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1. Introduction. As usual, we set (g) =1 and

(:,;) _a(e—1)(z—k+1)

i " fork=1,2,....

We also set (’,g) = 0 for any negative integer k.

Let p be a prime, and let n > 0 and r be integers. In 1913, A. Fleck (cf.
[3, p. 274]) discovered that

(1.1) 3 (Z) (—=1)F = 0 (mod pl=1),

k=r (mod p)
where | -] is the floor function. In 1977, C. S. Weisman [14] extended Fleck’s
congruence to prime power moduli in the following way:

nipa—l

(1.2) Z <Z> (_1)k =0 (mod pra—l(p_l)J)7
k=r (mod p%)
where « is a positive integer and n > p®~1.

In 2005, in his lecture notes on Fontaine’s rings, D. Wan got another
extension of Fleck’s congruence:

(1.3) T (Z) (_1)k<(k‘ —;‘)/P) = 0 (mod p 75y,

k=r (mod p)

where [ € N=1{0,1,2,...} and n > Ip. Later, by a combinatorial approach,
Z. W. Sun [7] established a common generalization of Weisman’s and Wan'’s
extensions of Fleck’s congruence:
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(1.4) d( 3 (Z)(_l)k(uk—?/pﬂ»

k=r (mod p#)
a—1

n—py i — lJ

TP 1)a—p

{p‘“(p— 1) =
provided that o, 3 € N, a > f and n > p*~ !, where ord,(a) = sup{i € N :
p'|a} is the p-adic order of a € Z.

In fact, with the help of the y-operator in Fontaine’s theory of (¢, I)-

modules, (1.3) and (1.4) can be improved as follows [13]:

w9 (3 (er(U0) = [

(mod p>)

A combinatorial proof of (1.5) is given in [11]. On the other hand, motivated
by algebraic topology, D. M. Davis and Z. W. Sun [2, 10] showed that

(3 O () ()

k=r (mod p%)

and

o (")

(mod p)
n
> ord, ({p“—lJ !> — 1 —ord,(1).

Notice that (1.6) and (1.7) cannot be deduced from (1.5) though they have
the similar flavor. For the further developments on (1.5) and (1.6), the reader
is referred to [8, 11, 12, 9].

In the present paper, we shall investigate some Fleck—Weisman and
Davis—Sun type congruences for other number arrays. The Stirling number
s(n, k) of the first kind is the number of permutations of {1,...,n} which
contain exactly k& permutation cycles. s(n,k) (0 < k < n) can be given by

n
z(z+1)---(x+n-—-1)= Zs(n,k:)xk.
k=0
Similarly, the Stirling number S(n,k) of the second kind is the number of
ways to partition a set of cardinality n into k nonempty subsets. It is well
known that

for n € N. In particular, we set s(0,0) = S(0,0) = 1 and s(n,k) = S(n, k)
= 0 whenever k > n.
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Another important array of numbers related to permutations is formed
by the so-called Eulerian numbers. For an arbitrary permutationm=a;j - - - a,

of {1,...,n}, we say that an element i € {1,...,n — 1} is an ascent of 7
if a; < ajy+1. The Fulerian number <Z> is the number of permutations of
{1,...,n} having exactly k ascents. (Another commonly used notation is

A(n, k) (sometimes A, ) with A(n, k) = (,",).) Clearly () = Land (}) =0
for every k > n—1. We also set <Z> = 0 when k < 0. It is easy to check that
the Eulerian numbers satisfy the recurrence relation

<Z> _ (k+1)<";1> +(n—k)<Z:1>.

The Stirling numbers of the first and second kind and the Eulerian num-
bers play important roles in enumerative combinatorics (cf. [4, pp. 257-272]
and [5, pp. 123-127]). Many arithmetic properties of these numbers are
listed in [6, Chapter 5]. A little surprisingly, the Eulerian numbers satisfy a
congruence mixing (1.5) and (1.7) in some way.

THEOREM 1.1. Let p be a prime. Let n > 0 and r be integers. Then for
any positive integer o and | € N, we have

NN )
> ord, ijlw -l B+ﬂ

where [-] is the ceiling function. Moreover, if a is an integer with a =
1 (mod p), then

(19) Z <Z>ak =0 (mod pordp(l.n/pailj!)_l)
k=r (mod p®)
provided that n > p®.

The results on Stirling numbers are a little complicated. We have the
following Davis—Sun type congruence:

THEOREM 1.2. Let p be a prime and n, m be positive integers. For arbi-
trary integers a and r,

(1.10) ord,, ( Z s(n, k)S(k,m)ak) > ordy(n!) — ord,(m!).
k=r (mod p—1)
Moreover, if f(x) is a polynomial with integral coefficients, then
k n
(1.11) ord,, (k (Zﬂ 1)s(n, kE)f(k)a ) > ordy(n!) — log, (l)’
=r (mod p—

where | = min{deg f, [n/p]} and log, x = logx/logp.
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Also, we have the following Weisman type congruence.

THEOREM 1.3. Let p be a prime and n,m be positive integers. For any
integers a, v and o > 1,

(1.12)  ord, < Z s(n, k)S(k, m)ak)

k=r (modp‘ (p—l))
n — p

Combining Theorems 1.2 and 1.3, we immediately deduce

J — ord,(ml).

COROLLARY 1.1.

ordp(n!) ifa=1,
@19 oty( 3 e )2 {0 e

k=r (mod ¢ (p®))

where ¢ denotes the Euler totient function.

The proofs of Theorems 1.1-1.3 will be given in the next sections.

2. Congruences for Eulerian numbers: k£ = r (mod p®). In this
section, we shall prove Theorem 1.1. The following lemma gives a weak (but
non-trivial) lower bound for the p-adic order of S(n, k).

LEMMA 2.1. Let p be a prime and let n,k € N. Then for any positive
integer a,

21)  ordy(KIS(n, k) > ord, pr_lJ !) _ {HJ

p*tp—1)

Proof. We use induction on n. There is nothing to do when n = 0. Below
we assume that n > 1 and (2.1) is valid for smaller values of n. Obviously

(2.1) holds for k£ = 0 since

o (|7 ]) - Z 5] < E g -5t

=« =

Suppose that k£ > 1. It is known (cf. [1, p. 209]) that

n—1

(2.2) KS(nk) =Y <”> (k— 118G, k—1) (k>1).

] )
i=k—1

Observe that



(21544
JEREIRE)
() - (54) o ()

By the induction hypothesis, for k — 1 < i <n — 1 we have

ond, ( (1) k= 16k - 1)

oty (1)) st (|52 ]1) - [

> oty ([ 1) = (| 1) - [
> ot (|35 )) - |55 ) - [ )

> ord, ( _pf_l_ !> - {paﬁ(_zil)J' ]

LEMMA 2.2. Let n be a positive integer. Then for any polynomial f(x) €
Q[z] we have

29 3 () S0 = S mistnm) > (et

k 1=0

NE

()

<.
Il

<.
I

v

Proof. Tt is sufficient to prove (2.3) for f(z) = 2!, | € N. In the case

=0, (2.3) reduces to
(2.4) zk: <Z>xk - ;m!S(n,m) ; <” P m) (—1)nm—igi

= Zm!S(n,m)(x -1,

n—m

which is true (cf. [4, p. 269]). Now assume that [ > 0 and (2.3) holds for
[ — 1, that is,

Z <Z>kl_1 k_ zm:m!S(n,m)

k

n—m

3 <n _Z m) (—1)n—m—igl=lgi,

=0
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Taking derivatives of both sides of the above equation with respect to =,
we get

(2t - st (7).

k

Proof of (1.8). Let ¢ be a primitive p*th root of the unity. Then

1

5 <Z><<k—;>/pa) _ Z<Z><( —7)/p° )plap“ ) i)

k=r (mod p) =
”Z‘l - JTZ< ><(k - ;«)/pa) .

Note that ((I_Z)/ P a) is a polynomial in x with rational coefficients of degree .
By Lemma 2.2, we have

z ()

k=r (mod p®)
pa—l

= Z - J?"vag (n,m rg; <” ; m>(_1)nmi((i - ;)/PO‘> cii

p¥—1

:vasnmg(”_ > )nmz<(l—7“/P) ZC“T

1=

= Zn: miS(n,m) Y <n P m> (—1)n—mi <(i - ?l“)/p"‘>'

m=0 i=r (mod p%)

Applying Lemma 2.1 and (1.5), for every 0 < m < n we have

ord, <m!S(n, m Y (” _Z m) (—pr-mr ((i ) ;‘)/pO‘))

n '>_{ n—m J_’_{n—m—pa_l—lpaJ
pa—l ' pa—l(p _ 1) pa—l(p _ 1)

i
3
g
o
(o9
B3

o
hS]

> or
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o
-
o
<
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o
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|
— |
=
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Proof of (1.9). Let ¢ be a primitive p®th root of the unity. Using (2.4)
we have

S S

k=r (mod p®) k 7=0 j=0 k

p—1
_ pl Z ¢y mlS(n,m)(a¢? = 1)""
pe—1 n—m
S Z - yrz m!S(n,m)y_ <"_Z.m)(1)”‘m"'aicﬁ

m=0 =0
_ Z mlS(n, m)(—1)"" mz (“ m> _a)i;x?::olca‘(i—r)
- mZ:Om!Sw m)(~1)" " (")

1=r (mod p®)
In view of Lemma 2.1 and (1.8) in [7],

ordp<m!5’(n,m) 3 <”‘im>(—a)i>

i=r (mod p®)

oo [))- e L

ordp<{:1J !> —1 forevery 0<m<n.n
p

v

Y

3. Congruences for Stirling numbers: k£ = r (mod p —1). In this
section, we shall prove Theorem 1.2. For a prime p, we let Z, and Q, denote
the ring of p-adic integers and the field of p-adic numbers respectively.

LEMMA 3.1. Let p be a prime. For any n € N and x € Zj, (fl) 18
p-integral.
Proof. We may choose ' € N such that

z =12’ (mod pordr(M)+1),

Then

(2 — 1) " (@ —n+1) _ <9:

g;) w(w—1)(z—n+1)

n! n

> (mod p).
This shows that (i) € Z, since (”f;) €Z. w
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Proof of (1.10). Let w be the Teichmiiller character of the multiplicative
group (Z/pZ)*. As an application of Hensel’s lemma, we know that
w(a) €Zy, a=1,....,p—1,

are exactly all (p — 1)th roots of unity in Q,. Moreover, w(g) is a primitive
(p — 1)th root of unity if and only if g is a primitive root modulo p. Let
w € Zy be an arbitrary primitive (p — 1)th root of unity in Q,. Then

n

Z s(n, k)S(k,m)a* = Zs(n, k)S(k,m)a Zw](k "
k=r (modp—1) =0
1 = »
= E Zw JTZS(n,k)S(k,m)(an) )
j=1 k
It is known that
! = m 1)m—1 k
m!S(k,m) ;(2 (—1) ,

SO

Z s(n, k)S(k,m)a”

k=r (mod p—1)
1 p—1 . 1 m k -
:ﬁZw_erS(n,k‘ <'Z< > )" )aw])
p=1i4 k =0
1 p—1 . m .

= 1) Zw J Z < > Zs )(aiw?)

j=1 i=0 k
B n! = —ir L (m i (@i +n —1
oml(p—1) Zw Z i (=1) n ’

j=1 i=0

Thus applying Lemma 3.1, it is derived that
ordp< Z s(n, k)S(k, m)ak> >ord,(n!/m!)=ordy(n!) — ord,(m!). =
k=r (mod p—1)

LEMMA 3.2. Let n and l be positive integers. Then

(n—1) <l ! 1) < (7) for each integer 0 < i <mn.

Proof. Clearly, the desired result is true if n < [. Below we assume that
n > [. It is easy to check that

(n—z’)(l_i1> > (n z+1)<l._1> o ig(l_1>l(n+l).
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Hence

=, ) < o= La= e+ (KO

- :{n—§+1wcr—RZig+wﬂU

n(n— I\ (n
\i-1) 1) "
Proof of (1.11). We use induction on deg f. The case deg f = 0 follows

from (1.10) by setting m = 1. Below we assume that deg f > 0 and (1.11)
holds for smaller values of deg f. It is known (cf. [1, p. 215]) that

n—1 n
(3.1) ks(n,k) = ) <i>(ni1)!s(z’,k1) (k>1).

i=k—1

Write f(x) = xfi1(x) 4+ ¢ with deg f; = deg f — 1. Then

> s(n k) f(k)a”

k=r (mod p—1)
n—1
n . .
= Z fi(k)a" Z (i)(n—z—l)!s(z,k—l)
k=r (modp—1) i=k—1
+c Z s(n, k)a”
k=r (mod p—1)
n—1
n! )
=Ygy X sGE-DAME e 3T skt
i=0 k=r (modp—1) k=r (modp—1)
i S , . .
- Zi'(n—i) Z s(i, k) fi(k+1)a” + ¢ Z s(n, k)a”.
i=0 k=r—1 (mod p—1) k=r (mod p—1)
When 7 = 0,

ord, (O'(Zri()) Z s(0,k) fi(k + 1)ak>

k=r—1 (modp—1)
> ordy(n!) —ord,(n)

. 0 = ordy(n!) —log, (i) if n <p,
ord,(n!) —log,n > ordy(n!) —log, (}) otherwise.
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For every 0 < ¢ < n — 1, by the induction hypothesis,
nla , k
Ol"dp <7/|(n/—7/) Z S(’L, k;)f]_ (k’ + l)a >
k=r—1 (mod p—1)

> ordy(n!) — ordy(i!) — ordy(n — i) + ord,(i!) — log, <;>

= ordy(n!) —ordy(n — i) — log, (Z’)’

where I’ = min{deg f — 1, |i/p]}. It suffices to show that

ord,(n — i) + log, <Z/> <log, <7>

When ¢ > n —p, clearly | — 1 <!’ <[ and ord,(n — i) = 0. Hence

(o) = (20)- ()= )

Below we assume that ¢ < n—p. Then |i/p|+1 < [n/p].Ifdeg f—1 < |i/p],
then applying Lemma 3.2 we obtain

(n—1) <Z> = (- (deg]i” - 1> = (d!;f> B <7>

since deg f < [n/p] now. Also, when |i/p| < deg f — 1, we have

w=0() =0=(101) = (i 1) = ()

since |i/p| + 1 < min{deg f, |n/p]} = l. In each of the above two cases, we
obtain

ord,(n — i) + log, (lzl) <log,(n — 1) +log, <ZZ’> <log, <7> .

4. Congruences for Stirling numbers: k£ = r (mod p“(p —1)). In
this section, we shall prove Theorem 1.3. Define

Car(n,m,a) = Z s(n, k)S(k, m)a”.

k=r (mod d)

Let (4 be a primitive dth root of the unity. Then



Congruences for Stirling numbers 325

(4.1)  Cgr(n,m,a)

i=0 Jj=0
1 d—1 m m
— G ()0 S st aic)
7=0 i=0 k

where
(x)o=1 and (z)p=2(z—1)---(x—k+1) fork=12,....
LEMMA 4.1. Let p be a prime and « be a positive integer. Then for any
1<k <p*p-—1), we have

(42) s (p—1)k) = {

Proof. Let x be a variable. Apparently
z(xz+1)---(z+p—1)=2P —x (mod p).

1 (mod p) if k=0 (mod p*~1(p—1)),
0 (mod p) otherwise.

Thus
p*(p—1)

. s e -1kt =a(@+1) - (z+p (0 - 1) = 1)
k=0
=@@+1) - (z4+p—1)P" 0D = (zp — z)p* D)

p(p—1)

= > <pa1(-p _1)><1>jxp“<p—”—<f’—”j (mod p).

j=0 J
By the Lucas congruence, we know that for 0 < j < p®~1(p — 1),

(p(“(p— 1)) _ { (j/pert) (mod p) if p*~* |},

J 0 (mod p) otherwise.
Hence
p*(p—1) =l ' '
> s 1)kt =) <p ~ >(—1)J:rpa(p1)pa_1(p1”
k=0 =0~ 7
p—1 p
= 2P =D —h) — pra‘l(p—l)j (mod p),
j=0 Jj=1

which is evidently equivalent to (4.2). =
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Proof of Theorem 1.3. Since

s(n+1,k) =ns(n,k)+s(n,k—1) and S(n+1,k)=kS(n,k)+S(n,k—1),

we have
Z s(n+1,k)S(k,m)a*
k=r (mod d)
=n Z s(n, k)S(k,m)a® + Z s(n,k —1)S(k,m)a"
k=r (mod d) k=r (mod d)
=n Z s(n, k)S(k,m)a®
k=r (modd)
+ > s(nk)(mS(k,m) + S(k,m — 1))a"
k=r—1 (mod d)
that is,

Car(n+1,m,a)

=nCqr(n,m,a) + amCqr_1(n,m,a) + aCqr_1(n,m —1,a).

otn) =[]

Without loss of generality, we may assume that p® divides n. We reason by
induction on n. Clearly the case n < p®*! is trivial. Let ¢ be a primitive
p“(p — 1)th root of unity. Then in view of (4.1),

Also observe that

(—=1)"m!p*(p — 1)Cpap-1),(n +p%(p — 1),m,a)

mo ) , .
<¢)<—1>m‘” S CI(=aih)(—ai¢ — ey
=0

7 ]:1
mo -1 ~opteol) |

= Z <Z>(_1)m—l Z C_JT’(—az'CJ)n Z S(pa(p— 1),]@‘)(&14'] —i—n)k
= j=1 k=0
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Applying Lemma 4.1, we have
m!cpo‘(p—l),'r(n + pa(p - 1)7 m, CL)

mo (m> (=)™ pa(f) s(p®(p — 1), k)

k=0

SR S I (—aidh),
: Z< >(m)n - (=D)mp(p—1)

m p
m m—i N kp2—1(p— )
= Z ( i >(_1) Z(az)kp (p 1)Cpa(p_1)77._kpa71(p_1)(n, 1,ai)
(mod pLzﬁ(_Tf—al)Hl),
since p® |n and

Cpa(p=1),r—1(n, 1,ai) =0 (mod prg@{l)J)
by the induction hypothesis on n. When p | a, clearly

n—p%

m!Cpa(p—1y,(n + p*(p — 1),m,a) = 0 (mod pl#=e-1 71,
Ifpta,
mlcp"‘(p—l),r(n + pa(p - 1)7 m, CL)

p
m m—i A\ p— o — .
=X <i>(_1) S (@) eyt ey (1,1, 00)

0<i<m k=1
pti
m . . |22 |41
= Z ( ? >(_1)m ZZcpa(p—l),r—kpafl(P—l)(nv 1, ai) (mod p #*@=D-"").
0<i<m k=1
pti
Now

p p
Z Cpo‘(p—l),r—kp"‘fl(p—l)(nv 1, CLZ) - Z Z S(”a l)(a’l)l
k=1

k=1 |=r—kp>—1(p—1)
(mod p*(p—1))

= > s(n,1)(ai)! = Cpa-1(p_1),(n, 1, ai).
I=r (mod p@—1(p—1))



328 H. Q. Cao and H. Pan

Thus it suffices to show that
ord,(C (n1,ai)) > | =2 | 44
r o n,1,ai _ .
p\~pe=1(p—1),r b 4 = |p*(p—1)
Note that n > p® now. If @ = 1, then by (1.10),

, n+p(p—2) n—p
ord,(Cy_1,(n,1,ai)) > ord,(n!) > {J > { = +1.
Also if a > 2, by the induction hypothesis, we have

02 ) 2 [ )
ord,(Cpa-1(,_1) (1, 1,01 2{ >|———|+1. =
Pty ) p*tp—1) p*(p—1)
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