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Abstract. In this paper we study approximate quasi-probability distribution functions of non-
classical states such as incoherent states, Kerr states, squeezed states and k-photon coherent
states in interacting Fock space.

1. Introduction. Sometimes it is useful to describe the state of the field in terms of
coherent states rather than with photon number states [3, 5, 6, 7]. This presents some
difficulties as the coherent states are not orthogonal and are overcomplete. However, this
overcompleteness allows us to obtain a useful diagonal expansion of the density operator in
terms of complex matrix elements P(«). This representation is called a quasi-probability
distribution function as it is not positive definite. Quasi-probability function is applied
in the evaluation of correlation functions of the electromagnetic field. Dynamics of quasi-
probability distribution function can under appropriate conditions be expressed in the
form of a Fokker-Planck equation. As the position and momentum cannot be defined
simultaneously with an infinite precision, the description of the quantum mechanical
state in phase space is not unique. Hence there are a family of quasi-probabilities of
which the Glauber-Sudarshan P, Husimi Q and Wigner functions are widely used.
Phase space methods have been widely used in quantum mechanics and in quantum
optics. Within the framework of the phase space formalism, a state of a quantum me-
chanical system can be completely described with the help of quasi-probability density
distributions. From an operational point of view @ function plays a very important role
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in quantum mechanics and can be associated with a simultaneous measurement of two
conjugated observables.

In this paper we shall discuss the behavior of @) functions for incoherent states, Kerr
states, squeezed states and k-photon coherent states for large photon numbers in the
interacting Fock space [8]. In this method the lengthy and complicated infinite sums of
the exact result reduce to a simpler analytic expression. Thus we gain a deeper insight
into the physics and mathematics of the quasi-probability function and the importance
of the quasi-probability approach is visualized.

The paper is organized as follows. In section 2, we describe the basic facts of interacting
Fock space which we will need throughout the paper. In section 3, we discuss quasi-
probability functions for incoherent states, Kerr states, squeezed states and k-photon
coherent states in details. In section 4, we give a conclusion.

2. Basic concepts. Here we discuss some basic concepts which will be utilized through-
out the paper.
As a vector space one mode interacting Fock space T'(C) is defined by

(1) I(C) = PCin).
n=0

where C|n) is called the n-particle subspace. The different n-particle subspaces are or-
thogonal, that is, the sum in (1) is orthogonal. The norm of the vector |n) is given by
(2) (nln) = An
where {\,,} > 0 and if for some n we have {\,} = 0, then {\,,} = 0 for all m > n. The
norm introduced in (2) makes I'(C) a Hilbert space.

An arbitrary vector f in I'(C) is given by
(3) fF=col0) +er|ly +cal2) + ...+ cpln) + ...
for any n € N with [|f]| = (302, len]?An)? < cc.

We now consider the following actions on I'(C):

@*ln) = n+ 1),
Ant1
(4) aln +1) = =n),
al0) = 0.

a* is called the creation operator and its adjoint a is called the annihilation operator. To

define the annihilation operator we have taken the convention 0/0 = 0.
We observe that

(5) (nlmn) = (a* (0 = 1)) = {(n = D) an) = S (n = Ln = 1) = ...
and
(6) l)? = 2nAnt Aoy x,

Throughout the paper we assume the condition \g = 1.
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The commutation relation takes the form

AN+1 AN

(7) [a,a"] = e Yo

where N is the number operator defined by N|n) = n|n).

In a recent paper [4] we have proved that the set {\l/Ll n=20,1,2,3,...} forms a
complete orthonormal set and the solution of the following eigenvalue equation

(8) afa = afa

is given by

oo

) fo = 900y 30 o)

n=0""

where ¢(|af?) = 307 [a]?*™/A,. We call f, a coherent vector in T'(C).

Now, we observe that

. AN41 « AN
aa* = ——, a*a= .
AN AN-1
We further observe that (Aivj\fl — )\21\7’1) commutes with both a*a and aa*.

3. Quasi-probability distribution. @ function is defined as the diagonal matrix ele-
ment of the density operator in a pure coherent state

Jalplfa
(10) Q(fa) = elolfe)

T
3.1. Incoherent state. For incoherent state

p ;p e

with p, > 0,> p, = 1.

Now we have

(12) Qo) = —falolfu)
<fa an
- 2 <fa r>

n 0
_ - —1/2 |0[‘ zm01< ‘ n >
an {¥(le 2:0 e

3

AR

2
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| | gy L[
- _an {w(jaf?)} /2 eming Anﬁ
2
= 2 Zraf{e(al®) Wlo‘ﬁ i
_1 laf?"
= L0l Dl
For A\, ~ n! we get
(13) QU ~ 201 S ol
and with [1h(|af?)] "1 ~ (2, ‘aj”)*l = el we arrive at
f? |af?"
(14) Q(fa) ~ 6 ~led an o
3.2. Kerr state. For Kerr state
(15) o) = 3 (w2 e ) )
n=0
we have
1
(16) Q(fa) = ;'(fa|¢g>|2
1 o™
= Do)z 30 s g2y
m=0 m
Z |ﬂ|n zn02 = ﬁ(?_l)‘n>|2
_ 4 2\1—1/2 2\1-1/2 o™ |B]" o~ imb1 ,inbs
= 7T|{1/J(|Of\ w81} m%:_g W e
o Ai’ll(%‘l)<m|n>|2
1 & n n
= ;}{ww»-lﬂ{wﬂ|2>}-”2 3 (AL oo
n=0 n
B 2

For A, ~ n! we get

Zlelal®/2,~1817/2 |04| |5\ n(02—01) , 5 (n®—n) ?
(17) Q) ~ 1 e Z

If we allow to take |a| = |3| we arrive at
2

e 2n )
(18) Qfa) ~ 2|3 1 cta? intoa-0n) o 5 02
™ n:




QUASI-PROBABILITY DISTRIBUTION 85

Using Gaussian approximation to a Poisson distribution we get

oo 2

Z(2W|a|2)_1/26 T \2 ein(02—01) 3 (n®—n)
n=0

1 ad 2
_ Z e—(nA—B)2e—1/2€Bz
272 alf?

(19) QU ~ ~

-~ 1 1 \/_ e~ 1/2¢ 32
2m2|af2|A 2
1 1|1 g
" BrfaPe|A”
where
e (ﬁfml/? 5o o Hi(02— 01— 3)

N Va2 — i)
Wilson-Gordon et al. [9] determined the range of parameters for which the Kerr states
are minimum uncertainty states. Accordingly we assume that v is small and hence we
neglect cube and higher powers of « to finally get

1 ’72|04|4 2,2 3 4_2 642, 2
(20) Qfa) = - 1= —5— | exp(=la"t" = 2lafty — |af’y" + |a["t"77)

where t = 0 — 01 — 3. In Fig. 1, we have plotted Q(f,) taking v = 0.01 and ¢t =1,2,3
when A, = n!, given from (20).

10(

900}

800}

700}

600}

500}

400

300}

200}

100}

Fig. 1. Plot of @ distribution as a function of ||

3.3. Squeezed state. For squeezed state [4]

)\1)\3 )\271 1
21 = n
(21) =cp Z B ot e

on)
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we have
1
(22) Q) = —l(fuli)
_ l {1/)(\042)}71/2 i |O‘|meﬂ‘mf)1 mle ZBnAl/\:s >\2n Lo, 2
0 = A Ao ..
1 2\1-1/2 o~ ™ oy an AAS - Az 2
—— im n 9
s (la) COm;OTm i n B B
1 ~1/2,, |af*™ o~ 2infs nAIAZ Ao 2
= — )\ n
7| (el Z VS VS

For A, ~ n! we get

(23) Qfa) ~

™

oo 2 2
1 6—|a\2/2cO Z |Oz| ne—2in91|6|nein92
‘ 2nn)
n=

1 o0 2 i(02—2601) 2]n 2
- e—laP/chZ [le*[Ble /2]

T n!

n=0
1, 2 2) 41 i(03—267)
=—le lo17/2 ¢ ellal™18le /2]|2
™
|col —la|? |a|?|8| cos(62—261)
= ——e e 2 1
™

2
_ el —japi-181 cos(oa—261))
s

In Fig. 2, we have plotted Q(f,) when A, = n!, obtained from (23).
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Fig. 2. Plot of @ distribution as a function of |«| and ||

3.4. k-Photon coherent state. Let us try to obtain the eigenstate of the operator a* where
a is the annihilation operator of the field,

(24) ak\ak> = aglag)

where

(25) ) = 3l
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Then
(26) a¥lag) = Z cnk)ak’n>
n=0
oo )\n
= chk)akfl n— 1>
n=1 n—1
> A (k—
LS e e, )
n—k )\nfl )\n72 )\nfk
oo )\n
= Z ) n — k>
ek /\n—k
> k) )\nJrk
— Y, n>
n=0 An
Again
(27) aglag) = Z akcgf)‘n>.
n=0
From (24), (26) and (27) we now have
(k) Antk _ k
(28) v ke
which gives
(29) cglk) = Makc;k_)k.
In (29) we replace n by n — k to get
An—
(30) of) = S apell,
T A ()
- )\n k >\n7 AkCp ok
Cducky Aok Dk k)
/\n An—k )‘n—(n—l)k nonk
n)\nfnk k
= (O& ) A C’EL—)nk
We now have
(31) ) = 3 el n>
n=0
> n)\nfnk k
= > (on et o)
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= Z(ak)(nk+m) )‘_mcg;)

)\nk:er

%) A
= Z(O‘Z)na?/\—cgﬁ)

nk+m

=aj'el) Y (af)"

n=0

—C Zak

nk+m>

nk+m>

>\nk+m

nk:—l—m>

nk;—l—m>.

nker

In (31) we have replaced n—nk by m in step 2 and in step 6 we have taken C,, = ozfc”cgi),

k —
ap = Q.

By taking the trivial phase we find the normalization constant C,, to be

(32) [Z ol }1/2

m+nk

whenever the series is convergent. In particular, when \,, ~ n!, we actually see that the
series is convergent.

Then, finally we get k-photon coherent state to be

—1/2 oo

A
33 «o ag|*" A ] ap)" m+nk>.
o te= [ ] S 2

To describe the quasi-probability distribution for k-photon coherent state we rewrite
the state |ay) as

(34) o) = Cm Y );\—(ozk n n>
Now
1
(35) Q(fa) = ;\(falak>l2
_ 1 —-1/2 |a| —zl9 - )\m n ?
=—|{¥ U(laf?) Z YD 3 (an)"|n
n=0 """
2
:% —-1/2 Z |Oz| 71l910m>)‘\m( ) <l\n>
I,n=0 n
_ l —-1/2 \04| o—inb Am 2
- - Z G {2 ()" (mln)
_ l 2\1—1/2 ‘Ck| 717191 Am n ?
= ~|{v(ia)} g e O )" A
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1 o] . A 2
= Lo Pre(a) | 3 e A 0y
n=0 n
1 2 2\1—1 - /\m n _—inby n ?
= L0 PreaR) 3 Sl e )
n=0""
1 2 2\1—1 = A n ’L’I’L(92 01) ?
= _|Cal (e} > el ax]
n=0 """
For A\, ~ n! we get
1 2 2 =1 ; 2
(36) Q(fa) ~ =1 (ml) el (mh)?y 7 oy e %0
™ —= n!

2
o2l

Z (o Jeug P20y

n!

n=0

o2l (|a||ak|ei(62_61))|2

le

1

T

1

T

]‘ 72\a\2| (la||ag | cos(02—01)+i|a|| vk | sin(f2— 01))|
T

1 —2ja? 2lallax] cos(82-61)

™

1

—2\04\{\04\—\0%\ cos(92—91)}’
™

From (36) we now have

(37) Q(fa) = _2|a|{|a|_|ak|COS(92—91)}
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Fig. 3. Plot of @ distribution as a function of |a| and |a|

In Fig. 3, we have plotted Q(f,) when A\, =n!, obtained from (37).

4. Conclusion. Thus we have shown the usefulness of asymptotic approximation to
study quasi-probability distribution function. This method helps us to express ) functions
by an analytic expression instead of cumbersome series expression and in its turn gives
a better understanding of @) function for incoherent states, Kerr states, squeezed states
and k-photon coherent states in interacting Fock space.
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