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Abstract. In this paper, we study a representation of the quantum It6 algebra in Fock space and
then by using a noncommutative Radon-Nikodym type theorem we study the density operators
of output states as quantum martingales, where the output states are absolutely continuous with
respect to an input (vacuum) state. Then by applying quantum martingale representation we
prove that the density operators of regular, absolutely continuous output states belong to the
commutant of the x-algebra parameterizing the quantum It6 algebra.

1. Introduction. Since the quantum stochastic calculus was introduced by Hudson and
Parthasarathy in [10], stochastic integral representations of quantum martingales have
been studied by many authors (see [11], [12], [17], [18] and the references cited therein)
with applications to study of Markovian cocycles. In fact, the existence of a stochastic
generator for a Markovian cocycle is verified by applying the integral representation
of quantum martingale and then the cocycle is realized as the solution of a quantum
stochastic differential equation (see [10], [16]).
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On the other hand, a quantum It6 algebra generalizing It6 algebra on the axiomatic
level was defined in [2] by a family {dA(¢,a) : a € a} of stochastic differentials dA(t, a)
with respect to t € R, with a indexing x-semigroup a. Here a is extended to a complex,
in general infinite dimensional space, parameterizing x-algebra with an involution, death
d € a (a self-adjoint annihilator) and a positive linear *-functional ! normalized as [(d) =
1, see Section 2. In fact, the quantum It6 algebra and the parameterizing x-algebra can be
identified. The classification of the general (noncommutative) quantum It6 algebra, and
the representation theorem are established in [5] and [7]. The quantum Levy-Chinchin
type decomposition theorem has been proved in [5] for finite-dimensional quantum It
algebra, and in [6] for the infinite-dimensional case. Also, it was proved in [2, 3] that any
(classical or quantum) stochastic noise described by a process Ry > t — A(¢,a) with
independent increments, forming an Itd x-algebra, can be represented in the (symmetric)
Fock space Fy = I'(K) over the Hilbert space K = L%(R.) of E-valued square-integrable
functions on R;.

In this paper, we study a representation of the quantum It6 algebra in Fock space
and families of output states defined on *-algebras of operators acting on a Fock scale
of the representing Fock space of the quantum It6 algebra. By using a noncommutative
Radon-Nikodym type theorem we study the density operators of output states as quantum
martingales, where the output states are absolutely continuous with respect to a input
(vacuum) state. Then by applying quantum martingale representation we prove that the
density operators of regular, absolutely continuous output states belong to the commutant
of the quantum It6 algebra.

The paper is organized as follows. In Section 2 we remind the definition of the general
quantum It6 algebra given in [2], and their GNS-representation and Fock representation.
In Section 3 we recall a rigging of Fock space which is necessary for our study. In Sec-
tion 4 we recall quantum stochastic processes, specially quantum martingales, and Wick
exponential of basic quantum stochastic processes. In Section 5 we study quantum input
and output states, and their density operators as quantum martingales.

2. Quantum It6 algebra. Let a be a noncommutative x-algebra with a self-adjoint
annihilator (death) d € a, i.e., d = d* and ad = 0. Let [ be a normalized (as I(d) = 1)
positive linear functional on a, i.e.,

l:a— C; I(a*a) >0, (a*)=1(a), a€a.

Let (£, k) be a minimal Kolmogorov decomposition of [, i.e., £ is a Hilbert space and k
is a map from a into & such that I(a*b) = k(a)*k(b) for any a,b € a. We denote j the
operator representation of a on the Hilbert space £ defined by

jradar jla) € LE), j(a)k(b) = k(adb), a,b € a,
where £(£) is the algebra of all continuous linear operators on €. It is directly seen that
jla*d) = j(a*)j(b) = j(a)*j(b) for any a,b € a. Therefore, the functional I defines the

fi;: of a in terms of the quadruples:

ag = j(a), a% =k(a), a, =k*(a), al =I(a),

where k*(a) = k(a*)*.

GNS representation a — a = (a¥)
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REMARK. Since (€, k) is a minimal Kolmogorov decomposition of I, £ can be considered
as the completion of ag = LS{a € a : l(a*a) # 0} with respect to the norm |- |¢ induced
by the inner product (a, b)z = I(a*b) for a,b € ap and then £ is given by
a, l(a*a) # 0;
k =
(a) {O, l(a*a) =0, ac€a.

The operator representation j of a is the left multiplication, i.e., j(a)k(b) = j(a)b = ab
for any a,b € a.

The quantum Ito algebra defined in [2] is the linear span of differentials:
dA(t,a) = A(t + dt,a) — A(t, a), aca, teR, =10,00)

for a family {A(a) : a € a} of operator-valued integrators A(t,a) on a pre-Hilbert space
satisfying the x-semigroup conditions: A(t,a*) = A(t,a)’ and

dA(t,ab) = dA(t,a)dA(t,D), 3 NdA(ta;) = dA( SN az)

with mean values (dA(t,a)) = l(a)dt in a given vector state (-), where for each t € Ry,
A(t,a)' is the Hermitian conjugate of the (unbounded) operator A(t,a) which is defined
on the pre-Hilbert space as the operator A(t,a*), and

dA(t, a)dA(t,b) = d (A(t, a)A(t, b)) — dA(t, a)A(t,b) — A(t, a)dA(t, b).

Since [ is normalized as I(d) = 1, dtI can be understood as dA(t,d). By assuming that
the parameterisation is exact such that dA(t,a) = 0 = a = 0, we can identify the It
algebra (dA(a),ldt) and the parameterising *-algebra (a,1).

As was proved in [2], a quantum stochastic stationary processes Ry 3 t — A(¢,a),
a € awith A(0,a) = 0 and independent increment dA(t, a) = A(t+dt,a)—A(t, a), forming
a quantum Itd x-algebra, can be represented in the Fock space Fy = I'(L%(R.)) over the
&-valued square integrable functions on Ry as A} (¢, al}) = al/ A}, (), where

e+
= D> abAL(t) = alAL(t) + e AT () + ag A (1) + al AT (1),
H=—Vv=e
is the canonical decomposition of A into the conservation A$, creation A, annihilation
A® and time AT = tI processes of quantum stochastic calculus having the mean values
< A} (t) >= td} 6, with respect to the vacuum state in Fo. Thus the parameterising
algebra a can be always identified with x-subalgebra of the Hudson-Parthasarathy (HP)
algebra Q(&) of all quadruples a = (a#)y =7, where af} : £, — &, are bounded operators
on & = €&, &4 = E_ = C with the Hudson-Parthasarathy (HP) multiplication table [10]:

aeb = (a”b')ﬁiﬁ: ,

the unique death d = (6“4, ),= "7, and the involution (a*)", = (a},)*, where —(—) = +,
—e=eand —(4) = —.

3. Rigging of fock space. Let H be a (initial) complex Hilbert space with inner prod-
uct (-|-) which is conjugate linear and linear in the first variable and second variable,
respectively. Let D be a reflexive Fréchet subspace of H which can be considered as a pro-
jective limit with respect to an increasing sequence of Hilbertian norms |- |, > |-|o = |- |»
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for p > 0, see [15]. In fact, D = Np>oDp, where D, is the completion of D with respect to
the norm |- |,. Let D’ denote the dual space of continuous antilinear (conjugate linear)
functionals:

(:Donen)eC

with respect to the canonical pairing (n| ¢’} for n,¢’ € H. The space D’ will be equipped
with the weak topology induced by its predual(=dual) D. Let B(D) denote the linear space
of all continuous sesquilinear forms (| Bn) on D which is identified with the continuous
linear operator (kernel) B : D — D’. The space B(D) will be equipped with w*-topology
(induced by the predual B.(D) = D ® D) which coincides with the weak topology on
each bounded subset with respect to the norm |- |,. Let £(D) denote the algebra of all
continuous linear operators B : D — D and then £(D) C B(D).
For each B € B(D), BT € B(D) is the Hermite conjugated form (kernel) defined by

(¢|B™) =B, n.(eD.

Any operator A € L£(D) with AT € £(D) can be uniquely extended to a weakly continuous
operator onto D’ as (AT)* which is denoted again by A, where A* is the dual (adjoint)
operator of A, i.e.,
A*:D — D (n] A*¢) = (An| (), neD, (cD.
In fact, for any n,{ € D we have
(n (AT)*¢) = (ATn| ¢) = (C[ATn) = (n] AQ) .

We say that the operator A € £(D) with AT € £(D) commutes with a sesquilinear
form B € B(D), i.e., BA = AB if ((| BAn) = (AT(| Bn) for all n,( € D. Note that for
an operator #-algebra 4 C £(D), the commutant

A°={B e B(D):[A,B]=0forall Ae A}
is weakly closed in B(D).
Put K = LZ(Ry) with norm | - [x and Fy = Fo(K) = I'(K) the Fock space over K.
Then the Fock space Fy can be represented as the Hilbert integral
€3]
Fo=Fo(K) =T(K) = / £ilgr
Q(R4)

of the functions ¢ : Q(Ry) > 7+ (1) € 217l where for U € R, Q(U) is the set of
all finite subsets of U and |7| = #(7) is the number of elements in 7. For more study we
refer to [1].

For each p € R we denote F,, = F,(K) a (weighted) Fock space over K defined by

&
Fp =Fp(K) := / ePlTle®Imlgr,
QR4)
Then for any p,q € R with p < ¢ we have F;, C F,. The projective limit of {F,},>¢ is
denoted by F and then we have a triplet:

F =projlimF, C Fo C F* = indlim F_,,.

p—00 p—0o0
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Then F becomes a reflexive Fréchet space. In fact, for each p > 0 the strong dual space
F, of Fp with respect to F is identified with F_, and the strong dual space F* of F
is identified with the inductive limit of {F_,},>0. For each p € R, the norm on F, is
denoted by || - ||, and then

> on 0o n
9% = I O (7)) 2 s dr = e_</ t 2dt> :eepm%,
15905 = [ O = T ([ 12

n=0
where for each f € K, f© € F, and f®(1) = Qe f(t), T € UR).
For each p > 0, put G, = D, ® F,, and let G_,, is the strong dual space of G, with
respect to H ® Fy. Then we have a triplet:

G =projlimG, C Go C G* = indlimG_,.

p—00 p—00

The norm on G, is denoted by || - ||, again.

4. Quantum stochastic processes. For two locally convex spaces X, ), we denote
L(%,9) the space of all continuous linear operators from X into 2 which is equipped
with the bounded convergence topology. Note that G* and G’ can be identified, where G’
is the dual space of continuous antilinear functionals on G. A family {Z; };>¢ of operators
in £(G,G") is called a quantum stochastic process.

From the following natural decomposition: for any p > 0

(1) Gp = gp;t) ® ‘7:17;[757 gp;t) =Dp® fp;t)’
where

® i
]:p;t) = / ep""‘5®‘7'|d7, fp;[t ::/ ep\TIg@IT\dT7
Q([0,)) Q([t,00))

for each i € G, we have
b =y @ Py, Yy € Dp @ Fpity,  Upe € Fpye-
Therefore, we define the maps
Ey:Gpy 29—y €Dy ®@Fpyy,  Ep:Gp 3¢ =ty € Fppe,
and, put Gy = Ey)(G). The space Gy is embedded into G by the isometry:

EZ) Gy DYy =Y eG as (1) = 1y ()00 (1),
where
7y =7NI[0,t), T =T7N][t 00), Te€QRy)
and
1, 7 =0;
0, otherwise.

() = {

The projectors Eyy onto Gy can be extended to G’ as the adjoint of E;r).

Let D be the linear (dense) subspace of G such that for each t > 0, E,(D) C D.
A quantum stochastic process {Z;}:>o of sesquilinear forms (| Z;1)) given by linear
operators Z; : D — G’ is called adapted if

Zi (V) = Zi(Yy)) @ Uy, Y e D.
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For each linear operator Z : D — §’, the (vacuum) conditional expectation Ey(Z) of Z
with respect to the past up to a time ¢t € R is defined by
Ey(Z2)(W) = Ey(Z) (Y @) = (Et)Z("/}t))) ® Yyt
for any 1 € D. A sesquilinear form Z : D — G’ is said to be positive if (| Zy) > 0 for
all 1 € D, and Hermitian if ZT = Z. Then for each t € R, E, is a positive projector,
ie., Ey(Z)>0if Z >0 and
Es) o Et) = ES), s <t.

Note that for each linear operator Z : D — G', {E;)(Z)}:>0 is an adapted sesquilinear
form. From (1), we can easily prove that for each t € R, the conditional expectation Ey
can be extended to B(G,) for any p € R.

An adapted process {M;};>o of sesquilinear forms M; : D — G’ is called a quantum
martingale if Eg)(M;) = M, for any 0 < s <t, i.e.,

sy, Mi(94)))) = (¥s)s Ms(05))))

for any v, € D, where (-, -)) denotes the canonical bilinear form on G x G’. For more
study we refer to [11], [12], [17] and [18].

From now on, we assume that the Ito x-algebra a is realized as a x-subalgebra of
Hudson-Parthasarathy algebra Q(€) (see [7]) of all quadruples a = (a¥)/=1;, a € a.
PRroprOSITION 4.1. For each a € a, the Wick exponential operator

W(t,a) =:exp{A(t,a)}: € L(F)
is well-defined as the solution to the quantum stochastic differential equation:
(2) dW (t,a) = W(t,a)dA(t,a), W(0,a) =1.

They give an analytic representation of the unital x-semigroup 1+ a for the It6 x-algebra
with respect to the x-product axb = a* 4+ a*b+ b, where 1 is a formal identity. Moreover,
we have

W(t,a)'W(t,a) = W(t,axa), W(t,0)=1, W(t,d) =el.

For the proof we refer to [4] and [8]. More generally, for any function g : R4 — a such
that the integral fg A(dr, g(r)) exists as an operator in £(F), the unique solution of the
normal ordered differential equation:

dW(t,g) = W(t,g)A(dt, g(t)), ~ W(0,9) =1
defines the Wick exponential:

(3) W(t,g) =: exp/0 A(dr,g(r)) : .

5. States and quantum martingales. We start with the following *-representation
theorem for a unital *-algebra 2 with respect to a state ¢ on 2L.

THEOREM 5.1 ([19]). Let A be a unital *-algebra and ¢ a state on 2A. Then there exist
a Hilbert space H, and a *-representation m, of A, and a (strong) cyclic vector h, €
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D(m,) C Hy, such that
p(a) = (hy| mp(a)hy) a€c,
where D(m,) is a common dense domain of m,(a) for all a € A.

REMARK. In Theorem 5.1, {m,(a)h,|a € A} is dense in D(n,) in the induced topology
on D(m,). For each finite subset S of 2, the semi-norm || - ||g on D(7,) is defined by

I£lls = Ime(a) flr,-
a€sS
The induced topology on D(7,) is defined as the topology generated by the neighbor-
hoods:

N(f;S,e) ={g € D(m,) [ |If —glls <€}
Moreover, D(7,,) is complete in the induced topology.

Let 98 be the linear space of all sesquilinear forms in B(G) corresponding to operators
Z € L(G) with Z* € £(G) and then B becomes a unital x-algebra with the conjugate
linear involution * which is considered as the Hermite conjugated form. The quantum
filtration {$B:}+>0 is defined as the increasing family of unital *-subalgebras B; of the
adapted sesquilinear forms Z; € B. Let p € R and wj, : B — C an input state defined by

wp(Z) = (Yol Z%o))p, Y €9,

where ((-| -))p is the inner product on G, and 1y = 19 ® §y for some 1y € D with |n| = 1.
We always assume that for each ¢ € R4, 19 ® dy is a cyclic vector of By, i.e., By (1o @ dy)
is dense in Gy = Ey)(G).

DEFINITION 5.2. Let p and o be states on a unital *-algebra 2. Then we say that o
is p-absolutely continuous if for any family {{a;,};™ }o%, of finite sequences in A with
limy, Z:ﬁ;::l P(a;‘knakn) =0,

Nm

lim o(al arn) = 0.
For another definition of absolutely continuous of state with respect to another state,
we refer to [9].
The following theorem shows that a quantum martingale plays an important role as
the density operators of output states with respect to an input state which is a vector

state given by the vacuum vector.

THEOREM 5.3. Let p € R and {B;}icr, a quantum filtration and ¢ an output state on
B, for each t € Ry such that

(4) (2) =¢5(2), 7 € By, s <t.

If for each t € Ry, g is wy|m, -absolutely continuous, then there exists a (positive) kernel
P, € L£(Gp) commuting with By, i.e., P, Z = ZP,, Z € By, in the right hand side, Z is
extended onto G* such that

(5) st(Z) = (Yol Pe, Z (¢0))p = wp(Ps, Z), Z € By.

7
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Moreover, {P, }1>0 s a quantum L'-martingale, where L' means that

P., (%0, v0) := (o] P., (o)) = 1

In this case, P, is unique.

Proof. From Theorem 5.1, for each t € R4, there exists a *-representation 7; of B; with
respect to the state ¢ on a Hilbert space H, and a cyclic vector vy € D(7m) C H,, i.e.,

(Y2 f =m(V)m(2)f, (f, m(Y)g) = (m(Y*)f, 9},  f.g € D(m)
and
t(Z) = (v, T(Z)vi)yy, »  Z € By

Put g;’) = B:(no ® Jp) and then g;) is a dense subspace of Gy since 7y ® dy is a cyclic
vector of ;. Define a linear operator R; by

Ry : Gj) — D(m); Z(no @ op) — m(Z)v, Z € By.
Then for any Y, Z € B; we have
Ry (Z(Y (0 ® bp))) = Re (ZY (no ® 0y)) = me(Z)me(Y)vy = m(Z) Re (Y (100 ® 6g))
which implies that for any Z € 8,
(6) RZ =m(Z)R: on gf)

and R; is continuous with respect to the Hilbert space norm in H,. In fact, since ¢ is
wp|ms,-absolutely continuous, if lim, e D i Zin (10 ® dg) = 0 in Gy, then

nlirgo Z wplw, (Z5 Zin) fnhm HZZm N0 ® bp) H =0
ik=1

and

Moy 2 Moy 2
im (R (> Zin(no ®‘5@))HH = lim || m(Zin) o
=1 1=1

St H<t
My
= lim Z t(Z5, Zin) = 0.
n—oo
ik=1

Since gg) is dense in gt) and so in Qp;t), R; can be extended to gp;t) as a continuous
operator into H.,. The extension is denoted by the same symbol. On the other hand,
the adjoint R} : H,, — Gpy) of Ry satisfying that Rym(Z) = ZR; (on D(7;)) by (6).
Now, for each t € Ry we put P, = R R; : Gpp) — Gpye)- Then, by ampliation, P, can
be extended to G, as a continuous linear operator which is denoted by the same symbol.
Furthermore, P,, commutes with all Z € B, and

{0 ® dp| Pe, Z(no @ 0p)))p = (Ri(m0 @ 6p), m(Z)Re(no @ 8p)) = (v, m(Z2)ve) = t(2)

which proves (5). Moreover, {P,, }:+>0 becomes a quantum martingale due to the property
that ¢ = ¢|m, for all s <. In fact, for any s <t and Y, Z € B, we have
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(Y (no @ g)| Pe, Z(no @ 0p))p = {{no @ dp| P, Y *Z (10 @ Jp)))p
«(Y*Z) =< (Y*Z)

{(no ® bp| Pe,Y™ Z(no @ dp)))
(Y (no @ 6g)| Pe, Z(10 ® 69))p-

Moreover, we have
P, (%0, 1h0) = (0 © | P, (no © bp)))p = s¢(1) = 1.
The uniqueness of P, is immediate by the density of gf). L]

Let {g¢}t>0 be the increasing family of x-semigroups g of all step functions g : R4
—a, g(s) =0 for all s > ¢ under the x-product

(gxh)(s) = g(s)" +g(s)"h(s) + h(s),  g,he€g, 5=0.
REMARK. If for each t € Ry, B; contains all | >< 19| ® W (t,g) with ¢ in a dense

subset of D and g € g¢, then 1y ® dy is a cyclic vector of B; from the minimality of the
Kolmogorov decomposition k of [.

Let & be the unital x-algebra consisting of all operators W (t, g) fort € Ry and g € g;.
For each t € R, let &; be the unital x-algebra consisting of all operators W (s, g) € L(F)
for s <t and g € gs. Then {&;};>0 is an increasing family of unital *-subalgebras of &.
Let p € R and g, : & — C a state defined by

op(W(t,g)) = (ol W(t, 9)dp)p, ~ Wit g) €.
Then as a simple application of Theorem 5.3 we have the following corollary.
COROLLARY 5.4. If {04 }ier., is a family of states oy : &; — C such that
o1(Z) = 05(2), Ze®,, s<t

and, for each t > 0, oy is op|et-absolutely continuous, then there exists a unique L'-
martingale { Py, }1>0 of operators P,, € L(F,) commuting with &, such that

01(Z) = (60| Po, Z0p))p = 0p(Po, Z), Z € &y
Let pe R and A, : g = Ur>09: — C be a state defined by
Ap(9) = (0ol W(t, 9)d0))p,  g€8eCa
THEOREM 5.5. If {p;}ier, is a family of states p; : g¢ — C such that
(7) pe(9) =ps(9),  g€gs, s<t

and, for each t > 0, p; is Ap|g, -absolutely continuous, then there exists a unique L'-
martingale {K,, }+>0 of operators K,, € L(F,) commuting with {W(t,g) : g € g}, i.e.,

KpW(t,g) =W(t,9)K,, g€
such that
pi(9) = (0ol Kp, W (t,9)00)p = Ap(K,, W (t,9)), g€ ot
Proof. Since for s <t and g € g5 C g4, by applying (3) we have

W(t,g) =: exp/0 A(dr, g(r)) :=: exp /OS A(dr, g(r)) :=W(s,g),
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where g(r) = 0 for all r > s. Therefore, for each t > 0, &, = {W(t,g) : g € g:} and so
consider the family of states {o¢}+cr, defined by

Ut(Z):Pt(9)7 Z:W(tag) €Q5t7 gEQt
Then from (7), we have
o1(Z) = 05(2), Ze®B, s<t
and, for each t > 0, 0 is gp|s+-absolutely continuous since p; is A,|q,-absolutely contin-

uous. Therefore, by Corollary 5.4, the proof is immediate. m

Let p > ¢. A quantum martingale {M;};>0 in £(Gp, G,) is said to be reqular with
respect to a Radon measure m on R, or simply regular if for all 0 <v < u and ¢ € Gy,
V€ G g

(Mo = M) 8lly < 1l m([o,u]), (M = M|, < [$]I2 m([v, u)).
If {M;}i>0 in £(G,,G,) is a regular quantum martingale, then M; admits the following
integral representation:

° + . +
8)  My=al+ Y Y AUt MY (equivalently, =33 Ml‘,‘dAZ(t))

H=—rv=e H=— V=60
for some complex number «, where M~ = 0. For the proof, we refer to [12] and [18].
PROPOSITION 5.6. Let p > q and let {M,}1>0 a regular martingale in £(Gp, Gy) such that
for each t € Ry, My admits the integral representation (8) and commuting with &, i.e.,
[W(tag)a Mt] = W(t7g)Mt - MtW(tag) = Oa gt € gt
Then the coefficient M = (M=) commutes with a = (ak) =] for all a € a in the
sense of HP-product, i.e.,

[a,M] = (ag M} — M{'ap), 0 = 0.
Proof. Since M; commutes with &;, M; commutes with W (s, a) for any 0 < s < ¢ and
a € a. Therefore, W (t, a) commutes with dM; for any a € a. On the other hand, for any

a € a by (2) we have
MdW (t,a) = W(t,a) MydA(t,a) = W (t, a)dA(t, a) My
for the last identity we use the adaptedness of M;. Hence M; commutes with dW (¢, a)
for any a € a. Therefore, by applying the quantum It6 formula (see [1], [10]), we have
d[Me, W (t,a)] = [dM, W (t,a)] + [My, dW (t,a)] + [dM;, dW (t,a)] =0
which implies that

o+
d[My, W (t,a)] = Y > (MW (t,a)as, — W (¢, a)al M) dA; (1)

p=—v=e

o+
=W(t,a) Y > (Mla] —af M) dAj(t) =0
u=—rv=e

Therefore, by the independence of the integrators dAj, (see [13], [14]), we have M e a =
aeM. n
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Let p € R and let A, the quantum It6 algebra consisting of all (M/),Z ¢ for a

regular martingale M = {M;};>0 C L(F,) and (ak)i=1] for all a € a. If {M;};~¢ is a

regular martingale in £(F,) such that M; commutes with &; for each t € R, then by
Proposition 5.6, (M%), =73 € a®, where a° is the commutant of a.

Let {B:}er, be a quantum filtration satisfying that for any 0 < s < t, E,Z € B,
for any Z € B¢, where [E ) Z]Y (0 @ 0p) = Eg)(ZY (1o ® dy))) for any ¥V € B.

A family {¢ }+>0 of output state ¢, on B, for each t € R4 is said to be regular with
respect to a Radon measure m on R, or simply regular if for any 0 < s <t and Z € B,
Y € 8B,

(9) (Z°Y) = (Z"Eg)Y)|* < m([s, t)wp(Z* Z)wp (YY),

THEOREM 5.7. Let {B}icr, be a quantum filtration and ¢, an output state on By for
each t € Ry such that (4) holds. If for each t € Ry, g is wp|m,-absolutely continuous
and regular, then the martingale { P, }1>0 given as in Theorem 5.8 is regular.

Proof. Let 0 < s <t. Then by (9) for any Z € B, and Z € B,
(P = P) Z(n ® 89)| Y (n @ 80))pl” = [t(Z7Y) = 5o(Z°Eq)Y)

< m([s, t])wp (27 Z)wp (YY)

= m([s,2]) | Z(no @ 8) |[; || Y (no @ 60) I
which implies that for any Z € 9B,

(P, = Pe,) Z(n @ 69) |15, < m([s, 1)) | Z (10 @ 69) |1 -
Since 1o ® dy is a cyclic vector of By, {P¢, }+>o is regular. =
THEOREM 5.8. If {0:}ier, is a family of states oy : &, — C such that
o(Z) = 05(2), Ze®,, s<t

and, for each t > 0, oy is pp|et-absolutely continuous and regular, then there exists a
unique L'-martingale {P,,}i>0 of operators Py, € L(F,) with (P,,L)= s € a° such
that

0i(Z) = (8ol P, Z00))p,  Z € &,
Proof. Since oy is pp|et-absolutely continuous, by Corollary 5.4 P,, € L£(F,). On the
other hand, P,, commutes with &; and hence (P, “)5:;: ca. m

Oty

THEOREM 5.9. Let {p;}icr, be a family of states p; : ¢ — C such that
pt(g):ps(g)a gE€Ps, st

and, for each t >0, py is \ylg, -absolutely continuous. If {o¢}ier, is regular, where oy is
defined by
oi(Z) =pilg),  Z=WI(tg) €&, gEeEu,
then there exists a unique L' -martingale {K,, }>0 C K,, € L(F,) with (K, ")I=7s € a
such that
pe(g9) = (0ol Ko, W(t,9)00)p, 9 € 0t

Proof. The proof is similar to the proof of Theorem 5.8 as an application of Theo-
rem 5.5. m
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