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1. Introduction. Let p be an odd prime number, q a power of p, and
Fq the finite field of cardinality q. Let T be an indeterminate and K = Fq(T )
the rational function field. Let A = Fq[T ] and A(1) be the set of all non-zero
monic polynomials in A.

There have been many works on the divisibility of class numbers of func-
tion fields F over K. For example, Friesen [3] and Cardon and Murty [1]
proved that there are infinitely many real and imaginary, respectively, quad-
ratic extensions F over K such that the class number of F is divisible by l,
which is a function field analogue of the well-known result on the quadratic
number fields.

However, much less is known on indivisibility. In [6], Kimura proved that
there are infinitely many quadratic extensions F over K such that the class
number of F is not divisible by 3. For an odd prime number l, Ichimura [5]
constructed infinitely many imaginary quadratic extensions F over K such
that the class number of F is not divisible by l, when the order of q mod l
in the multiplicative group (Z/lZ)∗ is odd or l = p.

In this paper, we shall prove the following theorem.

Theorem 1.1. Let l be an odd prime number. Then there are infinitely
many imaginary quadratic extensions F over K such that the class number
of F is not divisible by l.

Theorem 1.1 is a function field analogue of Hartung’s work [4] on imag-
inary quadratic number fields. To prove it, following Hartung’s idea in [4],
we shall use the class number relation over function fields, due to Yu [8].
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Remark. In the number field case, the Cohen–Lenstra heuristics implies
that if l is an odd prime number, then the probability that l does not divide
the class number of an imaginary quadratic number field is

∞∏
i=1

(1− 1/li).

In the function field case, Lee [7, Section 3.3] shows that Friedman and
Washington’s conjectures [2] for the function field analogue of the Cohen–
Lenstra heuristics imply that if l (6= p) is an odd prime number, then the
probability that l does not divide the class number of an imaginary quadratic
function field is also

∏∞
i=1(1− 1/li).

2. Class number relation. For details, we refer to the paper of Yu [8].
Let D ∈ A be a fundamental discriminant. Let F = K(

√
D) be the quadratic

extension over K = Fq(T ) and ODf2 = A+A
√
Df2 the order of conductor

f ∈ A(1) in F . The order of the finite group Pic(ODf2) is called the class
number of discriminant Df2 and is denoted by h(Df2).

From now on, we assume that F = K(
√
D) is imaginary, i.e., the place

∞ of K does not split in F . We also say that D and Df2 are imaginary
discriminants. Then we can define ω(Df2) := ]O∗Df2/(q−1) and h′(Df2) :=
h(Df2)/ω(Df2). Let χD be the usual Kronecker character satisfying for
prime P ∈ A(1), χD(P ) = 1 if P splits in F , χD(P ) = 0 if P ramifies in F ,
and χD(P ) = −1 otherwise. For an element x ∈ A, we let |x| := qdeg x.

Then for any fundamental imaginary discriminant D and conductor f ,
we have

h′(Df2) = h′(D)|f |
∏
P |f

(
1− χD(P )

|P |

)
,

where the product runs over primes P ∈ A(1) dividing f . We define the
Hurwitz class number H(Df2) as

H(Df2) :=
∑

f ′∈A(1)

f ′|f

h′(Df ′2).

Yu obtained the following class number relation.

Theorem 2.1 (Yu [8]). For any m in A(1),∑
t∈A

µ∈K∗/K∗2

H(t2−µm) =
∑
d∈A(1)

d|m

max(|d|, |m/d|)−
∑
d∈A(1)

d|m
deg d=1/2 degm

|m|−1/2 |m| − |m− d2|
q − 1

,
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where the first sum runs over all pairs (t, µ) ∈ A×K∗/K∗2 such that t2−µm
is an imaginary discriminant or t2 − µm = 0.

3. Proof of Theorem 1.1. For l = p, Ichimura already constructed
infinitely many imaginary quadratic extensions F over K such that the class
number of F is not divisible by l (see Theorem 3 in [5]). So in this section
we consider the case l 6= p. We can choose m satisfying:

(i) m is a prime in A(1) with odd degree M ,
(ii) χD(m) = −1 for all imaginary fundamental discriminants D of de-

gree ≤ N .

Then from the class number relation in Theorem 2.1 and (i), we have∑
t∈A

µ∈K∗/K∗2

H(t2 − µm) = 2qM .

Since l 6= p, there is a pair (t, µ) ∈ A×K∗/K∗2 such that

H(t2 − µm) 6≡ 0 (mod l).

We can write
t2 − µm = Dt,µf

2

for some imaginary fundamental discriminant Dt,µ and conductor f . By the
definition of h′ and the Hurwitz class number, we have

h(Dt,µ) 6≡ 0 (mod l).

From the condition (ii), the degree of Dt,µ > N . Since N can be arbi-
trarily large, there are infinitely many imaginary fundamental discriminants
D whose class number h(D) is not divisible by l.
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