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Abstract. The Wigner Theorem states that the statistical distribution of the eigenvalues of a
random Hermitian matrix converges to the semi-circular law as the dimension goes to infinity.
It is possible to establish this result by using harmonic analysis on the Heisenberg group. In fact
this convergence corresponds to the topology of the set of spherical functions associated to the
action of the unitary group on the Heisenberg group.

On the vector space V;, = Herm(n,F) (F = R,C or H) one considers a Gaussian
probability measure

P, (dz) = Ci exp(— tr(?))m(dz),

where m is the Lebesgue measure. For a Borel set B C R, the random variable 51(;) is
defined by

n 1. .
(B)(x) = —t{eigenvalues of z in B}.
n
We write its expectation as
E.(65”) = ua(B).
This defines a probability measure pu, on R; this is the statistical distribution of the
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etgenvalues. If ¢ is a bounded Borel function on R,

[ eoman =+ [ te@yp.n)

Here o(x) is the n x n Hermitian matrix defined by using the functional calculus: if
AL, ..., A\, are the eigenvalues of z, then the eigenvalues of p(z) are p(A1),...,0(A,).
The semi-circle law of radius a > 0 is the probability measure o, on R defined by

/R p(t)oa(dt) = —; / Va2 — 2dt.

The Wigner Theorem says that, after scaling, the statistical distribution of the eigenvalues
tn, converges weakly to the semi-circle law o, with radius

a= \/E, 0 =dimgF =1,2,4.
Y

THEOREM 1 (Wigner). For a bounded continuous function ¢ on R,

lim R@(%),un(dt): ;/ (w)v/a? — a2du.

n— oo

More precisely:

[Wigner, 1955, 1958].
This means that, for large n, the density of eigenvalues is approximately
2
—V/na? — X2,
Ta
if |A| < ay/n, and 0 if [A| > ay/n.
To a random matrix X with values in Herm(n,F) one associates the random proba-
bility measure px:

1
Hx = 5(5,\1()() + 0 (x)s
where A\1(X),..., A\ (X) are the eigenvalues of X. It is called the empirical eigenvalue

distribution of X.
One shows also:

For every n let X be a random matriz with values in Herm(n,F), and law P,,.
Define
1
Then the empirical eigenvalue distribution of Y (n) almost surely converges weakly to the
semi-circle law og,.

In the original proof Wigner considers the moments of the measure ,,:

My (1in) :/Rtk,un(dt) = %/V tr(z")P, (dz),
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and by combinatorial computations determines the asymptotics of My (u,) as n goes to
infinity: for k£ fixed,

B\" @2k

Note that the moments of odd order vanish. On the other hand it is easy to compute the
moments of the semi-circle law:
a2\ ¥ (2k)
k!

m2k(0a) = (Z m

The proof by Pastur uses the Cauchy transform ([Pastur, 1972, 1996]). Recall that
the Cauchy transform of a probability measure p on R is the function G, defined on C\R
by

Gulz) = / L),

z—t
For p = pup, writing G, = Gy,

Gn(z) = —/V tr((zI — )" HP,(dz).

n

After scaling one has to look at the functions

Gn(2) = VG, (vVnz).

The proof amounts to showing that the functions Gn converge,

lim én(z) = f(2),

n—oo
and that f is a holomorphic function satisfying

4 4
2 _
FE = 52 () + 5 =0,

Since Im G, (2) < 0 and hence Im f(z) < 0 for Im z > 0, necessarily

1) = (= V),

which is the Cauchy transform of the semi-circle law o,.

In this paper we will see that harmonic analysis on the Heisenberg group provides a
proof of Wigner Theorem. It amounts to determining asymptotics of the Fourier transform
of the measure iy,

/\ ; 1 ;
bn(T) = / e (dt) = / tr(e )P, (dz).
R 1%

n

In [Haagerup, Thorbjgrnsen, 2003], the asymptotics of fi,,(7) are determined by using
properties of Laguerre polynomials.

More general results are obtained by using logarithmic potential theory (see [Deift,
2000]). One defines the energy of a probability measure p on R by

1) = [ tog utdsutan) + [ Qeuar).
R |s—1 R

For Q(t) = ~t2, the semi-circle law appears as equilibrium measure: measure which
realizes the minimum of the energy.
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1. Mehta’s formula. Let ) be a continuous real valued function on R such that, for
all m >0,

/ [t|me= M dt < .
R
One considers on the space V;, = Herm(n,F) the probability measure defined by

P, (dx) = CL67 Q) (da),

n

with
Cn:/ e~ Q) m(dx).
\Z

n

Let f be a function on V,,, invariant under the unitary group:
fluzu®) = f(x) (weU(n), x€V,).
Then f(z) only depends on the eigenvalues Aq, ..., A, of x,
fl@)=F(,..., \n),

where F' is a function on R™ which is symmetric, i.e. invariant under permutation. If f
is integrable, then, by a Weyl integration formula,

/ f(z)m(dz) —cn/ FO)IAW)|PdA; ... A,
where A is the Vandermonde polynomial:
AN = T oy =x).
1<i<j<n

If f is integrable with respect to P,,

/ F(2)Py (da) = / F\)ga(NdAr .. dA,,
Vn n

gn(N) = ief(Q(/\l)+~--+Q(/\n))|A()\)|ﬁ’

n

with

and
Zpy = / e—(Q(A1)+~‘+Q(>\n))|A()\)|ﬁd)\1 oA

In particular, if
1
F@) = = tr(p(a),

where ¢ is a bounded measurable function on R, then

F) = (o) + -+ ¢(h))

and

_Z/n ()dAr .. A :/nw(Al)qn(A)dAl...d)\n
/go(t)wn(t)dt,
R

/ (B dt)
R
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with
wy, (1) :/ Gn(t, Ay .oy An)dAa .. d Ay,
]R"n,—l

In the case of F = C (8 = 2) the density of the statistical distribution u, of the
eigenvalues can be expressed in terms of orthogonal polynomials. Let us consider the
sequence of orthogonal polynomials po, ..., Pm, ... with respect to the measure e~ @®)dt,
normalized by the condition

pnlt) = 7 -

Let a,, denote the squared norm of p,,:

anlz./’mnxtﬂ2e-Q“%ﬁ.
R

Define 1
hn(t) = e 39 pm()

The functions h,, are orthonormal in L?(R). Define also

Kn(S, t) = i hk(S)hk(t)
k=0

Up to an exponential factor, this is the Christoffel-Darboux kernel of the sequence of
the orthogonal polynomials p,,. This is also the kernel of the orthogonal projection of
L?(R) onto the subspace spanned by the functions hq, ..., h,_1. According to a notation
introduced by Fredholm, let us write, for a kernel K(s,t),

8182 ...8
K <t1 t2 tm> = det(K(Si,tj))lgingm.
102 ...0m

THEOREM 2 (Mehta’s formulas).

n
n! n

n—1
L VI 1 1 2
(A, ) = =K (Al An) wy (1) = Kn(t,t)—nkz_ohk(t) .

[Mehta, 1991], pp. 91, 92.

In the following we will consider the case Q(t) = t? (v = 1). Then the orthogonal
polynomials p,, are, up to normalization, the Hermite polynomials:

pm(t) = 27" Hpy (1),

and the h,, are Hermite functions:

1t2

B (t) = (27mIV/m) " 2e 2% Hyo(t).

2. Harmonic analysis on the Heisenberg group. We will recall classical facts about
the representation theory of the Heisenberg group: Bargmann representation on the Fock
space, and Schrodinger representation on L?(R9) (see [Faraut, 1987] for instance).

The Heisenberg group Hy is the set Hy = C? x R equipped with the product

(z,t) - (2',t) = (2 + 2/, t +t +1Im (2']2)).
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The Fock space H, (A € R*) is the space of holomorphic functions ¢ on C% with

AN
el = (B1) [ e oo)pm(ao) < .

™ cd

The Bargmann representation T}, is the representation of Hy on H) given by:
(Ta(z,)9)(¢) = 2N - 2),

The unitary group U(d) acts on the Heisenberg group Hy by automorphisms:

(2,1) = (uz,t)  (ueU(d)),
and also on the Fock space Hy:

(ru)(Q) = p(u™'¢),

so that

Th(uz,t) = 7T (2, t)Ty-1.

Let P,, denote the space of polynomials in d variables, homogeneous of degree m. The
space Py, which is a subspace of the Fock space Hy, is invariant under U(d), and irre-
ducible for this action. Furthermore

=@ Pu

Let L'(Hy)” be the space of U(d)-invariant integrable functions (radial in z). It is a
commmutative convolution algebra [Kordnyi, 1980]. The characters of the commutative
Banach algebra L'(H,)” are of the form:

X(f) = f(Z, t)w(z7 t)m(dz)dt,
Hgq

here w is a bounded spherical function, i.e. a U(d)-invariant bounded continuous function
on H, such that

/ w((z,t)(uz, t))v(du) = w(z, t)w(z',t'),
U(d)
where v is the normalized Haar measure of U(d), or
/ w(z+u t+t + Im(z*u2"))v(du) = w(z, )w(, ).
U(d)

The spectrum of the commutative Banach algebra can be identified with the set of
bounded spherical functions, and its topology is induced by the topology of uniform
convergence on compact sets.

For f € L'(Hy), define
Ty(f) = /H Ty (2. 8) /(2. tym(dz) dt.

If f is U(d) invariant: f € L'(Hy)":
fluz,t) = (1),
then the operator T)(f) commutes with the U(d)-action:
7T (2,t) =T(2,0)1 (u€ U(d)).
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Therefore, by Schur’s Lemma, P, is an eigenspace for Th(f): there is a complex number
f(A,m) such that, for p € Py,

T = mye.
The map f — f(\,m) is a character of L*(Hy)?, hence can be written

FOum) = [ f(z )wam(z, t)m(dz)dt,
Hy

where wy , is a spherical function. (The functions wy ,, can be written in terms of La-
guerre polynomials.)
The monomials of degree m form an orthogonal basis of P,,. Let u,, be the normalized

monomials:
|A|‘a
with

a=(a1,...,aq) ENY al=a;+ - dag=m, al=ao!... a4l

PROPOSITION 3.

1 L _(m+d—1)!
wx,m (2, t) d— z:: (Th(z,t)uq|ua), where dn =dimH,y, m
Proof. If f € L*(Hy)", ¢ € Py, with [j¢|[x = 1, then
(Th(f)ele)r = F(A m),
and this can be written
fm) = . (2, ) (T (2, t)plp)m(dz)dt.
d
and also
A 1
fA,m) = i Z f(z (T (2, ua [ua)m(dz)dt
jaj=m * Ha
/ f(z,t) ( > (T,\(z,t)ua|ua)>m(dz)dt.
lor|=
Therefore 1
W)\,m(zvt) = E ‘ Z_: (T)\(Zat)ua|ua)' u

Let S(C?%) denote the unit sphere in C¢, and o the normalized uniform measure on
S(C4). For pu > 0, define

wy(z,t) :/ ewlm(z‘oa(d@.
5(C4)
The function w, is spherical.

THEOREM 4. The spectrum of Ll(Hd)b, i.e. the set of bounded spherical functions, can
be described as follows:

Spect(L*(Hg)’) = {wam | A € R*, m € N} U {w, | u > 0}.
[Kordnyi, 1980].
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The topology of the spectrum Spect(L'(Hy,)") is given by the following embedding
into R?:

(Am) = (X A(m +d/2)A),  p— (0,47).
([Bougerol, 1981]). In particular:

COROLLARY 5.

i t) = t
/\—>o,4iar?x\éu2w’\’m(z’ ) =wulz1),

uniformly on compact sets.

Theorem 4 can be proven by using the fact that the spherical functions are eigenfunc-
tions of the differential operators on H; which are left Hy-invariant, and invariant under
the U(d)-action. The algebra of these operators is generated by the sublaplacian Ay and
the first order differential operator 7'

d

0
_ 2 2 _
Do= (XF+YP), T=o,
Jj=1
where, writting z = = + 1y,
0 0 0 0
X = 2 = V= 2
o Ve YT oy, TV

and
Agwrm = —4(m+d/2)|N wrm, Twrm =IiAwxm,

Agw, = —u? wy, Tw,=0.

3. Schrodinger representation. The Schrédinger representation Uy of the Heisenberg
group Hy on L?(R?) is given by

(Un(2,0) ) (€) = eNHEWT20IN (e 4 2),

where z = = + iy.
The representations Ty and U, are equivalent. The Hermite-Weber transform:

Ayt Hy — L*(RY),

(Axg)(€) = (%') i(p (—QLM a%) NS

intertwines both representations:

given by

ATy = UyA,,

and maps monomials to Hermite functions, modified by a suitable scaling. Recall the
Hermite functions:

hm(z) = (Qmm!ﬁ)_%e_gHm(sc).
For a = (ai,...,aq) € N4 & = (&,...,&) € RY, let
ha(§) = hay (€1) - - - hay(§a),
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and, for A € R*,
ha(€) = 2IA) ™ Tha(V2IA[€).

By using the Rodrigues formula

one sees that
Ayud = h).
The Hermite-Weber transform is a unitary isomorphism whose inverse
By : L*(RY) — H,,
is the Segal-Bargmann transform:

(B))(¢) = (%) Ze—%\XICtC /Rd e—\/\I(C—f)t(C—f)f(f)m(df).

™

PROPOSITION 6. .
w)\,m(zat) = d_ Z (U)\(Z,t)hg‘hé)

|a|=m
Proof. In fact
(Ux(z, t)h/\|h)‘) (Ux(z, t)AAua|A>\u )= (AATA(z,t)uMA)\ué)

because A) intertwines Uy and T), and, since Ay is a unitary isomorphism, the above
equals (Th(z,t)u |u)x. The statement then follows from Proposition 3. m

Now take z =iy (x =0), y € RY, ¢t = 0:
. 1
. _ 2iA(yl&) [ _— A 2
ormlin0) = [ o0 (L X e Jmias)
Let us consider the probability measure 7,, on R? given by
1
i) = (7= X IO Jm(ae),
lal=m

and let 7, denote its Fourier transform

in(e) = [ e, o).
]Rd
The above result can be written:
ﬁm( 2|>‘|y) = W/\,m(iya 0)
On the other hand
i 0) = [ e tig(dg)
S(ccd)

Recall that o is the normalized uniform measure on the unit sphere S(C?). By projecting

o onto R%: )
iy, 0) = — / IO (1 — [1¢]|2) L, (de),
Ad JBray
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where B(R?) is the unit ball in R?, and

72T (d/2)

=g

Let us also consider the probability measure n on R? given by, for a bounded Borel
function f,

somae =5 [ 5@~ ) miae)
R4 d JB(RY)
Then, if 7 denotes its Fourier transform,
N(ny) = wu(iy, 0).
Recall the classical Lévy-Cramér Theorem:

THEOREM 7 (Lévy-Cramér). Let pu,, be a sequence of probability measures on R?. One
assumes that the sequence of the Fourier transforms

vnle) = [ ()
Rd
converges at every point:
Tim (@) = v(x),

ant that the limit function 1 is continuous at 0. Then the measures p,, converge weakly
to a probability measure u whose ¥ is the Fourier transform.

As an application we will obtain:

THEOREM 8. For a bounded continuous function f on R?,

. £ 1 4
Jim [ (= Jmmta =5 [ @ = el mae)

Proof. Let us scale the measure 7,,, and consider the measure 7j,,:

[ 1@t = [ (5= mtao)

Its Fourier transform is

Recall Corollary 4:

li t) = t).
,\Ho,47lnn|1,\pu2w%m(z’ ) =walzt)

For \ = R’

T (U) = i (\/%—m) = wa L (iy).

Therefore, since 7(y) = w1 (1y),
lim_77,(4) = ().

m—

Hence Theorem 8 follows from the Lévy-Cramér Theorem (Theorem 7). m
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For d = 2, we obtain, for a bounded continuous function f on R?,

. &1 13 1 5 )
n"}gnoo R2 f(\/%7 \/%) <m +1 Z hay (€1) Py (§2) )d§1d§2

a1 +as=m
1

= 7/ f(:Cl,SCg)dSCldl‘Q.
m forngl

and by projecting onto R:

COROLLARY 9. For a bounded continuous function ¢ on R,

. 3 ) ( IR 2) 2 /1
lim — | —— h dé = — )V 1 — 22dx.
Jm [ o( ) (e o )ie=2 [ e
By using the second Mehta’s formula (Theorem 2), this proves Wigner Theorem.

REMARK. In his paper [Biane, 1997], Biane establishes a link between the semi-circle law
and harmonic analysis on the Heisenberg group Hy, but this link is of a different nature
than the one we consider in the present paper. In particular Biane considers asymptotics
as the dimension of the Heisenberg group goes to infinity, whereas we keep this dimension
fixed.
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