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Introduction. In the eighties, B. Gross (see [5]) introduced a conjec-
ture which is close to Stark’s conjectures inasmuch as it postulates a link
between L-values and regulators, but differs from Stark’s conjectures in a
very important aspect: the regulators are not complex numbers, arising as
determinants of logarithms of certain algebraic numbers, but they lie in an
appropriate quotient of the augmentation filtration of Z[G], where G is the
Galois group of the abelian field extension K/F under consideration, and
they are obtained as determinants of matrices made up from certain local
Artin symbols.

In a previous version of [1], David Burns formulated a conjecture which
combines Stark-type and Gross-type conjectures. (Note: in the most recent
version [1], this is formulated not as a conjecture but as a conditional result
(Corollary 4.1) assuming the equivariant Tamagawa number conjecture for
an appropriate motive. This result requires a very sophisticated proof.) We
sketch Burns’s conjecture for an abelian extension K/Q now; this involves
two steps. One starts out with a Stark unit nx (whose existence is proven in
this case, not just a conjecture), and then one obtains a description of the
“position of g inside an appropriate exterior power of Ox” in terms of a
Gross regulator. At the first stage, the Stark unit is essentially determined
by a classical regulator, that is, a determinant involving the logarithms of
the conjugates of nx. At the second stage, the Gross regulator is an algebraic
object living in a subquotient of an integral group ring. (The whole setup
generalizes to base fields other than Q.) For details, see §1.

In subsequent work of Hayward ([6], [7]), where Burns’s conjectures are
discussed and in some cases proved, another conjecture arises which may
be considered as the “minus part” of Burns’s conjecture for extensions K/F
where F' is an imaginary quadratic field and K is absolutely abelian. (The
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methods in Hayward’s proofs are much more accessible than those of [1].)
We will explain this in §1 without striving for maximum generality, so as to
keep things a little simpler. This “Minus Conjecture” equates, up to explicit
constant factors, the leading term of a Stickelberger element and a regulator
constructed from S-units in the minus part. We hasten to mention two things:
firstly, our Minus Conjecture is in fact a special case of what is called “the
conjecture of Gross on tori”, on which not much seems to be known, and
secondly we are indebted to Henri Darmon for his suggestion that we might
look at leading terms of Stickelberger elements in the minus part. Let us
also remark that Darmon deals with an interesting analogous situation in [3]
where F' is a real quadratic field.

The Minus Conjecture (MC) is intimately linked to the conjecture of
Burns (B) for K1/Q and K/F respectively: if we assume the validity of (B)
for K /Q, then the Minus Conjecture can be shown to imply the validity
of (B) for K/F (this is a result of Hayward, aptly called “base change for
Conjecture (B)”), and the converse implication, which entails a kind of divi-
sion argument, works under some hypotheses (Theorem 2.5). We will review
Hayward’s argument in detail in §2, in order to make clear just when the
division argument is possible. The idea is, very crudely speaking, that (B)
for K*/Q is the “plus part of (B) for K/F”, and the Minus Conjecture (MC)
is “the minus part of (B) for K/F”, and the problem is to neatly separate
the plus and minus parts.

We repeat that the division argument does not always work. The prob-
lem is simply “division of zero by zero”. Our main objective in the sec-
ond part of this paper (§§5-8) is thus to find a direct proof of the Mi-
nus Conjecture, which appears to be deeper than (B). Hayward proved the
above-mentioned instances of (B) by a nice argument involving Euler sys-
tems and a matrix-tree theorem. As things stand, this is not always suffi-
cient for (MC), although it does lead the way to our proof of the weaker
conjecture (VOC) on the order of vanishing (see below and §4). In our
direct proof of (MC), we are only able to handle s = 1 and s = 2, but
still have to use (along with a lot of calculation) the Gross—Koblitz for-
mula in §7. The situation in [3| is somewhat similar: the order of vanishing
(Theorem 4.2, loc.cit.) is easier to obtain than the results on the leading
coefficient.

Actually, we impose some more hypotheses in order to simplify things:
We assume K/F elementary [-abelian with [ a fixed odd prime; we suppose
that K = KTF, and K™ is ramified at the primes p1, ..., ps that are distinct
from [, and we also suppose that all p; split in F'. Let wp, f and hp denote
the number of roots of unity, the conductor and the class number of F,
respectively. We make the blanket assumption that [t wg. Then we can prove
(MC) for s = 1 and I1f (see §3), and for cyclic K, s = 2 and It fhp
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(Theorem 8.9). We also have a positive result for s = 2 and noncyclic K
(Theorem 8.8), but this requires that one of p;,p2 is an Ith power modulo
the other prime, and again [{ fhp.

The Vanishing Order Conjecture (VOC), which is a weakened form of
(MC), says that the Stickelberger element associated to K is contained in
the power I}, where Ig is the augmentation ideal of Z;[G] and s is the
number of ramified primes in Kt /Q. We prove this under some assumptions
in §4 for all s. This shows that the invariant predicted to vanish by (MC)
lives in the filtration quotient I /I&.

It should be said that the case s = 1 of (MC) can already be deduced
from our Theorem 2.5 together with |7]. The latter is an unpublished Ph.D.
thesis, and we decided to present our own approach anyway, since we also
feel that it might be of independent arithmetic interest. Hayward’s argument
makes essential use of elliptic units. While this is quite natural in the setting
of [7], one may argue that in our case even the top field K is abelian over Q,
so one should try to stick to the cyclotomic framework all the way, and we
show that this is possible.

In a forthcoming paper [4] we will explain how to prove (MC) for an
arbitrary s under the assumption that { > 3(s + 1) and lfwphp.

Notation will be introduced in §1 and further along as needed. We only
mention here that X/l means X/IX or X/X! depending on whether the
abelian group X is written additively or multiplicatively.

Acknowledgements. The second author was supported within the
project MSM0021622409 of the Ministry of Education of the Czech Republic.
The first author acknowledges support from the DFG.

1. The setup, and statement of the conjectures. We fix an odd
prime [ for the entire paper. First we state Burns’s conjecture (B) on abelian
Galois extensions K/k in a situation which is appropriate for our setting,
always assuming that [{wy. We only look at the case where the parameter r
(see [6]) has value 1. This suggests taking k = Q and K real, or taking k to be
an imaginary quadratic field, since these are the obvious examples of abelian
extensions where exactly one infinite place is totally split. To keep things
simple we also assume G = Gal(K/k) is l-elementary. Let S be a nonempty
finite set of finite places of k including all places that ramify in K, and let
s denote the cardinality of S. Stark’s conjecture in its strong form for rank
one is known to be true for k£ the rationals or imaginary quadratic, and we
will write ng /g for the Stark unit. For more details see [6] or [11]. Note that
Nk /k,s depends on the choice of the set S, and also in a harmless way on
the choice of a place at infinity for K. Note moreover that in general ng ;g

only belongs to Ug(K)/%% , so certainly belongs to Z; @z Us(K). We always
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suppose K given as a subfield of C, and then there is the obvious choice of
the infinite place.

In the statement of the conjecture we follow [6], except that we consis-
tently eliminate the auxiliary set T" which is used there to make certain unit
groups torsion-free. The price for this is a denominator wyg, and we pay it
gladly since all our conjectures amount to equalities that take place in groups
of exponent [, and the absence of T' does help.

There is a linear map

Regr/k,s N Us(k) — IE VI,
up A A gy — det (ry(us) — 1)1<i<s—1,ves*-

Here r, is the local reciprocity map = — (x, Ky /ky) € G, € G (note that
the choice of the place w in K above v does not matter), and S* denotes S
with any one place deleted. This regulator map is well-defined up to sign;
we will specify the sign shortly, before stating the central conjecture.

We note at once that 7, is trivial on roots of unity in k, since wy is
assumed to be coprime to |G|.

To obtain a regulator from the regulator map, one has (in contrast with
Stark’s conjecture) to introduce an extra parameter running over a Hom
group. For any G-module X and any ¢ € Homgg (X, Z[G]), let ol €
Homz (X% 7Z) be defined by the property that p(u) = @' (u) - Y e o for
all u € X¢. Then ¢! canonically induces a linear map A5 X& — A5 ' X¢
which will again be written ¢!, to wit

S
Ol oy A ANxy) = Z(—l)i+lapl(a:i) (g A ATy AT A A ).
i=1

We now pick any Z-basis ui, ..., us of Us(k)/Us(k)tor and we define

Reg?}/k,s = RegK/k,s(<P1(U1 A ANug)) € 15V I

for all ¢ € Homgyg)(Us(K), Z[G]). Note that this is well-defined (indepen-
dent of the choice of the basis) up to sign.

We have to fix the sign of the regulator before we state Burns’s conjecture.
For this we use ad hoc terminology. Let us fix an ordering v1,...,vs of the
set S. (In contrast to Hayward’s work, the infinite place is not counted as a
member of S.) An independent system uq, ..., us of S-units is called adapted
to the given ordering of S (or just adapted, in context) if w; is a unit outside
v; and has positive value at v;. A basis uy, ..., us of Us(k)/Us(k)ior is called
well-oriented if the transition matrix from this basis to any adapted system
has positive determinant. (In many cases, e.g. if hp = 1, we will even be able
to pick a basis which is itself adapted.) Unless otherwise stated, we always
make two assumptions:
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(1) S and the basis wi,...,us are ordered so that the basis is well-
oriented.
(2) In the calculation of the regulator, the last place in S is omitted.

We may now state:

CONJECTURE (B). For all ¢ € Homgg)(Us(K), Z[G]) one has

s+1 Pr,s s
‘P(UK/hg) =(-1) +1 w7k Reg}'}/hs (mod I3).
The letter ¢ here stands for the extension of ¢ in Homg, ()(Z; @ Us(K), Z;[G]).

The prediction about the sign comes from [1] and is also explained in [7].
Our way of stating things is different from [7] (and a bit more explicit), so
we have to show compatibility. [7] uses the sign& = (—1)T*!sign(R) where
R is a certain real-valued regulator. Since we work with empty T', we just
have to show that the sign of R is exactly (—1)® under our assumptions.

The real-valued regulator R used by Hayward is constructed as follows:
one takes an ordered basis uq, ..., us as above but a slightly different set of
places vy := 00,v1,...,vs—1 (unfortunately Hayward’s indexing is different,
starting at 1), and one considers the determinant

R = det (—log |uilv; ,)1<ij<s-

If one extends R by an (s + 1)th column by letting j run up to j = s + 1,
then the resulting matrix has zero row sums. By the usual argument we have
R = (—1)8 det (—log |Ui|vj)l§i,j§s-

Now if uy,...,us is an adapted system, the matrix inside the last det is
diagonal, with positive entries a; log N(v;) (where a; denotes the valuation of
u; at v;). Thus the determinant is positive, and the same holds if uq, ..., us

is well-oriented. This shows sign(R) = (—1)* and & = (—1)*"! as claimed.

In order to show that our version conforms with Hayward’s formulation
on p. 104 of [6], we also have to remark the following: Hayward’s formula
is invariant under enlarging 7', as long as Ug (k) is assumed torsion-free to
begin with. We put in an extra denominator wy, 7 on the right in his formula,
and we claim that then the formula is invariant under changing 7', without
any condition. Indeed, if we replace T' by 7" = T U {v} (v some finite place
of k outside SUT'), then ng . g1 = N s With a=1— N(v) - Frob, !, so
oM /k,5,1) = (K /k,5,7), and we only need to know o modulo I, so we
just get the factor 1 — N(v). A standard argument using formula (3) in [6]
then shows that hy g7 Reg}i/k,S,T Jwy,r is multiplied by the factor N(v) — 1
when T is replaced by T”. Setting T' = () gives our version, since of course
hk,&@ = hk,S and wk’@ = Wg.

This shows at once that our version implies Hayward’s. But the converse
is equally true. For this we point out that one can always take T' = {v}
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in Hayward’s situation so that [ does not divide N(v) — 1 (here we have to
use the assumption that wy is coprime to [). This ensures that the above
argument works both ways. Note in this context that the term (—1)7! in
Hayward’s sign definition is due to the fact that the sign changes whenever
an element is put into or taken out of 7', as can be seen by the preceding
argument.

We will be concerned with Conjecture (B) in two concrete cases which
we now describe. Let F' be an imaginary quadratic field of conductor f.
Let hg denote the class number of F' and wg the number of roots of unity
in F'. We recall that we assume [{wp, and we stress that this hypothesis will
be in force throughout the paper. We always assume that K is absolutely
abelian, contains F', and KT is elementary l-abelian over Q. Then K =
FK™' and G = Gal(K/F) may be identified with Gal(Kt/Q). Let 7 always
stand for complex conjugation. Then both Gal(K/K™) and Gal(F/Q) can
be identified with {1, 7}. Let m be the conductor of K. We also assume that
there is no wild ramification in K*/Q. Then m has the form m = p; - - p;
where the p; are all congruent to 1 mod [. Finally, we assume all p; are split
in F.

THEOREM 1.1. Under all these assumptions, Conjecture (B) is true for
K*/Q with S = {p1,...,ps} (the minimal possible choice of S).

Proof. This is due to Hayward. In the published work [6], this result can
be found up to sign (see Theorem 5.10 and Remark 5.11 there). The sharp
version including the sign is only proved in Hayward’s thesis (top of page 98).
We have to explain the role of the auxiliary integer b by which both sides of
the conjecture are multiplied in [6]. It has to satisfy two conditions: b must be
a multiple of wyg, and there must be a section s of the natural epimorphism
R — Cl;, such that s® is a homomorphism, where R denotes the ray class
group of conductor p; - - - ps in k. Since k = Q here, the class group is trivial,
and the second condition is void; so we may take b = wg = 2, which is prime
to [, and we may cancel b in Hayward’s theorem on both sides. =

We make a few comments:

(i) Asa basis for Ug(Q) modulo torsion one can take the set {p1,...,ps}.
Note this is well-oriented (with the obvious ordering of S) and even
adapted.

(ii) The Stark unit appears as Ng(c,.)/x+ (1 —(m)'/? where G, — e
fixes the choice of place at infinity.

(iii) The factor preceding the regulator on the right is simply hqg,s/wg
=1/2.

2mi/m

On the upper level we have:
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THEOREM 1.2. Iflthp then Conjecture (B) is true for K/F with S = Sp
the set of places above any of the p;, 1 =1, ..., s (the minimal possible choice
of 9).

Proof. This is again due to Hayward. He actually proves much more, us-
ing elliptic units; the big field K only needs to be abelian over k, not neces-
sarily over Q. The requirements on the integer b have already been explained,
but here k = F', and we have to be more careful. Let b be wgr multiplied with
the greatest factor of [[;_,(p; — 1) that is prime to [. Then b annihilates the
non-/-part of the kernel of R — Clg, and b is prime to [. Since we assumed hp
to be prime to [, there is a section s : Clp — R with image contained in the
non-I-part of R. Then s’ is a homomorphism, so Hayward’s theorem (p. 98
in [7]) applies again, and we may cancel b as in the proof of Theorem 1.1. m

Again, a few comments:

(iv) Now the set Sr has cardinality 2s, so we are looking at an equation
in 125—1/125
a /g
(v) In the particular case that interests us in §3 and §§5-8, we will fix
an explicit basis of Ug(F).
vi) One can express Ny /F g in terms of ng+ ; this will be made pre-
i) O /F, in t f /Q,8 thi ill b d
cise at an appropriate later moment.
(vii) The denominator is legal since we are assuming l{wp.

We now turn to the Minus Conjecture (MC). To state it, we have to
introduce certain Stickelberger elements.

The notation . 4x, means that the sum runsoveralla =1,...,n—1
which are coprime to n. Let o, denote the automorphism (z, C]‘%m for
a coprime to fm. We likewise denote by o, the restriction of this to K =
FK* CQ((fm). We define

o= ¥ (o= )ort cqcaro)

We note that 7 € Q[Gal(K/Q)] is just o_;, and comparing coefficients shows
that Ok is a multiple of 1 — 7, more precisely,

_ 5 ~ 1 fmy\
Ok =(1-7)0g, Okg= —fm g <a o )Ua .
amod™ fm
oq|F=1

Note that O is now in Q[Gal(K/F)].

We also need a regulator built from minus-units. For each i € {1,...,s}
pick a prime ideal p; above p; in F'. Let S” be the ordered set (p1, ..., ps). The
abelian group (Us(F)/Us(F)tor)!™7 is free of rank s. We choose an ordered

basis for it, (u%_T, ..., ul™T) say. We again have a notion of well-orientedness
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as follows. For each i we choose a positive power of p; which is principal,

and a generator x; of it. Then the family x%ﬂ', .., T is a Q-basis of

Q® (Us(F)/Us(F)tor)!™™ (an analog of the “adapted systems” we used be-

fore), and we decree that (u}_T, ...,ul™7T) is well-oriented with respect to

the ordered set S’ if (x}_T, ...,x177) can be obtained by a Q-linear transfor-
mation with positive determinant from the ordered set (u1 ™7, ...,ul~7). All
this simplifies a lot when hr = 1. Then one takes u; to be a generator of p;.

No parameter ¢ is needed, and no place has to be omitted in the following
definition:

Reg;{,s = det (Tw(ull*T) — 1)1§i§s,w65’ c Ié/fé+1.

This is indeed well-defined. In order to state the Minus Conjecture, we repeat
our assumptions for convenience: K = KTF, l[fwp, K*/Q is [-elementary
with Galois group G, exactly s rational primes ramify (tamely) in KT, and
all these primes are split in F.

CONJECTURE (MC). Let (u;"); be an ordered basis of the minus units
as above which is well-oriented with respect to S’. Then

h
Ok = —LSReg;(S (mod I5M).
wg ’

We will call this the “Minus Conjecture” in the following.

We point out that in the notation of [6] (p. 118), Ox = —16(0,w)
(note the minus sign, which comes from the usual formula linking an L-
value at 0 to a generalized Bernoulli number), so (MC) reads as ©(0,w) =
(2hp7g/wF)RegI_{’S, and the constant 2hps/wp should be interpreted as
(hrs/wr)/(hg/wg), which agrees with the general idea that (MC) is “the
quotient of (B) for K/F by (B) for K*/Q.” There is one intentional discrep-
ancy with [6]:

REMARK. In our minus regulator we take a basis of (Us(F)/Us(F)tor)' ™"
whereas Hayward takes a basis of the group (Us(F)/Us(F)tor)”, which may
be slightly larger. This makes our regulator larger by the index of the smaller
group inside the latter; and so we get rid of the index factor which is needed
in the statements of Proposition 7.2 and Conjecture 7.4 in [6].

The following important consequence of the Minus Conjecture is much
easier to state, and also easier to prove (see Theorem 4.4).

CONJECTURE (VOC). The element O always lies in the sth power of
the augmentation ideal I.

2. Base change for (B) and the division argument for (MC). In
simple terms, we are going to show: If (MC) holds, then Theorem 1.2 is a
direct consequence of Theorem 1.1 (it would be slightly misleading to say
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that the one implies the other, since both statements are true); and under
specific conditions this argument can be reversed, leading to a proof of (MC).
The former part of this is due to Hayward. We explain the argument in detail
for the reader’s convenience before discussing the converse implication.

We keep all assumptions and notations from the previous section.

PROPOSITION 2.1 (Hayward). We have a base change property for Con-
jecture (B), that is: Theorem 1.2 can be deduced from Theorem 1.1 and the
validity of (MC).

Proof. The main idea is that both sides in the statement of (B) for K/F
can be conveniently written as the product of two factors.
In [6] Hayward defines a twisted Stickelberger element O /x+ /g (0, w).

One can check that it equals —20. By the formula (13) of [6] it satisfies
the product formula

k/5,5(0) = O i+ 10,5(0,w) - Oy g 5(0),
where the equivariant L-functions O, g(2) and O+ /g g(2) are defined

for instance in [11, Chapter IV, §1]. Note that the idempotent e, two lines
below formula (13) of [6] should read e,.

LEMMA 2.2. The Stark units satisfy ng/r,s = 77%?7(@,5.

Proof. This was proved by Hayward under Hypothesis 7.1 of [6]. An
argument is necessary here as we are not assuming that hypothesis.

Let co; be an infinite place of KT; we identify it with the place of K
above it. Let v be a place of KT above p1, and w be a place of K above v. We
denote by w the K/K™* conjugate of w which may or may not be equal to w.

Similarly to [6] we deduce the following two formulas:
_& ~ _
)‘K(UK+7@) =- /K+/Q,s(0)9K + (2001 —w — W)
= Ok/p,s(0) - (001 —w/2 —W/2),
Ak (g /F) = Ok p5(0) - (001 — w).
We want to conclude that the arguments of Ax in two preceding formulas
are equal but we cannot do so directly since A\g is not injective in general.
Let ex € C[G] be the idempotent which is the sum of all e, such that x
is nontrivial on all decomposition groups of primes in S. We claim that
ex (0o —w/2 —w/2) = ex (o001 —w).

If w = w, this is trivial. If not, suppose e, is one of the idempotents whose
sum is ex. Then y must be nontrivial on the decomposition group of w and
of w. But then exw = egw = 0.

Since g is injective in the ex-part, we have proved the ex-part of the
lemma. We will be done if we establish that both sides of the equality are
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already in the eg-part. The support of an element = of a C[G]-module is
by definition the set of all x € G with exx # 0. We know the following:
Nk /r has the same support as Q’K/F’S(O) and 7+ /g has the same support
as O, 0.5
deduce that both sides of the equality in Lemma 2.2 have the same support,
in particular they are both in the eg-part. =

(0). Then using the product formula stated before Lemma 2.2 we

From the preceding lemma it follows that ¢ (ng/r,s) = —éKQO(T]K+/@7S)
for all ¢ € Homgq(Us(K), Z[G]).

We fix an ordering of the primes py, ..., ps; for each ¢ we fix a prime p;
above p; in F' and we choose the ordering (p1,...,ps,p],...,pL) on S,

LEMMA 2.3. Recall 8" = {p1,...,ps}. If ' = (u1,...,us) is an ordered
basis of Ug/(F)/Ug/(F)tor, then u = (u,...,Us,P1,-..,Dn) IS an ordered
basis of Us(F)/Us(F)tor, and u is well-oriented with respect to S iff u’ is
well-oriented with respect to S.

Proof. We begin by noting that Ug(F')/Us(F)tor is the direct sum of
Us/(F)/Us/ (F)tor and Us(Q)/Us(Q)tor = (p1,---,Ps)- Pick x; € F' so that
x; generates a positive power of p;. Then x = (x1,...,x5,27,...,2]) is an
adapted system with respect to S, and one checks that the transition from it
to (z1,...,Ts,p1,-..,Ds) has positive determinant. So the transition from u
to x has positive determinant iff the transition from u’ to (z1,...,z,) does. =

We continue the proof of Proposition 2.1, assuming that S, 5", uq, ..., us
have been chosen so that u is well-oriented. We write ugy; for p; (i =
1,...,s). We will prove below the following formula (in which the first and
third equalities hold by definition):

Reg?}/p’s = RegK/F,S((pl(ul ASERRA UQS))
= %(_1)8 Reg[_gs : RegK+/Q,S(S01(Us+1 A Nugg))
= 5(—1)°Regy g Reg?}HQS :
Let us assume this for a moment. For the ensuing calculation, which takes
place in the group Iésfl/lgf, we note that there is a canonical map I(‘”;/IE(”;Jrl X

Igfl/lé — Iésfl/lgf induced by multiplication. We have
ok rs) = —Ok - v(NK+/qQ,s)
hrs — 1
= =R —1)**! L Reg?
(+ wp egK,S) ((=1)"" 3 egK+/Q,S)
(use (B) for K /Q, and (MC))

h
_ +1 MFS -
=(-1)° mRegK,S Reg?}HQ’S.

This is (B) for K/F.
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To complete the proof, we need another proposition as announced. We
follow Hayward’s reasoning.

PROPOSITION 2.4. With all the previously introduced hypotheses,

(*) RegK/F,S(‘Pl(Ul A A ugg))
1

= ) (—1)° Reg[_gs : RegK+/Q,S(@1(us+1 A ANugg)).
Proof. We have a matrix with row sums in Ié, whose rows are indexed
by i =1,...,2s and the columns are indexed as indicated:
I I T
u1
: crpy(u) = 1| (u) =1
Us :
Us+1
: crpy(ui) =1 ‘..rpjr(ui)—l.,.
U2s :

We may use that ryr (u;) =1 =1p,(u]) — 1 and u] = u; if i > s. For any 1,
s <1< 2s,wehave 2> % (rp, (u;)—1) € I2. But I /I% ~ G has no element
of order 2 and so > %_, (rp; (u;) — 1) € [, 2. We remove the last column from
the matrix and call the resulting matrix A:

T T

Ipe o mea | e | Pl
U1 :
: crpy(u) =1 oo s (us) =1 | () =1
. . . .
Us+1
crpy(us) =1 oo | s (us) = 1| e, (us) =1
. . . .

The left hand side of (x) is then Z?il(—l)”lgo(ui) det(A;), where A; means
A without the ith row. Before we can compute further, we perform some
column operations on A: We add all the first s — 1 columns to the sth one
and then for each i = 1,...,s — 1 we subtract the (i + s)th column from the
ith one. All computations are done modulo Ig;, and the outcome is
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| s e | Ps T
Ui
: iy, () — 7, () .. Jizl(rpj(ui)—l) oy (ul) 1
. . . .
Us41
: 0 0 o (u) =1
" : . :

We need to compute the determinant of this matrix if one row is removed. If
the removed row is in the upper half of the matrix, then this (2s—1)x (2s—1)
matrix contains an s X s zero submatrix and so its determinant is zero. But if
we remove one row in the lower half of the matrix, say row number s+k, then
the remaining (2s—1) x (2s—1) matrix contains an (s—1) X s zero submatrix
and its determinant is the product of the determinant D of the upper left
s X s submatrix and the determinant Dy, of the lower right (s — 1) x (s — 1)
submatrix. Let us compute D. We multiply the sth column by 2 and then
we subtract the first s — 1 columns from the sth one. Then the i¢th entry of
the sth column is

s s—1
QZ(%(Ui) -1) - Z(ij (ui) — rp; (uf))
j:1 -7:1 S
= 7p, (i) = rp, (uf) + D ((ry; (ws) = 1) + (rp7 (ws) = 1))

j=1
= rp, (ui) — rp, (uf)
modulo IZ. Therefore D is congruent to 3 det (rpj(u}_T) — Di<ij<s =
%Reg[}’S. Since p; splits in F/Q, we have F, = Qp; and similarly the
completions of K* and of K coincide, so 7y, (u;) = 7p, (u;) and we obtain
Dy = RegK+/Q’S(u8+l Ao Ngyp—1 AN gpprr A A ugg).
From the definition of ¢! we finally obtain
RegK/F,S(‘Pl(ul A - A ugg))
=(-1)" %Reg[_{’s ) RegK+/Q,S(‘P1(us+l A A ugg)).

The factor (—1)® comes from the alternating signs in the sum that defines
! applied to an s — 1-fold wedge, and to an 2s — 1-fold wedge: summand
number s + k on the left corresponds to the kth summand on the right. =

This argument can be exploited further. Let us return to the part of the
argument immediately preceding Proposition 2.4. We let ¢(p) = Reg}’} +/0,8"



A conjecture concerning minus parts 13

If we assume that we can find at least one ¢ such that the multiplication
map

_ -C( ) TS /IS+1 N 128_1/125
is injective, then the same calculation works backwards. More precisely,
we have O - ©(ng+/g,s) = O - ((— 1)+t11c(y)) because of (B) for KT /Q;

~ h
and we have —O - ¢(k+/q,s) = ¢(r/rs) = (~1)¥T1 05 Regl g
by virtue of (B) for K/F, and the last term can again be factored as
(—1)s+1 gg}f Regy g (). Thus under our assumption that multiplication by

c(ip) is injective, we may simplify by c(¢); the result is (MC).

It remains to see just when such a ¢ can be found.

Let us assume that KT /Q is cyclic (hence cyclic of order [). Let o be
a fixed generator of G. The genus field of K is the compositum Kj - - - K,
with K; the abelian field of conductor p; and degree [. We also fix a generator
o; of G; = Gal(K;/Q) for each i, by the prescription that the extension of o;
by identity on the other K restricts to o on K. We define an s x s matrix
A = (a;j) by the properties that it has zero row sums and for ¢ # j, a;;
is an integer such that o, %7 equals the Frobenius of p; in K;. Then up to
sign Regyc+ /g s(p1 A+ /\pl_l Apis1 A+ Aps) equals A;(o —1)*~1 modulo
(o0 —1)° where A; is the (i,4)-minor of A; see [6, Proposition 5.6]. (Hayward
does specify the sign, but we do not need it.) Note that A and A; are only
uniquely determined modulo /. We now claim:

THEOREM 2.5. If K*/Q is cyclic, | does not divide hg, and at least one
of the minors Ay,...,As is not zero modulo 1, then the validity of (B) for
K*/Q and for K/F taken together imply the Minus Conjecture (MC) for K.
Therefore (MC) holds in this situation as a consequence of Theorems 1.1
and 1.2.

Proof. Assume that A; is not zero modulo [. Either by the theory of
Gorenstein rings or by using the isomorphism

Homy (X, Z[G]) 5 ¢ — ¢! € Homy(X,Z),

where ¢! (z) is the coefficient of the identity element in ¢(x), one shows that
there exists ¢ € Homgq (X, Z[G]) with '(py) = 1if i’ = i and 0 else.
(For the existence of such a ¢ one has to use the fact that the quotient of
Us(F)/Us(F)tor modulo the subgroup spanned by p1, ..., ps has no torsion.
Note also that the present definition of ¢! extends the previous definition.)
Then Reg‘;}ﬂ@’s is up to sign just RegK+/Q75(p1 N ADic1 APit1 A+ - ADs).
Because of our assumption, this has the form “/-unit times (o —1)*~1. Since
for all t > 0, I'/T**1 is cyclic of order [, generated by (o — 1)!, we conclude
that multiplication with ¢(¢) is injective (as explained above) for this choice
of Y. n
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An aside remark: From a heuristic viewpoint, i.e., if we regard A as a
random matrix with zero row sums, it is highly probable that at least one
A; is nonzero. More precisely, there are "("1) matrices in (Z/1)™" with
vanishing row sums, and one can show that exactly

R e (O A R G Ay

among them have the maximal possible rank n— 1. By comparison, there are
I"* matrices in (Z/1)™", and exactly I"*(1—1")(1—1"2)(1—=173) .-+ (1=1"™)
among them are nonsingular; this is a visibly lower proportion.

We ran extensive tests to check on this estimate, only a small part of
which will be mentioned here. We let A be the Frobenius matrix attached to
a cyclic degree [ field KT with s ramified primes p1,. .., ps, all congruent to
1 modulo the prime I, and we calculated the rank of A for all such fields with
given s and [, under the restriction that all p; < 1000. For s = 3 and [ = 3,
the observed and estimated ratios of fields with A of maximal rank s—1 were
0.858024 and 0.855967 respectively (a difference of about 0.2 percent). There
were about 330000 fields. For s = 5 and [ = 19, the observed and estimated
ratios were 0.997086 and 0.997076, that is, very close indeed. There were
about 2.2 million fields. For the case s = 3, [ = 19, the range of fields was
extended further to p; < 10000, with the result that the observed ratio was
still closer to the estimate than it was for p; < 1000.

If s = 2 the condition on minors simplifies a lot, so Theorem 2.5 reads as

COROLLARY 2.6. Let Kt/Q be cyclic, and assume s = 2 and l{hp. If
at least one of p1,p2 is not an lth power residue modulo the other one, then
the Minus Conjecture (MC) holds for K.

The hypothesis of Corollary 2.6 is satisfied for instance if [ = 3, p; = 13,
po = 37. It is not satisfied for instance if [ = 3, p1 = 13, po = 229. It is
routine to show that there are (for every [) infinitely many pairs pj, py for
which the hypothesis is not satisfied, and one even may fix one of the p;.

The main aim of this paper is to give a proof of the Minus Conjecture
in the case not covered by the previous corollary, so (in our opinion) in the
really hard case. Consider the following

ASSUMPTION A. s =2 and ps is an [th power modulo p;.

Our main result will be that the Minus Conjecture is true under As-
sumption A. As things stand, we can only do it if [{hp. We repeat our other
hypotheses: [ is an odd prime which does not divide the conductor f of F;
K = FK*, and K*/Q is l-elementary abelian, tamely ramified exactly at
p1 and py which both split in F'. By Corollary 2.6, the Minus Conjecture
is then true for s = 2 without any restriction on p; and po, at least in the
cyclic case.
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We first deal with the case s = 1. Actually, this already follows from
Theorem 2.5, since the condition on the matrix minors is trivially true for
s = 1: the determinant of an empty matrix is 1. But the proof of Theorem 2.5
heavily relies on Hayward’s as yet unpublished thesis, because the sign in
the conjecture is crucial. So we give a complete argument here, also as a
preparation for dealing with s = 2. We think that there is some explicit
arithmetic meaning behind this; see Theorem 3.4 below. We mention right
here that this theorem has the following nontrivial congruence as a special

case f = 4:
-8
<p;1)‘ = H a** (mod p)

amod™ 4p

a=1 (mod 4)
for all primes p = 1 (mod 4). It is actually possible here to divide the
exponents by 2 and to remove the sign ambiguity. V. Trnkova (work in
progress) proved that the sign is a minus for all p. The authors do not know
whether this could be done in Theorem 3.4.

3. The case s = 1 of the Minus Conjecture. We start with an
imaginary quadratic field F' of conductor f, class number hr and unit-root
number wr. We let S be the singleton set {p}, with p = 1 modulo [ and p
split in F, as usual. We assume [t f, which implies [ {wp. Using the canonical
isomorphism

viIg/lk -G, o—1—o0, o€cG,

we can rewrite the Minus Conjecture with s = 1 as the following statement:
L(—wpé[() = rp(ulfT)hF’S eq.

We recall the notations: p is a chosen prime of F over p, and u!'~" is a suit-
ably chosen generator of (Ug(F)/Us(F)tor)!™7. We need to be more precise
however. The order of [p] in Clp = Cl is hp/hps; let u be a generator
of ph#/hFs Then u,p are a Z-basis of Ug(F)/Us(F)tor, and the basis u'~7
satisfies the sign rule explained in the statement of the conjecture in §1.
Inserting this in the above formula we obtain the following version:

(1) U~wpOK) = (' 77) € G,
where 1) is a generator of p"7.

Let t be the order of p modulo f and ¢ = p’!. We consider a standard
Gauss sum go = g(w™ @ Y/f n) € Q(¢s,¢), where w is the Teichmiiller
character associated to a prime B over p in Q(¢4—1), and n the standard
additive character. Let D be the decomposition field for p in Q(¢r)/Q, so

F C D C Q(¢f) and Gal(Q(¢r)/D) = (0p). Let g be obtained from gg (which
lies in D—see [12, Lemmas 6.4 and 6.5]) by taking the norm from D to F.
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LEMMA 3.1. There is an explicit p-power p™ such that

92pnOF _ p—2(1—T)th/wF’

and consequently g* equals 2= /wE 4y to a power of p and a root-of-
unity factor in F.

Proof. The primes above p split in D/F and are inert in Q((y)/D. From
this one finds that gOp = p?, where § is the image of the Stickelberger

element without denominator fO; = ) 1 a0g Lin Z[r]. We expo-
1+7

amod™
nentiate with 1 — 7. Since ¢ is a p-power, this changes g to g? times
a p-power (always modulo roots of unity). On the right hand side we get
p1=78 and (1—7)8 = (1 —7)x(3) with x the quadratic character of F; fi-
nally x(8) = fB1,y = —2fhr/wr by [12, Theorem 4.17|. This gives the first
formula in the lemma, and the second statement is a direct consequence. m

The next step is now (and this will reappear later) to consider the p-adic
leading term T'(g) of g. This is defined as follows: identify F° with Q)
write ¢ = p*h with z € Z and h € Z;, and let T(g) be the image of h
in (Z/pZ)*. For 0 < a < ¢q—1 = p' —1 we write out a p-adically as
a=ag+aip+---+a_1p'~! with digits a; in the interval [0, p — 1], and we
put

all =aplag!---a;—1! and s(a) =ag+a1+ -+ ar—1.

From [12, Remark on p. 97|, we obtain the following congruence for any
amod™ f:

956y — 1)~ = (a(g — 1)/ )N (mod B),
where P’ is the prime of Q((4—1,(p) above PB. As fs(a(q—1)/f) = a(¢g—1) =

0 (mod p — 1) and (¢, — 1)P~}(—p)~' =1 (mod P’), we obtain by means of
a well-known computation of p-adic digits

t—1 ; _
Oa —fs(alg— — apZ f q— 1 !
g7 (—p)~Ts(ala=1)/D)/ =) = H<p<</§)>>! (mod ),
i=0
where angular brackets mean the fractional part of a rational number.

Let x be the nontrivial Dirichlet character attached to F'. Recalling that
x(p) = 1 by hypothesis, we see that if o, runs over Gal(D/F’) then f(ap'/f)
runs over all ¢ mod™ f, x(¢) =1, and so

T()=+ [] lcla—1)/pH).
iy

From this formula and Lemma 3.1 we obtain (writing o(a) instead of o,):
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LEMMA 3.2.
@) =o( TT lela— D/
cmod™ f
x(c)=1

(A comment on signs: Both Lemma 3.1 and the preceding formula for
T(g) have a minus sign in their exponent; these cancel on putting things
together; however a new exponent —1 arises, since the local Artin map sends
atoo,t)

The next step is to calculate with the element éK Recall K is the com-
positum of F' and the degree [ field of conductor p, and (1 —7)Ok equals Ok
as defined in §1; by the way, O just differs from the “standard” Stickelberger
element attached to K by a multiple of the norm element.

LEMMA 3.3.

W(—fOK) = H o, €G.
amod” pf
x(a)=1

Proof. As x(p) = 1, the Frobenius of p on F'is trivial and so Ox belongs
to Ig. This gives

fOx = Y (a-pflo,'= Y (a—pf)o,' -1
amod”™ pf amod” pf
x(a)=1 x(a)=1

and the lemma follows using the fact that [[,0, =1€ G. »

Our task is to show formula (1), which is, by means of Lemmas 3.2
and 3.3, equivalent to

(I () - 11 e

cmod™ f amod™ pf
x(c)=1 x(a)=1

and this in turn is equivalent to

—f

11 (p<<qf”>)' = [ o e@m,

cmod™ f p amod™ pf

x(e)=1 x(a)=1
where =; means equality up to a factor which is an [th power. In fact, we will
prove the above formula up to 4-torsion in the multiplicative group (Z/pZ)*.
We will prove the following congruence modulo p (where one can even show
that the sign is always “+” if f is even):
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THEOREM 3.4.

clg—1) - 2
H <p<>)‘ =4 H a“® (mod p).
cmod* f rf amod™ pf
x(e)=1 x(a)=1
We shall see that Theorem 3.4 can be obtained as a consequence of the
still sharper results that follow, namely Theorems 3.5 and 3.8. The integers
v(c) are defined later on.

THEOREM 3.5. For all 0 < ¢ < f with x(c) =1 we have

<p<c(qp}1)>)‘2f5iff”@ [T« (mody).

amod™ pf
a=c (mod f)

Proof. Let x. denote the product on the right hand side. Let y. denote
a similar product with p being replaced by ¢ = p’, namely

Yo = H a2a_

amod™ qf
a=c(mod f)

LEMMA 3.6. x. = y. (mod p).
Proof. We fix a € {1,..., fp} coprime to fp. We can write down the set

ofall @ € {1,..., fq} coprime to fq that map to a modulo fp: this is simply
the set I = {a+ipf |i=0,...,p""t — 1}. From this we find

H o®® = a* (mod p),

amod” qf
ara

where s is the sum of all elements in I it equals p'~'a + 5p'~1(p"~! — 1)pf.

In particular 2s is congruent to 2a modulo p — 1; hence a® = a?* (mod p).

Since this argument works for all choices of a, the lemma follows. =

We continue with the proof of Theorem 3.5.
The next step is to calculate y. by a certain trick (symmetry). We define

Ie={a=1,....,f¢=1](a,fq) =1; a =c (mod [)}.
Then the set I. carries an involution e, which induces identity modulo f
and multiplication by —1 modulo ¢. In more explicit terms, using the least
nonnegative residue j(c) = <%> - f of 2¢ modulo f:
B { —a+j(c)q, a < j(c)q,
e(a) = : :
—a+j(c)g+ fq, a>j(c)q.
It is easily checked that [],c; a maps to —1 modulo p (Wilson’s theo-
rem). We put I = {a € I. | a > j(c)q} (the set corresponding to the second
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case in the above description of €) and we calculate mod p:

ye = [] a%(a)*@ = + J] a*t=@

acl. a€l.

=+ H al?. H a9 = 427

(le[é aeIc

where we have put z. = [[,c @, and used again [[,; a = —1 (mod p).

We need a better description of I... Taking the residue modulo ¢ gives
the natural map v: I, — {i=1,...,¢ — 1| (p,i) = 1}, which is bijective.

LEMMA 3.7.
(a) If c < f/2, then
v(Il) ={d=1,....¢=1|(p,d) =1; ¢/f <(d/f) <1—¢/f}.
(b) Ifc > f/2, then
v(lp)={d=1,....q=1|(p,d) = 1; (d/f)<¢/f or 1—-C/f<(d/[)},

where ¢ = f — c. Note that the condition on d is exactly the negation
of the condition in (a), with ¢ replaced by c.

Proof. Let d in {1,...,q — 1} be prime to p. The preimage v~!(d) € I,
has the form d+iq, 0 < i < f. We can find ¢ by noting that ¢ = 1 (mod f),
so d+1i = c (mod f), that is, i is the least nonnegative residue of ¢ — d
modulo f. Moreover v~1(d) € I iff i > j(c).

We now first treat case (a), that is, ¢ < f/2. Then j(c) = 2¢, and i > j(c)
happens iff c—d is congruent to 2¢, 2c+1, ..., f—1 modulo f, which translates
tod=c+1,¢4+2,...,f —c (mod f).

In case (b) we have ¢ > f/2, and j(c) = 2¢ — f. Then ¢ > j(c) iff
¢ — d is congruent to 2c — f,2c— f+ 1,..., f — 1 modulo f; this happens
ifd=c+1,c+2,...,f —1,0,1,..., f — ¢ (mod f). The latter condition
translates to: either d =0,...,¢ (mod f)ord = f—c+1,..., f—1 (mod f).
This proves the lemma. =

We turn to the final part of the proof of Theorem 3.5 now, which consists
in an explicit calculation of z..

We first assume ¢ < f/2 and put u(c) = |I.|. The last lemma gives

f—c f—c
2e = H H d =y H H ;f (mod p).

t=c+1 dmod* ¢ i=c+1 dmod* q
d=i (mod f) d=i (mod f)



20 C. Greither and R. Kucera

The inner product can be simplified using the p-adic Gamma function:

a Iy((i+351)/f) L((i+q—1)/f)
dml;llxq o }1 7Fp((i—f+jf)/f)_i L,(i/f)

d=i (mod f)
_ L L(=1)/f)
= LA

as I}, preserves congruences modulo p. Therefore

(mod p)

2o = £ fu© fl‘f M:ifu(c) Iy(c/f)

i=c+1 FP@/f) m (mod p).
Lemma 3.7 gives
orspe= 1 d=-1(modp
dmod* ¢
and so
tpee=—atmapu@ U =) (g )

Ip(c/f)
Therefore we no longer have to distinguish whether ¢ < f/2 or not. Setting
v(c) = u(c) for ¢ < f/2 and v(c) = —u(f — ¢) for ¢ > f/2, in both cases we
have

Iy(c/f)
Ip((f =)/ f)

In the next step we use the functional equation:
2= £ f'OT,(1—c/f) 2 = £ O, +c(g - 1)/f)
= £ O L1+ ple(q — 1)/ (pf)))
= /" (ple(q —1)/(pf)))!? (mod p).
It follows that
ve = +2{ = £V (p(e(q — 1)/ () (mod p)

and Theorem 3.5 follows. m

ze = £ (mod p).

It remains to prove the following result which shows that all the f-powers
which we picked up in Theorem 3.5 to prove Theorem 3.4 do not matter in
the end.

Let us define an integer V' by

V=Ff Z v(c).

cmod* f
x(e)=1

We then have the following result:
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THEOREM 3.8. There is an equality

i1 2fhr
wp

V=p-1p

in particular V is divisible by p — 1, and so fV =1 (mod p).

Proof. We first remark that we did not find a simple argument showing
just (p — 1) | V; apparently we have to calculate the exact value and use

wr|2f.
We recall, slightly adapting our notation:

v(e) = ecl{dmod” ¢ | ¢/f < (d/f) <1 -2/},

where €. is +1 or —1, and ¢ is either c or f — ¢, both according to whether
c< f/2ore> f/2.
Via the involution ¢ — f — ¢, the residues ¢ > f/2 with x(c) = 1

correspond bijectively to the residues ¢ < f/2 with x(¢) = —1, because of
Xx(—1) = —1. Hence we can rewrite the sum as follows:
v=r Y (o X )=r> X X
cmod* f dmod* ¢ dmod* q cmod* f
e<f/2 c/f<(d/f)<1—c/f e<f/2

o/ f<(d/f)<1—c/f

We define B(r) = 327" x(c) for any positive integer 7. Then §(r) depends
only on the residue of » modulo f because Zle x(c) =0.

We shall show that the inner sum over ¢ in the last displayed formula
equals 3(d). Let d'/f = (d/f). It " < f/2 then the inner sum in question is
simply 3(d’). For the complementary case d’ > f/2, the condition ¢ < d’ <
f — ¢ is tantamount to ¢ < f — d’. By the change of variables ¢ — f — ¢ we
obtain

f—d f—1 f-1
> oxe) =D x(f—e) ==Y x(e) = =(B(f) = B(d)) = B(d).
c=1 c=d’ c=d’

So we end up with 3(d’) = 8(d) in both cases. Therefore

V=1 Y Bd)=fv'-v"),

dmod* ¢

where
q q/p

V/'=>"p(d) and V"=>B(pd).
d=1

d=1
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The analytic class number formula gives

f fod-1 -1 7
SBD=>>x(=>_> xlto= > (f-oxle)
d=1 d=1 c=1 c=1 d=c+1 cmod* f

2fhp
G- L3
cm%ij>< f wr

From this we get (recalling that ¢ = p! =1 (mod f))

v’ q_lzﬁ — (-2

This takes care of V/. We shall concentrate on V" now:
q/p q/p q/p fl{pd/f)—

f-1
=> Blpd) =>_ B(f(pd/f)) Z Z =Y " rex(o)
d=1 d=1 c=1

where 7. means the number of d € {1,... ,pt 1} satisfying ¢ < f(pd/f). So
7. is the number of pairs (d,e) with 1 < d <p'~land1<e< f—-c—1
such that pd = f — e (mod f), i.e. d = —ep'™! (mod f), which means
flep!=! + d. But ep'~! +d runs through p'~t +1,p" "t + 2 ... (f —c)p'~!
without repetitions. So

NGRS NSy

t—1 t—1
-] )

where we have used ftcp'~!. Thus, considering x also as a ring homomor-

phism Q[Gal(Q(¢f)/Q)] — Q, we have

V”:_S[cp;l]x(c) :—x< > [Cp;l]ac_l)

c=1 cmod* f

Z—X((P o) > S f > - 1) 2

wr

because x(p) = 1. This gives V' — V" = (qu Y2hp /wr and Theorem 3.8
follows. =

We now see at once that Theorem 3.4 follows from Theorems 3.5 and 3.8.
Since Theorem 3.4 implies formula (1), which in turn is equivalent to the
Minus Conjecture, we have proved:

THEOREM 3.9. The Minus Conjecture is true in case s = 1 and l{f.
(The notation and the setup are explained at the beginning of this section.)
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4. Transformation of O and the Vanishing Order Conjecture.
In this section we allow all imaginary fields F' (the conductor is written f)
and all values s > 1, as in §§1-2. We repeat that [{wp and we also suppose
until further notice that K+ equals its own genus field K7 - - - K (recall K;
is the degree [ conductor p; field). Recall that all primes p, ..., ps split in F.

Before starting the proof of the Minus Conjecture it is necessary to pro-
cess the quantity éK As a byproduct we will deduce that it is always in I
(so conjecture (VOC) holds). The expression we are going to get for ©x looks
complicated, but for s = 2 it will fit quite well into the Minus Conjecture
since on the regulator side the same structure will appear.

Some notation is required. For all T' C {1,...,s} let K denote the
compositum of all K; with i € T'; here Ky = Q. Let Gr = Gal(Kr/Q), which
is always tacitly identified with the product of the G;; = G; for ¢ € T'. Note
that K¢y g = K™T. We also need matrices of Frobenius symbols, related
to the matrix A of §2 but with entries in Ig. To begin with, let a;; be the
Frobenius of p; in K; (i # j). For V.C U C {1,...,s} define a matrix

AU _ (U . : . ~U _ . —1
M, = (mij)i,jEU—V over I, as follows: for i # j, we set my; = o — L
For ¢ = j we set
~ U
jEU, j#i

It is easy to see that the row sums of each matrix Mé] are zero modulo Ié,.
Finally, let g‘lf = det M‘(/] . For V' = U this has to be interpreted as 1 (the
determinant of the empty matrix).

For each T' C {1,...,s} we set mp = [[;cpp; (this is the conductor of
Kr), and we have a Stickelberger element O attached to F'Kp the same
way as @k was attached to K:

Or=(1-7)0r, Or= Y d M)A
ANeGT

T= Y (t _ 1).
tmod™ fmp fmT 2

ot|F=1
UleT:)\

with

Next we associate to every T' # () a term ]SLT which will later give a
contribution towards the leading term of O

DEFINITION. The map gr : Gp — Ig‘ is given by

§T<H %.> = H(% —1) (wherey; € G; foralli e T).
ieT ieT
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Now, for ) #T C {1,...,s}, let
Fr= 3 "5,
NeGr

If life were simple, R{l s} would be equal to éK This is not the case. We

will see that R{l s} is only the “principal term” in a representation of Ok
as a sum with many terms.

PROPOSITION 4.1. For any nonempty subset U of {1,...,s} we have
Z AY Ry (mod I|GUU|+1).
PATCU
Proof. We have to begin with a lemma.

LEMMA 4.2. For any sets V C U C {1,...,s} and any X € Gy_y we

have
= 0w = X ()Ml (AT Frobyv () "),

peGy JCcV ueJ
where Frobr(q) means Frobenius of q in Gal(K7/Q) = Gr

Proof. 1t is easy to see that our Oy is equal to e*H}mU (—1) in the nota-
tion of Sinnott (see [10]). Using well-known norm relations (see Lemma 12
in [9] for example) we obtain

TeSFK, /FKy_v Oy =6Oy_y H (1 — FI“Obva(pu)fl)

ueV
(=1 S VS T (- Froby v ()7
NGy _v JCV ueJ
(1—1) Z At Z |J| U= V()\HFrobU v(pu)” 1).
AeGu_v JCV ueJ

On the other hand, from the fact that we can decompose Gy into a direct
product Gy = Gy x Gy_y, we obtain

respry, /FKy_y Ou = (1 —7) Z Z
AeGy_v neGy
Comparing coefficients gives the lemma. =
Continuing with the proof of Proposition 4.1, we note that [ does not
divide the number of roots of unity in F Ky, (since ltwp). Proposition
2.1 in [10] implies that a®()\) is l-integral for any 7' C {1,...,s}, and so
Ry € IgT‘. We shall use induction with respect to |U|.
If |U| = 1 then from the definition and the fact that the coefficients a¥ ())
sum to zero (see Lemma 4.2 for V = U) we find at once that Oy = Ry.
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Since we have set ,Z[g =1, the assertion of Proposition 4.1 holds true in this
case.

Let us suppose |U| > 1 and that the assertion has been proved for all
smaller nonempty sets. Using again the fact that for any 7" C U we can
decompose Gy into a direct product Gy = G X Gy_7, the definition of gy
gives, by multiplying out,

Ry=3 (=073 3
TCU AeGr peGu_r

Lemma 4.2 implies

Ry = Z(_1)|U—T| Z AL Z (_1)|JIGT<)\HFrobT(pu)_1)

TCU AeGT JCU-T ucJ

= Z Z At Z (—1)‘U7T*J‘(H FrobT(pu)*l)aT()\)
TCU AeGr JCU-T ueJ

— Z Z |U T— J\(H FI"ObT pu) 1)éT
TCU JCU-T ueJ

=> 6r [[ (Frobr(p.)™-1).

TCU ueU-T

Using the induction hypothesis we get (the congruence is modulo I (‘JU‘H)
Ry—6y= > 6Oy [[Froby_s(p,) " 1)
P£JCU u€J
3 (H(FrobU_J(pu)*l - 1)) S ARy
0£JICU ued 0£TCU-J
Z Ry Z Xg_‘] H(FrobU_J(pu)_l —1).
PATCU  OA£JCU-T ueJ
Since
Froby s(pu) " —1= ][] e = Y () —1) (mod I{_),
jelu—-J jeu—J
we have
EU—éUE Z ET Z AU JH Z —1) (mod I|U|+1).
0£TCU 0£JCU-T ueld jeU—J

At this point we need to modify the matrix Mg ~7/ glightly, in order to work
with a matrix that has all row sums equal to zero. Define a new matrix
]\75 for VC U C{1,...,s}. First, JWQ,U has the same entries as Mé] off the
diagonal, and we fill the diagonal in such a way that all row sums become
zero. Second, M g is obtained from Mé] simply by omitting the rows and

columns with indices in V. Then M: g and Mg are congruent modulo 1[2].
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We also let Eg = det M' ‘(f The right hand side in the last formula will stay
the same modulo 1, bUHl if Ais replaced by A. The proposition will thus be

proved if we can show that

(2) >, AL DX (e -1 =0
JCU-T ueJ jeU—J

for any ) # T C U. To show this, we use the following very convenient
theorem of Chaiken and Kleitman [2] on matrices and trees.

THEOREM 4.3. Let M = (myj); jef1,...n} be @ matriz over any commuta-
tive ring with zero row sums. For any forest L on {1,...,n} put

M(L) = 11 (—mij).

(i—j) is an edgein L

Then for any T C {1,...,n},
det (mij)i jeq1,..n}—1 = ZM(L)
L

where L runs over the set of all forests on {1,...,n} whose set of roots is T

In our case, we fix J C U — T and obtain

7AU—-J asU—J
AT = Z M(Z) (L)a
LisaforestonU—J
VL=T
where the sum is taken over all forests on the set of vertices U — J and the
set of roots T'. Since M @U ~/ and the corresponding submatrix of A g have
the same entries off the diagonal, we get

ALY e =Y ),

ueJ jeU—J Lis aforest on U

VL=T
JCe(L)

where the sum is taken over all forests L on the set of vertices U and the set

of roots T, whose set of leaves ¢(L) contains J. So the left hand side of (2)

equals

o=y Mg
JCU-T Lisaforeston U

VI=T
JC(L)

= > Mjw ) (=

Lisaforeston U JC(U-T)nL(L)
VL=T

because U — T # ) and hence also (U —T) N¢(L) # 0. Proposition 4.1 is

now proved. m
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Since each term jg is the determinant of a matrix of size |U| — |T'| with
entries in Iy and each term Ry is clearly in I, ‘T‘, we see at once that Oy is

in I[|JU|. On setting U = {1, ..., s} we now conclude that (VOC) is true, that
is, we have:

THEOREM 4.4. Under the assumptions stated at the beginning of the sec-
tion, the element O = Oy gy lies in I5. In other words, the congruence
in (MC) is at least true modulo I¢. and just says 0 = 0.

5. Simplification of the Minus Conjecture for s = 2. Until The-
orem 8.9 at the very end of the paper we assume from now on that s = 2,
S = {p1,p2} and that K is its own genus field, that is, K™ = K Kj.

In the proof of Proposition 4.1 we showed that Ry = O for |U| = 1, and
we write ©; for é{i}. We will now spell out the assertion of Proposition 4.1
for the case s = 2. Let a;; be defined as in §4, i.e. ay; is the Frobenius of p;
in K for ¢ # j, and set a1 = af21, = a;ll. Then

-1 -1
b2 — ap —1 oy =1
[/ -1 ’

-1
oy —1 a5y —1

The quantities ;13}2} are obtained by deleting the ¢th row and column from
this matrix and taking the determinant (i = 1,2). Therefore Proposition 4.1
amounts to
(3) é[{ = ELQ + (Ozl_ll — I)EQ + (042_21 — 1)&1
=R+ (af —1)O2 + (ags — 1)O; (mod 13).

We now show that the minus-unit regulator has a very similar decomposition.
Let p1 and po be prime ideals in F' above p; and ps, respectively.

Set
_ hp ~ hp _ hphps
= , ta= y W=,

hF {p:} hF {p2} hE (o} F {p2}

th{pl} _ tﬁ t/ _ hFa{pQ} — ti

¢ = ot 22 .
! hrs t3 2 hrs t3

tq

Then to is the smallest positive integer such that p? = (ug) is principal.
Similarly ¢/, is the smallest positive integer for which there is an integer ¢ such
that p?pg = (uq) is principal. Then uy, ug, p1, p2 is a basis of Ug(F') /Us(F )tor
and u] ", uy T is a basis of (Us(F)/Us(F)r)' " and it is well-oriented with
respect to pi1, po.

With this choice we get Regp ¢ = det (ry, (u}™T) = 1);j=12, with 7p, ()

denoting the local Artin symbol (z, Ky;/Fy;). Note that (here and else-
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where), by a harmless abuse of notation, this symbol stands for (z, K/ Fj;)
with B being a prime above p; in K.

Let i = (uj 7, (FKj)p;/Fp;) € Gj C G, for all 4,5 € {1,2} (including
1= ]) Let M~ = (ﬁZ] - 1)1'7]':172.

PRrROPOSITION 5.1. The following congruence holds modulo Ié:
_ ~_ t (a —1) tlagy —1) >
1-7 _ 11 22
Ty (U — 1 ] a— = M + .
( P]( 1 ) )Zy.] 172 ( O tQ(O{22 _ 1)
Proof. We have
-7 t!
Tpy (u% 7)) =(y . (FKI)P1/FP1)( (FK2)¥31/FP1) = Briaqs,

because (FK3)p, /Fp, is unramified and the p;-valuation of ;™" is t}. Simi-
larly

Tp1 (U% ) (U% " (FKl)Pl/Fpl)(u%_T7 (FK2)p, [/ Fy,) = Bo1,
TPQ(UI T) ( } Tv(FKl)PQ/Fm)(U%_T’(FK2>P2/FP2) - 0451/312,
5 T) ( % T?(FKl)Pz/sz)(u%_T7(FKZ)PQ/sz) :O‘?lﬁﬂ'

Tpo (u2
The proposition follows using the canonical isomorphism Ig/I2 =< G. =

On taking determinants in Proposition 5.1 we find:

COROLLARY 5.2. The following congruence holds modulo Ig:

Regp g = det(M ™) + th(ag — 1)(Ba2 — 1) + ta(agy — 1)(B11 — 1)
+tathy(ary — 1)(agy — 1) = t(ag — 1)(Ba — 1),

It is easy to see that uy " is a basis of (Up,(F)/Upy(F)tor)' ™" and so
the definition of the regulator in case s = 1 gives Regpy, ¢ = Pz — 1.
Writing the principal ideal p’' in the form p?té = ((u1) - p5 )% shows that
to|tts and pi' = (ulPub) with t' = —tt3/ts. Then (u}ub)'~7 is a basis of
(Up, (F)/Up, (F)tor)' ™" and

(uitus) 7, (FK1)py [ Fpy) = (u) 7, (FK1)p, /Foy)™ (w7, (FK)p, [y )”
= B35,
hence

(4) Regry, ¢ =t3(B1 — 1) — tti (B21 — 1) (mod IZ)).

Therefore substituting to(811 — 1) = t(ﬂgl — 1) + (t2/t3) Regp, ¢ into the
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congruence of Corollary 5.2 gives
Regr g = det(M‘) +thlat — 1) Regrk, s
+ (0621 —1)(t(fn — 1) + 1) Reg;ﬂKlvs)
+ t2t,2(af11 - 1)(“521 -1) - t(a521 —1)(B21 — 1).
After rearrangement and simplification this gives

COROLLARY 5.3. Modulo Ig’; we have

_ —~ . hp _ _
Regy 5 = det(M™) + “EApa} (alll -1) Regrp, s

hrs
hegpy -
+ hF,;: (a221 -1) Regrp, s
hp , _ _
+ e (agy — 1)(agy —1).
F,S

We now return to formula (3). Since (MC) is proved for s = 1, we may
replace the theta terms by minus regulators as follows:

~ = hp _ _
Ok = Rip — % (o' — 1) Regpy,
hr. _ _
— B (g} — 1) Regpy, ¢ (mod I2).
wg ’
On comparing this with Corollary 5.3 we see that Ox = —(hps/wr) Regy ¢
if and only if

~ h — _
Rip=— det(M™) — — (aq7 — 1)(04221 —1) (mod Ig)

wWg Wr

Under Assumption (A), the automorphism s and hence also «q7 is the
identity. In any case I(aj] — 1)(agy — 1) € T2, So we have proved:

COROLLARY 5.4. Under Assumption (A), or if l| hp, the Minus Conjec-
ture (MC) for s = 2 is equivalent to the following congruence:

hrs
wp

El,g =— det(M*) (mod I2.).

Actually both sides of this congruence are in the submodule I, I, of IZ.
This will further simplify our task. It is easily verified that the canonical map

I, /18, ©2 16, /16, — 1&/1G
is well-defined and injective. (Indeed, both I, /.%1 and Ig, /1(2;2 are copies

of Z/IZ, so it suffices to see that the map is not zero.) Putting together the
canonical isomorphisms ¢; : Ig; /1 éj — Gj, we get a canonical isomorphism

| = [,172 : IGI/Iél ®Z IGQ/IéQ — Gl ®Z GQ.
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It is our intention to consider the formula in Corollary 5.4 above as an
equality (to be proven) in G1 ®z G2. We want to avoid working with chosen
generators of G; and G4 as long as possible. In other words, we would like
to keep the argument “coordinate-free” as long as feasible. However, a quaint
little problem of notation comes up. The groups G; are naturally multiplica-
tive groups, but one should rather work with additively written groups when
looking at tensor products over Z. On the other hand, additive notation for
G; would look awful (try it!). For lack of a better idea we introduce, for any
multiplicative abelian group I', an additive group lg I, which is just a copy
of I'. The symbol lg is just formal (reminiscent of a logarithm), and

lgl'={lgy|yeTl}, lgy+lgd=Ig(yd) Vvy,6€T.
Now we put Ry = LLQ(ELQ). We note that
t12g12(m2) =lgm @ lgye

and

t12det(M™) =1g 11 @ 1g Poz — 1g P21 ® Ig Bi2.
Thus,

Ria= Y Y a(mm)lg(n!)®lghs?)

Y1E€G1 72€G2

= > > dP(u)(—lgm) @ (—1g)

71 E€G1 2€G2

=Y > dPmmw)lenelgy

Y1E€G1 72€G2

and the formula of Corollary 5.4 can be rewritten as follows.

COROLLARY 5.5. (Assumptions as in Corollary 5.4.) The Minus Conjec-
ture is equivalent to the following equality in lg G1 ®z 1g Ga:

(5) Z Z a"?(y2) g @ lg 72

71E€G1 72€G2

h
== (g B @ 1g B — Ig B @ g )

6. A formula for R;3. In this section we shall continue to assume
s = 2. For convenience, we will very often write p for p; and ¢ for py. (Thus,
g will never denote a p-power.) To explain the outcome of this section we need
some notation (slightly different from earlier notations): For u € (Z/pZ)* let
oy € G1 = Gal(F K1 /F) be given by the condition that o, is the restriction
of ¢, — (¢, on K; and identity on F. We define 7, € G2 = Gal(FK»/F)
similarly for v € (Z/qZ)*. (No relation with 7 = complex conjugation.)
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Recall that y is the nontrivial Dirichlet character attached to F and that f
is the conductor of F' (and so also of x).

THEOREM 6.1. If y(u) stands for I'y(u/(fp)), then

Rio= Z lgaa®lg7',y(a).
amod™ pf
x(a)=1
Since this formula is probably not very enlightening at first sight, we give
a numerical example. Take [ = 3, f = 4, p = 13, and omit the lg symbols
for simplicity. Then (the dependence on ¢ is hidden in 7):

Ri2 = 05 ® Ty5) + 09 ® Ty(9) + 04 @ Ty17) + 08 @ Ty(21)
+ 012 @ Ty(25) + 03 @ Ty(29) + 07 @ Ty(33) + 011 @ Ty (37)
+ 02 ® Tya1) + 06 ® Ty(45) + 010 @ Ty(a9) € G1 ® G2 = Z/3ZL.

Note that we omitted o1 ® (1) since lgo1 ® lg7,(1) is the zero element of
lg G1 ® 1g Gs.

Before we enter the proof of Theorem 6.1, let us mention that it arose as
the result of at least two successive generalizations, which make it very tech-
nical and unfortunately not very enlightening. However, we think we would
lose more by abandoning generality than we would gain. The strange-looking
Lemma 6.3 (which was also seriously tested by computer, to minimize error
probability) has the purpose of eliminating an ungainly obstruction term,
which unavoidably appears in the main part of the proof. Proposition 6.2
is just a preparation for this important lemma. It is recommended to skip
over Proposition 6.2 and Lemma 6.3 at the first reading (going directly to
the not so long proof of Theorem 6.1) and refer back to them later.

For any integer a we define nonnegative integers r(a) < fpq, h(a) < fp
by the following conditions:

r(a) = h(a) = 2a (mod f),
r(a) = h(a) =0 (mod p),
r(a) = pf (mod q).
Notice that both r(a) and h(a) only depend on a modulo f. The follow-

ing proposition holds true for any odd quadratic Dirichlet character x of
conductor f and any primes p, g such that p # ¢ and x(p) = x(¢q) = 1:

PROPOSITION 6.2. Let u = #{tmod™ f | x(t) = 1,(2t/f) < 1/q} (so in
particular w = 0 for f <4). Let v=qP V3 if f =3, v =¢qPD/2 jf f =4,
andv = (=1)" if f > 4. Then

(6) H a=v- H a- H a (mod p).

0<a<r(a) 0<a<pf h(a)<a<pf
x(a)=-1 x(a)=1 x(a)=1
Q|a7Ma q‘avp'fa pJ(a
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Proof. Let ni,n2,n3 be the number of factors in the three products
above. By means of the substitution b = a + pqt, where ¢ is determined
by —pgt = a (mod f), we obtain

nmo= Y #{b|pgt <b<r(-pat)+pat, af |b, ptb}

tmod™ f
x(t)=1

- T ()1 )

x(t)=1

It is easy to check that r(—pqt) = —2pqt + pf (mod pqf) and so r(—pqt) =
paf(=2t/f +1/q) = —2pqt + pf — paf[—2t/f + 1/q], which gives

e 3 (il

Tes- b7+
- = (b Lol [ oo

x(t)=1

Therefore the first product in (6) is

II e=CGo™ ]] 11 ;q (mod p)

0<a<r(a) tmod* f pqt<b<r(—pgt)+pqt

x(a)=-1 x(t)=1 qf[b, ptb

qla, pfa

” s E])

— 1 1+ |- +5 | —p|-S+-| 01+ |=

(a1 tmdx (v |5 -2 2] ) (1 |
x(t)=

e [ pt | p] pt)\ 7
tmod>< - -

where ¢ = Ztmodx f,X(t):l([_pt/f +p/al —p[=2t/f +1/q] — [pt/f]).
The second product in (6) can be treated by means of the substitution
b = a — pqt, where t is determined by pgt = a (mod f). We obtain

> #{b| —pgt <b<pf—pgt, qf |b, ptb}
tmod™ f
x()=1
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- 3 (- 12 - 1+ )

tmod* f
x(t)=1
(el )
= > (|-F+2| - |-F|-|-5+=|+]|-3
pioa p L I aq f I q f
x(t)=1
and
n b
II e=¢o™ ] 11 7 (mod p)
0<a<pf tmod* f —pgt<b<pf—pgqt 1
x(a)=1 x(t)=1 qf|b, pfb
qla, pfa
n c pt p pt]\ "
= (fom (-1 [[ L1+ |-+ )01+ |- :
g I aq /
tmod”™ f
x()=1

where c2 = 324 Loax £y )=1 ([=Pt/f + p/d] = [=pt/ f]).
Similarly by means of the substitution b = a — pt, where ¢ is determined
by pt = a (mod f), we obtain

ng= Y #{b|h(pt)—pt <b<pf—pt f|b ptb}
tmod™ f
x(t)=1

_ pf —pt] _ [h(pt) —pt} B [pf—pt] {h(m) —ptD
m%:ﬂf]{f of 1T )
x(H)=1

It is easy to check that h(pt) = 2pt (mod pf) and so h(pt) = pf(2t/f) =
2pt — pf[2t/ f], which gives

Z<f] 5 el5 )Ll - TR

(B E

x(t)=1

Thus the third product in (6) is

b
Moo= I 1 s
h(a)<a<pf tmod* f h(pt)—pt<b<pf—pt
x(a)?=1 x(t)=1 f1b, ptb
pla




34 C. Greither and R. Kucera

e 11 afser [ 2]a(oe 2] o2

tmod™ f
x(t)=1

i T (e [5])o(os[f])

tmod™ f
x(t)=1

where ¢3 = 324 oax £y )=1 (P + [=pt/f] = [pt/ f] + p[2t/ f]).
Putting these results together yields ny — ng —n3 =0 (mod p — 1) and

H a- H a - H al = ¢ (—=1)727% (mod p).

0<a<r(a) 0<a<pf h(a)<a<pf
x(a)=-1 x(a)=1 x(a)=1
qla, pta qla, pfa pfa

The proposition will be proved if we show that the right hand side is con-
gruent to v. If p = 2 then the parity of ¢; — co — ¢3 is not important, while
if p is odd then

2t ] 2t 1
Caer 3 (3D
tmod™ f f' f 9
x(t)=1
2t (2t 1
= Z ({]— —]):u(mod2).
tmod™ f / 'f 9

x(t)=1
We have the following congruence modulo p — 1:
t pt t pt 4 pt
wer 2 (-6 2 (-5 (3)
tmod* f ! ! tmod* f f !/ ! !
x(t)=1 x()=1

—2(1f_p) 3 t—1;p > A+ x@)

tmod™ f tmod™ f
x(t)=1

:(1_p)<(’0(2f)—2£§> (mod p — 1).

If f=3thenng = (1-p)(1—-1/3) = 3(p—1),if f = 4 then ng =
(1 —p)(1 —1/2) = 3(p — 1). Finally, if f > 4 then ng = 0. In all cases
q"3(—1)727% =y (mod p) and the proposition is proved. =

LEMMA 6.3. Let d be any integer satisfying pfd =1 (mod q). Then the
integer
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n— H qdfda/a)—1

amod™ pf
ata, x(a)=1

s an lth power modulo p.
Proof. Since 0 < fp — h(a) + fpg(dh(a)/q) < fpq and
fp(1 + dh(a)) = h(a) = pf (mod g),
fp—=h(a) + fpg(dh(a)/q) = { —h(a) =0 (mod p),
—h(a) = —2a (mod f),
we have r(—a) = fp — h(a) + fpq(dh(a)/q). The left hand side of (6) is

[ o= II o= I1 (~a)

0<a<r(a) 0<—a<r(—a) 0>a>h(a)—fp—fpg{dh(a)/q)
x(a)=-1 x(a)=1 x(a)=1
qla, pfa qla, pfa qla, pta
q—1
_ ni
eI I o) I )
y=0  —fpy>a>h(a)—fp—fpy 0>a>—fpy
x(a)=1,y=dh(a) (mod q) x(a)=1,y=dh(a) (mod q)
qla, pfa gla, pta

where n; again means the number of factors of the product on the left hand
side of (6). By means of the substitution b = a + fp(y + 1) for the former
inner product and of the substitution b = a + fpx, © = 1,2,...,y, for the
latter we obtain the following congruence modulo p:

q—1 Y
H aE(—l)mH(( H b)H H b)
0<a<r(a) y=0 h(b)<b< fp z=1 0<b< fp
x(a)=—1 x(b)=1, y=dh(b) (mod q) x(b)=1,y=dh(b) (mod q)
qla, pfa ptd, db=y+1 (mod q) ptb, db=x (mod q)
— (—1)™ ( I1 b) - I1 b (mod p).
h(b)<b<fp 0<b<fp
x(b)=1, pfb x(b)=1, ptb
db=dh(b)+1 (mod q) 0<(db/q)<(dh(b)/q)

Let us consider the following partition of the set I={amod™ fp | x(a) = 1}:
L ={a€l|ql|a,a<h(a)},
Iy={a€l|ql|a, a> h(a),dh(a)=—1 (mod ¢
Is={a€l]|q|a,a>h(a), dh(a)#

L ={a€1|qte, a<ha), {dafq) < (dh(a)/)},
Is ={a € I'[qfa, a <h(a), (da/q) > (dh(a)/q)},
Is={a €| qta, a> h(a), dh(a) = —1 (mod q)},



36 C. Greither and R. Kucera

I; ={a€l|qta, a> h(a), dh(a) # —1 (mod q),

(da/q) < ((1+dh(a))/q)},
Is={a€l|qta, a> h(a), dh(a) Z —1 (mod q),

(da/q) > ((1+dh(a))/q)}-

Tedious evaluation of all possibilities shows that Proposition 6.2 can be
stated also in the following form:

(7) (—D)™wv- H a’ - H H a” ' =1 (mod p).
a€ls acl{UlxUlg a€ly

Let us consider the involution € on the set I such that e(a) = a (mod f)
and €(a) = —a (mod p). Then

n2 =+ H a2 - H adlda/a)talde(@)/a=2 (10 p).

amod”™ fp amod”™ fp
qla, x(a)=1 x(a)=1

Wilson’s theorem implies

H aldh(a) /@)—1 _ H ( H a)q<dh(t)/q>—1 — +1 (mod p).

amod™ fp tmod™ f amod* fp
x(a)=1 x(t)=1 a=t(mod f)
Therefore
8) n? =+ H a? - H ad{da/q)+(de(a)/q)—(dh(a)/q)) -1 (mod p).
amod* fp amod™ fp
qla, x(a)=1 x(a)=1

It is easy to see that

[ h(a) if a < h(a),
a+efa) = { h(a) + fp otherwise,
and so
(dh(a)/q) if a < h(a),
lare@nin) ={
Moreover

(d(a+e(a))/q) if (da/q) < (d(a+e(a))/q),
(dafq) + (de(a)/q) = { (d(a+¢e(a))/q) +1 otherwise,

and

1/q if dh(a) # —1 (mod q),
(1—-¢q)/q otherwise.

(04 an(@)/a) — (an(a/a) = {
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If we go again through all eight cases, we find
—1 if a € I1 U Iy,

0 ifa€el3uUlgU Iy,
o((dafg) + {de(a)/q) — {dh(a)/a)) ~1=4 —q  ifach,

q—1 ifacé€ls,

q if a € Ig,

and (8) gives the following congruence modulo /th powers:

= + H a? - H al- H a (mod p).

amod* fp aclhUlaUly a€ls

gla, x(a)=1
The lemma follows from (7) and the fact that both —1 and v are {th powers
modulo p. =

Proof of Theorem 6.1. As a first step, we define a(u,v) to be the integer
between 0 and fpqg — 1 which is congruent to v modulo fp, and congruent
to v modulo ¢q. Then by definition

fpaRia =) Z —1fpq) lgo, @ lg T,

uel v=1
where I = {umod™ fp | x(u) = 1}. For any u € I and any positive integer
v < q let b(u,v) = (a(u,v) —u)/(fp). It is easy to see that b(u,v) is an
integer and 0 < b(u,v) < ¢. Moreover fp-b(u,v) = v —u (mod q). Recall
that the integer d satisfies fpd = 1 (mod q), so b(u,v) = d(v — u) (mod q),
which gives
b(u,v) = ¢(d(v —u)/q)
= d(v —u) = gld(v —u)/q] = d(v —u) = ¢([dv/q] + [~du/q] + au),
where a,, = 1 if (dv/q) + (—du/q) > 1 and oy, = 0 otherwise. Therefore
a(u,v) =u+ fp-b(u,v)
= [p(dv — gldv/q]) = fp(du + g[—du/q]) +u — fpgau,o.

Wilson’s theorem shows that Zg;} lg7, =1g7-1 = 0 and ) ;lgo, =
lgo_1 = 0. Consequently, any sum of the form ) ; Zg;i c(u,v)1g o, ®lg 7,
where the function c(u,v) is independent of w or independent of v will be
zero. This shows, given the above expression for a(u,v), that

R12— Zzauvlggu@)lgﬂ;—zz — Oy 1g0u®lgTv

uel v=1 v=1uel

Since ay,, = 0 if and only if (dv/q) < 1 — (—du/q), which is the case if and
only if either ¢ |u or (dv/q) < (du/q), we obtain
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q—1
RLQ:Z(Zlgau—i— Z lgau> ® g,

v=1 wel uel
qlu (du/q)>{dv/q)
-2
= Z Z lgo, ®1g Tfpb,
b=1 uel
(du/q)>b/q

where we have used the identity Zg;% lg 7, = 0 and the substitution v = fpb.
Since y(u) = Iy(u/fp) = I4(du) (mod ¢) and I'y(a) = (—1)*(a —1)! for any
a €{1,...,q}, the right hand side of the equality in Theorem 6.1 equals

Zlgau@)lgv- Z Z lgow ®1g 741y

uel uel
du a (mod q)

= z_: Z lgo, ®lgm

a=1b=1 uel
du=a (mod q)

= Z lgo, ®lgm
b=1 a=b+1 uel

du=a (mod q)
q—2
= Z lgoy, ®lg .
b=1 uel
(du/q)>b/q

We have g 7¢py = 1g 7 + 1g 7p, so to prove Theorem 6.1 we need to show

that
(Z Z lgau) ®lg7s, = 0.

uel
(du/q)>b/q

It is easy to see that

Z Yo lgou= Y (aldu/g) —1)lgan.

uel uel, qtu
(du/Q> >b/q

We shall show that this sum is zero In multiplicative notation this amounts
to proving that [, el q uq<du/Q) is an Ith power modulo p; but this is
exactly the statement of Lemma 6.3. =

We return to our numerical example [ = 3, f = 4, p = 13. (It is not
necessary to specify ¢; the dependence on ¢ is hidden in +.) Let us identify



A conjecture concerning minus parts 39

G1 = (Z/13Z)* /3 with Z/3Z via the following isomorphism x: +1 and +5
(the cubes modulo 13) map to 0; 2,410 map to 1; and 44,46 map to
2 = —1. Thus G ® G2 becomes 1dent1ﬁed with G, and we can do without
the lg notation. Then Ry, or rather its image in Go = (Z/qZ)* /3, turns
out to be

7(9) 7 v (17) 7 (29) 7(33) 71 4(37) 7 (41) v (45) 71 7 (49).

Again we do not pretend that this is very enlightening yet. The picture will
become clearer in the next section.

7. Establishing the connection with a Gauss sum. In this section
we shall assume Assumption A: s = 2 and ¢ = po is an [th power modulo
p = p1. Let n be the order of ¢ modulo p. Assumption A is equivalent to
l|7:=(p—1)/n. Let o4 be the Frobenius of ¢ in L = Q((yp).

Let Dy C F((p) be the decomposition subfield of ¢, i.e. Gal(F((p)/Do) =
(04l F(c,))- Assumption A gives 'Ky C Dy. From this point onwards it seems
necessary to fix a generator o of the group Gal(F((,)/F') and we shall do
it in such a way that og|p,) = o". Then the restriction og of o to K;
is a generator of G1, and this choice of generator induces identifications
lg Gy 2 Z/IZ and 1g G1 ®1g G2 = 1g G2, which we will both denote by ¢/. The
lg symbol will sometimes be omitted again (switching back to multiplicative
notation when possible), and G2 will then be identified with (Z/¢Z)* modulo
lth powers, often tacitly.

L= @(Cfp)

ni
m

0(Cr)

(n17

DyDy

X

s
/\
</

/\

/

Let ny be the order of ¢ modulo f and let Dy C Q((y) be the decomposi-
tion subfield of ¢. Let m be the order of ¢ modulo fp, and let Dy C L be the
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decomposition subfield of q. So DyDs C D1 and m is the least common mul-
tiple of n and ny. Then [D; : Dg] = u := ¢(f)n/(2m). The prime q is totally
split in D; and we fix a prime q; above ¢ in D;. Since q; stays inert in L/D;,
we can also view q; as a prime in L. Let ¢ be the additive character on Z/qZ
sending 1 to (4, where the gth primitive root of unity is chosen once and for
all. Let o = w(@"=D/UP) where w : IE‘;m — ptgm—1 is the Teichmiiller character
attached to a prime in L({;m_1) = Q({ym—1) above q;. All we need to know is
that the values of o belong to L and that o(z mod q;) = z(¢"~1/UP) (mod q)
for all x € Op. We shall also need the conjugate characters g,(x) = o(x)”
for v running mod™ fp. Let g(ov) = g(ov, % o Tr) € L((,) be the resulting
Gauss sums (see e.g. [8, p. 56]). According to [12, p. 97, Lemmas 6.4 and
6.5], g(ov) € D1(¢) and g(0,)/? € Di.

For any integer ¢ relatively prime to f let v, € Gal(L/Q((,)) be deter-
mined by v4((f) = C} Then

Gal(L/F(G)) = {vi | tmod” f, x(t) = 1}

and

Gal(L/D1(p)) = {vgni |i=1,...,m/n}.
Let us choose and fix a system of integers vy, ..., v, all congruent to 1 modulo
p such that

Gal(D1(Gp)/F(Cp)) = {vuilpye,) 11 =1, uj
As D1 N F({p) = Dy, we have Gal(D1/Dy) = Gal(D1(¢p)/F({p)) via restric-
tion. A key role in the forthcoming Theorem 7.1 is played by

9= NDl(Cq)/DO(Cq Hg Qvl

The choice of 1 we made entails the ch01ce of a solution m € Q4((,) of
the equation 797! = —¢, as in [8, p. 71]. We may and will identify the local
field Qq((q) with (D1)q, (¢q). Let T: Qq(¢y) ™ — qu( ) be the “leading term

homomorphism” given by T(z) = zr () Let a =, b € X mean that a/b
is an Ith power in the multiplicative abelian group X. Often X will be clear
from the context and not mentioned.

We finally define, considering ¢ as an element of Gal(Dy((,)/F((q)) in
the obvious way (i.e. ng = Cq)

A= Zz € Z[Gal(Dyo(¢q)/ F(Cq))]-

(Note: This type of element is frequently used in the theory of Euler systems
and points to an impending application of Hilbert’s Theorem 90.) Our next
goal is the following result.
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THEOREM 7.1. Under Assumption A, if the residue map Oq,(c,) — Z/qZ
1s written by an overbar, then

V(Rip) = T(g~2) € (Z/qZ)*.

Proof. In order to prove this we need the Gross—Koblitz formula (see
p. 82 in [8]). Let us point out right away that our ¢ (which is a prime!) and
q™ correspond to p and ¢ in loc.cit.

The Gross-Koblitz formula states the following equality in Q4((,), where
S means the sum of g-adic digits:

m—1
g(o0) = mla-Dm=Stie/ Um0 T p< < >>
palr fp

and so by means of the functional equation

) T(9(0r) =iﬁ (<qu>>

7

Let h = 1 (mod f) be such that &(¢,) = C;} (so h is a primitive root
modulo p and A" = ¢ (mod p)). Let v(a) be the smallest positive residue of
a modulo fp. We now look at ¢/(Rj 2) in lg Go. From Theorem 6.1 we have,
replacing a by v(h't) and noting that ¢/(oy,i,) = 1,

p—2
V(Rip) = > D8 T ininy)
=0

tmod” fp
x(t)=1,t=1 (mod p)

where y(v) = I'y(v/(fp)) from §6. If we identify Go with (Z/qZ)*/l and
revert to multiplicative notation, this gives

dmo =[] H (5 >)ie<2/qz>x.

tmod™ fp
x(t)=1,t=1 (mod p)

We now calculate the right hand side of the congruence in Theorem 7.1
using (9):

u r—1

= H H T(g(gvihﬂ' ))

i=1;=0

T T (2

i=1j=0a=0 b=0
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I ()

tmod™ fp j=0a=0
X(B)=1,#=1 (mod p)

()

tmod™ fp j=0a=0
x(t)=1,t=1 {mod p)

We have [ |r and —1 =; 1, so if we put k = ra + j and note that then k = j
modulo [, we obtain

o= ] Hr(< >)ke<Z/qZ>X,

tmod™ fp
x(t)=1,1=1 (mod p)

and the theorem follows.

8. The final calculation. In this section we assemble our earlier results
and prove the formula given in Corollary 5.5 by an application of Hilbert’s
Theorem 90. We assume Assumption A and we keep all the notations like
L, Dy, D1, g, A from the preceding section. As in §3 we impose that [1 f,
which is slightly stronger than the blanket assumption [{wp.

The main technical task is to describe the element y := g~ 2/Pvrd ¢ D,
as explicitly as possible. Actually we will work with the slightly modified
element y; = g~ /Pwr1-74 ¢ Dy

LEmMA 8.1. T(y1) =T(y).

Proof. From the well-known fact g(p
q™" and that

y1/y — (g—1+r/g—2)fprA — (qmu)fppr — (_q)mufprA.

YFT = ¢™ we deduce that g7 =

The lemma follows from —¢ = 797!, =

We will show that y; can be written as an [th power times an element
y2 of F, and we will determine the prime factorization of the ideal (y2),
which will turn out to be (modulo the Ith power of an ideal of F') an ideal
supported only on prime ideals dividing p and ¢q. Now for the details.

We have mentioned that g(p)/? lies in D; and by Stickelberger’s theorem
the principal ideal (g(0)/?) has the following prime factorization in L (or
in D1>2

(g(g)fp) _ CI{I-”'(V—@(L/@))7

where v is the norm element of Gal(L/Q) and fpO(L/Q) = >_, 0% fp aoy
0, being the automorphism of L sending each root of unity to its ath power.
(The reason for the minus sign in the exponent and the presence of v is that
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in [12], where the exponent is simply fp©(L/Q), one takes negative powers
of the Teichmiiller character, and we take positive powers. Alternatively,
consult the Gross-Koblitz formula in [8].)

Therefore

. —2fp(1-7)0
(g(0)P1-7)) = q, P77

with
~ a 1 _
6= Y (fp - 2) (0ulp,) ! € Q[Gal(Dy /F)].
amod”™ fp
x(a)=1
Let qg be the prime in Dy below q;. As ¢gfP = Np,/po (g(0)7P), the previous
decomposition gives

(10) (g/P0-7)) = q(;2fp(1—‘r)éD0
with
~ ~ " . )
@Do = I'GSD1/D0 QDl = Z <fp _ 2> (O'a’DO) 1 e Q[Gal(Do/F)]
amod” fp
x(a)=1

Then Op, is a preimage in Q[Gal(Dy/F)] of Opk, € Q[Gal(FK,/F)],
which was introduced in §1. We can easily check that @p, is divisible by
o — 1, and write

2fpOp, = i1(5 — 1) (mod (5 — 1)?)
in Z[Gal(Dy/F)]. This implies that
2fpOri, =i1(og — 1) = oft —1 (mod (o9 — 1)?).
Thus ¢(2fpOrk,) = ot (recall ¢ is the canonical isomorphism Ig, /I?;1
— (1), and hence
(11) Ju(2fpOrk,) = i1 € ZJIZ.

Thus, up to identifications and multiplying by 2fp, i1 is the “leading term”
of the minus Stickelberger element attached to F Kj.
The following simple fact is well-known and easily checked.

LEMMA 8.2. (6 —1)A =17 — N5 € Z[Gal(Dy/F)], where Ny = >/~ 5.

From formula (10) and the fact that the exponent to which qq is raised
is divisible by & — 1, we see that N(g/?(1=7)) is a unit of F, that is, a wpth
root of unity. From this and Hilbert’s Theorem 90 applied to ¢/P¥F(1=7) we
obtain:

PROPOSITION 8.3. There exists zg in D such that zg_l = gfrwr(-7)
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Our aim is to compute /(R 2). Theorem 7.1 and Lemma 8.1 give
V(Ri)P = T(y1) € (Z/qZ)*.

From Proposition 8.3 and Lemma 8.2 we get
Y1 = g_fpr(l_T)A — (ngl)—A = Z(l)\IEiT

and [ |r gives T'(y1) = T(z(l)\lf’) € (Z/qZ)*. We have proved
COROLLARY 8.4. Let yy = zON?’ = Np,/r(20) € F*. Then

U(Ri2)27F = T(y2) € (Z/qZ)".

To obtain T'(y2) we now have a look at the prime factorization of (y2). It
is easily seen from (10) that the principal ideal (zp) is the product of the lift
of an ideal in F' and of an ideal in Dy supported only on prime ideals above
p and g. Therefore the principal ideal (y2) = (Np,,r(20)) is equal (up to Ith
powers of ideals in F') to an ideal in F' supported only on prime ideals above
p and q.

It is possible to write 2fp(1 — 7)@p, = (1 — 7)(& — 1)(i1 + 3) with
B € (¢ — 1)Z|Gal(Dy/F)]. If the above-g-part of the principal ideal (z)
is written gj with some § € Z[Gal(Dy/Q)] then we must have (& — 1)§ =
—2fpwp(1 — 7)Op,, and this implies

d=—wp(l—7)(i1 + B) (mod N5Z[(T)])
and so
0Nz = —wp(1 — 7)i1N5 (mod INZ[(T)]).

Let po be the ideal of F' below qo. (The notation py is consistent with the
notation in the statement of the Minus Conjecture in §1; recall g is just
another name for py.) Then the above-g-part of (y2) is (letting =; likewise
denote equality of ideals up to Ith powers of ideals in F')

(12) (y2)q =1 py F 70,

We shall now concentrate on the above-p-part of the ideal (y2) modulo
[th powers. The following result is well-known to experts.

LEMMA 8.5. Let r: Q,(¢)* — (Z/pZ)* be given by k(x) = x7~1. Then
the kernel of k is C’)(Sp(cp) - p%, and the following diagram commutes with

(o) = 1, and the left hand vertical map induced by the valuation:
Qp(Cp)™ — (Z/pZ)*

[ E

Z/(p—-1)Z <~ Gal(Qy(G)/Qp)
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Proof. Recall that ¢ corresponds to the primitive root A modulo p. We
have

MG =D =(G-1)7"=(G-D/(G-)=¢" ++G+1=h,
and val((, — 1) = 1, so the diagram commutes. The other claims of the
lemma follow easily. m

To get at the above-p-part of the principal ideal (zp) we need another
auxiliary result. Recall that o = w(@"~D/UP) where w : qum — fgm_1 is the
Teichmiiller character attached to a prime £ in Q({;m_1) above q;, and that
n1 is the order of ¢ modulo f. Then w = w|IFXn1 is the Teichmiiller character

q

attached to the prime below  in Q(¢;m1—1). Let g = @@ ~1/f and let g()
be the Gauss sum (using the same additive character ¢ as in the definition
of g(o)). The relation between these two Gauss sums is described in the
following lemma, where ¢’ is the automorphism of Q({sp,) determined by
(Ji‘/ = CJZ? and Cg[; = (pq- Recall also the notation of §3: we have fixed us € F'

such that the prime py below Q in F' satisfies p,, P lhe ey _ = (ug).

LEMMA 8 6.
(a) g(0)? = g(@)™/™ modulo all primes dividing p in Dy(,).
1-

(b) zg = é T)2IPRE (5} modulo all primes dividing p in Dy.

Proof. (a) As o(x)P = o(Ng /¥, oy (2)) for any z € qum, the Davenport—
Hasse relation gives g(oP) = g(o )m/"l (e.g., see [12, Ex. 6.4, p. 111]). Let
us decompose ¢ = »,5c; where the characters sz, sy satisfy s = }t =1.
Then o(2)P = sp(a)P = 5;(x)" = o(«)* (mod ¢, —1) and so g(”) = g(0)”
(mod (, —1).

(b) We know that g(0)/? € Dy and g(p)/ € Ds. It is ~easy to see that
[D1 : DoDa] - m = nny. Thus (a) gives Np, /p,p,(9(e 1Py = g(2)"? mod-

ulo all primes dividing p in DyDsy. Therefore ¢f? = ngU = NDg/F( (o )f)np
modulo all primes dividing p in Dyg. Stickelberger’s theorem gives the factor-
ization
(NDQ/F( (o )f)) — p2 1+T)90(f)/2*@F)7
where fQF - (Ztmodx fx(®)=1 t) + (Ztmodx fix(t)=—1 )T and so (1 T)f@F
=(1-7) zjtmodX tx(t) = —(1 —7)2fhp/wp. Hence
(ND2/F( ( )f)l T) = pgl_Tpth/wF = (uz)(l_T)thF,{pz}/wF’

so the two generators of these principal ideals are equal up to a unit in F
i.e. up to a wrth root of unity. We have obtained

w - (1—T)2fh,
Ny plg(@ 0= = o250
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Therefore, by Proposition 8.3,
1= g = N p(g() ) () = g T
modulo all primes dividing p in Dg. =
Let P and ) denote the primes of Dy and F'((,) above pi, respectively.
The extension F'((,)/F is totally ramified at the primes above p and so
1
valp, (y2) = valy, (NDO/F(zO)) = valy, (20) = - valgy (20)-

Lemma 8.5 gives

151 p—1
valp, (y2) = - (2] 1) <m0d n>’

and using Lemma 8.6(b) we obtain

o o —1
H(al TP ) = 2 fph gy i) ) (mod p).

valp, (y2) = n

S

The definition of zy in Proposition 8.3 implies that z(()HT)( D' — 1 and so

1+T € F, which means zé’LT € Q; hence yHT = (z 1JFT)(p D/n i an Ith
power of a rational number. Therefore the above-p-part of (y2) is

2fphp (p T—r)i(ul™™
(13) (y2)p = py e )

When writing 7(u) we tacitly identify (Z/pZ)* and Gal(F((,)/F). Since
we now work modulo [th powers we actually can write ¢/(u) as well (now
identifying (Z/pZ)* /l and Gal(F K /F)). Finally, (12) and (13) give together
the following factorization of the principal ideal (y2) modulo Ith powers of
ideals in F": -

(42) =, prPhF{pQ}(l ) (ug™")

—wp(1—7)i1

P2
We shall use the notation t1, ta, t3, t;, th, and B;; = (u; 7, (FKj)p,/Fy,) €
G introduced in §5. For example, (uz) = pg", hence u%ﬂ' is a unit in F},
and the extension (FK1)p,/Fy, is totally ramified, thus Gy = uy ™. Now
(11) and (MC) for s =1 give

—wriy = /u(~2fpwrOrk,) = VU(2fPhp )y Regrp, 5)
and using (4) we obtain
—wpip = 1(2fphps(t2(B11 — 1) — t(Ba1 — 1)))
= 2fphr,s(tat’(Br1) — t/(Bar))-
Putting things together, we finally arrive at

—2fph 1—7)the 2 foh 1—7 J —t)
(y2) =1 p; fphr,s(1=7)t5" (B21) 'p2fp r.5(1=7)(t2 (B11)—t (B21))
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= (p%pg)—QfPhF,S(l—T)L’(ﬁm) . (p§2)2fphF,S(l_T)L’(ﬂ11)

_ (u%*T)—2fphF,Sbl(ﬁ21) . (u%*T)QfPhF,SL/(Bll).

PROPOSITION 8.7. If lthp then (taking lifts of J/(811) and J'(B21))

Yo =i (ulf(lff)b'(ﬂm) 'uglfﬂb’(ﬁn))prhF,s c F*,

Proof. We know that there is an ideal I in F such that
(y2) — [l . (ui—T)—prhF,sL’(ﬂm) . (u%—T)prhpysL/(/Bll).

Since [{hr and I' is principal, so is I = () (!). Then
s - al. (u%_T)QfPhF,SL,(ﬂm) . (u%—T)—QfPhF,SL,(Bll)

is a unit in F', so a wrth root of unity, which is an Ith power in F' because
ltwp. The proposition is proved. =

Let us return to the formula (5) (see Corollary 5.5), which we want to
prove. When we apply ¢/ to it and switch to multiplicative notation, it takes
the shape

(1) (Ruip) = (87 By P))~hes/vr e (z/q7)* J1 = Gs.
Now ¢ is a norm in (FK>3)p,/F,, and so

Ba2 = (u%_Tv (FK2)IJ2/FP2) = (u%_q—q_bv (FKQ)p2/FP2) € Ga.

Moreover (uz) = p%, hence uy "¢~ is a unit in F,, and the extension

(FK2)py/Fy, is totally ramified. Thus 822 = (uy "¢~*2)~'. Recall that the
“leading term homomorphism” T was defined as follows: take out the appro-
priate m-power from an element of Q,((,) to obtain a unit. As 707l = —¢, in
Qq = F,, we are taking out a power of —¢ to get a unit, so f22 = :l:T(u%_T)—l.
Similarly we have

Pr2 = (u%_q—? (FK2)p, [ Fy,) = (u%_ﬁrq_tv (FK2)p, [ Fp,) = (u%_Tq_t)_l
= 4T (u; 7)1,
Therefore (14) is equivalent to

/(Ri2) = (T(ugl_T)L/(ﬁll) ) ul—(l—T)u(ﬂm)))hRs/wp € (Z/qZ)* ]l = Ga.

Since 112 fpwp, this equality follows from Proposition 8.7 and Corollary 8.4.
We have proved

THEOREM 8.8. Suppose s = 2, Kt is a genus field (that is, K+ =

K1K>), p2 is an lth power modulo py and lf fhp. Then the Minus Conjecture
(MC) is true for K.

(*) This is the only point in §8 where we are using I { hp.



48 C. Greither and R. Kucera

REMARK. It follows immediately that Theorem 8.8 remains true if K+
is any subfield of K1 Ko with conductor pipo, since the constructions of both
the Stickelberger element and the minus reciprocity matrix are compatible,
in an obvious sense, with lowering of the top field, as long as the set of
ramified primes does not get any smaller. (This compatibility with lowering
of the base field is likewise true for Conjecture (B), but certainly less obvious,
since one has to deal with the parameter ¢.)

In conclusion, from Theorem 8.8, the previous remark, and Corollary 2.6
we obtain:

THEOREM 8.9. Suppose s =2, KT is cyclic (that is, a subfield of degree
[ of K1 Ky different from K and Ka), and l{ fhp. Then (MC) holds for K.
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