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Abstract. The paper gives a new application of the white noise distribution theory via a proof
of irreducibility of the energy representation of a group of C°°-maps from a compact Riemann
manifold to a semi-simple compact Lie group.

1. Introduction. This article is an exposition of the paper [12]. The purpose of this
paper is to illustrate the usefulness of the white noise distribution theory via an applica-
tion. Our white noise distribution theory is the theory for functionals £ and distributions
E* on the white noise space, and (continuous) linear operators from &£ to £*.

From the viewpoint of quantum physics, the gauge groups and their unitary represen-
tations on the Fock space are very important objects. Here, the gauge group is a group of
all C'*°-maps from a compact Riemann manifold M to a semi-simple compact Lie group
G. For a 1-dimensional manifold M, for example M = T, we already know some unitary
representations defined on the Fock space. The first example is given by implementers of
Bogoliubov automorphisms. The highest weight representation and the our object called
the energy (or basic) representation are also known as examples of such representations.
However, if dim M > 2, we do not yet know unitary representations defined on the Fock
space except for the energy representation. Our interest in this paper is to find whether
the energy representation is irreducible or not. We solve this problem by using the white
noise distribution theory.

This paper is organized as follows. In Section 2, we summarize only necessary points
of the white noise distribution theory. In Section 3, the gauge group and the energy
representation are defined and irreducibility of the energy representation is stated. In
Section 4, we prove our main theorem by using the tool introduced in Section 2.
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2. The white noise theory. We give an outline of the white noise distribution theory.
The details are in [9] and [10]. First of all, let us introduce the test function space E and
the white noise space E*.

DEFINITION 2.1. Let H be a complex Hilbert space with an inner product (:,-),. Let A
be a self-adjoint operator such that A~ is a Hilbert-Schmidt class operator for some
a > 0.

Let (z,y), := (APx, APy)o for p € R. E, := (Dom(A4P),| - |,) is a Sobolev space for
each p > 0. On the other hand, if p < 0, we put E, := (H,| - |,), here H is the closure of
H with respect to the norm | - |,. Next,

E:=lmE,=(\E, E'=lmE,=|]JE,.
- p>0 - p>0

Then we call E a test function space. E becomes a nuclear space from the Hilbert-Schmidt
condition of A=%. We call the triple £ C H C E* a Gelfand triple.

ExampLE: If H = L?(R,dx) and A = —(d/dz)? + 2% + 1, then E coincides with all
rapidly decreasing functions on R as a topological vector space. Obviously E* is the
topological vector space of all tempered distributions on R. Here is another example:
If H = L?(T!,dr) and A = —(d/dx)? + 2, then E coincides with C>°(T!,C!) as a
topological vector space.

We denote the canonical bilinear form on E* X E by (-, -). Then we have the following
natural relation between the canonical bilinear form on E* x E and the inner product
on H:

<f7 g> = <?7 g>0

for all f € H and g € E. f stands for the complex conjugate of f.
Next we define the Boson Fock space and the second quantization of a linear operator.

DEFINITION 2.2. For gy, ..., g, € H, we denote the symmetrization of g1 ®. ..®g, € H®"
by
~ ~ 1
N ... Qg 1= ﬁ Z 9o (1) ... ®ga(n)a
cEG,
where &,, is the set of all permutations of {1,2,...,n}.

Let H be a Hilbert space. The Hilbert space

Po(H) o= { > ful fu € HO",
n=0

S
n=0
(ShXnl)= ¥ nlhan

nEZzo

<+oo}7
0

is called a Boson Fock space.

We define a useful tool for an analysis of a Boson Fock space.
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DEFINITION 2.3. For f € H,

oo

exp(f) == 3 " € Ty (H)

n=0

is called an exponential (or coherent) vector.
The following lemma is well-known.
LEMMA 2.4. {exp(f) | f € H} spans a dense subspace of I'y,(H).

DEFINITION 2.5. Let X, Y be locally convex spaces. £(X,Y) is the set of all continuous
linear operators from X to Y.

DEFINITION 2.6. Let A be a linear operator on H (or E). Then

S
n=0

is called the second quantization of A. Moreover, put

dr™) (A) := Zid®(j—1) QAR id@(n—j)7 dTy(A) = Z Jr™ (A)
j=1
Then dT'y(A) is called the differential second quantization of A.

DEFINITION 2.7. Let H be a complex Hilbert space and A be a self-adjoint operator
on H given in Definition 2.1. Then we can obtain a Gelfand triple

ECTy(H)CE”

constructed from (I'y(H),T',(A)). We call £ the space of white noise functionals and £*
the space of generalized white noise functionals.

COROLLARY 2.8.

(1) Let ¢ := 3% fn € Tw(H), fn € HE. Then ¢ € € if and only if f, € E€" for
allmn >0 and ¢, < +oo for all p > 0.
(2) Moreover, {exp(f)|f € E} spans a dense subspace of £.

The following operators are also well-known.
DEFINITION 2.9. Let f; € E and y € E*.
(1) Let

a(y)(1i®...8fn) =n Zy,fj A® . 8f18fi1® ... Bfn

a(y) € L(E,E) is called an anmhzlatzon operator.
(2) Let
A8 ...0f) = yOfiD ... 8 fn.
at(y) is called a creation operator. a’(y) is in L(E,&) if y € E, and af(y) is in
L(E*E*)ify € E*.

To define an integral kernel operator, we need a contraction of tensor products.
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DEFINITION 2.10. Let H be a complex Hilbert space and A be a self-adjoint operator
on H given in Definition 2.1. Let {e; 521 be a C.O.N.S. of H consisting of normalized
eigenvectors of A. Let

6(i) =, ®...® e, iZ:(il,...,il)GNl.
(1) For F € (E®U+m))* et
. V122 ey (2
F R ipg = D | e() @ e@) ()], ()],
ij
where i and j run over the whole N* and N respectively.

(2) For F € (E®(l+m))* and g € E®U+") we define a contraction F ®@; g € (E™*™)”
of F and g as follows:

Forg=Y (3 (Fel) ®ed) (g ek)  e(i)) ) el) © e(k)

ko
where i, j, and k run over the whole N!, N, and N respectively.

DEFINITION 2.11. Let x € (E®(Hm))* and
_ = (n+m)!
‘:l,m(ﬁ)(b = Z ( nl ) Sl+n("€ Qm fm+n)
n=0

for g .= " fn €&, fn € E®". Then Eim(k) € L(E,E%). We call B, (k) an integral
kernel operator with a kernel distribution x.

REMARK 2.12. We list some properties of integral kernel operators.

(1) If H = L*(R), E;,n(r) has the following formal expression:

Elym(m):/ K(S1y. oy Sttt oo ytm)
Si,tjER

al(8s,)...a"(85,)a(6y,) ... a(dy, Ydsy ... dsidty ... dty,,

where J; is the delta function for s € R. From this expression, it is entirely fair
to call = ,,,(x) an integral kernel operator.

(2) In addition, we should not overlook uniqueness of integral kernel operators. From
the formal expression given in (1), it is obvious that = ,, (ki,m) = Zrm (S1,m (Ki,m))
for Ky, € (E®UF™))* Here

1 m
sm(f@9)=5— >, olf)erly), feE geE™
€6, TEGC,,

(3) For Zj . (kim) € LE,EF),
Etm (Ktm)" = Ema(tma(Ki,m)),
where the map ¢, is defined by
{tma(k1,m), 1 @ C) = (kim, C® M), n€E®™, €€ B9

Moreover, we have
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PROPOSITION 2.13. For Z (k) € L(E,E*) and ZEp (X)) € L(E,E),

min{m,l"} ,
- _ m\ (1" - /
Elm(K)Z0m(N) = Z k! ( k:) (k) St —kmtms—k (S s ¥ (1 0k X)),

k=0

Here we used

DEFINITION 2 14. Let k€ (B®UTm)*, A e E®' @ (E®™)*. For 0 < k < min{m, '}, we
define S! TRk o A) € @(EQUH tmAm'=2k)yx 45 follows.

mkm

st kn; (Kog A): ZZK@ ® e(j) ® e(h))

i,j,i".j
x (Aeth)@e(i’) ®e(j')) e(i) @ e(i') ® e(j) ® e(i'),
where i, j, 7/, j’, and h run over the whole N, N™—* NU~% N™' and N* respectively.

The following criterion for continuous linear operators on (generalized) white noise
functionals plays a crucial role in our work.

PROPOSITION 2.15 (Fock expansion). For any = € L(E,E*), there exists a unique

{’ilﬂn}zom:m Kim € (E®(l+m))sym(l m) such that
o0
=Y Simlsm)e, ¢E€E, (2.1)
l,m=0

where the sum on the right hand side of (2.1) converges in E*, and

(B2 iy = {5 € (BB sy (k) = 1},

sym(l,m

Moreover, if 2 € L(E,E), then
Kim € E® @ (E®™*, 1m >0
and the sum on the right hand side of (2.1) converges in &.

Roughly, the Fock expansion is the Taylor expansion for continuous linear opera-
tors on (generalized) white noise functionals. In fact, to prove the Fock expansion, we
use the Taylor expansion for complex analytic functions characterizing continuous linear
operators.

3. Representations of the gauge group. Let G be a Lie group and g be the Lie
algebra of GG, and g°¢ be the complexification of g. Let Ad be the adjoint representation
of G. For the complexification of Ad, we use the same notation.

Now let G be a semi-simple compact Lie group. Let (-, -)q be the inner product on g°
determined by the Killing form of g. Then the representation (g°, Ad) of G is a unitary
representation with respect to the inner product (-, ).

For X, Y € g, let

ad(X)Y = [X,Y]

where [ X, Y] be the Lie bracket of g. Then ad(X) is a representation of the Lie algebra g
on the vector space g.
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Next, we define a gauge group and its representation. Let M be a compact Riemann
manifold and (-, -), be the inner product on T, M determined by the Riemannian structure
of M.

Let C*°(M, G) be the set of all C*°-maps from M to G. We call C*(M, G) a gauge
group. Let C°°(M, g) be the set of all C*°-maps from M to g. This is the “Lie algebra”
of C*(M, G).

Let Q'(M) be the space of real-valued 1-forms on M and Q'(M, g) := Q'(M) ® g°.
We can define a natural inner product on Q*(M, g) as follows. First, let

(e ® X,wy @ X')g := (e, ) (X, X')g

for all w,, w! € TX*M and X, X’ € g° For each z € M, (-,-), is an inner product on
TyM ® g°. Then

(f, )0 = /M(f(w),g(x))zdv(fﬂ), (3.1)

for f, g € QY(M,g). Here dv stands for the volume measure on M. This is an inner
product on Q'(M,g). We denote the completion of Q!(M,g) with respect to the inner
product (-,-), by H(M,g).

Let

V() f)(@) = [idry m @ Ad(Y(2))]f(2)

for all ¢y € C°(M,G) and f € H(M,g). Then V(¢) is a unitary operator on the Hilbert
space H(M,g). We call V the adjoint representation of the gauge group C*°(M, G).

For ¢ € C*(M,Q), we define the right logarithmic derivative 3(¢)) € QY(M,g) as
follows:

(B()) (@) = (d)stp(a) "
B(1) is called the Maurer-Cartan cocycle, and satisfies

B -¢) =V ()B(e) + B(¥), (3.2)
where v - ¢ is defined by the pointwise multiplication.

DEFINITION 3.1. Let U(t)) be the unitary operator on the Boson Fock space I'y (H (M, g))
satisfying

U exp(s) i= exp( 5180 ) exp(~ (B0).V () o) exp(V () + 5(6)

for f € H(M,g) and ¢ € C(M,G). We call U(-) the energy (or basic) representation of
the gauge group C*° (M, G).

REMARK 3.2. Naturally, we require that our representation of C*° (M, G) should depend
on structures of both G and M. From this viewpoint, let us consider I'y(V'(+)), where
I'v(+) is the second quantization of operators, and V(-) is the adjoint representation of
C>*(M,G). T'y(V(-)) is a unitary representation of C*°(M,G), however I',(V(-)) can
be decomposed into the adjoint representation of G at points of M. This means that
the structure of I'y(V'(+)) is fully determined by the adjoint representation of G, and is
independent of structures of M. Obviously I'y(V(+)) is not irreducible. On the contrary,
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the energy representation U(-) depends on the differential structure of M. Indeed, we use
the Maurer-Cartan cocycle 3(-) to construct U(-).

In addition, we will have more interest in U(-) after seeing the following main theorem:

THEOREM 3.3. Let M be a compact Riemann manifold without boundary. Then the en-
ergy representation {U ()| € C°(M,G)} is irreducible.

Obviously, to prove Theorem 3.3 with the help of the white noise distribution theory,
we have to construct a test function space F first of all.

Let A be the Bochner Laplacian on Q(M) and H(M) be the completion of Q(M).
Let A be the self-adjoint extension of (A 4 2) ®idgy. (For the general theory of Laplacian
on a vector bundle, see Chapter 1 of [5].) Let E be the test function space constructed
from (H(M,g),A).

It is difficult to deal with the energy representation U(:) directly. Thus we treat not
the representation of “Lie group” C*°(M,G) but the representation of “Lie algebra”
C>(M,g).

Here we remark the following proposition on the differentiability of an operator V (1)
on the test function space F.

LEMMA 3.4. Let ¢y (x) := exp (tU(x)) for ¥ € C®(M,g), v € M andt € R. Then
{V(¥i) }ier s a reqular one-parameter subgroup of GL(E), that is, for any p > 0 there
exists ¢ > 0 such that

m  sup | PSS —V(@)f| =0
=0 rem; | fl,<1 ¢ »
where
(V(©) f)(x) := [idrspr @ ad(¥(x))] f(x)
forall f € E.

From Theorem 5.4.5, Theorem 5.7.9 of [10] and Lemma 3.4, we can show

LEMMA 3.5. Let 9¢(x) := exp (¢¥(x)) for ¥ € C®°(M,g) and t € R. Then {U(¢1)}+er
is a regular one-parameter subgroup of GL(E) with infinitesimal generator

(V) := dlL, (V(P)) + o' (d¥) — a(d¥) € L(E,E).
Note that 7(¥) has the following expression:
7(¥) = Z1,1(A1,1) + E1,0(A1,0) — Z0,1(Noj1)s
where A1 1 = (id®V(¥))*r and A1 o = Ag1 = d¥. Here 7 € (E® E)* is the trace, that is,
(r.fog) =9, fgeckE,

4. Proof of Theorem 3.3. To show irreducibility of the energy representation, we
firstly assume that a bounded operator = on I',(H (M, g)) satisfies

U(exp(tW0))= = EU (exp(t¥)) (4.1)
for all ¥ € C*°(M,g) and t € R. Then we can easily see that (4.1) implies
T(U)E = Ex(P) (4.2)
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for all U € C*°(M, g) as a continuous linear operator from & to £*. Here 7(¥) := —7(V)*.
7 satisfies 7(¥) € L(E*,£*) and 7T(V)|g = 7(¥). Therefore our problem is to find E €
L(E,E") satisfying (4.2).

We have

o0

> Eim(Fim)m(0)

l,m=0

= Z0,0(K0,1 01 A1,0)

+

oo
D E00(S5 6(Ri-1,0 0 Ao + Sh 0 (K11 01 Avo))

Il
_

oo
+ ) Eom(m Sy Y(kom o1 M)

m=1

+(m+1) 82 3(ko.ma101 Ao) —S%_1 9 (Kom—10°X01))

1
+ E Eim( 11K/l1m 10A11)

lm=1
+mSh, 1 Y(kim 01 A1) + Sh 5 (Ki—1,m © A1 o)
+ (m A+ 1)8, 0 (Kimr1 01 Ao) = Sh_1 Y(Kim—10 Ao,1))-
On the other hand, note that
> e *
A0 Y Ztnln) = ~{( 3 Zmlrn))r(0)} 13)
l,m=0 1,m=0

as a continuous linear operator from & to £*.
Thus (4.2) implies the following three relations:

A0y (V(0)*) Dy = s1.0((1 4+ 1)SOE (Mot 01 kiv10) + S5 9(ki10Ai0)),  (4.4)

—dDy(V(8)) ™ kg 1y = s0.m (M + 1)S% 3(k0ms1 01 Ao) + S (Mot 01 Kim)), (4.5)
(dly(V(9)) D @id®™ +id®" @ dTy (V (%)) ™) kp

= s1m((L+1)50 4, (No.1 01 Kigr,m) + (m+ 1)Sh, 8 (Kimt1 01 A0)) (4.6)

for all ¥ € C(M,g).
In particular, (4.4)—(4.6) become

ATy, (V(@)*) Dk 0 = 0, (4.7)
ATy (V (%)) "™ kg m = 0, (4.8)
{(dly(V ()P ©id®™ +id® @ dDy(V (8)*) "™}k = 0. (4.9)

for constant maps ¥ € C*>(M,g). (Remark that C*°(M, g) contains constant maps be-
cause of compactness of M.) To compute (4.7)—(4.9), we have to find a C.O.N.S. of
H(M,g)®" (n > 1).

Let us recall the well-known C.O.N.S. of g°. Let § be a Cartan subalgebra of g and
{Hiy,...,Hdimp} be a C.O.N.S. of h. Let A’ be a positive root system of g and X,,
a € A'U(—A") be normalized elements of g¢ such that [H, X,] = a(H)X, for all H € h.
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Then
{Hi,...,Haimp, Xo, X—o|a € A’} (4.10)

is a C.O.N.S. of the complex vector space g° with respect to the inner product on g°.
We put dimg = Ny, dimbh = Ny, and

H; if 1 <j <Ny,
uj = Xaj; s if Ny+1<j <N+ No,
X oy e omny i N1+ No 1< j < Ny +2N; = No,

and let {e;}ien be a C.O.N.S. of H(M). Then
{6(17]) =€ ®uj | (RS N? ] € {1a25"'aN0}}

is a C.O.N.S. of H(M,g).
Fixd € {1,2,...,n} and

N(1) times N(2)times N(d) times
. ~ - , N Nn
ii=(G1,...,01,02,... 02, .., 0dy...,0q) € N,

N1 +N2)+...+Nd)=n, i <iz<...<iq.
For this i € N™, we define j € {1,2,..., No}™ as follows:
j = (.](Zla 1)7 s 7](115N(1))’j(127 1)) s aJ(ZQaN(Q))7 s 7j(ida 1)7 s 7.7(Zd7N(d)))
Here j(i, k) € {1,2,..., No} satisfies j(i, k1) < j(i, ko) for each ¢ € N and k1 < ko.
Now we denote the set of all such pairs (i,j) by A(n). A(n) is a subset of N™ x
{1,2,...,No}". For (i,j) € A(n), we put
e(iaj) ::e(ilaj(ila 1))® ce ®e(i1aj(i1a N(l)))
Be(in, j(ia, 1)@ .. Be(ia, j(i2, N(2)))
. @e(ig, (04, 1))@ . .. De(ia, j(ia, N(d))),
then {e(i,j) | (i,j) € A(n)} is a C.O.N.S. of H(M, g)®".
Let (i,j) € A(l) and j = (j1,...,51) € {1,2,..., No}. For 1 < p < Ny, let
np#(j) = #{q € {1;2,’l}|]q :N1+p}’
’I’Lp,_(j) = #{q € {1a25 .. ’l} |Jq = Nl + N2 +p}

Since
dUy(V(H) e, 3) = > ap(H)(np 1 (3) = np.— (3))e(i,§)
1<p<N>

for H € b, (4.9) implies
Kim = D (Kms e(,) ® e, §)) e(i,j) © e(i',§) (4.11)
where the sum is over all (i,j) € A(l) and (',j') € A(m) satisfying

S ap(H)(np+ () = 1p— () + 1p () — np—(§7)) = 0
1<p< N>

for all H € b.

LEMMA 4.1. K1,0 = 0 and Ko,1 = 0.
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Proof. In this proof, we regard u; € g° as a constant map in C*°(M, g). (4.11) implies

R1,0 = Z <K;1,Ove(iaj)> e(lvj)
(4,7)€A(1);1<5 <Ny
On the other hand,
V(uk+N1)*e(i7j) = _ak(uj)e(iv k+ Ny + NQ)

is obtained directly from V(ug4n,)* |z = =V (k4 N, +n,) for 1 < k < Ny. Thus

o0

0=dly(V(upsny)Ier0=—> > ar(uy)(k10,e(i,)e(i,k+ Ny + Ny),

i=11<j<N

that is,

S (kioseli, ) arluy) = 0

1<G<N

for all ¢ € N, k € {1,2,...,Ny}. Since h* is generated by the linear combination of
{ax )22, we can choose a basis {a, , . . . ; Qky, } of b*. Then the matrix (ax, (u)))1<i j<n,
€ Mat(Ny, C) is invertible. Therefore

(k10,€(i,5)) =0
forall i € N and j € {1,2,..., N1}, i.e. k1,0 = 0. In the same manner, k91 =0. =
LEMMA 4.2. k1 =0 and K1,m = 0.
Proof. Let ¥(x) := ugqn,, © € M. Then, from (4.9), we can obtain

Z <"{l,17 €(i,j) ® e(%]» Oék(Uj) =0 (4'12)

1<j<M

foralli € N, 1 <k < Ny, and all (i,j) € A(l) satisfying

> ap(H)(np 4 (G) — np - (§) = 0. (4.13)

1<p<N>

Now we can select ki, ka,. .., kn, € {1,2,..., No} such that the matrix (ag, (u;))1<ij<n,
in Mat(Ny, C) is invertible. Therefore we obtain

(ki1,e(i,j)®e(i,7)) =0

forall i € N, 1 <j < N and all (i,j) € A(l) satisfying (4.13), i.e. k11 = 0.

In the same manner, 1,4, = 0 holds. =

Note that we used only constant maps in C*°(M, g) to obtain x;; = 0 and K1, =0
for all I, m > 0. However we have to use non-constant maps to show the following lemma.

LEMMA 4.3. k10 =0 and kg,;m =0 for all [,m > 1.



WHITE NOISE DISTRIBUTION THEORY 289

Proof. We only show k; 90 = 0. We prove that by induction. We have already proved
R1,0 = 0. Let Ri0 = 0. Then

0= s1,0((l + 1)S3 5(Xo,1 01 Ki41,0))
= Z Z <)\O,17e(i’j)> <Hl+17076(iaj) ®6(i,j)>€(i,j)
(LI eA®) (,5)eA(1)
= > (Hg10, 200 ®e(ij) e(d,])
(L.y)eA()
by ki1 = 0 and (4.6). Hence

(K1+1,0, Ao,1 ® e(i, j)) =0 (4.14)

for all (i,j) € A(l). This implies
(Ki+1,0,d¥ @ e(i,j)) =0, (4.15)
(Ki41,0, V(¥)d¥' @ e(i,j)) =0 (4.16)

for all (i,j) € A(l), and ¥, ' € C°(M,g). (4.15) is obvious. We show (4.16).
For each U, ¥ € C*°(M,g) and |s|,|t| < 1, there exists a unique @5, € C°(M,g)
such that
exp(t¥) exp(s¥’) = exp(Ps¢).
Since
d®s; = B(exp(Ps,t)) = sV (exp(t¥))d¥’ + td¥
and (4.15), we have
0 = (Ki+1,0,dPs ® e(i, )
= s (Ki11,0, V(exp(t¥))d¥' @ e(i,})) + t (Ki41,0, AV ® e(i, j))
= s (K1+1,0, V(exp(t¥))d¥’ ® e(i, j))
Hence k41,0 satisfies (4.16) by considering the differential of the above equation at t € R.
Moreover, H(M, g) is generated by

(AU, V(V)d¥' | ¥, ¥ € C(M,g)}.
(See Lemma 3.5 of [2].) Thus, for each (¢,5) € A(1) and (i,j) € A(]),
(Kit1,0,€(i,J) ®e(i,j)) =0

follows from (4.15) and (4.16). Therefore we obtain ;41,0 = 0.
In the same manner, we can show rg,, =0 forallm > 1. =

LEMMA 4.4. K, = 0 for all (I,m) € Z%,\ {(0,0)}.

Proof. We prove this statement by induction. We have already shown the case of | = 1,
ie. ki, =0 for all m > 0. Let x;,,, = 0 for all m > 0. Then we show k41 ,,n, = 0 for all
m > 0. Fix m > 0. Since Ky, = 0 and £;,m4+1 = 0 and (4.6), we have

0= s1,m((L+1)S0 L, (Mot 01 Kig1,m))

= (l + 1) Z <"€l+1,m7 )\O,l@)e(iuj) ® e(i/7j/)> 6(17.]) ® e(ilaj/)a
(LI eA®), (I",§")eA(m)
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that is, (Ki+1,m, Ao1®@e(i, j) ® e(i',§)) = 0 for all (i,j) € A(l), (i',j’) € A(m). This implies
<"<5l+1,ma €(’L,])®€(i7j) ® e(i/ajl)> =0

for all (i,75) € A(1), (i,j) € A(l), and (¥,j") € A(m). Therefore ;41 ,m = 0. Since m > 0
is arbitrary, the proof has been completed. m

5. Remarks. In this paper, since the Riemann manifold M is compact, the gauge group
is given by C*°(M, G). However, more generally, the term “gauge group” is used to refer
to C°(M,G). Here C*(M,G) stands for the set of all compactly supported C*°-maps
from M to G. The energy representation can be also defined for C° (M, G). However,
in case of non-compact Riemann manifold M, it is not easy to show irreducibility of
the energy representation by our tool (= white noise distribution theory, in particular,
the Fock expansion), moreover, unfortunately, we know that the energy representation of
C*(R,G) is reducible. (See [2] and [3].) Thus, some remarks are in order.

(1) Recall Definition 2.1. The test function space E is constructed from a pair (H, A).
If M is compact, the operator A is easily given, for example, we can take the
Bochner Laplacian etc. However, if M is non-compact, such a suitable self-adjoint
operator A is not known except for M = R". For example, if M = R, as we
have already seen in Example 2, we can obtain E from H = L*(R) and A :=
—(d/dz)* + 2 + 1.

(2) In the proof of irreducibility of the energy representation, compactness of M
is also used effectively. Recall the proof of Lemma 4.2. We use the fact that
C>(M,g) contains constant maps. However, if M is non-compact, C°(M, g)
does not contain constant maps and this suggests that we may need another
proof of Lemma 4.2.

(3) We have an unsettled question. From [2] and [3], reducibility of the energy rep-
resentation of C°(R, G) should be proved by our method, and also, for a non-
compact manifold M with dim M > 2, we left the problem of irreducibility of the
energy representation of C2°(M, G) by our method. It seems that these problems
cannot be solved easily because of (1) and (2).
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