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1. Introduction. In this paper we study the diophantine equation
(1) F(Sk(z)) =dy™ in integer unknowns z,y,n > 2,

where F(x) € Q[z] and 0 # d € Z. Here Si(z) = 1¥ + 2% + ... + 2% is the
sum of the first  kth powers for a positive integer k. As is known, Si(x) is
strongly related to the Bernoulli polynomials, namely

k+1
For £k =0,1,2,..., the Bernoulli polynomials By (x) are defined by
tet® >, By(x)tF
k=0
In 1956, Schiffer [15] investigated the equation
(4) Sk(z) = y".

He proved the following.

THEOREM A. For fixed k> 1 and n > 2, has at most finitely many
solutions in positive integers x and y, unless

(5) (k,n) €{(1,2),(3,2),(3,4),(5,2)},
where, in each case, there are infinitely many such solutions.

Schéffer’s proof used an ineffective method due to Thue and Siegel so
his result is also ineffective. This means that the proof does not provide any
algorithm to find all solutions. Applying Baker’s method, Gyéry, Tijdeman
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and Voorhoeve [10] proved a more general and effective result in which the
exponent n is also unknown.

THEOREM B (Gyo6ry, Tijdeman and Voorhoeve [10]). Let k > 2 and r be
fized integers with k & {3,5} if r = 0, and let s be a square-free odd integer.
Then

(6) sSk(z) +r=9y"
i positive integers x, y > 2, n > 2 has only finitely many solutions, and
they can all be effectively determined.

Later, various generalizations and analogues of Theorem B have been
established by several authors [4-[7], [11], [12], [I7], [18]. For a survey of
these results we refer to [9] and the references given there. Here we present
only the result of Brindza [4].

THEOREM C (Brindza [4]). Set A = Zlz], k = (k + 1) ,_1js1y P
(p prime), and

F(y) = Qny" + -+ + Quy + Qo € Aly].
If Qi(r) = 0 (mod k%) fori = 2,...,m, Q1(r) = £1 (mod 4), and k ¢
{1,2,3,5} then all solutions of the equation

(7) F(Sk(z)) =y"

in integers x, y > 2, n > 2 satisfy max(x,y,n) < c¢1, where c1 is an effec-
tively computable constant depending only on F and k.

The purpose of the present paper is to give a generalization of Theorem B
and an extension of Theorem C to the case when the polynomials @Q;(x) are
arbitrary constant polynomials. Our new results are in Section [2] The proofs
are given in Sections In Section [6] we list the results and lemmas which
we need for the proofs of our Theorems [2.1] and

2. New results

THEOREM 2.1. Let F(x) be a polynomial with rational coefficients and
d # 0 be an integer. Suppose that F(x) is not an nth power. Then the
equation

(8) F(Sk(x)) = dy"

has only finitely many integer solutions x,y > 2, n > 2, which can be effec-
tively determined provided that k > 6.

We remark that we do not impose any conditions on the coefficients of
the polynomial F(z). In the special case when F(x) = sx + r is a linear
polynomial we can prove the following extension of the result of Gyéry,
Tijdeman and Voorhoeve [10].
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THEOREM 2.2. Let k > 1, 1,5 # 0 be fized integers. Then apart from the
cases when (1) k = 3 and either r = 0 or s + 64r = 0, and (ii) k = 5 and
either r =0 or s — 324r = 0, the equation

(9) s(F+ 284 k) =g

in integers x > 0, y with |y| > 2, and n > 2 has only finitely many solutions
which can be effectively determined.

In the proof of this theorem we will exhibit, in each exceptional case, an
equation which has infinitely many integer solutions z, y and n > 2.
We note that in the case k = 1 the equation

(10) 8t (1424 +a)+t*" =y", teN,

has infinitely many integer solutions x = (2" — 1)/2, y = (2t)?, n, where
z > 1 is an arbitrary integer.

The proofs of the above theorems are based upon Lemma and the
next result.

THEOREM 2.3. For every b € C the polynomial Bay,(x) + b has at least
three simple zeros if m > 4.

We remark that Bg(z) — Bg(0) = (222 —22—1)(x(x—1))?/2 and By(z) —
By(1/2) = (422 — 42 — 1)(2z — 1)?/16.

3. Proof of Theorem From Lemmas and (iii) we

know that there is at most one complex number b for which the polyno-
mial Ba,, () + b does not have three simple zeros. Now assume that m > 4
and the polynomial By, (z) + b does not have three simple zeros for some
complex number b. Then either

(a) Bam(z) +b = F(z)? or (b) Bop(x)+b=G(x)F(z)?,

where F(x),G(x) € Clz] and G(z) is a quadratic polynomial with non-zero
discriminant.

In case (a) we have Bo,(r) = F(z)? —b = T(F(x)), where T(z) =
22 —b. Lemma implies that every non-trivial decomposition of Ba,,(x)
is equivalent to By, ((z — 1/2)2), where B, () € Q[z] is an indecomposable
polynomial of degree m. This gives m = 2, which contradicts our assumption
that m > 4.

In case (b) we only give the strategy of the proof, which uses lemmas of
Section 6:

Step 1. We deduce that b is rational and so G(z), F(xz) € Q[x]. See
Lemma 6.9

Step 2. We show that G(zx) is of the form z? — z + u/v, where v > 0,
u € Z with (u,v) =1, and F(1 —x) = £F(x). See Lemmas 6.12
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Step 3. Every polynomial with rational coefficients can be written
uniquely as a product of a rational number and a primitive polynomial.
Hence we can assume that

2m—2
(11)  vboym_o(Bom(x)+b) = (va?—vz+u) f(x)? = (va® —vrtu) Z bixt,
i=0

where f(z) = apm_12™ L+ 4+ a1x + ag € Z[x] is a primitive polynomial.

Step 4. We prove that v is even if ag # 0. See Lemmas and If
ap = 0 then b = — By, (0) = —Ba,,, and Lemma yields m < 3.

Step 5. We infer that 2 || v or 22 || v. See Lemmas 6.17

Step 6. If 2 || v then we get a contradiction provided that m is odd. See
Lemmas [6.18H6.21]

Step 7. We show that if 22 || v then m is even. See Lemma
Step 8. We get a contradiction if m is even. See Lemmas and

4. Proof of Theorem First we give an effective upper bound for
the exponent n in (§). Write F(z) = A(z — 1) -+ (z — B;)"*. Then

(12) F(Sk(z — 1)) = Ai(Brga (@) —71)"™ -+ (Brga(x) — 7)™
= AH(QS — 51,)13‘
=1

We know from Theorem [2.3]and Lemma[6.6] that any shifted Bernoulli poly-
nomial has at least three simple zeros. Thus, F/(Si(x)) has at least two dis-
tinct zeros by . Now we can apply Lemma to derive an effective
upper bound for n. We therefore may assume that n is fixed. Since F(z) is
not an nth power we can assume that n/(n,r;) # 1. Using again the fact
that any shifted Bernoulli polynomial has at least three simple zeros we can
deduce that {{ =1y =13 =71 in . On applying Lemma we find that
there are only finitely many solutions z, y of equation .

5. Proof of Theorem In the case k > 6, Theorem [2.2]is a simple
consequence of Theorem Suppose that 1 < k < 6 and write equation
@D in the form

s
— — B 0).
E 1 k+1(0)
Let A(k,b) denote the discriminant of the polynomial Byyq(x+ 1) +b. It is

easy to see that A(k,b) is a polynomial in b. In the following table we give
the zeros of A(k,b) for k = 2,3,4,5.

b:r(k—i-l)

(13) (Bg+1(z+ 1) +b) =y", where
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k Solutions of A(k,b) =0

2 V3 V3
36 36
1 7
3 307 ~ 240

4+ \/375420/30 + \/375—20/30
900 ) 900

5 _1o8 1
427 1344° 189

Using the fact that b is rational we find that the polynomials Bs(z 4+ 1) +b
and Bs(z+ 1)+ b have only simple zeros. By Lemmas and we obtain
the assertion of Theorem 2.2] for k¥ = 2 and 4.

Now let £ = 3. We know that equation may have infinitely many
integer solutions x, y, n > 2 only if By(z + 1) + b has multiple zeros, that
is, if b = 1/30 or —7/240. In the first case we deduce that » = 0 from
and B4(0) = —1/30. But then, if s is a fourth power, equation @D has
infinitely many integer solutions z, y and n by Theorem A. If b = —7/240
then s 4+ 64r = 0 and so our equation is

(14) —r(4a® + 4z —1)(2z + 1)2 = y".

Since the polynomial on the left side of has two simple zeros, we

infer from Lemmas and that has only finitely many integer
solutions z, y and n > 3. If n = 2, s = 448 and r = —7 then the equation

(15) 44883(x) — 7 = ¢*
has the integer solutions
by — 1
x = ,
2
where (ag,bo) = (7,3), (an+1,bnt+1) = (8an + 21by, 3a, + 8by,).

When k£ = 5 and b = 31/1344 the polynomial Bs(z + 1) + b has four
simple zeros. Thus, there are only finitely many integer solutions z, vy,

y=apb,, n=0,1,...,

and n > 2. If b = —1/42 we have again r = 0, and equation @D has
infinitely many integer solutions z, y for n = 2 by Theorem A. Finally,
if b = —1/189 we can infer that s = 223%, and so we get the equa-
tion

(16) r(62% + 62 4+ 1)(32° + 3z — 1) = y".

It is obvious that the polynomial on the left side has two simple zeros.

Using again Lemmas and we deduce that equation has only
finitely many integer solutions z, y and n > 3. If n =2, s =324 and r =1

then the equation

(17) 324S55(x) +1=y?
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has the integer solutions
anp — 3

6
where (ag,bo) = (3,1), (an+1,bnt+1) = (bay + 12by, 2a,, + 5by,).

T = y=>b,(32>+3z—-1), n=12...,

6. Auxiliary results. For the well-known properties of Bernoulli poly-
nomials and numbers we refer to Rademacher [14, pp. 1-17]. In the next two
lemmas we list some properties of Bernoulli polynomials that will be often
used, sometimes without special reference.

LEMMA 6.1. For a positive integer n, let By (x) denote the nth Bernoulli
polynomial and set B, = By(0). Then:

(i) Ba(x) = (~1)"Bu(1 — 2).

(vil) Bn(z) =Yy (})Bra" k.
LEMMA 6.2 (The von Staudt-Clausen Theorem). The denominator of

the Bernoulli number Bo, is the product of those different primes p for which
p — 1 divides 2n.

A decomposition of a polynomial H(x) € C[z] is an equality of the form
H(x) = Hi(Hz(z)), where Hy(x), Ha(x) € Clz]; the decomposition is non-
trivial if deg Hy(x), deg Ha(x) > 1. Two decompositions H (x) = Hy(Ha(z))
and H(z) = G1(G2(x)) are equivalent if there exists a linear polynomial
t(z) € C[z] such that Hi(x) = G1(t(x)) and Ga(z) = t(Hz(z)). The poly-
nomial F(z) is called decomposable if it has at least one non-trivial decom-
position, and indecomposable otherwise.

The following lemma was proved by Bilu et al. [I].

LEMMA 6.3. The polynomial B,(x) is indecomposable for odd n. If
n = 2m is even, then any non-trivial decomposition of B,(x) is equivalent
to Bn(r) = Bn((xz — 1/2)?), where By, (x) € Q[z] is an indecomposable
polynomial of degree m.

LEMMA 6.4. Bernoulli polynomials have no multiple zeros.

Proof. See [2] and [§]. =

The next lemma is due to Gy6ry, Tijdeman and Voorhoeve [10].

LEMMA 6.5. For every r € Z the polynomial By(x) — By +r has at least

three simple zeros if k = 3 and at least four simple zeros if k > 4, unless
r=0 and k € {4,6}.
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LEMMA 6.6 (Pintér and Rakaczki [13]). If k > 5 is odd then the polyno-
mial Br(z)+b has at least three zeros of odd multiplicities for every complex
number b. If k > 8 is even then there is at most one complex number b for
which the polynomial By (x)+b does not have three zeros of odd multiplicities.

The following well known effective result on superelliptic equations was
proved by Schinzel and Tijdeman [16].

LEMMA 6.7. Let 0 # d € Z, and let P(x) € Z[x] be a polynomial with at
least two distinct zeros. Then the equation
(18) P(a) = dy*
in integers x, y > 1, z implies that z < C, where C = C(P,d) is an

effectively computable constant.

LEMMA 6.8 (Brindza [3]). Let K be an algebraic number field with the
ring of integers O, and let

n
f(x) = apz™ + -+ +an =ag H(x — )"

i=1
be a polynomial in Ok [x] with ag # 0 and oy # o for i # j. Further, let
de Ok, m>1and ¢ =m/(m,r;), i =1,...,n. Suppose that (q1,...,qn)
is not a permutation of (q,1,...,1) or (2,2,1,...,1), where ¢ > 1. Then the
equation

f(z)=dy™ inxz,ye€ Ok

has only finitely many solutions, and they can all be effectively determined.

LEMMA 6.9. If Bam(x)+b (m > 4) does not have three simple zeros then
b is rational.

Proof. Suppose that B, (x) + b does not have three simple zeros and
consider the following euclidean algorithm:
Bgm(ﬂ?) +b= (.’L’ — 1/2)Bgm,1($) + Tl(l‘),
Boy—1(x) = ta(x)r1(x) + ra(z),
ri(z) = ta(@)ra(x) + r3(z),

Tk—3(7) = ti—2(x)rp—2(7) + r—1(2),
Te—2(x) = tp_1(x)rp—1(z) + rp(x),
re—1(x) = tp(z)re(z) + rep(x).

Take b as a parameter. We denote by t;, r; the degrees of the polynomials
t;(x) and r;(x), respectively, and ri(x) the first polynomial whose leading
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coefficient depends on b. First we prove that the coefficients of the poly-
nomials ¢1(x),...,tx_1(z) do not depend on b. Indeed, if the coefficients of
ti(x) depend on b then one of the coefficients of Ba,,—1(z) also depends
on b, which is impossible. Assume that we know that the coefficients of
t1(x),...,ti—1(x) do not depend on b for some i € {2,...,k — 1}. Notice
that 20 in ri(z), 't in ro(z), and 21+ FTt-1 in r;(z) is the largest power
whose coefficient depends on b. If ¢;(x) depends on b then we see, using
ri+1 < r; and the euclidean algorithm, that the coefficient of 2”7 depends
on b in r;_1(x). Here j is the largest exponent for which the coefficient of 27
depends on b in t;(x). But 21T Tti-2 i the largest power in r;_1(z) whose
coefficient depends on b. Thus

bt ttio2ri+j=>ri =g,
Since the leading coefficient of r;_1(z) does not depend on b, it is obvious
that ry_1 > deg(ged(Bam (z) + b, Bop—1(x))) > m — 1.
Comparing the degrees of the polynomials in the algorithm we obtain
i—2
dm=1+> tj+rig>1+ri+rio>3+2r>3+2m—1)=2m+1L
j=1

This contradiction shows that ¢;(x) does not depend on b fori =1,..., k—1.
Consequently, every coefficient of the polynomials ri(x),...,r(z) is of the
form u + vb, where u, v are rational numbers, and

Tk =114 1.

When r(z) = 0 all coefficients u+ vb of ri(z) are zero. This means that
b must be a rational number.

If ri(x) # 0 then
(20) 2m=1+t1+ - +tgp_1+tpx+7K > 2+2r,, thatis, m—12>r.

By (20)), we deduce that r, = m — 1 and r441(z) must be identically zero
for some b since otherwise the degree of the greatest common divisor would
be less than m — 1. Comparing again the degrees of the polynomials in the
euclidean algorithm we infer that

(21) 2m=1+t1+ -+t +rp1=1+rg+rg1=14+(m—1)+ry
and
(22) rr—1(r) = tp(z)re(z).

From and we see that 7,_1 = m, t;, = 1 and the coefficient of ™!
in r;_1(x) does not depend on b because otherwise t; +---+tx_o =m—1=
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ry =1t1 4+ -+ +1tg_1. Thus
m—2
-1(2) = uma™ + um 2™+ > (ui + vibd)
=0

and

>—‘

m—
(Uj + Vb)x
7=0
where uy, # 0, Um—1, ui, v;, Uj, V; are rational numbers for i = 0,...,m—2,
j=0,...,m— 1. The remainder when r;_1(z) is divided by ri(z) is of the
form

m—2
hi(b) i
’f’k+1($) ; (Um—l + Vm_lb)zx )
where h;(z) € Q[z] are not all identically zero and of degree at most 3 for
i=0,....,m—2. If rp1(x) is identically zero for some complex number b
then b is a root of all polynomials h;(z), i = 0,...,m — 2. But if b is not
rational then any algebraic conjugate of b is also a root of h;(x). This means
that in this case there are at least two complex numbers, b and its algebraic
conjugate, for which the shifted Bernoulli polynomials do not have three
simple zeros. However, this is not possible by Lemma Thus b must be
rational. m

Denote by ST and S~ the sets of those polynomials with real coefficients
which are symmetric with respect to the line = 1/2 and the point P =
(1/2,0), respectively:

ST = {f(z) eR[z]: f(z) = f(1 - 2)},
T = {f(@) eRlz]: fz) = —f(1 —2)}.

LEMMA 6.10. Let f(z) € ST and g(z) € S~. Then there are uniquely
determined polynomials q(z) € S~ and r(z) € ST with f(z) = q(z)g(x) +
r(x) and either r(x) =0 or degr(z) < degg(x).

Proof. From the division algorithm for polynomials we know that there
exist unique polynomials ¢(x),r(z) € R[z] for which

(23) f@)=q(z)g(z) +r(x), r(x)=0or degr(x) < degg(x).

Hence we have to prove only that ¢(z) € S~ and r(x) € ST. Substituting
z=1—x into and applying f(z) € ST and g(z) € S~ we have

f(@) = —q(1 —2)g(2) +r(1 - z).
It follows from the division algorithm that ¢(z) = —¢(1 — z) and r(z) =
r(l—z). =
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LEMMA 6.11. Let f(z) € S~ and g(z) € ST. Then there are uniquely
determined polynomials q(z) € S~ and r(x) € S~ with f(z) = q(z)g(x) +
r(z) and either r(x) =0 or degr(z) < degg(x).

Proof. The proof is similar to that of Lemma [6.10] =

LEMMA 6.12. Assume that Boy(x) +b = G(z)F(x)?, where b € Q,
G(X),F(x) € Q[z] are monic polynomials, deg G(x) = 2 and G(x) has
non-zero discriminant. Then G(z) = x? —x +u/v, where v >0, u € Z, and
F(z)e StTus—.

Proof. One can check that F(x) is the greatest common divisor of the
polynomials By, (x) + b and Bay,—1(z) = Bj,,(x)/2m. From Lemma [6.1{i)
we know that Ba,(z) € ST and Bay,—1(x) € S~. Combining Lemmas
and with the euclidean algorithm , we deduce that the greatest
common divisor F(z) is in ST U S~. Now it easily follows that F(z)? € ST
and so G(z) € S*. Since deg G(z) = 2 and G(x) € Q[z] is monic, we infer
that G(z) =22 —x + u/v. =

LEMMA 6.13. a1+ ---+a1=0o0ramy_1+---+ a1+ 2a9=0.

Proof. Since f(x) = am—12™ '+ -+ a1z +ag € ST US™ we see that
f(0) = f(1) or f(0) = —f(1). The first equality implies a;,—1+---+a; =0,
and the second yields a,,—1 + -+ a1 +2a9 =0. =

Let ¢; denote the coefficient of z¢ on the left side of . Then

’Ub2m_2 if 1= Qm,

—vbom_9 + Vo3  if i =2m — 1,

(24) c; =1 ub; —vb;_1 +vb_o if2<i<2m—2,
ubl—vbo ifi:L
ubg if i =0.

LEMMA 6.14. v is even provided that ag # 0.
Proof. Assume that v =1 (mod 2). We know that

2m
25 it1 = Vbop—
( ) C2i+1 VO2m—2 <2m _ (22 11

because B3 = B = --- = 0. From , and we deduce that
c1 = uby — vbyg = 2a1a9u — agv = 0. This yields a%v = 0 (mod 2), and so
ap = 0 (mod 2). Assume that we have showed that

)>BZm—(2i+1) =0, 1=0,...,m—2,

(26) 2|ap,a1,...,a;—1 forsomeie {1,...,m—2}.

Using the fact that by;_1 = 2a2;_1a0 +2a2j—2a1+---+2aja;_1 =0 (mod 2)
for j =1,...,m—1, we deduce from co;11 = ubojr1 — vbo; + vbo;_1 = 0 that
vby; = v(a? +2ag;ap+ - - - +2a;4+10;—1) = 0 (mod 2). Thus a; = 0 (mod 2). It
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now follows from Lemma [6.13|that a,,—1, ..., ao are even, which contradicts
our assumption that a,,_12™ '+ -+ a2 + ap is a primitive polynomial. =

LEMMA 6.15. Suppose that the polynomial Bay,(x) + 1/s has a multiple
zero, wherer,s € Z, s # 0 and (r,s) = 1. Let PP be a prime power occurring
in the prime factorization of s. Then 3 < 2m + 1.

Proof. Choose integers A and B such that ABa,(z), BBay—1(x) are
primitive polynomials. Since Ba,,(x) + r/s has a multiple zero, the polyno-
mials ABoy,(z) + Ar/s and BBay,—1(2) have a common zero. It follows that
their resultant is zero. If we write ABa,,(x) and BBay,—1(x) in the form

ABop () = Ax®™ + dopy 12>+ - £ dyz + do € Zlz],
BBopy—1(x) = Bzl g 0?24 f ez tep € Z|x]
then the above resultant is the following determinant of order 4m — 1:

Res(ABay, () + Ar/s, BBoym—1(x)) =

A dom—1 dam—2 dy dy do+ Ar/s 0 .
0 A dam-—1 ds da dy do+Ar/s -+ 0
0 0 0 A dom-1 dam—2 dom—3 do + Ar/s
B exm-2 e2m-3 e1r  €eo 0 0 .0
0 B €2m—2 €2 €1 €0 0 e 0
0 0 B €3 €2 €1 €0 et O
0 0 0 B 0 B €2m—2 €2m—3 e €0
Let s = pf b ptﬁ * be the prime factorization. Since A is the product of

distinct primes, the denominator of the rational number dy + Ar/s =
(dos+Ar)/s is of the form p{* - - - pi**, where o; € {0, 8;—1, 8} fori =1,...,¢.
Actually, the above resultant is a polynomial in dy + Ar/s with integer co-
efficients of degree 2m — 1 and leading coefficient B?™. Since B is also the
product of distinct primes, we infer that o; < 2m for ¢ = 1,...,¢. Hence
Bi —1<2m, that is, 5; <2m + 1. =

LEMMA 6.16. If p*|v then o < 2.

Proof. Supposing the contrary we have p? |v and p? | cy, ..., cop. This is
so because ¢; = vbyy,—2 (zfn”iz) Bop,_; for i =1,...,2m and the denominator
of Boy,_; is the product of those different primes p for which p — 1 divides
2m — i. It is easy to see that p? divides bo,,_o since p? | Com—2 = ubgym—2 —

Vb3 + Vb4 and (u,v) = 1. But then p° | vby,,_2 and so

(27) p4\01,...,02m.
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From (24)), and (u,v) = 1 we obtain
2|1, .., bomo.

Assume that

(28) P bgj1,b2j, ... bom—2 for some 1 < j <m —2.

Then from p?|v and p¥*!|by, o we see that p**4|vby, o and thus

p2it3 |c; = ub; — vbi—1 + vbi_g for i = 25+ 1,...,2m — 2. By combining
this with and p3 | v we obtain

(29) P73 | bojat, ., bam—s.
Inserting j = m — 2 we get p™ 1| by, o and so p*™*2 | vby, 2. But then
p?™*+2| s because otherwise p|com,...,c1,co, which contradicts co,,x?™ +

.-+ 4+ c17 + o being a primitive polynomial. However, p*™*2 | s contradicts
our Lemma [6.15]

LEMMA 6.17. 2| v or 22 | v.

Proof. By Lemma [6.14] we know that v is even. Now the assertion im-
mediately follows from Lemma [6.16] with p = 2. =

LEMMA 6.18. If 2 || v then bay—2 =1 (mod 2).

Proof. If 2|bom—o = a2, then 22|byy,_o and 23| vbgy,—o. It follows
that 22|cy,...,com. Applying and (u,v) = 1 one can deduce that
2| b1, ..., bam_2. Since by = a2 + 2azag, b1 = 2ajap we find that 2|a; and
4]b1. But ¢; = ub; —vby =0, 2 || v, hence 2| by, which contradicts the fact

that boy,_9x?™ 2 4 -+ 4+ bz + by is a primitive polynomial. m

LEMMA 6.19. If 2 || v then ag = 1 (mod 2) provided that m =1 (mod 2)
and ag # 0.

Proof. 1f ap = 0 (mod 2) then by = aZ = 0 (mod 4). We know that
(30) Cy — ubg — Ubl + Ubo

2m

= vbop—2 <2m _ 2) Bopm—2 = vbaym—om(2m — 1) By, —o.

By Lemma we have bg = 1 (mod 2). Further, from Lemma c2 €7
and n = 2n — 1 =1 (mod 2) we infer that ¢ = 1 (mod 2). Thus by = 1
(mod 2) by . Since ¢ = ub; — vbg = 2a1aqu — va% = 0, it is obvious that
a1 = 0 (mod 2). This means that by = a? + 2aza¢9 = 0 (mod 2) which is a
contradiction. m

LEMMA 6.20. If m =1 (mod 2) then (*") + (*}) =0 (mod 2).
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Proof. It is easy to see that
2m n 2m\ _ (2m n 2m n 2m n 2m
6 4 ) \ 6 5 5 4
_ (2m+1 2m+1\ _ (2m+2
:( 6 )—l—( 5 >:( 6 )(modZ).

The assertion follows from
<2m + 2> _ (2m +2)(2m + 1)2m(2m — 1)(2m — 2)(2m — 3)
6 6!
(m+1)(2m+ 1)m(2m — 1)(m — 1)(2m — 3)

6-5-3
LEMMA 6.21. If 2 || v then Bay(x) 4+ b has at least three simple zeros
provided that m = 1 (mod 2).

Proof. Supposing the contrary we have
(31) ?}bgm_g(Bgm(iL‘) + b) = (vx2 — VT + u)(bgm_ngm_z +---+ blx + bo)

as mentioned before. By Lemmas and we have bo,,—2 = ag = 1
2

(mod 2). Since 2 || v and ¢; = ub; — vby = 2a1a0u — ajv = 0 we get a1 =1
(mod 2). Now one can check using
c3 = ubs — vba + vby = u(2asag + 2a2a;1) — v(a% + 2a2a9 — 2a1a0) =0

that u(2agag + 2a2a1) = 2 (mod 4). This yields az #Z ag (mod 2). At the
same time we know from

b@ = CL% + 2a6a0 + 2a5a1 + 2(14&2, b4 = a% + 2(14(10 + 2(13&1

and
cg = ubg — vbs + vby, ¢4 = uby — vb3 + vVby

that bg # by and cg # ¢4 (mod 2), that is, ¢ + ¢4 = 1 (mod 2). From 2 || v,
bom—2 =1 (mod 2) and Lemmal6.2] we can deduce that

2m 2m 2m
= — Bom—¢ = — Bom—_¢ = 2
ce = vby 2(2m B 6) 29m—6 = Vb2 2( 6 > 2m—6 < 6 > (mod 2)

and

2m 2m 2m
¢4 = Vo2 <2m _ 4> Boy—4 = Ub2m—2< 4 >B2m—4 = < 4 ) (mod 2).

But then
2m 2m
<6>+<4>:1(m0d2),

which contradicts Lemma [6.20] =

LEMMA 6.22. If 22 || v then m is even.
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Proof. Suppose that 22 divides v. Then similarly to the proof of Lem-
ma we get 2| c1,. .., Com. From com—o = ubgy—2 — vbam—3 + vbop,—4 We

obtain 2 | byy,—2 = a2,_;. Hence 22 | by, o, 24| vboym_2 and 50 23 | ¢y, .. ., Com.
Using this fact and one can easily check that
(32) 22|by,...,baym_o and what is more 2% |bs, ..., bym_o.

Denote by i the greatest index for which a; = 1 (mod 2). Such an i exists
since apm_12™ 1+ - 4+ a1 + ag is a primitive polynomial. If 4 > 1 then we
have by; = a? +2agiap+---+2a;11a,—1 = 1 (mod 2), which contradicts .
This means that
Amp—1=ap-2=---=a; =0 (mod 2) and a9 =1 (mod 2).

Now denote by j the greatest index for which a; = 2 (mod 4). Such a j also
exists since otherwise 8 | by = 2ajag, which, together with ¢; = ub; —vby = 0,
implies that 8| v.

If 7 > 1, then by; = a? + 2ag5a0 + -+ - + 20541051 = 4 (mod 8) since
4]aj+1,...,am-1 and a; = 2 (mod 4). This contradicts (32)). Now we have
(33) -1 = Gpm—2=---=az =0 (mod 4) and a; =2 (mod 4).

This yields ay,_1 + -+ + a1 = 2 (mod 4) and hence f(z) = ap_12™ 1 +---
+ a1z 4+ ap € S~ by Lemma This means that deg f(z) = m — 1 is odd
and so m is even. =

LEMMA 6.23. u = +1.

Proof. Assuming the contrary, there exists a prime p for which p|u.
From ¢; = ub; —vby = 0 and (u,v) = 1 we find that p|by = a3 and
so p|ag. Further, from c3 = ubz — vby + vb; = 0 we obtain p|v(by — b1) =
v(a? + 2asag — 2aiap). This shows that p|a;. Now assume that
(34) plag,ai,...,a; for some i < m — 2.

From C2i+3 = ub2i+3 - Ub2i+2 + Ub2i+1 = 0, we get P | bgi_;,_g - b2i+1~ Using
boito = a?+1 + 2ag;42a0 + - - - + 2a;42a;
and
boi+1 = 2agiy1a0 + -+ - + 2ai4104,
it follows from that p|a;+1. By inserting ¢ = m — 3 into (34) we obtain
inductively
(35) plao,ai, ... am;—2.
Finally, from Lemma we infer that p|ay,—1, which contradicts our as-
sumption that the polynomial a,_12™ ' + - + a1z + ag is primitive. =

LEMMA 6.24. If m is even then Ban(x) + b has at least three simple
2€eros.
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Proof. Assuming the contrary, we have (L1)). Since f(z) € STUS™ and
now deg f(x) =m — 1 is odd we get f(xz) € S™. It follows that f(1/2) =0,
whence 1/2 is a root of Boy,(z) + b, so b = —Bay,(1/2). Since we assumed
that v and bg,,_o are positive, from and Lemma we deduce that
B9, (2) — Boy,(1/2) is also positive. However,

(36)  Bam(2) — Bam(1/2) = B (2) — Bam(1) + Bam (1) — Bap(1/2)
2m __ 1
From (iv) and (v) of Lemma it follows that Ba,, < 0 and |Bay,| >
2(2m)!/(2m)?™. One can deduce from the above that
22m — 1 15 (2m)!
2————|Bom| > —
(37) | 2 | > 4 (27r)2m

22m
and so Bon(2) — Bam(1/2) < 0 by (36). Since u = +1, by Lemma [6.23]
and v > 2, inserting z = 2 into we get a negative integer on the left
side and a positive integer on the right side. If we factorize the polynomial
Bop,(z) — Bam(1/2) for m = 4,6,8 over Q we see that it has three simple
zeros. Further, By(z) — B4(1/2) = (42 — 42 — 1)(22 — 1)2/16. =

=2m + By, — (217%™ — 1) By, = 2m + 2

>2m if m > 10,
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