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Abstra
t. We study deformations of the 
lassi
al 
onvolution. For every invertible transforma-tion T : µ 7→ Tµ, we are able to de�ne a new asso
iative 
onvolution of measures by
µ ∗T ν = T

−1(Tµ ∗ Tν).We deal with the Va-deformation of the 
lassi
al 
onvolution. We prove the analogue of the
lassi
al Lévy�Khint
hine formula. We also show the 
entral limit measure, whi
h turns outto be the standard Gaussian measure. Moreover, we 
al
ulate the Poisson measure in the Va-deformed 
lassi
al 
onvolution and give the orthogonal polynomials asso
iated to the limitingmeasure.1. Introdu
tion. For every invertible transformation of probability measures on thereal line T : µ 7→ Tµ, we are able to de�ne a new asso
iative 
onvolution of measures bythe requirement
µ ∗T ν = T−1(Tµ ∗ Tν).In this paper we 
onsider the Va-deformation, whi
h was de�ned and 
onsidered in thepaper [KW℄ in the 
ase of deformations of the free and 
onditionally free 
onvolutions.In Se
tion 2 we remind the notion of the 
lassi
al 
onvolution and the Fourier trans-form. We also re
all the moment-
umulant formula for the 
lassi
al 
onvolution and the
lassi
al Lévy�Khint
hine theorem for the in�nitely divisible distributions.In Se
tion 3 we re
all a de�nition of the Va-deformation and show its basi
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186 A. D. KRYSTEKIn Se
tion 4 we de�ne the Va-deformed 
lassi
al 
onvolution and show that this 
onvo-lution is not a generalized 
onvolution de�ned by Urbanik. We also prove an analogue ofthe 
lassi
al Lévy�Khint
hine formula for the Va-deformed 
lassi
al 
onvolution. Namely,we show that a probability measure µ on R is ∗a-in�nitely divisible if and only if thereexist a real number α, a positive number σ2 and a measure ν with ν({0}) = 0 and∫
x2

1+x2 dν(x) < ∞, su
h that the Fourier transform of the deformation of the measure µis of the following form
F [Vaµ](t) = exp

(
itα − t2σ2

2
+

∫ ∞

−∞

(
eitx − 1 − itx

1 + x2

)
dν(x)

)
.In Se
tion 5 we �nd the 
entral limit measure, whi
h turns out to be the standardGaussian measure. In Se
tion 6 we 
al
ulate the Poisson measure in the Va-deformed
lassi
al 
onvolution and give the orthogonal polynomials asso
iated to the limiting mea-sure.2. Classi
al 
onvolution. Let us denote by F [µ](z) the Fourier transform of a proba-bility measure µ,

F [µ](t) =

∫

R

eitx dµ(x), t ∈ R.It is well known that for the 
lassi
al 
onvolution of measures
µ ∗ ν(E) =

∫ ∞

−∞
µ(E − x) dν(x), E a Borel set,we have

F [µ ∗ ν](t) = F [µ](t) · F [ν](t),whi
h means that for the logarithm we have
lnF [µ ∗ ν](t) = lnF [µ](t) + lnF [ν](t),that is, the logarithm of the Fourier transform is a linearizing transform for the 
lassi
al
onvolution. This is well de�ned for some neighbourhood of 0.Assume that a probability measure µ has all moments. Then

lnF [µ](t) =

∞∑

n=0

F ∗
µ(n)

n!
(it)n

for t in some neighbourhood of 0. We will 
all the 
oe�
ients F ∗
µ(n) the 
lassi
al 
umu-lants or semiinvariants.We have the following relation between the Fourier transform and moments, see [GK℄and [N℄:

mµ(n) =

∫
xn dµ(x) =

∑

π∈P(n)

F ∗
µ(π) =

∑

π∈P(n)
π={B1,...,Bk}

k∏

j=1

F ∗
µ(|Bj |), (2.1)



Va-DEFORMATION OF THE CLASSICAL CONVOLUTION 187where P(n) is the set of all partitions of the set {1, . . . , n}. Solving the above equationfor F ∗
µ(n) we obtain

F ∗
µ(n) = mµ(n) −

∑

π∈P(n)
π 6=(1,...,n)

F ∗
µ(π) = mµ(n) −

∑

π∈P(n)
π 6=(1,...,n)

k∏

i=1

F ∗
µ(|Bi|), (2.2)

where (1, ..., n) denotes the partition with one blo
k 
ontaining all the points.Remark 1. Let us note that
F ∗

µ(1) = mµ(1) =

∫ ∞

−∞
x dµ(x)is the mean of the measure µ and

F ∗
µ(2) = σ2

µ =

∫ ∞

−∞
(x − mµ(1))2 dµ(x)is equal to the varian
e of µ.Let us re
all that a probability measure µ is in�nitely divisible with respe
t to the
lassi
al 
onvolution ∗ if for every N ∈ N there exists a probability measure µN su
h that

µ = µ∗N
N .The well-known Lévy�Khint
hine theorem, see for instan
e [D℄, 
hara
terizes in�nitelydivisible measures:Theorem 1. A probability measure µ on R is in�nitely divisible if and only if thereexist a real number α, a positive number σ2 and a measure ν with ν({0}) = 0 and∫

x2

1+x2 dν(x) < ∞, su
h that the Fourier transform of the measure µ is of the followingform
F [µ](t) = exp

(
itα − t2σ2

2
+

∫ ∞

−∞

(
eitx − 1 − itx

1 + x2

)
dν(x)

)
.Some deformations of the 
lassi
al 
onvolutions were 
onsidered by Urbanik [U1℄�[U5℄and 
alled the generalized 
onvolutions. We will re
all his de�nitionDefinition 1. A 
ommutative and asso
iative operation ⋄ de�ned on Prob (R+), theprobability measures on the Borel subsets of [0,∞), is 
alled a generalized 
onvolution ifit satis�es the following 
onditions:(i) The measure δ0 is a unit element, that is, for all µ ∈ Prob (R+)

δ0 ⋄ µ = µ.(ii) For all µ, ν, ρ ∈ Prob (R+) and 0 ≤ p ≤ 1

(pµ + (1 − p)ν) ⋄ ρ = p(µ ⋄ ρ) + (1 − p)(ν ⋄ ρ)(
onvex linearity).(iii) For all µ, ν ∈ Prob (R+) and a > 0

(Daµ) ⋄ (Daν) = Da(µ ⋄ ν)(homogeneity).



188 A. D. KRYSTEK(iv) If µn → µ weakly, then for all ν ∈ Prob (R+) and a > 0

µn ⋄ ν → µ ⋄ ν(
ontinuity).(v) There exists a sequen
e c1, c2 . . . of positive numbers su
h that the sequen
e
Dcn

δ⋄n
1weakly 
onverges to a measure di�erent from δ0 (the law of large numbers formeasure 
on
entrated at a single point), where

δ⋄1a = δa, δ⋄n+1
a = δ⋄n

a ⋄ δa.

3. Va-deformation. Let us re
all the de�nition and basi
 properties of the Va-deforma-tion, whi
h 
an be found in [KW℄.Definition 2. For a measure µ with �nite se
ond moment and a ∈ R let us de�ne itsdeformation Vaµ by letting
1

GVaµ(z)
=

1

Gµ(z)
+ aσ2

µ, (3.1)where Gµ(z) is the Cau
hy transform of the measure µ, for z ∈ C+, de�ned as follows:
Gµ(z) =

∫ +∞

−∞

dµ(x)

z − x
.From the Nevanlinna theorem on the re
ipro
als of Cau
hy transforms of measur-es, [A℄, we get that Vaµ is again a probability measure.Remark 2. The Va-transformation of a 
ompa
tly supported measure 
an be illustratedwith the use of the 
ontinued fra
tion representation of the Cau
hy transform. If

Gµ(z) =
1

z − α0 −
λ0

z − α1 −
λ1

z − α2 −
λ2

z − α3 −
. . .

,

then
GVaµ(z) =

1

z − α0 + aλ0 −
λ0

z − α1 −
λ1

z − α2 −
λ3

z − α3 −
. . .

.

This means that the Va-transformation adds the amount aλ0 to the 
oe�
ient α0.We also have the following



Va-DEFORMATION OF THE CLASSICAL CONVOLUTION 189Proposition 1. The Va-transformation leaves the λ1 
oe�
ient (and thus the varian
e)un
hanged:
σ2

Vaµ = σ2
µ.This follows from the de�nition of Va.Example 1. We 
ompute the Va-transformation of a probability measure whi
h is sup-ported in two points. Let

µ = pδx + qδy, x < y, p, q ≥ 0, p + q = 1.then Vaµ is again a two point measure
Vaµ = PδA + QδB,where

A =
x + y − apq(x − y)2

2

−
√

(x + y − apq(x − y)2)2 − 4(xy − apq(x − y)2(qx + py))

2
,

B =
x + y − apq(x − y)2

2

+

√
(x + y − apq(x − y)2)2 − 4(xy − apq(x − y)2(qx + py))

2
,and

P =
1

2
− (q − p)(x − y) + apq(x − y)2

2
√

(x + y − apq(x − y)2)2 − 4(xy − apq(x − y)2(qx + py))
,

Q =
1

2
+

(q − p)(x − y) + apq(x − y)2

2
√

(x + y − apq(x − y)2)2 − 4(xy − apq(x − y)2(qx + py))
.Proposition 2. We have

1

GVaDλµ(z)
=

1

GDλVaµ(z)
+ a(λ2 − λ)σ2

µ,whi
h means that nontrivial dilations of measures di�erent from δb, b ∈ R do not 
ommutewith Va for a 6= 0:
DλVaµ 6= VaDλµ.A proof of the proposition above 
an be found in [KW℄.4. Va-deformation of the 
lassi
al 
onvolution. For every invertible transformation

T : µ 7→ Tµ, we are able to de�ne a new asso
iative 
onvolution of measures by
µ ∗T ν = T−1(Tµ ∗ Tν).Be
ause the Va-deformation is invertible, let us de�neDefinition 3. The Va-deformed 
lassi
al 
onvolution ∗a is de�ned by
µ ∗a ν = V−a(Vaµ ∗ Vaν), (4.1)where µ and ν have �nite se
ond moments.



190 A. D. KRYSTEKWe 
an also de�ne the deformed Fourier transform and deformed 
lassi
al 
umulants.Let
Fa[µ](t) = F [Vaµ](t).Then we have

lnFa[µ](t) =
∞∑

n=0

F ∗a
µ (n)

n!
(it)n (4.2)where for any positive integer n

F ∗a

µ (n) : = F ∗
Vaµ(n).Thus by the above formulae

Fa[µ ∗a ν](t) = Fa[µ](t) · Fa[ν](t),

lnFa[µ ∗a ν](t) = lnFa[µ](t) + lnFa[ν](t).Let us start by re
alling that from [KW℄ and Example 1 it follows that the Va-deformation has the following properties:
Vaδx = δx,

Va(pδx + (1 − p)δy) = PδX + (1 − P )δY , p 6= P, x 6= X, y 6= Y.In parti
ular, we have
Va

(
1

2
δ0 +

1

2
δ1

)
=

(
1

2
− a

8
√

1 + a
4

)
δ

1−
√

1+ a
4
−

a
4

2

+

(
1

2
+

a

8
√

1 + a
4

)
δ

1+
√

1+ a
4
−

a
4

2

.Sin
e
δx ∗ δy = δx+y,we obtain that(

1

2
δ0 +

1

2
δ1

)
∗a δz = V−a

(
Va

(
1

2
δ0 +

1

2
δ1

)
∗ Vaδz

)

= V−a

(
Va

(
1

2
δ0 +

1

2
δ1

)
∗ δz

)

= V−a

((
1

2
− a

8
√

1 + a
4

)
δ

1−
√

1+ a
4
−

a
4

2 +z

+

(
1

2
+

a

8
√

1 + a
4

)
δ

1+
√

1+ a
4
−

a
4

2 +z

)
.On the other hand

1

2
δ0 ∗a δz +

1

2
δ1 ∗a δz =

1

2
δ0 ∗ δz +

1

2
δ1 ∗ δz =

1

2
δz +

1

2
δ1+z.Be
ause

Va

(
1

2
δz +

1

2
δ1+z

)
=

(
1

2
− a

4
√

4 + a − 8z + 4az − 16z2

)
δ

4−a+8z−2
√

4+a−8z+4az−16z2

8

+

(
1

2
+

a

4
√

4 + a − 8z + 4az − 16z2

)
δ

4−a+8z+2
√

4+a−8z+4az−16z2

8

,



Va-DEFORMATION OF THE CLASSICAL CONVOLUTION 191it follows that
PδX+z + (1 − P )δY +z 6= Va(pδx+z + (1 − p)δy+z),or equivalently
V−a(PδX+z + (1 − P )δY +z) 6= pδx+z + (1 − p)δy+z,whi
h implies that this 
onvolution is not a generalized 
onvolution of Urbanik, be
auseit does not satisfy the linearity 
ondition.Let us start with re
alling a general de�nition:Definition 4. We say that a probability measure µ is in�nitely divisible with respe
tto a 
onvolution ⊕ if for every N ∈ N there exists a probability measure µN su
h that

µ = µ⊕N
N .This 
an be rewritten equivalently in terms of respe
tive linearizing R⊕-transforms:a probability measure µ is in�nitely divisible with respe
t to a 
onvolution ⊕ if for every

N ∈ N there exists a measure µN su
h that R⊕
µ (z) = N · R⊕

µN
(z).In the 
ase of the deformed 
lassi
al 
onvolution, Va-
onvolution, we will use thedeformed Fourier transforms.For the Va-deformed 
lassi
al 
onvolution we 
an prove an analogue of the 
lassi
alLévy�Khint
hine formula.Theorem 2. A probability measure µ on R with �nite se
ond moment is ∗a-in�nitelydivisible if and only if there exist a real number α, a positive number σ2 and a measure νwith ν({0}) = 0 and ∫

x2

1+x2 dν(x) < ∞ su
h that the deformed Fourier transform of themeasure µ is of the following form:
Fa[µ](t) = exp

(
itα − t2σ2

2
+

∫ ∞

−∞

(
eitx − 1 − itx

1 + x2

)
dν(x)

)
.

Proof. A measure µ is ∗a-in�nitely divisible if for every N ∈ N there exists a measure
µN su
h that on some domain

Fa[µ](t) = (Fa[µN ](t))N .By a double appli
ation of the de�nition of the Va-deformed Fourier transform to the leftand right hand side of the above equation we get
F [Vaµ](t) = Fa[µ](t) = (Fa[µN ](t))N =

(
F [VaµN ](t)

)N

,hen
e, the measure µ is ∗a-in�nitely divisible if and only if
F [Vaµ](t) =

(
F [VaµN ](t)

)N

,whi
h is equivalent to 
lassi
al in�nite divisibility of the measure Vaµ.By the Lévy�Khint
hine formula (see [D℄, [GK℄) we know that the measure Vaµ isin�nitely divisible if and only if there exist a real number α, a positive number σ2 anda measure ν with ν({0}) = 0 and ∫
x2

1+x2 dν(x) < ∞, su
h that the Fourier transform of



192 A. D. KRYSTEKthe measure Vaµ is of the following form:
F [Vaµ](t) = exp

(
itα − t2σ2

2
+

∫ ∞

−∞

(
eitx − 1 − itx

1 + x2

)
dν(x)

)
.Hen
e

Fa[µ](t) = F [Vaµ](t) = exp

(
itα − t2σ2

2
+

∫ ∞

−∞

(
eitx − 1 − itx

1 + x2

)
dν(x)

)
.

5. Central limit theorem. We now prove a 
entral limit theorem for the ∗a 
onvolu-tion. First we prove a te
hni
al lemma. By [KW℄ we haveLemma 1. Let µ be a 
ompa
tly supported probability measure on the real line. Then
mVaDλµ(n) = λnmµ(n) + o(λn). (5.1)Using the relation between moments and the Fourier transform, we will obtain:Lemma 2. Let µ be a 
ompa
tly supported probability measure on the real line with meanzero and varian
e equal to 1. Then

F ∗
VaDλµ(1) = −aλ2, F ∗

VaDλµ(2) = λ2, F ∗
VaDλµ(k) = o(λ2) for k ≥ 3.Proof. Let us note that the Va-transformation of a dilation of measure µ with mean zeroand varian
e σ2

µ equal to 1 has
mVaDλµ(1) = −aλ2, σ2

VaDλµ = λ2.Be
ause of the moment-
umulant formulae for the 
lassi
al 
onvolution (2.1), for the
Va-deformation of dilation of measures we have

F ∗
VaDλµ(1) = −aλ2, F ∗

VaDλµ(2) = σ2
VaDλµ = λ2.Moreover, for k = 3 by the moment-
umulant formula (2.1)

F ∗
VaDλµ(3) = mVaDλµ(3) − 3F ∗

VaDλµ(2)F ∗
VaDλµ(1) − F ∗

VaDλµ(1)3,by Lemma 1, we have
F ∗

VaDλµ(3) = λ3mµ(3) + o(λ3) + 3aλ4 + a3λ6 = o(λ2),and by indu
tion: if in π there exists B su
h that |B| ≥ 3, then F ∗
VaDλµ(π) = o(λ2). Ifnot, there must be at least two blo
ks, |B1| + |B2| ≥ 2, hen
e

∏

Bi∈π

F ∗
VaDλµ(Bi) = o(λ3).

Theorem 3 (Central limit theorem). Let µ be a 
ompa
tly supported probability measureon the real line with mean zero and varian
e equal to 1. Then the sequen
e
D1/

√
Nµ ∗a . . . ∗a D1/

√
Nµ



Va-DEFORMATION OF THE CLASSICAL CONVOLUTION 193is ∗-weakly 
onvergent to the normal distribution N(0,1) with density
dN(0,1)(x) =

1√
2π

e−x2/2 dx.Proof. Let us denote by F [µ](z) the Fourier transform of the measure µ on R and by
Fa[Dλµ](z) the deformed Fourier transform of the dilation of the measure µ, de�ned in(4.2). This means that we have

Fa[Dλµ](z) = F [Va(Dλµ)](z).The sequen
e of N -fold Va-
onvolution of the measure µ is of the form
µN = D1/

√
Nµ ∗a . . . ∗a D1/

√
Nµ = V−a(VaD1/

√
Nµ ∗ . . . ∗ VaD1/

√
Nµ).Denote for simpli
ity

νN = VaD1/
√

Nµ ∗ · · · ∗ VaD1/
√

Nµ
︸ ︷︷ ︸

N times .

Then µN = V−aνN and we have
F [νN ](z) = (F [VaD1/

√
Nµ](z))N = (Fa[D1/

√
Nµ](z))Nand by Lemma 2

F ∗
νN

(1) = −N · a

N
= −a,

F ∗
νN

(2) = N · 1

N
= 1,

F ∗
νN

(k) = N · o
(

1

N

)
N→∞−→ 0,where the 
umulants F ∗a

νN
(n) and the Fourier transform F [νN ](t) are related by

lnF [νN ](t) =

∞∑

n=0

F ∗a
νN

(n)

n!
(it)n.Therefore

lnF [νN ](z)
N→∞−→ lnF [N(−a,1)](z) = −az + z2,and N(−a,1) is the normal distribution with the �rst moment −a and varian
e 1. We knowthat

GN(−a,1)
(z) =

1

z + a −
1

z −
2

z −
3

z −
4

z − . . .Be
ause the measure N(−a,1) is determined by its moments we 
an apply the followingtheorem from [ST℄:Theorem 4. Let mµ(n) be the sequen
e of moments of a probability measure µ. A ne
-essary and su�
ient 
ondition that the moment problem mµ(n) be determined is that the
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ontinued fra
tion form of the Cau
hy transform of the measure µ 
onverges 
ompletelyfor all 
omplex z.Hen
e the above 
ontinued fra
tion is 
onvergent to the respe
tive Cau
hy transform.Thus we have
GV

−aN(−a,1)
(z) =

1

z −
1

z −
2

z −
3

z −
4

z − . . .

= GN(0,1)
(z).

Therefore
F [µN ](z)

N→∞−→ F [N(0,1)](z)and
D1/

√
Nµ ∗a . . . ∗a D1/

√
Nµ = V−a(VaD1/

√
Nµ ∗ . . . ∗ VaD1/

√
Nµ)

N→∞−→ N(0,1).Remark 3. Be
ause the Va-deformation does not 
ommute with dilation of measures,we 
annot use the usual 
entral limit theorem, see for instan
e [B℄. The 
entral measure,however, is the normal distribution.6. Poisson type limit theorem. In this se
tion we will study a Poisson limit theoremfor the ∗a-
onvolution.Re
all that by Example 1, we know that the Va-transformation of the Bernoulli mea-sure µN =
(
1 − λ

N

)
δ0 + λ

N δ1 is also a two-point measure
Vaµ = PNδAN

+ QNδBN
,with

AN =
1 − a

(
1 − λ

N

)
λ
N −

√
4a

(
1 − λ

N

)2 λ
N +

(
1 − a

(
1 − λ

N

)
λ
N

)2

2
,

BN =
1 − a

(
1 − λ

N

)
λ
N +

√
4a

(
1 − λ

N

)2 λ
N +

(
1 − a

(
1 − λ

N

)
λ
N

)2

2
,

PN =
1

2
−

(
1 − 2 λ

N

)
+ a

(
1 − λ

N

)
λ
N

2

√(
1 − a

(
1 − λ

N

)
λ
N

)2
+ 4a

(
1 − λ

N

)2 λ
N

,

=
BN −

(
1 − a

(
1 − λ

N

))
λ
N

βN

QN =
1

2
+

(
1 − 2 λ

N

)
+ a

(
1 − λ

N

)
λ
N

2

√(
1 − a

(
1 − λ

N

)
λ
N

)2
+ 4a

(
1 − λ

N

)2 λ
N

=

(
1 − a

(
1 − λ

N

))
λ
N − AN

βN
.
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βN =

√(
1 − a

(
1 − λ

N

)
λ

N

)2

+ 4a

(
1 − λ

N

)2
λ

N
.We will use the Fourier transform. Let

µN := µN ∗a . . . ∗a µN .It is 
lear that
Fa[µN ](x) = F [VaµN ](x) = (F [VaµN ](x))N = (Fa[µN ](x))N .Be
ause the deformed Fourier transform of the measure µN is of the form

Fa[µN ](x) = PNeixAN + QNeixBN ,its Taylor expansion is the following
Fa[µN ](x) =

∞∑

n=0

(ix)n

n!
(PNAn

N + QNBn
N ).

By the fa
t that
ANBN = −a

(
1 − λ

N

)2
λ

N
= −a

λ

N
+ 2a

(
λ

N

)2

− a

(
λ

N

)3

= −a
λ

N
+ O

(
1

N2

) (6.1)we get the followingLemma 3. For ea
h positive integer n ∈ N

An
N + Bn

N = 1 + O

(
1

N

)
.Proof. For n = 1 we have

AN + BN = 1 − a

(
1 − λ

N

)
λ

N
= 1 − a

λ

N
+ a

(
λ

N

)2

= 1 + O

(
1

N

)

and for n ≥ 2

1 + O

(
1

N

)
= (AN + BN )n = An

N + Bn
N + ANBN

n−1∑

k=1

(
n

k

)
Ak

NBn−k
N

= An
N + Bn

N + O

(
1

N

)
.

Lemma 4. For ea
h positive integer n ∈ N we have
PNAn

N + QNBn
N =

{
(1 − a) λ

N + O
(

1
N2

) if n = 1,

λ
N + O

(
1

N2

) if n ≥ 2.
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ause βN = BN − AN , for n = 1 we have
PNAN + QNBN =

BN −
(
1 − a

(
1 − λ

N

))
λ
N

βN
AN +

(
1 − a

(
1 − λ

N

))
λ
N − AN

βN
BN

=
λ

N

(
1 − a

(
1 − λ

N

))
BN − AN

βN

= (1 − a)
λ

N
+ O

(
1

N2

)
.For n = 2 one easily 
omputes

PNA2
N + QNB2

N =
BN −

(
1 − a

(
1 − λ

N

))
λ
N

βN
A2

N +

(
1 − a

(
1 − λ

N

))
λ
N − AN

βN
B2

N

=
λ

N

(
1 − a

(
1 − λ

N

))
B2

N − A2
N

βN
− ANBN (BN − AN )

βN

=
λ

N

(
1 − a

(
1 − λ

N

))
(BN + AN ) − ANBN

=

(
(1 − a)

λ

N
+ O

(
1

N2

))
(BN + AN ) − ANBN .Thus by the equation (6.1) and Lemma 3 we have

PNA2
N + QNB2

N =

(
(1 − a)

λ

N
+ O

(
1

N2

))(
1 + O

(
1

N

))
+ a

λ

N
+ O

(
1

N2

)

=
λ

N
+ O

(
1

N2

)
.We may write for n ≥ 3

PNAn
N + QNBn

N =
BN −

(
1 − a

(
1 − λ

N

))
λ
N

βN
An

N +

(
1 − a

(
1 − λ

N

))
λ
N − AN

βN
Bn

N

=
λ

N

(
1 − a

(
1 − λ

N

))
Bn

N − An
N

βN
− ANBN (Bn−1

N − An−1
N )

βN

=
λ

N

(
1 − a

(
1 − λ

N

))
Bn

N − An
N

BN − AN
− ANBN (Bn−1

N − An−1
N )

BN − AN

=

(
(1 − a)

λ

N
+ O

(
1

N2

))
(Bn−1

N + Bn−2
N AN + . . . + An−1

N )

− ANBN (Bn−2
N + Bn−3

N AN + . . . + BNAn−3
N + An−2

N ).Be
ause
Bk

N + Bk−1
N AN + . . . + BNAk−1

N + Ak
N

= Bk
N + Ak

N + ANBN (Bk−2
N + Bk−3

N AN + . . . + Ak−2
N )

= Bk
N + Ak

N + O

(
1

N

)
(Bk−2

N + Bk−3
N AN + . . . + Ak−2

N )

= Bk
N + Ak

N + O

(
1

N2

)
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PNAn

N + QNBn
N =

(
(1 − a)

λ

N
+ O

(
1

N2

))
(Bn−1

N + An−1
N )

+ a
λ

N
(Bn−2

N + An−2
N ) + O

(
1

N2

)

=
λ

N
+ O

(
1

N2

)
.

Theorem 5. The Fourier transform of the Va-transformation of the limiting measure isgiven by the formula
Fa[pλ](x) = F [Va(pλ)](x) = exp (λ(eix − 1 − ixa)) = eλ(eix−1)e−λixa.Proof. It follows from the above lemmas that

Fa[µN ](x) =
∞∑

n=0

(ix)n

n!
(PNAn

N + QNBn
N )

= 1 + ix(PNAN + QNBN ) +

∞∑

n=2

(ix)n

n!
(PNAn

N + QNBn
N )

= 1 + ix

(
(1 − a)

λ

N
+ O

(
1

N2

))
+

∞∑

n=2

(ix)n

n!

(
λ

N
+ O

(
1

N2

))

= 1 + ix(1 − a)
λ

N
+

λ

N

∞∑

n=2

(ix)n

n!
+ O

(
1

N2

)

Hen
e
lim

N→∞
Fa[µN ](x) = lim

N→∞
(Fa[µN ](x))N

= lim
N→∞

(
1 + ix(1 − a)

λ

N
+

λ

N

∞∑

n=2

(ix)n

n!
+ O

(
1

N2

))N

= lim
N→∞

(
1 + ix(1 − a)

λ

N
+

λ

N

∞∑

n=2

(ix)n

n!

)N

= lim
N→∞

(
1 + ix(1 − a)

λ

N
+

λ

N
(eix − 1 − ix)

)N

= lim
N→∞

(
1 + (eix − ixa − 1)

λ

N

)N

= expλ(eix − 1 − ixa)

= eλ(eix−1)e−λixa.



198 A. D. KRYSTEKCorollary 1. The Va-transformation of the Poisson measure pλ for the Va-deformed
lassi
al 
onvolution is given by
Fa[pλ](x) = F [Vapλ](x) = e−λ

∞∑

k=0

λk

k!
δk−λa.We would like to �nd the orthogonal polynomials for the probability measure pλ.Re
all the Charlier polynomials, whi
h belong to the 
lassi
al Poisson measure

e−λ
∞∑

k=0

λk

k!
δk.The Charlier moni
 polynomials satisfy the re
urren
e relation

P−1(x, λ) = 0, P0(x, λ) = 1,

(x − λ − n)Pn(x, λ) = Pn+1(x, λ) + nλPn−1(x, λ), for n ≥ 0.Be
ause the measure Va(pλ) 
an be obtained as the right shift by −aλ of the 
lassi
alPoisson measure of parameter λ, so the moni
 orthogonal polynomials {P̃n(x)} for themeasure Va(pλ) are given by
P̃n(x) = Pn(x + aλ, λ),and have the following re
urren
e relation

P̃0(x) = 1, P̃1(x) = x − λ,

P̃n+1(x) = (x + aλ − n)P̃n(x) − nλP̃n−1(x), for n ≥ 1.That means that the Ja
obi parameters for n ≥ 1 are given by
αn = −aλ + n − 1, λn = nλ.Hen
e we 
an obtain the Cau
hy transform of the probability measure Vapλ in the
ontinued fra
tion (Stieltjes expansion) form

GVapλ
(z) =

1

z + aλ −
λ

z + aλ − 1 −
2λ

z + aλ − 2 −
3λ

z + aλ − 3 −
4λ. . .

.

Thus by de�nition the Poisson measure for Va-transformation of a 
lassi
al 
onvolutionis equal to
Gpλ

(z) =
1

z −
λ

z + aλ − 1 −
2λ

z + aλ − 2 −
3λ

z + aλ − 3 −
4λ. . .

.
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