSITION 3. Let f(t) € Cs and k € N, then we have
5—1
L5y + f(6) = I°f(2).
k51
2. ?(Tg) * f(t) = (I°)Ff(t) = I® f(2).
PROOF. The first asertion is a consequence of the definition of the convolution *, and
using induction method we can get the second one.

Following Mikusiriski [3], we denote by s = £ 1 = 9. So when we write Is f(t) we

(o)
will understand I°f(¢).

Now we remark that we can consider C5 C M;s since Cs is isomorphic to a subring
of Ms through the map f ~» % In a similar way the field C of complex numbers can
be embedded into My by associating with every a € C the so called numerical operator
[a] = % The following basic properties of these numerical operators are immediate.

PROPOSITION 4. 1. [a] + [8] = [a+ ]
2. o] - [B] = [ag].

From now on we denote the numerical operators [«] by o when it leads to no confusion.

PROPOSITION 5. Let vs € Ms be the algebraic inverse of ls. For any function f(t) =
22021 aktké_l,

vsf(t) = D°f(t) + T(8)ay (2.3)
vt f(t) = (D)™ f(t) + Zajf(ﬁ)vgn_j (2.4)

PROOF. To see (2.3), having the identity (2.1) we act on both sides by the operator vs
and take into account that a;t°~! is identified with % € Ms, so vgat®~! = alfﬁ =
[['(8)a1] =T'(6)as. For (2.4) it is analogous, acting on both sides of (2.2) by vj".

The next step is to define an operator over Cs which will be an algebraic derivative.
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DEFINITION 1. Let f € Cs5. We define the operator D as follows:

s—1
Df(t) = ———tf(t).
We need to know how D acts on any member of Cs.
PROPOSITION 6. Df(t) € Cs for all f(t) € Cs.
PROOF. It is not dificult to show that if f(t) =Y ;= ayt* 1, then

rt = (k+1)6—-1
—— tf(t) = bt

where b, = akrf(i(iﬂ))]' An equivalent and more manageable expression is

Ls 1tf() -1y [chtké 1}

where ¢, = %.
Now we establish a proposition which shows that D is an algebraic derivative on Cs.

PROPOSITION 7. For any functions f and g in Cs, we have:

1. DIf(t) + g(t)] = Df(t) + Dy(t)-

2. D(f x9)(t) = ([Df] + 9)(t) + (f * [Dg])(#)-

Proor. 1. It immediately follows by taking into account that
operator.

2. Let f(t) =Y pe art®™® 1 and g(t) = Y52, bet** 1, then we have:

D(f*g)(t :Di{z%bk ;B[jo, (k )(5]}15]“5_1.

If we denote ¢, = Y25~ !

t is a linear

_o-1
0

a;bi—;B[jo, (k — 7)d], by using the result obtained in the proof

=1
of proposition 6 and the second identity of proposition 1, we can get
o0
k
D(f *g)(t) = (=0 1) % —_cpth L,
()0 = ()3 g7

In a similar way, it can be proved that

0o k—2 j
5— 1 . . ké—1
(ID1)*)(t) = (1 [z_j{j_lm oyt BLiB, 1~ )30
and

o) k—2 .
(7 12al)0) = (-6 | {3 st Lo o oo

k=2 * j=1
and using the last three identities the proof is concluded.

Now we can extend the definition of D to the field My, as usual, by:

JgC:[Df]*‘Z;;*[Dg] (f € Cs, g€ (Cs —{0})),
gz [,Dp]'qq;p. [Dq] (pe Ms, q € (M6 - {0}))

D

D




AN ALGEBRAIC DERIVATIVE 75

The next proposition shows the behavior of the algebraic derivative over some partic-
ular members of My and will be used to solve an integral-differential equation.

PROPOSITION 8. Let 1 = ii—: the unit of Ms, 0 = t(;%, vy = i the algebraic inverse
of ls in My and n € N. Then:
1. D1 =0.
. Da =0 (o being a numerical operator).
. D(ap) = aDp (for any p € Ms).
DI} = —nl}.
. Dy = m)gfl,
. D(1 — als)™ = nal?(1 — als)" L.
. D(vs — )" = n(vs — )" L.

LD G o de

PrOOF. (1) and (2) follow by a simple calculation. (3) is a direct consequence of (2).
In (4) we will use induction. Since in our case

t(sfl t2571
Dls=D—— = —
ls T(5)  T(20)

if we suppose that (4) is true for n = k, then
DIy =D(Is - 15) = [Dls] - 1§ + 15 - [DIf] = —(k + 1)IF 2.

For (5) we consider the fact that vs = %, so it is not difficult to see that Dvs = 1 using
(1) and (4), afterwards we can use induction again. Finally, to get (6) and (7),

D(1—als)" = D[kzn:_l <Z>(—al(§)"k] = —é (Z) (—a)"F(n — k)in—hH

n

- Zn<n ; 1) (—Oz)lg(—al(;)"‘k—l = nal§(1 _ Ozl(;)"_l
k=1

however (vs —a)" = (17;115)"’ using (6), (4) and the definition of D on Mjs the proof can
8

be concluded.

2
= —15,

REMARK. The last proposition holds for n € Z since p~" = ﬁ for any p € M.

The second identity of the last proposition tell us that the algebraic derivative of the
numerical operators is zero, but furthermore we can establish the inverse result.

PROPOSITION 9. Given p € My, if Dp = 0 then p is a numerical operator.
PROOF. Let p = £ and Dp = 0. Since

(DA 9)®) — (f * PG ()
bp= (g +9)(0)

it follows that:
([Df] = 9)(t) = (f * [Dg])(t) = 0. (2.5)
If we denote f(t) =Y oo apt" 1 and g(t) = > p—, bpt*®~1, then we have

oo k—1 .
([Df]+g)(t) = (—=t°71) = [Z { > Fgg) ajbe_; B(j6, (k — j)a)}tké—l]

k=2 ~ j=1
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and

00 k— 1 .
(f < [g) (0 {3 Gamen s - o) 157

k=2 * j=1

I
—~
~~

0’)
»—l
—

so, (2.5) implies that

N

™ (2] — Kabi UGS, (k— )0 =0 (Vh > 2) (2.)
1

<.
I

Now let us suppose by # 0. If we take in (2.6) k = 3 and k = 4 we can get respectively
a1b2 = a2b1 and a1b3 = a3b1;
next it is easy to prove that a,,b, = a,b,, when a1b, = a,by and a1b,, = a,b;.

Finally, in order to get that a1bx = apb; for any & > 2 we take into account the

following identities
k—1

> (25 — k)ajb—; B[jd, (k — j)3]

j=1

r—1
Z 2j = 2r)(a;bar—j — agr—;b;)B[j6, (2r — j)d] (k= 2r),
j=1

k—1
> (2] = K)asbi— BIjo, (k = )7

= Z 2j — (2r + D))(ajbari1-5 — azr1-505)Bljo, (2r + 1 = j)0] (b =2r +1).

j=1
Therefore if by # 0 we can establish that ap = %bk for any k£ > 1, in other words
f ag atdt?! (o] aq
= = = = | o= —].
g g ! b1
To conclude the proof we remark that, however by = 0 and a; # 0 allow us to prove
that by, = 0 for any k in opposition to the fact that g(t) € Cs — {0}, b = 0 implies a; =0
so we can start with by # 0 and so on.

3. The use of D to solve an integral-differential equation. As an application
of the results obtained in the preceding section, we will solve the integral-differential
equation

—D(D°)2x(t) + (1 4+ D)D°x(t) —ax(t) =0 (x(t) € Cs) (a € C)
[t'=02(t)]4=0 = 0.
Making use of (2.1), (2.2), (2.3), (2.4) and proposition 8, the equation (3.1) becomes
Dx(t) a-—1 a Is[ls(1 —a) —1]

x(t) - Vs - vs — 1 - 1—1s ’ (3:2)

(3.1)

Several facts are immediately deduced from this expression.
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PROPOSITION 10. 1. z, =Ils(1 — l5)™* € My is a solution of (3.2).

téfl (a’7 1)7
2. x4(t) = F—lllll t9 | is a solution of (3.1).
@[ .0
_ 1); _ (b, 1);
t t— 6—1 (CL, ) 6—1 s 1)
3. Dé/ (F(:L))1\I/1 (t—1)° 711(71))1\111 | dr
0 (6,0); (6,0);
t6—1 (CL + ba 1)7
=Ty 3
o+ ?) (5.0):

where 1V represents the Wright generalized hypergeometric functions (cf. [4]).

ProoF. 1. We have

- =2l 3 () g

ad —a— k+1)5-1
Z ( 1) (_1)k_1f[(k I 1)5] = (_a)lg(l - l5)_a_1

k=1

thus

D[l§(1 - l5>_a] _ 15[15(1 - a) - 1]
ls(1—15)" 1—1s '
2. The solution z, = l5(1 — l5)~* admits a representation of the form (cf. [3, p. 171])
tk5

RS Dl (g [ t“z D TR T

k=0

TS T(k+a)  tR
~ T(a) Z L(ké +0)T(k+1)

thus (cf. [4, p. 50]),

tﬁfl (a71>; s
— ¥y t
F@ | 5.0,

3. It is consequence of the preceding items.

xo(t) =

REMARK. If —a € N the series which appears in the proof of the last proposition
becomes a polynomial of fractional degree.
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