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Divisibility properties of Smith matrices
by

SHAOFANG HONG, JIANRONG ZHAO and YOUZHAN YIN (Chengdu)

1. Introduction. For any integers x and y, we denote by (x,y) (resp.
[, y]) the greatest common divisor (resp. least common multiple) of z and y.
Let e > 1 be an integer and S = {z1,...,2z,} be a set of n distinct positive
integers. The n X n matrix

(5%) = (i, z5)°),
having the eth power (z;, z;)¢ as its (4, j)-entry, is called the eth power GCD
matriz on S. The n X n matrix
[5°) = ([, z5]°),

having the eth power [z;, z;]¢ as its (i, j)-entry, is called the eth power LCM
matriz on S. These are simply called the GCD matrix and LCM matrix
respectively if e = 1. The set S is said to be factor closed (FC) if it contains
every divisor of x for any = € S. The set S is said to be gcd-closed if
for all ¢ and j, (x;,2;) is in S. Evidently, an FC set is gcd-closed but not
conversely. A famous theorem of Smith [29] states that the determinant
of the matrix [(i,7)¢] equals [[p_; Je(k), where J. is the Jordan totient
function (i.e. Je(z) = 2°]],,(1 — 1/p°) for any positive integer z). Smith
also gave a formula for the determinant of the power LCM matrix ([¢, j]¢).
Since then many generalizations of Smith’s results have been published; see,
for example, [1-4, 7, 8, 12, 14, 19, 27, 28]. Later on power GCD matrices
and power LCM matrices are called Smith matrices. It is known that the
power GCD matrix on any set is nonsingular, but an LCM matrix may
be singular. There are some papers ([6, 13, 17-19, 23, 24]) studying the
nonsingularity of power LCM matrices; also, several authors (see [21, 22,
26, 30]) considered the eigenstructure of power GCD matrices and reciprocal
power LCM matrices.
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Divisibility is another central topic in the field of Smith matrices. Bourque
and Ligh [5] showed that if S is FC, then (S¢)|[S€] in the ring M, (Z) of
n x n matrices over the integers. That is, there is an M € M,(Z) such
that [S¢] = (S¢)M, or equivalently, (5¢)~1[S¢] € M, (Z). Hong [16] proved
that such factorization holds when S is either a divisor chain or multiple
closed (namely, y € S if x|y |lem(S) for all x € S, where lem(S) means the
least common multiple of all the elements of S). But such factorization is
no longer true if S is ged-closed [15]. For z,y € S and = < y, if |y and
the conditions x|z |y and z € S imply that z € {z,y}, then we say that
x is a greatest-type divisor of y in S, and we also say that y is a least-type
multiple of  in S. For x € S, we denote by Gg(x) and Lg(x) the set of all
greatest-type divisors of x in S and the set of all least-type multiples of z
in S respectively. It follows from [15] that there is a ged-closed set S with
max,es{|Gs(x)|} = 2 such that (S)~![S] &€ M,,(Z). However, it is not clear
whether there is a ged-closed set S with max,es{|Gs(z)|} = 1 such that
(S)~Y[S] € M,(Z). Hong believed that the answer to this question should
be negative. Actually, Hong [19] proposed the following conjectures.

CONJECTURE 1.1 ([19]). Let S be ged-closed and max,ecs{|Gs(x)|} = 1.
Then the GCD matrix ((z;, x;)) on S divides the LCM matrix ([z;, z;]) on S
in M, (Z).

CONJECTURE 1.2 ([19]). Let S be lem-closed and maxzes{|Ls(x)|} = 1.
Then the GCD matrix ((z;, x;)) on S divides the LCM matrix ([z;, z;]) on S
in M,(Z).

By [16] we know that Conjectures 1.1 and 1.2 are true when S is a di-
visor chain. Feng, Tan and Zheng [10] showed that Conjecture 1.1 holds
if S consists of two relatively prime divisor chains. In this paper, we in-
troduce a new method to investigate the above conjectures. We first show
several theorems on the structure and properties of ged-closed sets S with
max,es{|Gs(x)|} = 1. Using these we then construct an integer matrix
which equals the product (S¢)~1[S¢]; see Theorem 2.5 below. This in par-
ticular implies Conjecture 1.1 is true. Next, we establish a result for the
lem-closed case which confirms Conjecture 1.2. Finally, we make some re-
marks on the finite arithmetic progression case and raise an open problem.

For any permutation o on {1,...,n}, define S, = {z51),;To(n)}-
Then one can easily check that (S¢)~1[S¢] = P!(S¢)~1[S¢] P, where P is the
n X n permutation matrix whose ith row equals

0,...,0,_1 ,0,...,0) (1<i<n).
o(7)
It follows that (S€)71[S¢] € M,(Z) < (SS)7L[S¢] € M, (Z). So for divis-
ibility purposes, we can rearrange the elements of S in case of necessity.
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Throughout the paper, for any finite sets T and @) of integers, we denote by
|T'| and max(7T) the cardinality of 7" and the maximal element of T" respec-
tively, and define (7, Q) := (max(7T"), max(Q®)). Then (z,T) = (z,max(T))
for any integer x.

2. The gcd-closed case. First we prove three results on the structure
of certain gcd-closed sets.

LEMMA 2.1. Letn > 2 and 1 < --- < op. If maxzes{|Gs(z)|} =1 and
xi|xy for all 1 <i<mn, then x| - |Tp_1]|Tn.

Proof. We use induction on n. If n = 2, then the result is obvious, so let
n > 3.

Assume that the assertion is true for n — 1. Now consider the case of n.
Let S’ = {z1,...,24—1}. Then z,_1|x, by assumption. Hence x,_1 is a
greatest-type divisor of x,, in S.

We claim that x|z, for all 1 < j < n — 2. Indeed, otherwise there
exists a j, 1 < j <n — 2, such that x; { z,—1. Let J be the set of all such j
and put jo := max{j : j € J}. Then z;, is another greatest-type divisor of
Zn in S. This means that |Gg(z,)| > 2, a contradiction.

By the claim we know that max,cs {|Gg/(x)|} > 1. Since, on the other
hand, maxgzes{|Gs(x)|} = 1, we deduce that max,cs/{|Gs(z)|} = 1. It
follows from the claim and induction hypothesis that for the set S’, we have
x|+ |Tp—1. So x| -+ |z, as required. m

Let S be ged-closed and maxgzes{|Gs(x)|} = 1. Then by Lemma 2.1, we
can rearrange S into “composite divisor chains” using the following iterative
rule:

STEP 1. Pick the biggest element of S and consider the set of all its
divisors in S, denoted by X1 = {x11,...,%1,4, }, where a; = |X;|. By Lemma
2.1, these numbers form a divisor chain.

STEP 2. If X7 = S, we are done. If X7 # S, then Step 1 applied to
S\ X gives us another divisor chain, denoted by Xo = {z21,...,%24,},
where ag = | Xs|. If X1UXy = S, we are done. If X;UX5 # S, then by Step 1
applied to S\ (X1 U X2), we get a new divisor chain X3. Since S is finite, by
repeating Step 1 a finite number of times, we can classify S into £ disjoint
divisor chains X1,..., Xy, i.e., S =[], <, Xi, where X; = {z1,...,%iq},
a; = |Xz’7 Til < < Tjq,-

Note that zj1 | - -+ |@jq, for 1 <i < k.Let A:= {a1,a1+az,...,a1+---+
ap}and ag =0.For 1 <i < kand1 <j < a;, define yoyta,+ta; 1+j = Tij-
Now we rearrange the elements of S, and in Lemmas 2.2-2.4 and Theorem
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2.5(1) below, we always let

(1) S= 11 Xi=A{v1,--,vn}
1<i<k

with y; = 1. Obviously y, f yp if 1 < b < a <n.If k=1, then S = X is
a divisor chain. By [16], we have (S¢)|[S¢]. In what follows we let k > 2.
Define T; := {(X;,X;) : 1 < j <i} for 2 <i < k. Foranyy, € § (1<
s < n), define ny := [{2 < i < k : max(T;) = ys}|. Clearly ny = 0 if
ys # max(T;) for all 2 < ¢ < k. In particular, ny, = 0 if s € A and thus
D em1Ms = Dgga s =k — 1. We have the following results.

LEMMA 2.2.

(i) For any integer 2 < i < k, T; is a divisor chain.
(ii) For 1 < a <k, if max(Ty) € Xy, then (X, Xp) = max(Ty).

Proof. Since (X;, X;) | max(X;) for all integers j > 1, by Lemma 2.1 we
can easily see that T is a divisor chain, proving (i). Clearly max(7,) | (X4, X5)
since max(Ty) € X;p. But T, is a divisor chain. So (X,, X}) | max(7},) and
hence (X, Xp) = max(7,). This proves (ii). =

LEMMA 2.3. Let 1 <l #m <k, y: € Xpn, Yo € X; and yg € S.

(1) If yatye and yo |ys, then (Ya,y:) = (Y3, yt)-
(11) If (leyt) g Xl; then (Xlayt) = (ﬂ7yt)
(i) If ye { Yar Yot ye and (Yo, yt) = Yo, then ny, # 0.

Proof. (i) Let (Yo, ) = a € S and (yg,y:) = b € S. Clearly y, |ys and
alb|ys. Since maxzes{|Gs(z)|} = 1, Lemma 2.1 applied to {b, ya,ys} tells
us that either b|yq [y or Yo |b|ys. If Yo |b = (ys,yt), then y, |y, contrary
to assumption. So we must have b |y, and b|a. Hence (yo,y:t) = (y3,yt) as
required.

(ii) Let (X7, yt) = yp ¢ X; and max(7;) € Xy for some positive integers
t' <nand ! <. Then yy € X;» for some positive integer I < . We then
derive that yy | (X, X;) | max(7;) | max(X;). By Lemma 2.2 we have

(T0, ye) = (Xi, Xur)s ye) = ((Xiy 9e), X)) = (v, X)) =y = (X, ).

(iii) Without loss of generality, we may let [ < m. It suffices to show that
Y, = max(T;) for some 2 <i < k. Let y,, € X,. Then r <[ < m. Obviously
Yo 1 max(X;) for 1 <i <r —1 and y, | max(X,) as well as y,, | max(X,,).
Thus we can define a nonempty index set {q1,...,qn} = {r+1<¢<k:
Yo | max(Xy)}. Clearly m € {q1,...,qn}.

We claim that there exists some 1 < j < h such that (X, X;)=y..
Since ya t y: and y; f max(X;), we have Yo, = (Ya, ) = (Xi, 4t) = (Xi, Xim)
by (i). So if » = [, the claim is true. If » < [, then I € {qi,...,qn}.

Evidently y. | (Xg;, X;) | max(X;) for all 1 < j < h. By Lemma 2.1 we
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know that {(Xg,X;),..., (X, X;)} is a divisor chain. Assume that the
claim is not true. Then (X,;, X;) > y, for all 1 < j < h. So (X, Xy) >
(X1, X,), (Xpm, X,)) = min((X7, X,), (Xm, X)) > 4. This is absurd. The
claim is proved.

Now let i be the smallest » + 1 < ¢; < k such that (Xq].,XT) = Yo
It remains to show that y, = max(7;). Since y, = (X;, X,), we have
Yo | max(7T;). Let max(7;) € X, for some 1 < v <i— 1. Then y, | max(X,)
and so v € {r,q1,...,qr}. By Lemma 2.2 we have (X;, X,,) = max(T;). Let
(Xv, X;) = yur. Suppose that max(7;) > y,,. Then X, # X, and so y,» > yu
by the minimality of i. Since y,s | max(X,) and max(7;)| max(X,), by
Lemma 2.1 we have either y,, | max(7;) | max(X,) or max(7;) |y, | max(X,).
From this we deduce that y, = (X;, X,) > (X5, Xv), (X, Xu)) = (T, yor) =
min(max(7;), Y.’) > Yu, which is impossible. Thus max(7;) = v, as de-
sired. m

For any s € A, we can define a unique integer 1 < [(s) < k such that
Ys = Yar+taye = max(Xj)). In the rest of this section, for any given
1 <t<mlety € Xypy and yp = max(Xyyy) for 1 < I(#') < k. Then
t' e A

LEMMA 2.4. Let Ay := {s: (ys,yt) & Xy(s), s € A\{t'}} and Az := {s:
(ys,yt) S Xl(s), ENS A\{t/}} Then

(i) fi(t) == Z (s, y)® — (Tys), ye)°) = 0.

s€Aq
(i) falt) =D (Yo tn)" — > (T u) =0.
s€As s€AsU{t'}\{a1}

Proof. (i) If s € Ay, then (ys,y:) & Xj(s)- By Lemma 2.3(ii) we have
(ysayt) = (z}(s)ayt)a and so fl = 0.

(ii) If ¢/ = ay, then clearly As = (). Hence fo = 0 as required. Let now
t' # ay. Consider the following two cases:

CaAse 1: t € A. Then ¢t = t'. Since (X1,y:) € X1, we can define a
nonempty index set {t1,...,¢.} = {1 < i < k : (X;,y:) € X;}, where
1=t < - <t =1(2).

We assert that (y;, X¢, ;) = max(T3;) € Xy, , forall 1 < j < r. Let
(ye, X4,;) = Yr € Xi; for 1 < j < r. Clearly there exists a unique 1 <
b(j) < t; such that max(7T};) € Xj(;). By Lemmas 2.2 and 2.3(i), we have
(e, Xoig)) = (Xty, X)) = max(Ty;) € X5 Then (ypr, Xoj) [ (42, Xo(5)) |
max (X)) and so (yi, Xp(j)) € Xp(j). Therefore Xp;y € {Xey, ..., Xy}
Since Y, lys and (y¢, X¢;_,) = 7 | ¢, by Lemma 2.1 we have Y, |yt9 | Y.
Then Yo, = (yt;-’yt;,l) | (Xi;, Xy;_,) | max(T;) | max(Xy;). Since Yr_, €
X; we have max(T,) € Xy,_,. Clearly Y t Xi,;_, for all 1 <j <r. Then

j—17
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(ye, Xt,_,) = (ytgath71) = (Xy;, Xy;_,) = max(Ty;) by Lemmas 2.3(i) and
2.2. The assertion is proved.

For each s € Ay, we can find a unique 1 < j < r such that ys; € Xy,.
Note that max(7Ty;) |y for all 1 < j < r. Therefore

Ja = Z (th7yt)e - Z (Tt]‘ﬂyt)e

1<j<r 1<j<r
— € € _
= E max (T3, ;)¢ — g max(73,)¢ = 0.
1<j<r 1<j<r

CASE 2: t € A. 1Ifl(s) € Ag, then I(s) < I(t') and v { ys. Then (ys,y:) =
(ys, yer) by Lemma 2.3(i). Since y; { ys and y; f max(7j,)), by Lemma 2.3(i)
we have (Tj(s),yt) = (Ty(s), yer) for all I(s) < I(t'). Then

fo = Z (Yss ypr)© — Z (Ti(s), o) = 0.

s€A2 s€AU{t' \{a1}

Let All = {S : (%vyt’) ¢ Xl(s)7 s € A\{t,}} and A,Q = {S : (ysvyt’) S
Xy(s), s € A\{t'}}. It is easy to see that A} = Ay and A) = A,. If we replace
Ay by A, and ¢ by t/, Case 1 gives fo =0. =

DEFINITION. Define a matrix C := (cs) € M, (Z), where

yi
(ys, yt)e
and Jg is defined by: g1 = 1if s € A;—ngif s A, §iy =1 —ng if t > 1,
and for s,t > 1,

Cst = st

—1—ng, s=t,
1, s € A\{t},
5St = \{ } 5St = 17 s € A,
~~ ns, otherwise, ~— .
iftcA if tg A —Ng, otherwise.

Now we state the first main result of this paper as follows.
THEOREM 2.5.

(i) Let S be a gcd-closed set such that maxzes{|Gs(x)|} = 1. Then
(S€)71[S¢] = C, where C € M, (Z) is defined as above. In particu-
lar, Conjecture 1.1 holds.

(ii) For each integer r > 2, there exists a gcd-closed set S such that
maxzes{|Gs(z)|} = r and the power GCD matriz (S¢) on S does
not divide the power LCM matriz [S¢] on S in My(Z).

Proof. (i) First note that Sis asin (1). Then S ={yi,...,yn} withy; = 1.
In what follows we show [S¢] = (S)C, i.e. [Ym, Y] = D uq(Ym,Ys) Cst for
all 1 <m,t <n. Let Y € Xj(myy and ypy = max(Xj(,) for 1 <I(m') <k
and m’ € A. Let (ym,yt) = Yu € Xy and yy = max(X;(,). Consider the
following three cases:
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CASE 1: t = 1. We have

n

> Wmys)ea =Y Wms¥s) =D ns(Ym, Ys)© = Y + A,
s=1 s€A sEA
where
A = Z (ym,ys)e - Z (ym,ﬂ(s))e‘
s€A\{m/'} s€A\{a1}

Clearly A = fi(m) + fa(m) = 0 by Lemma 2.4. Thus > .| (Ym, Ys)Cs1 =
y7en = [ywwyl]e-
CASE 2:t € A. We have

n

> Wmoys) st = (Yms y1) Y5 (1= 11) + (Yms y0)*(—11)

s=1
ym,ys s (Y Ys) Y§
* Z (y yt) Z (Vs> Y1 )¢
seA\{t} 8 s@A, s#£1 8
(Ym> Y Ns(Ym» Ys ) Y§
AP v e e RS
SGA\{L‘} ys;?Jt S€A Ys, Yt

since ny = 0 for t € A, where
(ymvys)e (Tl(s)7ym)e
ne 3 Umnr sy oy
SEA\{t} (ysvyt) seA\{a1} (E(s)uyt)

Let A; and As be as in Lemma 2.4, and let {t1,...,t.} be as in the proof
of Lemma 2.4. Consider the following two subcases.

SUBCASE 2-1: y, | y. Since [Ym, yt] = yt, it suffices to show g; = 0. We
have

o= (3 el 5 Gl )

sed, (ys,yt) sEA; (ﬂ(s)vyt

(Yss ym)© (Tl(s)vym)e
" < 2 e o (szyt))

sE€A; (Y, 1) s€AsU{tP\{a1}
=S <(ys,ym)6 B (Tl(s)’yM)e>+< > (Xt ym) > (thvym)e>
eyl (s, y0)¢ (Tys), ye)® S (Xt;,u1)° 1 Sjer (T, ye)®
_ Z((ys,ym)e B (Tl(s)uym)e> s ((thl,ym)e B (th,ym)e>
A\ sy (Dipv)e ) (52, N Xom)® (T, 90)°
=: hy + hs.

If s € Ay, then (y¢,ys) & Xi(s)- Since (Ym, ys) | (Yt, ys) we have (ym,ys) &
Xj(s)- From Lemma 2.3(ii), we deduce (ys,ym) = (Tj(s), Ym) and (ys,yt) =
(Ty(s)> yt)- So hy = 0.
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We now show hy = 0. We have proved in Lemma 2.4 that (y;, X;, ;) =
max(Ty;) € Xy;_, for all 1 < j < r. Let first m' = ay, ie. y, € X1. For
2 < j < r, we have max(T},) { ym. Then by Lemma 2.3(i), (T;,ym) =
(th—lvym)‘ Let j = 2. Then yp, ’ (ytaym’) = ma‘X(th) € Xi and so (Ttw ym)
= Ym = (X1,Ym). Thus he = 0. Let now m’ # ay. Since Y | (Yt, Ym') | Y
and Ym, Y/ € Xy(mr), We have (Yp, yt) € Xjmry, which implies that I(m') €
{t1,...,t}. Write [(m') = t;, for some 1 < jo < r. Since (yi, Xy;_,) =
max(Tt;) € Xy, forall 1 < j < r, we have max(7Ty;) { ym and (X¢;_,, Ym) =
(T3, ym) for all jo 42 < j <r by Lemma 2.3(i). For all 1 < j < jo we have
Ym { max(T3;) and so (X¢, 1, ym) = (X¢,_y,yt) = max(T3;) by Lemma 2.3(i).
Hence (X¢;_1,ym) = (Ti;,ym) for all 1 < j < jo. For j = jo + 1, we have
(Tt 115 Ym) = (Ve Xty )s Ym) = (X4, Ym)- This implies that ho = 0, which
means g; = 0. (Note that

(y 7y8)e (,—Tl S 7yt)8
n= 2 (yty)e_ 2 (T()y)ezo’
seA\ft) TS Im seA\far} U Im
which will be used in Subcase 3-2).

SUBCASE 2-2: yp, 1 y;. Clearly m’ # t. Since (Ym,yt) = yu and yi t ym
for all y,, € S, we have n,, # 0 by Lemma 2.3(iii). So we can find a v € A
such that y,, = max(Tj(,)). Then (Tyw), ym)/(Ti(w), ¥t) = Yu/yu = 1. Since
Yu | (Yt Yu) | Yo, we have (yi, yw) € Xjy and so I(u') € {t1,...,t.}. Let
tj, = l(u') for some 1 < j; < r. By Lemma 2.3(i) and v, { y:, we have
(yma ym’)/(ym/a yt) = ym/(yrm yt)- Then

n
> " Wmoys) st = [Ym wi]® + ¥f 2,
s=1
where

go = Z (ysaym)e _ Z (]jl(s)vym)e.

e e
s€A\{t,;m'} (y87 yt) seA\{a1,v} (E(S)? yt)
In what follows we show that go = 0.

SUBCASE 2-2-1: m' € Ay, i.e. (Y, yt) € Xymsy- Then I(u') # I(t) = t,.
Since ym 1 yi, we have yy = (Ym,yt) = (Y, Y1) € Xl(m/) by Lemma 2.3(i).
Then I[(m') = I(u') = tj,. Since (Y, yt) = max(Ty; ,,), we may let [(v) =

tj,+1. Note that {l(s) : s € A2} = {t1,...,t,—1}. Then

_ (Yss Ym)® _ (TZ(S)’ym)e (Ys, Ym)°
2= Z ( (ysayt>e (Tl(s)?yt)e > " Z (y57yt)e

s€A1L s€Ax\{m'}

Z (E(s)aym)e

sesU (T oy (T Y
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_ (Yss Ym)® B (TZ(S)vym)e (th_uym)e B (thaym>e
a Z < ¢ (Ti(s)> yt)° ) * Z < (Xt;_1,Ut)° (th,yt)e>

e \ (wwr) 1<G<)

Xe ym)® (Tho,ym)©
+ Z <( b=y ) - Ty, ym) ) =: h1 + h3 + hy.
J1+2<5<r (Xeym) (T )¢

For 1 < j < ji — 1, since max(7T;;) € Xy,

(Ym, yt) = max(Ty; ,,), we have
(th717ym) = (th—NthlJrl) = (thfl7yt) = maX(th) = (thvym)

by Lemma 2.3(i). But by Lemmas 2.2 and 2.3(1), (X¢;, 1, ¥Ym) = (Xt;, 1, Ym)

= max(thl) = (thl,ym). Since max(T3;) € X, , and max(7Ty;) { ym for

j1+2 <5 <r, we have (Xy,_,,ym) = (T};,ym) by Lemma 2.3(i). Since

(e, Xt;_,) = max(Ty;) for all 1 < j <r, we have hg = hg = 0.

Now we treat hi. Let first s > m’ > m and s € A;. Then (ys, ym) & Xy(s)
for all s € Ay and 50 (ys,Ym) = (Tj(s), Ym) by Lemma 2.3(ii). Let s < m <
m' and s € Ay. Clearly max (T3, ,,) { max(Xj)) = ys. Then (ys, ym) =
(ys?thﬁl) (y37yt) ¢ Xl (s) by Lemma 23(1) Hence (ysaym) (ﬂ (s)» ym)
by Lemma 2.3(ii). Since (ys,y:) = (Tj(s),y:) for all s € Ay, we have hy = 0.
Thus go = h1 4+ hg + hy = 0.

max (7} t max(Xy;_,) and

j—1? J+1)

SUBCASE 2-2-2: m' € Ay, ie. Yy = (Ym',¥t) € Ximr)- Define an index
set B = {s € A1: (Ym,vs) € Xy }- U (Ym>ve) € Xy, Le. 1(u') = I(t), then
let {my,...,my} = {i:l(t) <1 § k, (Xi, Xymny) € Xi}, where I(t) = t, =
my < -+ < my = I(m'). As in the proof of (y;, Xy, ,) = max(T3,) € Xy,_,
for all 1 < j < 7, we can show (Y, Xm;_,) = max(Ty,,) € Xp,_, for
all 7 < j < w. Then yy = (Y, y) = max(Ty,, ,,). Hence we may let
l(v) = my41. Since {l(s) : s € A1\B} = {my41,...,my} and {l(s) : s €
Ao} ={t1,...,t,—1}, we have

go = Z <(y57ym)e . (TI(S)vym)e> + Z ((th—lvym)e . (Eﬁym)e)
scB (yS)yt)e (Tl(s)v yt)e 1<j<r (thflayt)e (thayt)e
+ Z ((Xm]'_pym)e (ijvym)e

_ =: hs + hg + h~.
(ij,layt)e (ij’yt)e ) 5 6 7

r4+2<j<w

If s € B, we have (ys,y:) = (Ti(s), yt) and (s, ym) = (Ti(s), Ym) by Lemma
2.3(ii). Then hs = 0. Since for all 1 < j < 7, y, t max(T3;) and y, {
max(Xy,_, ), by Lemma 2.3(i) we have (X¢,_,yr) = (X¢;_1, %) = (Xt;_1,Ym)
and (T, yt) = (Tt yu) = (Tt;, Ym). Hence hg = 0. As in the proof of hy = 0,
we can show h7; = 0. Thus go = 0.

If (Ym, yt) & Xiw), then let {mj,,mj, 11,..., My} = {i : l(v') = my, <
i <k, (Xi, Xyomy) € Xi}, where [(u') = myj, < myjp1 <o <y = (M),
Clearly I(u') #t,. Since m', t € A, we have yy, | (Y, Xim;,) = max(Tm;, ) | yur
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and Yy | (Yms, Xy;,) = max(Ty, ) |yw. Then either y, | max(Tm, )|
maX(th1+1) |yu’ O Yy | maX(Tt]‘1+1) | maX(ij1+1) ‘ Y by Lemma 2.1. But

Yu = (ym/vyt) > ((ymlv y;)a (ytayu’)) = (maX(ij1+1) InaX(T‘tJ +1))
Then y,, = min(max (7, ),max(Ty; .,)). So either y, = max(T,

Mjy+1 mj1+1) or
Yyu = max(Tt, ,,). Then we may let I(v) = tj,41 or I[(v) = my,+1. Note that

{i(s) : s € A1\B} = {mj,41,...,my } and {l(s) : s € A2} = {t1,..., t,—1}.
If i(v) = tj+1, then

n= O (Tt o) £ (G- )

Xt Xt
1<j<j1 tjflayt) ji2<j<r tJ,pyt)

X, , € T . e
+ Z <( mj5—1 ym) . ( m; ym) > + h5 = h3 + h4 —|— h8 + h5'
+1<i<w’ (ijfl’yt)e (ijayt)e

As in Subcase 2-2-1, we can prove hg = 0. As in the proof of hg = 0, we can
show hy = hg = 0. Notice that hs = 0. Thus g5 = 0. Similarly, we can show
that if [(v) = mj, 41, then go = 0. Therefore Case 2 is proved.

CAseE 3: t ¢ A. We have

S Wi ) st = 5 (1= 1) = (14 1) (9, ym)©
s=1

+ Z ymays yt o Z ns(ym7ys)eyf

eyl ysayt) SEA £t (ysayt)e

— W — (ym)) + 3 W BV alUm, )0
- sy Ym ‘
SEA (y57yt) sgA (ysayt)e

Consider the following three subcases.
SUBCASE 3-1: Y, | . We have
- e ey e Yss Ym)* (Ty(s)> Ym)©
S e =uf +i( Y Umbnp 3 (ptnl)
—1 seAV(t'} Ys, Yt scA\{a1} I(s)s Yt
=y +y; (b + ho),

where

(ysyym)e (Tl(s)vym)e
oo 3 e )
wam, Wo ) T ey T %)

As in Subcase 2-1, we have h; = 0 since ¢ is independent of t € A. If s € A,
then y; { ys and y; { max(Tj,)). By Lemma 2.3(i), (ys,y:) = (ys,yr) and
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(Ti(s)> yt) = (Ty(s), Yo )- Thus
h9 _ Z (ys,ym)e _ Z (Tl(s)vym)e

sE€EA, (ys’ yt/)e s€AsU{t' F\{a1} (T‘l(s)’ yt/)e

Since t' € A, ho = 0 gives hg = 0.
SUBCASE 3-2: y; | Y. We have

n

Z(yma ys)ecst = yfn -+ yf( Z M _ Z (Tl(s)’ym)e)

s=1 SGA\{m’} (?/57%)6 seA\{al} (Tl(s)ﬂlt)e
= Y + Y1 93-
- sy (Tigs), 90)®
7 Z / (y87ym)e Z (Tl(s)yym)e.
seA\{m'} s€A\{a1}

Since Yt | Ym, h1 + hg = 0 in Subcase 3-1 gives g5 = 0. Then as in Subcase
2-1, g1 = 0 implying g; = 0 tells us that g5 = 0 implies that g3 = 0.

Let

SUBCASE 3-3: Y, 1 y¢ and 4 { Y. Since (y¢, Ym) = Yu, we have n, # 0
by Lemma 2.3(iii). So we also can find a v € A such that y, = max(Tj,))
as in Subcase 2-2. Then

Z(ywnys)ecst = [yma yt]e + yfg4,
h s=1
whnere
(QSaym)e (Tl(s),ym)e
=y, ey R
s€A\{t/;m’} (Ys» yt) seA\{a1,0} (Tis)» yt)

In what follows we show that g4 = 0.

SUBCASE 3-3-1: m’ € Ay. Since y; f max(Tj(,)) and y; |yy, by Lemma
2.3(i) we have (Tj(s), yt) = (Ty(s), yr)- Then

e T; m €
94=h1+< O <jg<>y>>
seA\{m'} (Ys, 1) s€ AU{t P\ {ar v} (Zigs)> ye)
:h1—|—< S W)y W)::hﬁhm.
s€A\{m/} (s ) s€ AU{t' N\ {ar 0} (Zics)> we')
As in Subcase 2-2-1, we have h; = 0 since t is independent of ¢t € A. Since
t' € A, hy + hy = 0 gives h1g = 0. Therefore g4 = 0.

SUBCASE 3-3-2: m/ € A;. Let B be as in Subcase 2-2-2. Then

¢ T S)yIMm €
g4 = hio + hs + Z <(y5’ym)e _(ji()y )e)
SEAL\B (ysayt) ( l(s)7yt)

As in the proof of Subcase 2-2-2, we can show g4 = 0. Part (i) is proved.




172 S. F. Hong et al.

(ii) By [31] we know that there is a ged-closed set S with max,cs{|Gs(z)|}
= 2 such that (S¢)7![S] & Mg|(Z). Now let 7 > 3 and p; < --- < p, be
prime numbers. Define x; = 1, z; = p;—1 (2 <i <r+1)and 42 = p1 - pr.

Obviously S := {x1,...,z,42} is ged-closed and max,cs{|Gs(x)|} =
By [4], we have
ey — CikCjk
(59 ™M= > bj :
k
x|k,
ffj\wk

where

bi= Y. Jd) and ;= > p(d)
d|z; da;lx;
dze, ze<wm; daifrs, <z
From [19] we derive by42 = [[,_; p§ — > i p§ +r — 1. Using these and by
some computations, we get ((Se)_l[Se]) = —0/byy2, where

G—sz plzpz (r—2)p

Since Y7, pf > r—1, we have br+2—0 > 0. Clearly o > 0.S00 < 0 /b, 42 < 1
and ((S€)71[S¢))a2 € Z. Hence (S¢) 1 [S¢] as required. Part (ii) is proved. =

REMARK. By Theorem 2.5(i) we know immediately that the sum of the
elements of the ¢tth column of the matrix C equals y7. On the other hand,
let Sp be the ged-closed set as in (1). Then by Theorem 2.5(i) we have
(S§)~1S§] = C. For any general ged-closed set S, let 7 be the permutation
such that S; = Sp. It follows that (5¢)~![S¢] = P'C'P, where P is the n xn
permutation matrix formed by 7. Now let e > 1 be a given integer and S be a
ged-closed set with maxgzes{|Gs(x)|} > 2. It is of interest to have necessary
and sufficient conditions on S such that (5¢)|[S¢] in Mg (Z). This is an
open problem.

3. The lcm-closed case. The reciprocal set of S = {z1,...,z,}, de-
noted by mS~1, is defined by mS~! := {m/z1,...,m/x,}. By [19] we know
that mS~1! is ged-closed if and only if S is lem-closed. We can now state the
second main result of this paper.

THEOREM 3.1.

(i) Let S be an lcm-closed set such that maxcs{|Ls(z)|} = 1 and mS—!
be the same set as in (1). Then (S¢)71[S¢] = diag(x{¢,...,2,¢) - C-
diag(z$,...,x5) € Mn(Z). In particular, Conjecture 1.2 is true.

(ii) For each integer v > 2, there exists an lcm-closed set S with
maxzes{|Ls(x)|} = r such that the power GCD matriz (S€) on S

does not divide the power LCM matriz [S€] on S in My(Z).
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Proof. (i) Let z;y; = m for all 1 <i < n. Then S = {z1,...,z,} since
mS~ = {y1,...,yn}. Since

(i, 25) = [ = = 54 (m m),

m/x;, m/x;]| m z; xj

we get

(59) =1/m®-D-((mS™))-D, [S]=1/m®-D-[(mS™)- D,
where D = diag(x{,...,z¢). We deduce that
(2) (8)7HS] = D™H(mS™H) T H(mS™HID.

Clearly it follows from maxyes{|Ls(y)|} =1 that max,c,,,g-1{|G -1 (y)[}
= 1. So Theorem 2.5(i) applied to the set mS~! gives (5¢)~1[S¢] = D~1CD,
where C' = (c¢;5) is defined after Lemma 2.4. Hence the (i, j) entry of the
matrix D~1CD is
e x€ € &yt e e
o=t A gy= Mg, e

x; x§ (Yi,95)° w7y (i y;)° (i y;)°
since d;; is an integer. This implies that (S¢)~1[S¢] € M,,(Z) as required.

(ii) It is known [31] that there is an lem-closed set S with maxges{|Ls(z)|}
= 2 such that (S¢)7'[S¢] & Mg|(Z). For r > 3, let p1 < --- < p, be primes
and m = py---pr. Set S = {m,m/p1,...,m/p,,1}. Then S is lem-closed
and mS™' = {1,p1,...,pr,p1---pr} is ged-closed. By (2) and replacing S
by mS~! in the proof of Theorem 2.5(ii), we get

—1< (5718 Da2 = (ms ™)) M mS ™z = =5 <0,

where o and b, .o are as above. So (S¢)71[S¢] & M, 2(Z) as desired. m

REMARK. Given any integer e > 1. It is an open question to find neces-
sary and sufficient conditions on an lem-closed set S with maxzes{|Ls(x)|}
> 2 so that the power GCD matrix (S¢) divides the power LCM matrix [S]

4. Remarks on the finite arithmetic progression case. The re-
nowned Dirichlet theorem states that the arithmetic progression contains
infinitely many primes if the first term and the common difference are co-
prime, while the Green—Tao theorem [11] says that the set of primes contains
arbitrarily long arithmetic progressions. Farhi [9] and Hong—Feng [20] inves-
tigated the non-trivial lower bounds for the least common multiple of finite
arithmetic progressions. Ligh [25] raised the problem of computing the de-
terminants of Smith matrices on a finite arithmetic progression which is
still open. We are interested in the divisibility of Smith matrices on a finite
arithmetic progression. We can easily check that if S = {2,2+¢,2+42¢} and
(2,q) = 1, then for all integer e > 1, we have (S¢)~1[S¢] € M3(Z). But the set
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S = {4,7,10} gives (S)71[S] &€ M3(Z). Now fix an integer e > 1. We do not
know how to characterize the arithmetic progression S = {a+Vb,...,a+nb},
where (a,b) = 1, such that (S¢)~1[S¢] € M,,(Z). This problem remains open.
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