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On value-relations, functional relations and singularities
of Mordell-Tornheim and related triple zeta-functions
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Konit MatsumoTo (Nagoya), TAKASHI NAKAMURA (Nagoya),
HiroYUk! OcHIAI (Nagoya) and HIROFUMI TSUMURA (Tokyo)

1. Introduction. Let N be the set of natural numbers, Ng = NU {0},
Z the ring of rational integers, QQ the field of rational numbers, R the field
of real numbers and C the field of complex numbers.

The Mordell-Tornheim r-ple zeta-function

o

1
(11) CMT,T(S].y"')ST‘;ST-i-l) = Z

m‘il .. mir(ml _|_ e + mT)Srul»l

mi,...,Mmpr=1

was defined by the first-named author (see [5, 8]). It can be meromorphically
continued to the whole space C" ™! and possible singularities of (1.1) can be
explicitly determined (see [8, Theorem 1]).

In the 1950’s, Tornheim considered the double series (arr2(p,q;7)
(p,q,7 € N), and gave some fascinating formulas (see [16]). A little later,
Mordell independently studied the values (yrr2(k, k; k) (k € N), and showed
that Cyr2(2p, 2p; 2p) can be written as M, - 7 for some constant M, € Q
(p € N) (see [11]).

About 30 years later, Subbarao and Sitaramachandrarao gave an eval-
uation formula for (yrr2(2p, 2p; 2p) ([14]). Then Zagier [22] proved the fol-
lowing simple formula:

4 & <4p —2j—1

(1.2)  Cur2(2p,2p;2p) = - Z % — 1

! )i -2i) (e,

§=0
which is much simpler than the Subbarao—Sitaramachandrarao formula. As
an analogue of (1.2), Huard, Williams and Zhang [3] gave an evaluation
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formula for (yr2(2p+1,2p+1;2p+ 1) (p € Np):
(1.3)  Cur2(2p+1,2p+1;2p+1)

P Yy
S <4p ;p" - 1>c<2j)<(6p —2j+3).
=0

Recently, as interpolations of these formulas, the fourth-named author
gave some functional relations for (a7 2(s1, s2;53) (see [21, Theorem 4.5]).
More recently the second-named author proved functional relations for
Cmr2(s1, s2;83) by a different method ([12, Theorem 1.2]). His relations
are

(1.4)  Curala,b;s) + (=1 Cura(b, s;a) + (—1)*Cura(s, a; b)

o max(la/2 ) .
a2 (o) ()

k=0
X (a+b—2k—1)1(2k)!IC(2k)C(a+ b+ s — 2k)

for a,b € N, where [z] is the integer part of xz. These have simpler forms
than those in [21]. Note that (1.4) holds for all s € C except the singularities
of both sides.

Furthermore, triple and more general multiple zeta values of the Mordell—-
Tornheim type have been studied. Actually Mordell considered the multiple

series
o0

1
Z my---mp(my+ - +mp +a)

mi,...,mpr=1

for a > —r, which can be regarded as a prototype of (1.1). Based on his
work, Hoffman studied (a7 (1,1, .., 1; k) for k € N and gave some relations
between these values and the Euler—Zagier type of multiple zeta values (see
[2, Section 4]). Markett independently expressed (yr3(1,1,15k) (k € N) as
a polynomial in the values of ((s) at positive integers with Q-coefficients
(see [4]). Recently the fourth-named author proved a certain property of the
values of (a7 ([20, Theorem 1.1]), which is called the “parity result” (for
details, see Remark 4.8 in Section 4).

In the present paper, we mainly study the Mordell-Tornheim double
and triple zeta-functions. In Section 2, we prove a key lemma (Lemma 2.1)
for the study of double and triple series. As applications, we confirm that
the functional relations for (as72 given by the fourth-named author coincide
with (1.4) (see Proposition 2.2), and consider some alternating double series.
In Section 3, we give some relation formulas for the values of (a7 3 which
can be regarded as triple analogues of (1.2) and (1.3) (see Theorem 3.1).
In Section 4, we give some functional relations among triple zeta-functions,
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double zeta-functions and the Riemann zeta-function, which can be regarded
as triple analogues of (1.4) (see Theorem 4.5). In Sections 5 and 6, we
discuss analytic properties of triple zeta-functions appearing in Section 4.
Actually, in Section 6, we study more general (a7, and determine their
true singularities (see Theorem 6.1).

2. The key lemma and its applications. Let ((s) be the Riemann
zeta-function and

(2.1) o) =3 D g ()

We recall that

L (=1)™cos(m r —1)v 6%
(2.2) 3 (1)m%(9) = 62k — 20) ((122/)9!,
m=1 v=0
2. (=1)"sin(mb) 1)vg?v+1
(2-3) Z ( m2l+1 Z¢ ( 2 )+ 1)! ’

m=1
for k € N, [ € Ny and § € (—7,m) C R (see, for example, [17, Lemma 2]).
Note that ¢(0) = ¢(0) = —1/2. Since both sides of (2.2) and of (2.3) are
continuous for § € [—7, 7] and k,l € N, we can let § — 7 in (2.2) and (2.3),
to obtain, cos(nm) = (—1)" and sin(nw) =0 (n € Z),

(2.4) Z 6 (2k — 2v) (1)V;T2V
1) 2y+1
(2.5) O—Z¢21—21/ 2)+1)' ,

for k,1 € N.

Now we prove the following lemma which is a key to considering rear-
rangements of sums appearing in relation formulas for double and triple zeta
values.

LEMMA 2.1. For arbitrary functions f,g: Ng — C and a € N, we have

. /2 ( it 1912
(2.6) Yoo dla—j Zf]*2 ZC29 (a — 20),
=0
]Ea](mOdQ)
a [(G—1)/2] 2
(—=1)Hgm=H 1
2.7 — e
(2.7) ; é(a—j) uzo 90 —20) Gy 5 9(0)
j=a (mod 2)
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Proof. On the left-hand side of (2.6), we change the running indices j
and u to g and v defined by j = a+2u—2pand p=v (< ). Since 0 < j < a
and 0 < pu < [j/2], we have p = pu+ (a—j)/2 > p=v and 0 < 2p < a, so
0 < o< [a/2]. Hence, as a —j = 20 — 2v and j — 2u = a — 2p, we see that
the left-hand side of (2.6) is

[G/Q] 4 (_1)]/7T2y
Z Z $(20 — 2v) f(a - 20) T + ¢(0) f(a).
o=1 v=0 ’

From (2.4) and ¢(0) = ¢((0) = —1/2, this is equal to the right-hand side
of (2.6). Similarly, changing the running indices j and u to ¢ and v defined
by j = a+2u—2p and v = u < p on the left-hand side of (2.7), and
using (2.5), we can see that (2.7) holds.

As a direct application of this lemma, we obtain the following proposition
which implies that (1.4) essentially coincides with the result of [21].

PrRoOPOSITION 2.2. Fora,b € N,
(2.8)  Curala,b;s) + (=1)*Cura(a, s;0) + (=1)°Cur2(b, 5;.a)

_2maX([l§:]7[b/2D a—|—b—2Q—1 N a+b—20—1
- Y1 b—1

0=0
X ((20)¢(s+a+b—2p)
for all s € C except the singularities of both sides.

Proof. The fourth-named author gave the functional relations

(2.9)  Cura(a,b;s) + (—=1)%Cura(a, 5;0) + (—1)°Curra(b, s;a)

. 2 om
=2 Y ea- Y (T s )
=0

= @) J—2u
j=a (mod 2)
@ G-D/2 . b
. s
1Y dad) YL g X e
J=0 =0 H ' v=0
j=a (mod 2) v=b (mod 2)
v—14+75—-2u )
-2
(T e

for a,b € N and s € C (see [21, Theorem 4.5]). Applying (2.6) and (2.7) to
(2.9) with

10 = ("7 )ew s x0,
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b
= Y -0 s,
zzzblzr:n?)d 2)

we have

Cur2(a,b;8) + (=1)Cura(a, s36) + (—1)°Curr2(b, s5a)

[a/2]
:22((2g)<a+2_2g1>C(S+a+b—2g)

0=0 20
b v—1+a
+2 VZ:O C(b—l/)( w1 >((s+1/+a).
v=b (mod 2)

By putting v = b — 2p in the second sum, we obtain (2.8).

We can easily check that
2 n m+n—2k—1
— —1)! | =
(210)  —— m<2k> (m +n — 2k — 1)!(2k)! 2( C )
for k,m,n € Ny. Substituting (2.10) in the cases (m,n) = (a,b) and (b, a)
into (1.4), we obtain (2.8). Thus we showed that (1.4), (2.8) and (2.9) are
all equivalent.

REMARK 2.3. Putting a = b = 2p and 2p + 1 in (2.8), we can obtain
(1.2) and (1.3). Hence (2.8) can be regarded as a continuous interpolation
of both (1.2) and (1.3).

Lemma 2.1 is also useful for the study of

N s
(211) ¢2(81782783) - myznil mslnsg(m+n)537
(2.12) a(s1, 82; 53) = Z C17

)
o, e

for s1, 89,83 € C. The fourth-named author proved that

P fap+1-2
(2.13) ¢2(2p+1,2p+1;2p+1):2z< %

0=0

p p Y. /2 1—-254+2v—2
—13 o { Yoz 3 (P R
=0 v=0 n=0

] (=1)#m?
(2u+1)! }

)¢@w¢wp+3—2m

X C(Ap+3—25+42v —2u)
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for p € Ny (see [19, Theorem 3.4]). Applying (2.7) to (2.13) with a = 2p+1

and ‘
g(t) = (27"2’”)<<4p+2—2j+t>,

t—1
we have
p
4p+1-2
¢z(2p+1,2p+1;2p+1)=22<p % Q>¢>(2@)¢(6p+3—29)
0=0
p .
~(4p+1—-2 .
+2Z¢(2J)< 2 j)C(6p+3—23)-
j=0

Since ¢(s) = (2175 — 1)((s), we can rewrite (2.13) as follows.
PROPOSITION 2.4. For p € Ny,
(2.14)  ¢a(2p+1,2p+ 1;2p+ 1)

, |
oy <4P o 27)(22“ — 1)C(2)(6p + 3 — 2j).
=0

On the other hand, from [13, Theorem 3.1] and (2.10), we have
PROPOSITION 2.5. For p € Ny,

(2.15)  #2(2p+1,2p+152p+1) = 2¢2(2p+ 1,2p + 1;2p + 1)
P lap+1— 25\
SO )@ 1)) +3 - 2)
; 2p
7=0
Hence, combining (2.14) and (2.15), we have
PROPOSITION 2.6. For p € Ny,
(2.16) 2 (2p+1,2p+1;2p + 1)
p .
dp+1-2 ,
=27y ( rr ‘7> (2672 — 221 1)¢(2)¢(6p + 3 — 29).
j=0 2P

EXAMPLE 2.7. By (2.16), for example, we obtain
2064195 573335 81875

2(5,5;5) = — 16384 ¢(15) + 5192 €(2)¢(13) + @C(‘UC(H)?
899676921 242220363

Vo(7,7,7) = — ro1988 ¢(21) + 62144 ¢(2)¢(19)
22019907 7339801
31072 C(4)¢(17) + 91083 ¢(6)¢(15).

These formulas correct those in [18, Example 3.7].
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3. Relation formulas for triple zeta values. In this section, we
prove relation formulas for (a7 3(k, k, k; k) for k € N, which are the triple
analogues of (1.2) and (1.3). The method of proof is similar to that in [17, 20].
Combining that method with Lemma 2.1, we can obtain the following simple
expressions like (1.2) and (1.3).

THEOREM 3.1. For p € N,

2v+2p—1
(31)  Curs(2p,2p,2p;2p) —4Z< 2 1 )C(2p—2V)
v=1

x {Cur2(2p, 2p; 2p + 2v) — Curr2(2p + 20, 2p; 2p) } — ((4p)?,
and for p € Ny,

2 2
(32)  Cura(pt1, 29412041 2p+1) = —42( V2= )<<2p—2u>

x {Cur22p+1,2p+1;2p+2v + 2)
+ Cur2(2p+ 20 +2,2p+ 1;2p+ 1)} + ((4p + 2)°.

ExaMPLE 3.2. From Theorem 3.1, for example, we can obtain

gMT,3(171 ) C( ) 115 47
Cur3(2,2,2;2) = 6{<MT,2(4, 2;2) — Cur2(2,2;4)} — C(4)%,
Cur,3(3,3,3;3) = —12¢(2) {Cvr2(3,3;4) + Cur2(4,3;3)}

+ 20 {Cur2(3,3;6) + Carr2(6,3;3)} + ¢(6)°.

Using (2.8), we can rewrite

CMT,3(27 27 27 2) =

11340 ™ — 9Cur2(2,2;4).

Note that it has not been proven yet that (a72(2,2;4) can be expressed by
means of the values of ((s).

Now we give some preparations for the proof of Theorem 3.1. Fix any
p € N. By (2.2) we have

H'm cos m
(3.3) lgpm(g + m)6)
I,m=1
> mcos(nd) ( 1)76%
" {Z ~ 20 =20) }

3
Il
-
u
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(—1)"sin(n0)

Fqg

2 (=Dleos(l0) & (—1)76%
L e G
=1 7=0
2, (=1)™sin( mH (—1)"sin n@)
X Z Z =0
m=1 n=1
for € (—m,m). Using the addition formulas for sinz and cosz, we can
rewrite (3.3) as
2 (=DM eos((L+m+n)d) & (=1)76%
(3.4) | 3 1 o 3pr 3 +Z<z> (2 —2j) e
;1M M= Jj=
2 (=D cos((1 — m)b) = (=) cos((1 +m)h)
X { Z 2Py 2p -2 Z 2P0 2p
I,m=1 I,m=1
& () eos(([ 4+ m A n)d) G (-1)76%
- Z 2P m2pn2p + Z d) 2p 2]) (2])
I,m,n=1 7=0
(=DM cos((I — m)b) (D)™ cos((1 +m)b)
" { lzl EPme ) 2121 EPm

l#m

i cos (16) _0

=1
for 8 € (—m, ), using (2.2) again. This implies, by integrating both sides by
parts repeatedly, that
i (—1)Fm 1 sin((1 + m +n)o)

(3:5) 122m2Pn2e (1 + m + n)2d+l

l,m,n=1

p 2j P\ (—1)Yev
+Yoe-2) 3 (P S

7=0 v=0

o _1\l+m () o o _1\l+m gn (@)
S G $ )
= lpmp(l_m) +2j+1-v lpmp(l+m) +2j+1-v

l#m

I,m=1

i )992g+1

sm (19)
; l2p+2d+1 ZCQd 20 2p 2 + 1) (0 € (_ﬂ-?ﬂ-))
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for d € Ng, and

s S DTl m 0o
| l,m,n=1 lme2pn2p(l +m+ n)?e
p 2j .
, 2e —1+2j5—v\ (=1)"0"
+Z¢(2p 2.7)2( 251 ) o
7=0 v=0
X (=1)Hm cos®) 1)1+ cos®)

y ( 21) cos' ((1 — Ly Z cos'” ((I +m)0)
[~ l pm2p(l — )2e+2] v o l2pm2p [+ m)26+2j v
7l7£m

o0

cos 0g2e
Z l2p+2e la ZCQQ 20 2p ( (2) )9 (9 € (—7[‘,7'(‘))

=1

for e € Ny, where {C2,(2p) | v € Ny} are constants which are deter-
mined inductively, f*)(z) denotes the vth derivative of f(z) and f)(a) :=
f(”)(:c)‘xza for f(z) = sinx,cosz. Note that the left-hand side of (3.5)
(resp. (3.6)) is an odd (resp. even) function, hence each coefficient of §%¢
(resp. 62¢*1) on the right-hand side of (3.5) (resp. (3.6)) is equal to 0.

Since both sides of (3.5) and of (3.6) are continuous for 0 € [—m, 7], (3.5)
and (3.6) hold for # = 7. Note that, by putting h =1 —m (resp. k =m —1)
if [ > m (resp. | < m), we have, for example,

1
(3.7) Z 12pm2p (1 — m)2d+2i—20

I,m=1

l#m

B Z 1 Z 1
o 1h2d+2j 2um?2p(h + m)2p h k2d+2j=2p]2p (f + [)2P

= 2Cur2(2d + 25 — 24, 2p; 2p).
Hence, letting @ — 7 on both sides of (3.5) and of (3.6), we have

p o o o ,u7r2}L 1
(3.8) Z¢2p 2) Z<2d+29 2u 1>(1)+

= 2j = 2p—1 (2p+ 1)!
x {Cur2(2d + 25 — 211, 2p; 2p) — Curr,2(2p, 2p; 2d + 25 — 2p) }
(=1)pa2t

= Zc2d () g DT

and
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(3.9 Cur3(2p,2p,2p;2e)

D J e - - )2
+zz¢<zp—z¢>z(2 25 2 1)( Dl

— |
=0 1=0 2j = 2p (2p)!
X {Cmr2(2e + 25 — 24, 2p; 2p) — Curr,2(2p, 2p; 2€ + 25 — 2u)}
1) 2
+ ¢(4p)C(2p + 2e) Zcze 21 (2p) (2)u)

Applying Lemma 2.1 to (3.8) and (3.9) with a = 2p and

@)= (%777 1) Curnatze + 20520 ot 22 + ),

2d+z -1
g9(x) = < 1 > {Cur2(2d + 2, 2p; 2p) — Cur2(2p, 2p; 2d + o)},
we can rewrite (3.8) and (3.9) as

2d +2p —1
(3.10) ( 2 _pl >{CMT,2(2d + 2p, 2p; 2p) — Cur,2(2p, 2p; 2d + 2p)}

d

(=1)n
= Coa2u(2p) oy
= (2p+1)!
and
P
) 2e+2p—2£—1
x {{mr2(2e + 2p — 2€, 2p; 2p) — CMT2(2p, 2p; 2e + 2p — 2§)}
1) M2
+ €(4p 2]7 + 26 Z 026 21 2p ( ) )
for d, e € Ng.

Now we recall the following.

LEMMA 3.3 ([21, Lemma 4.4]). Let {aoq}taeny, {Bod}aeny, {V2d}den, be
sequences such that

_ (—1)77% _ (—1) 7%
Q2d = ) Vad-2 Hi Bad =Y Yod—2j @7+ 1)1

=0 =0
for any d € Ng. Then

d
agg =2 Pa(2d - 2v)
v=0
for any d € Ny.
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Proof of Theorem 3.1. Applying Lemma 3.3 to (3.10) and (3.11) with
d = e, and putting v = p — £ in (3.11), we have

(3.12)  Cumr3(2p, 2p, 2p; 2d)
L 2d +2v — 1
+23 ¢ - 21/)< +2: )
v=0
x {Cumr2(2d + 2v,2p; 2p) — Cur,2(2p, 2p; 2v + 2p) } + ((4p)¢(2p + 2d)
—4Zd:C(2d—2 (2 +w-1
- v=0 : 2p —1

X {Cur2(2v + 2p, 2p; 2p) — Curr2(2p, 2p; 2v + 2p) ).

In particular when d = p, we obtain (3.1).

Recall that we deduced (3.3) from (2.2). Similarly, we now deduce the
following relation from (2.3):

i (=)™ cos((I +m)0)

(3.13) BT
I,m=1
2 (=1)"sin(nf) & ( 1)79%+1
. {Zl 2P+ Z¢ 2j + 1)
n= J=
> (—1) cos(16) [ = (=1)"sin(mf) < (—1)79%+1
T2\ 2 20 2)
=1 m=1 7=0 J
2. (—1)" cos(nd)
X Zl n2p+1
(=1)!sin(10) & (—1)79%+1
- Z 2p+1 - Z ¢(2p 2.7) |
(2w @+ 1)
2 (=1)" cos(mb) = (—1)" cos(nb) B
for € (—m, 7). Then, by the same argument as mentioned above, we can
prove (3.2). ThlS completes the proof of Theorem 3.1.

4. Functional relations for triple zeta-functions. The aim of this
section is to give some functional relations for triple zeta-functions. These
can be regarded as triple analogues of (2.8). To this end, we consider analytic
properties of (a7 3(s1, 52,535 54) and
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(e 9]

1
(4.1) G(Sl, $2, 83, 84) = E 7k51l52m53n54 .
k,lmmn=1
k-+l=m+n

First we state the following two theorems. Their proofs will be given in
the following sections. In fact, we first give the proof of Theorem 4.2 in the
next section. Next we generalize Theorem 4.1 to a result on (yr, for any
r > 3 (see Theorem 6.1) and give the proof of this generalized result in
Section 6.

THEOREM 4.1. (pr3(s1,s2,83;84) can be continued meromorphically
to C*, and the singularities lie on the subsets of C* defined by one of the
following equations:

(4.2) sjtsi=1-1 (1<j<3 leNy),
(4.3) sji+sp+sa=2-1 (1<j<k<3;1eNy),
(4.4) S§1+ 59 4 83+ 54 = 3,

all points of which are true singularities.

THEOREM 4.2. G(s1, 52,53, 84) can be continued meromorphically to C*,
and the singularities lie on the subsets of C* defined by one of the following
equations:

(4.5) sitsp=1-1 (j=1,2k=34;1€Ny),
(4.6) sht+si+sp=2-1 (1<h<j<k<41eNy),
(4.7) s$1+ 89+ 83+ 54 =3,

all points of which are true singularities.

Based on these results, we give some functional relations for triple zeta-
functions mentioned above. In the rest of this section, we use the same
notation as in [12] and generalize Proposition 2.2 to the case of triple zeta-
functions. The method used in this section can be regarded as a triple ana-
logue of that in [12].

We denote by Bj(x) the jth Bernoulli polynomial defined by

tevt = t
1 L Bi@g (<2,
j=0

It is known (see [1, p. 266, (22) and p. 267, (24)]) that

(4.8) Byj := Byj(0) = (—1)7712(2j)!1(2m)"%¢(2j)  (j €N),

]' i K 627rikac

- 11m -
(27Ti)] K—o0 ' kJ
k40

(4.9) Bj(z — [z]) = -

(J €N).
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Hence, for k € Z, j € N we have

1

e—27rikx () dr = 0 (k - 0)’
(4.10) (S) Bj(z)d {_(mk)—jj; (k #0).

It follows from [1, p. 276, 19.(b)] that for p+ ¢ > 2,
(4.11)  By(x)By(x)

max 2],lq/2
) (L%:Hq/ D/, o P\ BsBoran@) L pal g
2o \P\ak) TNew) S o2k ptq! P

Using these facts, we obtain the following theorems.

THEOREM 4.3. For a,b € N,
(4.12) (—l)bCMT;g(b, 83, S4; a) + (—l)aCMT73(83, S4,Q; b) + G(a, b, s3, S4>

9 max([%,[b/ﬂ){ < b )
_ 2 “ +b< )}(a+b—2k—1)!(2k’)!
alb! v 2k 2k

x ((2k)Cur,2(53, 8450 + b — 2K)
for all s3,s4 € C except the singularities of both sides.
Proof. For R(s3) > 1, R(s4) > 1, we have

I K oriky K e?m'la: K 627rima: K 627rinac

lim Szeka Z lb Z ms3 Z ns4 d{L’ZO7
0 k= =1 m=1 n=1

‘ 1 -1 p2mike K p2milz K p2mima K p2mine
lim > T D de
ka lb ms3 ns4
0k=—K =1 m=1 n=1 a
= (—1)“Cymr,3(b, 83,545 0),

. 1 . K . K .
2mikx 627Tzlx e27nmx eZTrzna:

lim V> = D 2 e e

0 k= I=—K m=1 n=1

b
= (_1) CMT,3(537547G; b)7
1 -1 p2mika -1 p2milz K p2mima K p2mina

lim S Z ka Z v Z ms3 Z ns4 dzx

0k=—K I=—K m=1 n=1
= (=1)""*G(a,b, s3, 54).

Therefore
(=1)*Crr,3(b, 83, 8450) + (—

1 K K ; K ;
27rzkx 627rzl:c 627rzmx 627rznm

1)°Curs(s3, s4,a;0) + (—1)*T°G(a, b, s3, s4)

K
S :Z_ Z lb Z ms3 Z nS4 dz.

k20

l=— m=1 n=1

z#o
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Interchanging the limit and integral is justified by bounded convergence. In
fact, we need to treat the case a = 1 or b = 1 carefully. For this case, we
know that > ", sin(27wma)/m is boundedly convergent for 2 > 0 (see [15,

p. 15]).

By using (4.8)—(4.11), we obtain (4.12) in this region. By Theorems 4.1
and 4.2, we see that (4.12) holds for all a,b € N, and all s3,s4 € C except
the singularities of both sides of (4.12).

THEOREM 4.4. For a,b €N,
(4.13) CMT,3<347G/; b; 83) + (—1)“G(a,33,b, 84)
+ (_l)bG(S37 b7 a, 84) + (_1)a+b<MT,3(a7 b7 533 34)

9 max([a/2],[b/2]) b
= {“(%)*”<2k>}(“+b_2k_1)!(2k)!

k=0
X C(2k)Cpr2(a+ b — 2k, s4; s3)

max([a/2],[b/2])
2(_1)a+b b a ] |
P X o) rolo) flero-onen

k=0
X C(2k)Cvr2(a + b — 2k, s3; 54)
a+1 (2m0)* P Bayy
(a+0)!
for all s3,s4 € C except the singularities of both sides.
Proof. Assume R(s3) > 1 and R(s4) > 1. Then we have

+(-1) C(s3+ 54)

1 K p2mika K p2mila K _orimz K _oming

lim SZ m Z 0 Z € — Z oy dx = CMT73(S4,CL,b; 83),
0 k=1 =1 m=1 n=1

I =1 onikx K p2mila K _onrimz K p2mine

hmgz eka Z b Zemsg Z ns4 dz

0k=—K =1 m=1 n=1
a
= (_1) G(a’a 83’b7 54)7
27rzkx - 627rilz K e—27rima: K 627rina:
lim S Z = >
K—o0 ko { mss ns4
0k=1 1=K m=1 n=1

= (fl)bG(s;;,b, a,sy),

-1 oriky 1 omily & —omimz K e27rina:

lim S Z ek.a Z elb Zem83 Z nS4 dx

K—oo
0k=—K I=—K m=1 n=1

= (=1)*"Currs(a, b, s3; 54).

Therefore we can prove Theorem 4.4 in the same way as Theorem 4.3.
We define Kj(a,b, s3,s4) and Ka(a,b, s3,s4) by the right-hand sides of
(4.12) and (4.13) respectively. By the preceding theorems, we obtain the
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following theorem which essentially includes not only Theorem 3.1 but also
the assertion in the triple case given in [20].

THEOREM 4.5. For a,b,c € N,
(4.14)  Cmrga(a,b,c;s) — (—1)b+CCMT73(b, ¢, s;a)
— (—1)C+GCMT73(C, s,a;b) — (—1)“+6(MT73(s,a, b; c)
= (=1 Ks(a,b, ¢, s) — (—1)°K1(a, ¢, b,5) — (—1)*K(c, b, a, s)
for all s € C except the singularities of both sides.
Proof. By (4.12), we have
G(a,b,c,s) = Ki(a,b,c,s) — (—l)bCMTg,(b, ¢,s;a) — (—1)*Curs(c, s, a;b).
By changing the order of variables, we have
G(a,c,b,s) = Ki(a,c,b,s) — (—=1)°Cur3(b, ¢, s5a) — (—1)“Cura(s, a, b c),
G(e,bya,s) = Ki(c,b,a,s) — (—1)bCMT73(s,a, b;c) — (=1)°Curs(c, s,a;b).
Substituting these relations into (4.13), we obtain (4.14).

We denote by M (a,b,c,s) the right-hand side of (4.14). We prove the
following explicit formulas for (y73(a, b, c;d).

THEOREM 4.6. For a,b,c,d € N witha+b+c+d € 2N,
(4.15)  Curala,b,c;d) = i{M(a, b,c,d) — (=1)° M (b, ¢, d, a)
— (=1)***M(c,d, a,b) — (—1)***M(d, a,b,c)}.

Proof. By changing variables in (4.14), we have
M(b,c,d,a) = (b, e, d;a) — (1) Cyra(c, d, as b)

— (fl)d'*'bCMT’g(d, a,b;c) — (*1)b+CCMT73(CL, b,c;d),
M(c,d,a,b) = Curs(c,d,a;b) — (—1)d+“CMT73(d, a, b;c)

— (=) Curs(a,b,c;d) — (1) Carr3(b, ¢, d; a),
M(d,a,b,c) = Curs(d,a,b;c) — (1) Cyrs(a, b, c; d)

— (=) 3(b, ¢, d;a) — (—1)TCyrrs(c, d, a; b).

Multiply the above three equations by (—1)°*¢, (=1)%*¢, (—1)%*?, respec-
tively, and sum them up. Then, by using (4.14) in the case s = d, we obtain
(4.15).

EXAMPLE 4.7. Put (a,b,¢) = (1,1,1) in (4.14). Then we obtain

Cura(1,1,1;8) — 3Cur3(s,1,1;1) + 6¢ar,2(1, 25 5)
+ 6<MT,2(3; 2; 1) — GC(Q)C(S + 1) + 12C(S + 3) =0,
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which was essentially given by the first-named and fourth-named authors
(see [10, Example 6.1]). Similarly, putting (a,b,c) = (2,2,2) in (4.14), we
obtain

Cur,3(2,2,2;5) — 3Cmr,3(2,2, 5, 2)
= 6{2Cmr2(2,5:4) — Cur2(4,5:2) — Cur2(2,4;s)}
+4C(2){Cm72(2,2;8) — Cur2(2,52)  + 2¢(4)¢(s + 2).

In particular when s = 2, we obtain the formula for {n/73(2,2,2;2) given in
Example 3.2. Put (a,b,¢,d) = (1,1,1,3) in (4.15). Then we obtain

23
Loy 2 6
Curs(1,1,1;3) = —6¢(3)" + 2520 m,

which can also be obtained from Hoffman’s [2, Corollary 4.2] and Markett’s
[4, Corollary 4.3].

REMARK 4.8. In [20], the fourth-named author proved, in a different
way, that for ki,..., k41 € N, Curr(k1, ..., kr; kry1) can be expressed as a
rational linear combination of products of values of (7; (j < ) at positive
integers if r and Z;g k; are of different parity. This fact is sometimes called
the “parity result” for the Mordell-Tornheim zeta values. From this fact, we
know that (a7 3(a, b, ¢;d) (a,b, ¢, d € N) can be expressed as a rational linear
combination of products of Carr2(p, ¢;r) and ((s) when a +b+c+d € 2N.
Therefore we can interpret the results in Theorem 4.6 as concrete formulas
which represent the parity result for (ys7 3.

The method in this section can be applied to a more general situation,
which will be discussed elsewhere.

5. Analytic properties of certain triple zeta-functions. In this
section, we prove Theorem 4.2. We mainly use the method established by
the first-named author in [5-8].

Let
i 1
(5.1) H(s1,82,53,84) == ) kstme2 (k4 1)%s (1 + m)ss’
k,l,m=1
By (4.1), we have
(52) G(sla 82, 83, 34) = Z Z ksi]s2 Z ms3ns4
N=1 kl=1 m,n=1
k+l=N m+n=N
> 1

1
- 2 (N —k)52(N —m)
k,m=1 N>max(k,m)
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We decompose the right-hand side of (5.2) as >, .. +> ., + >y, Then
the first and third terms are equal to H (s, s4, 3, 2) and H(s3, s2, 51, 84),
respectively. The second term is ((s; + s3)((s2 + s4). Hence

(5.3) G(s1,52,53,54) = ((51 + 53)((52 + 54)
+ H(s1, 84, 83, 82) + H(s3, 82,81, 84).

Therefore we need to consider H(sq, S2,S3,54). Actually, H (s, S2,83,54) is
equal to Cg4)(51, 0, S2, 83, 54,0), where (g4 (51, 52, 83, 54, 85, 56) is the Witten
zeta-function associated with s((4) (see [9]) defined by

(5:4)  Coiay(51, 52, 53, 84, 85, 56)
o0

1
B Z L 1Emenss (L4 m)s4(m + n)% (1 +m + n)% '

Imn=

First we prove the following lemma. Though it may be regarded as a
special case of [9, Theorem 3.5], we can prove it more simply by considering
a simple integral representation of H(s1, s2, S3,54) (see (5.15) below).

LEMMA 5.1. The function H(s1,s2,53,54) can be continued meromor-
phically to C*, and all of its singularities lie on the subsets of C* defined by
one of the equations:

(5.5) s1+s3=1-1 (I € Ny),
(5.6) So+s4=1-1 (I € Np),
(5.7) s3+sp=1-1 (1 € No),
(5.8) s1+s3+sa=2—-1 (Il €Ny,
(5.9) sg+s3+sa=2-1 (l€Ny),
(5.10) $1+ 82+ 83+ 84 = 3,

all points of which are true singularities.

Proof. We use the same notation as in the proof of [8, Theorem 1]. We
recall the Mellin-Barnes formula
1 S I'(s+2)['(—2)

(5.11) 1+~ = 5

T 2mi

Ndz,

(o)

where Rs > 0, larg\| < 7, A # 0, c € R with —Rs < ¢ < 0, i = v/—1 and
the path (c) of integration is the vertical line Rz = c.

Assume s; € C with Rs; > 1 (j = 1,2,3,4). Then H(s1,s2, 53, 54)

is absolutely convergent. Let (k 4 )7 = [7%3(1 + k/I)~*% in (5.1), and
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substitute (5.11) with A = k/l into (5.1). Assume —Rs3 < ¢ < 0. Then
(5.12)  H(s1,$2,53,54)
1 T(s34+2)(—2) = 1 «— 1 E\?
= = ) d
omi (S) T'(s3) ; = lgzzl samsz(l +m)s \1) &

1 S I'(s3+2)['(—2)
I'(s3)

=5 C(s1 — 2)Cur2(s2, 83 + 23 54) dz.
i

(c)

Note that, by the assumptions Rs; > 1 (1 < j < 4) and —Rs3 < ¢ < 0, each

series above is absolutely convergent. By [5, Theorem 1], the singularities of

Cmr,2(s1, s2; 83) lie on the subsets of C3 defined by one of the equations:
si+s3=1—1, sa+s3=1—-1 (1€Ny), s1+s2+s3=2.
Hence, by considering the singularities of I'(s), ((s) and (a7 2(S1,52;53),
we see that the singularities of the integrand of (5.12) are determined by
z=—s3—l,z=1l,z=81—1,s9+s4=1—-1,2z=1—5s3—5s4—1(l € Np)

and z =2 — s9 — 83 — S4.

Now we shift the path 8z = ¢ to Rz = M —¢ for sufficiently large M € N
and sufficiently small positive € € R. Then all the relevant singularities are
z2=101(0<1<M-—1)and z = s; — 1. Counting their residues, and using
the relations

(=) (s +1) s+1—-1 —s
(5.13) u) }(s) - (_1)l< z ) B ( l >
and
_ 1\l
(5.14) I(—1—6) = (_5;(_1.(_‘;)_ 5 __{ “1) ((15+0(1)> (6= 0)

for [ € Ny, we find that
F(Sl + 83 — 1)F(1 — 81)

1 H =
(5.15) (s1, 52,53, 54) T(s3)

Cur2(s2, s1+s3—1;54)

M-1
+ kzzo <_/:3> C(s1 — k)Cur2(52, 53 + k; 54)

1 S I(ss +2)I'(~2) C(s1 — 2)Cur2(s2, 3 + 25 54) dz,

27 (M) I'(s3)
because Res,—s,—1((s1 —2) = —1 and
F(S3 + k) —S3
BT Res (—2) = — .
P Rerea =)

Since M can be taken arbitrarily large, (5.15) implies the meromorphic
continuation of H (s, s2, 83, 54) to C1.
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Fix (s1, 52, 53, 54) € C*. In the above list of singularities of the integrand
of (5.12), only the family sy + s4 = 1 — 1 (I € Np) is independent of z.
Therefore, by choosing M sufficiently large, we may assume that the integral
term on the right-hand side of (5.15) is holomorphic, except on sa+s4 = 1—1
(I € Np), around the fixed (s1, S2, S3, 54). Also we see that the singularities
of the first term on the right-hand side of (5.15) are determined by s1 +s3 =
1—1,81 =141, s9+84 = 1—1, s1+83+54 = 2—1, s1+52+s3+s4 = 3 (I € Np),
and those of the second term are determined by s1 =1+k, so+s4=1—1,
ss+sa=1—(k+1),s0+s3+s4=2—-k (0<k<M-—1;1¢€N). Using
the symmetry

(5.16) H(82,81,84,$3) :H(81,82,83,S4),

we see that s1 = 141 is not a singularity of H(s1, s2, s3, s4) because so = 141
is not. On the other hand,

(5.17) CMT,Q(Sla —l; 82) ;7é 0 (l € No),
because
& l
n
(5.18) Cura(l+2,—1;1+2) = mznzl o T 0,

which is absolutely convergent. Hence, from (5.17), we see that s;+s3 = 1—1
is not cancelled by the factor of (yr2 in the first term on the right-hand
side of (5.15). Hence (5.5) and (5.8)—(5.10) determine true singularities be-
cause these equations come from only one term on the right-hand side of
(5.15). The singularities s3 + s4 = 1 — [ come from the terms corresponding
to 0 < k < [ in the sum part on the right-hand side of (5.15); but these
are not cancelled, because the residues coming from different terms have
different order with respect to s3. Hence (5.7) also gives true singularities.
Furthermore, combining (5.16) with the fact that (5.5) determines true sin-
gularities as mentioned above, we conclude that (5.6) also determines true
singularities. This completes the proof of Lemma 5.1.

REMARK 5.2. From [9, Theorem 3.5], the singularities of H(s1, s2, s3, S4)
= Coi(4) (51,0, 52, 83, 84,0) are given by (5.5)—(5.10) and
(5.19) sS1+s83+s3+s4=2-1 (lENQ),
though (5.19) does not appear in Lemma 5.1. In fact, we can check that
(5.19) does not determine singularities of H(si, s2, s3,s4) as follows. The

possible singularity (5.19) comes from [9, (3.43)], the singularities of (g4,
which come from

g _ I'(s3+s5+s6+n—1)["(1—s3—55—n)
b T'(s)

X Cur2(s1, 52 —n; 83 + 54+ 55+ 56 +n — 1)
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corresponding to s; + (s3+ sS4+ 55 +s¢ +n—1) =1 —1 (I € Ny). These are
indeed true singularities of (gy4) (51, 52, 83, 54, 85, 56). However, in the above
argument, we consider the case (s2, s¢) = (0,0). Hence these singularities are
cancelled by I'(s¢) as sg — 0. Thus (5.19) does not determine singularities
of H(s1,82,83,84).

From Lemma 5.1, we now deduce Theorem 4.2, that is, determine the
true singularities of G(s1, s2, $3,54).

Proof of Theorem 4.2. The meromorphic continuation of G comes
from that of H and of ((s). From Lemma 5.1, the true singularities of
H(s1, 84, 83, s2) are determined by s1+s3 = 1—1, sa+s4 = 1—1, so+s3 = 1—1,
S1+s2+s3=2—1,80+s3+s4=2—1and s1+s2+s3+s4 =3 (I € Ny), and
those of H(s3, s2,51,54) are determined by s1 +s3=1—1, so +s4 =1 —1,
s1+84 =1—1,81+83+s4 =2—1,81+52+s4 =2—1 and s;+S2+53+54 = 3.
Furthermore, those of ((s1+ s3)((s2+ s4) are determined by 1+ s3 = 1 and
s9+s4 = 1. Hence we only have to check that s1+s3=1—1, s94+s4=1—1
and s; + S92 + s3 + s4 = 3 determine true singularities.

Using the relation G(sq, $2, $3,84) = G(s2, $1, 83, 84) = G(s1, 2, S4, S3)
and the fact that s; + s4 = 1 — [ determines true singularities as mentioned
above, we conclude that s; +s3 =1 —1[ and sy + s4 = 1 — [ also determine
true singularities.

On the other hand, this kind of argument using symmetry is not enough
to prove that s; + so 4+ s3 + s4 = 3 determines true singularities. Hence we
have to give a more detailed justification. From [5, (5.3)], we have

(5.20)  Cumr2(s1,82;83)
B F(82+$3—1)F(1_32)
o F(Sg)

C(s1+s2+s3—1)

M—-1
DY (7)1 #0162 = )

1 S (s34 2)I(—2) C(s1 + 834 2)C(s2 — 2) dz.

I'(s3)

2T
(M—¢)

Therefore the singular part of (a7 2(s2,s1 + s3 — 1;s4) corresponding to
s1 + s2 + s3 + s4 = 3 comes from ((s1 + s2 + s3 + s4 — 2). Hence the
corresponding singular part of H(sq, S4, $3, S2) is
I(si4+s3—1)I'(1—s1) I'(s1 +s2+s3—2)['(2—s1 — 53)
I'(s3) I'(s2)
XC(81+82+83+S4—2).

(5.21)
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Similarly, the corresponding singular part of H(ss, s2,$1,84) is
I'(si+s3—1)I"(1 —s3) I'(s1+s3+s4—2)(2— 51— s3)
I'(s1) I'(s4)
X ((s1+ s2+ s3+ 54— 2).
Therefore the corresponding singular part of G(s1, s2, $3, 84) is
(65.23)  I'(s1+s3—1)I"(2— 51— s3)(s1+ 52+ 3+ 54 — 2)
y {F(l—sl)F(sl+52+53—2) N F(1—33)F(51+53—|—54—2)}
I'(s2)I'(s3) I'(s1)I'(s4) '
If we substitute s4 = 3 — s1 — s9 — s3 into the part in the curly parentheses
in (5.23), we find that it is equal to
I'(1—s1)I(s1+ s2+ s3 —2) I'(1—s3)I'(1 —s9)
I'(s9)I(s3) I'(s1)I'(3—s1 —s2 —s3)
We can check that this quantity is # 0, by letting Ss; — oo, or by ob-
serving the value at (si,s2,s3) with ss = s3 = 1/2 and s; — 1. Thus

$1 4+ S2 + 83+ s4 = 3 determines true singularities. This completes the proof
of Theorem 4.2. (We will give another expression for (5.23) in Remark 6.3.)

(5.22)

REMARK 5.3. In the proof of Theorem 4.2, we concluded that s; + s3 =
1 —1 (I € Ng) gives true singularities by the argument using symmetry of
indices and the fact that s; + s4 = 1 — [ determines a true singularity. On
the other hand, we can prove this fact directly as follows.

Singularities determined by s1 + s3 =1 —1 (I € Ny) come from I'(s1 +
s3 — 1) in the second term on the right-hand side of (5.12). Suppose [ € N.
Then the corresponding singular part of G(sy, s2, 3, 54) is

(5.24)  I'(s1+s3— 1){F(F1(8_3)81) CmT,2(84,81 + 83 — 15 82)
+ F(;(;)SB) Cur2(s2,51 + 83 — 1 34)}-

If we substitute s3 = 1 — s; — [ into the part in the curly parentheses, we
obtain

(5.25) [1=s) ] Cur2(54, =15 82) + AORD)

ATl I
Ta—s -1 T Cur2(82, =15 84)
=si(s1+1)---(s1+1-1)
< {Cur2(sa, —lys2) + (=1)!Cura(s2, —l;s4)} £ 0.
In fact, if [ is even, then by putting so = s4 = [ + 2 and using (5.18), we see

that (5.25) holds. If [ is odd, then by putting s =1+ 2 and s4 =1+ 3 we
have

CMT,Q(Z+3; —l;l+2)—CMT72<l+2, —l;l+3) = CMT72(Z+3,—Z—1;Z+3) > 0,
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hence (5.25) holds. This implies that s; + s3 =1 —1[ (I € N) determine true
singularities.

Suppose | = 0. Then the corresponding singular part of G(s1, s2, s3,54)
is (5.20) plus ((s1 + s3)((s2 + s4), which can be written as

(5.26) (%13_1{«32 + s4) + F(;(;g)sl) Cur2(s4, 51+ s3 — 15 82)
w CuT,2(52,51 + 53 — 1;54)} + O(1).

If we substitute s3 = 1 — s7 into the part in the curly parentheses, we obtain

C(s2 4+ s4) + Cur2(s2, 05 54) + Curr,2(84, 05 52) = ((s2)¢(s4) # 0.

This implies that s; 4+ s3 = 1 determines true singularities.

6. True singularities of (y/7, and some remarks. In this section,
we consider further applications of the method used in Section 5.

First we determine the true singularities of (a7, (s1,.. ., Sr; Sp41). Ac-
tually, in [8, Theorem 1], the first-named author showed that (yr-(s1, ...,
Sr; 8r4+1) can be continued meromorphically to C"*! and gave the list ((6.1)
below) of the possible singularities. By combining this method with our
present method, we can determine the true singularities of (a7, as follows.
Note that the case r = 3 of this theorem coincides with Theorem 4.1.

THEOREM 6.1. The function Cyrrr(S1,-..,8r;8r41) can be continued
meromorphically to C't1 and its singularities lie on the subsets of C™+!
given by one of the following equations:

((Sj_1)+sr+1:—l (1SJST,ZENO),
(5, = D4 (85, = D451 =1 (1<j1<jo<r €N,

(s —D4sp=—1 (1<j < <jra <rleNy),

v=1
S|4t S =,

all points of which are true singularities.

Proof. We will prove this theorem by induction on r > 1.

In the case r = 1, we see that (yr1(s1552) = ((s1 + s2). Hence only
s1 + s = 1 determines singularities of (p7,1(s1;52). Thus we have the
assertion. Actually the case r = 2 has also been proved in [5, Theorem 1].

Assume that the assertion holds for » — 1 (r > 1), and consider the case
of r. From [8, (3.2)], we have
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(6-2) CMT,T(517 ) 57"+1)
I'(s, +s —-1I'(1-s
= (s T;:l(s 1)) ( r) Curr—1(81,. .0 Sr—158r + Spp1 — 1)
r+
M—1 s
—Sp+41
£ 3 (T e aCor s + R b
k=0
1 I'(s +2)['(—2
i S ( T?(S )) (=) CMT,T—1<317 oy 8r215 8pp1 + 2)C (80 — 2) dz,
(M—a) r+1

where M (€ N) is sufficiently large and ¢ (€ Ry) is sufficiently small. Since
M can be taken arbitrarily large, (6.2) implies the meromorphic continuation
of ¢yt (81,- -+, 8r;8r41) to C"L, by the assumption of induction.

Now, by induction, we take M so large that the right-hand side of (6.2)
is holomorphic on a certain neighbourhood of (s1,...,$,4+1). Then, by the
assumption again, the singularities of the first term on the right-hand side
of (6.2) are determined by

(6.3) > (sj =D+ (sr+ 81— 1) =—1 (I€N),
JjeJ
r—1

(6.4) D (sj = 1)+ (s + 8001 — 1) =0,
j=1

(6.5) Sp+ Sp41 = 1—-1 (l S No),

(6.6) sp=141 (I €Np),

where J (# ()) runs over all proper subsets of {1, ...,r—1}. Similarly, the sin-
gularities of the second term on the right-hand side of (6.2) are determined
by

(6.7) D (sj =1+ (s + k) =—1 (k1 €N,
Jj€J
r—1

(6.8) D (i =D+ (sp1+k) =0 (k€N
j=1

(6.9) s,—k=1 (keNy)

for J as above.

First we claim that (6.6), that is, (6.9), is not a singularity of (y/r,. In
fact, since s; = 141 (I € Np) is not singular because r > 1, we see from the
symmetry of indices

T, (81, 805 Sr41) = CUTr(Sry 15+, Sp—15 Sp41)
that s, = 141 (I € Np) is not singular either. Note that this fact has already
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been obtained from [8, (3.3)], by checking the cancellation directly. However,
the above argument is much simpler than that in [8].

Next we claim that (6.3)—(6.5) determine true singularities of (a7 In
fact, these come from only the first term on the right-hand side of (6.2).
Furthermore, (6.3) and (6.4) are not cancelled by the Gamma factors, hence
determine true singularities. On the other hand, we need to check whether
(6.5) is cancelled by the factor of (yrrr—1 or not. For this, we claim that

(610) CMT,T(Slw"aST‘;_l) 7_é0
for [ € Ny. Actually, this comes from

Curr(l+2,..,0+2;=1) =

oo
Z (m1+"'+m7“)l
T2 1+2
my,...,mpr=1 my my

il
= Y ————C+2=k) (42— k) >0
kyl-- k!
k1,....kr€No
ki+-+kr=l
by an argument similar to the deduction of (5.17) from (5.18). From these
facts, we see that (6.5) is not cancelled with the factor of (yr,—1, hence
(6.5) determines true singularities.
Lastly we consider (6.7) and (6.8). In fact, from the symmetry of indices
and by the fact that (6.3) determines true singularities, we see that (6.7) and
(6.8) also determine true singularities. Thus, from the above considerations,

the assertion holds for r, completing the proof of Theorem 6.1.

REMARK 6.2. Here we give an alternative proof of (6.10) by induction
on r € N. In the case r = 1, it is obvious. Hence we assume that (6.10) holds
for r—1 (r > 1), and prove it for r. Put s, = —l in (6.2). Then the first and
third terms on the right-hand side of (6.2) vanish because of the Gamma
factor. Therefore

(611) CMT,?"(sl? R —Z)

= Z < )CMTr sty 13 k= DC(sr — k).

We see that as a set of meromorphlc functions, {((s—k) | k € Np} is linearly
independent over C. In fact, we only have to consider each pole of ((s — k)
(k € Np). From the assumption of induction, we have

(6.12) Curr—1(815--+,Sr—1;—1) #0

for some (s1,...,s,-1) € C"~1. If we regard (6.11) as a linear relation for
functions of s,, then (6.12) implies that the coefficient of ((s,) does not
vanish. Hence (pr7r(s1,. .., 875 —1) # 0, proving the assertion.
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REMARK 6.3. Since (6.4) is not cancelled by the Gamma factor, we can
prove that the singular part of (a7 (51, .., Sp; Sp41) corresponding to (6.4)
can be written as

I(1—s1)--I(1—s)

(6.13) (s14 -+ 81 — 1) (8r41)

+0(1)

as sy + -+ + Sp4+1 — r, by induction on 7. In fact, for r = 1, (6.13) is

F(l — 81) o 1
(6‘14) (81 + S9 — 1)F(82) * O(l) - s1+s2—1 * O(l)’

which coincides with the singular part of (ayrr1(s1;52) (= ((s1 + s2)) cor-
responding to s; + s — 1. Hence we have the assertion for » = 1. Assume
that the case of r — 1 holds. Then the singular part of a7 r—1(51,. .., Sr—1;
Sy + $p41 — 1) corresponding to (6.4) is

Irl—sy)---I'(1—s7-1)
(31+--'+87-+1_T)F(ST+ST+1_1)

(6.15) +0(1).

By substituting (6.15) into (6.2), we immediately obtain the assertion in the
case of r.

Applying (6.13) with » = 2 to (5.15) shows that (5.21) can be written as
F(81+S3—1)F(1—81) F(1—84)F(2—81—33)

(6.16) T'(s3) (514 52+ 53 + 51— 3)T(52) +0(1)
_ _F(l —51)I'(1 — s2)I"(1 — s3) (1 — s4) sin(wsz)sin(mss)
= S1+ 82+ 53+ 54— 3 wsin(n(s1 + 53)) +0(1),

because I'(z)I'(1 — z) = w/sin(wz). Similarly, (5.22) can be written as

I'(1—s1)I'(1 — s2)I"(1 — s3)I'(1 — s4) sin(wsy)sin(mwsy)
S1+ 89+ 83+ 84— 3 msin(m(s1 + s3))

(6.17) +0(1).

Since it can be elementarily shown that
sin(7sy) sin(mwsy) 4 sin(wsy) sin(wsz) — sin(w(s1 + s2)) sin(w(s1 + s3))
= {sin(mwsy) — sin(mw(s1 + s2 + s3)) } sin(7sq),
we have
(6.18)  sin(msy)sin(mss) + sin(mwsa) sin(wss)
= sin(m(s1 + s2)) sin(mw(s1 + s3)) + O(s1 + s2 + s3 + s4 — 3).

Using (6.18), we see that (5.23), that is, the singular part of G(s1, s2, s3, S4)
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corresponding to (5.10), can be obtained as (6.16) plus (6.17), i.e
I(1—s1)I'(1—s2)'(1 —s3)(1 — s4)
- 51+ 82+ 83+54—3
sin(msg) sin(ms3) + sin(msy) sin(msy)
msin(m(sy + s3))
_ (1 —51)I'(1 — s9)I'(1 — 83)I'(1 — s4) sin(m(s1 + s2)) +0(1),
S1+S2+83+54—3 ™
From this expression it is obvious that (6.19), that is, (5.23), is indeed sin-
gular at s; + so + 83 + 54 = 3.

(6.19)

We conclude this paper with a comment on the Witten multiple zeta-
function (5.4) associated with s[(4). From (5.4), we see that

(6.20) Coi(4) (81, 82, 83, 84, 85, 86) = Cai(4)(83, 52, 51, 55, 54, 56).-

In [9, Section 4], it was shown that true singularities of Cal(4) (51, 82, 83, 84,

S5, S¢) satisfy one of the equations

(6.21) S1+84+s¢=1-1 (I € Nyp),
(6.22) So+84+85+s6=1—-1 (I € Np),
(6.23) s3+s5+s¢=1—1 (I € Nyp),
(6.24) s1t+s2t+ss+s5+ss=2—1 (I €Ny,
(6.25) S1+s3+ss+ss+se=2—-1 (l€Ny),
(6.26) sao+83+s4+s5+ss=2—1 (I €Np),

(6.27) S§1+ So 4 S3 + 84+ S5+ sg = 3.

Using (6.20), we see that (6.23) and (6.26) determine true singularities,
because (6.21) and (6.24) do. This argument for (6.23) and (6.26) is much
simpler than the original method in [9]. Hence we can see that this kind of
argument using symmetry is convenient for checking whether singularities
are true or not. On the other hand, the method used in the latter part of the
proof of Theorem 4.2 and in Remarks 5.3 and 6.3 is convenient for getting
explicit information about singularities. Therefore it seems that we should
use these two methods, depending on the case by case.
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