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Abstract. In this paper we investigate the linear initial value problem in Banach spaces. In
order to obtain existence results the Fredholm operator technique is used.

In the paper [3] the authors consider the problem of the existence of solutions in
Sobolev space H*(R,,R") for the ODE system

{a+F<t,u> = f(t), teRy =[0,00),
ul(o) = C7

where F': R, x RV — RV is a C' mapping such that F(¢,0) = 0 for all t € R, and
u; is the component of u along the first factor of a given splitting RY = X; @ X,. Both
f € LR, RY) and ¢ € X; are given.

In the case X; = RY and X, = {0} the above problem is the classical initial value
problem. Our aim is to generalize this problem to the infinite-dimensional case. In this
work we investigate only the linear equation.

Let us fix the notation.

Let (E,|| - ||) be a real separable Banach space. Denote by L£(E) the space of linear
bounded operators on E and by L.(E) the subspace of L(E) consisting of compact
operators.

For a measurable function u : (a,b) — E, —co < a < b < oo, the integral
fab u(t) dt means the integral in Bochner sense. We recall that a measurable function u(-)
is (Bochner) integrable on (a,b) if and only if the real function |lu(-)|| is (Lebesgue) inte-

2000 Mathematics Subject Classification: Primary: 34B40; Secondary: 46E35.

Key words and phrases: ordinary differential equations; Sobolev space; boundary value pro-
blem; Fredholm operator.

Supported by Grant KBN No. 1 PO3A 042 29.

The paper is in final form and no version of it will be published elsewhere.

[115]



116 W. GRAZIEWICZ

grable on (a,b). The vector space L2 = L?(R, E) consists of all functions v : Ry — F
such that |lu|| € L*(R4,R) with the norm ||ullz = (f;~ ||u(t)||2dt)1/2. We denote by
H' = HY(R,, E) the Sobolev space of such functions v : R, — E that u,u € L2
The space H' is equipped with the norm |[lu||z1 = (||ul|3 + [|%]|2)'/2. We recall that the
derivative @ means the derivative in the distributional sense.

It can be shown that if v € H' and @ is a continuous function such that v = u a.e.

on R, then lim; ., ||u(t)|| = 0.

The main problem. Let A € L£(E) be such that o(4) NRi = @, where o(A) denotes
the spectrum of the operator A. Then A gives the standard unique decomposition £ =
X, @& X_, where the subspaces X, and X_ are invariant with respect to A. The operators
Ay = A|x,, A_ := A|x_ have their spectra contained in C; = {A € C: Re(A\) > 0}
and C_, respectively. Every function u : Ry — E has a unique decomposition of the
form u = uy +u_, where us : Ry — X,
ProproOSITION 1. Under the above conditions the linear mapping
H' 5w (i + Au,uy(0)) € L2 x X

is an isomorphism.
Proof. Fix (, € X, f € L?>. We will show that the problem

U+ Au=f

ut(0) = ¢4

has a unique solution v € H'. The above problem is equivalent to the conjunction of two

(1)

problems:
and -+ A u_=f_. (2)
u(0) = (4

The first is a Cauchy problem in the Banach space X and has a unique solution given
by the formula

{u+ +Ajuy = fi

t
we(t) = e ey [ eI ) ds (3)
0
We will show that u, € H'. First we consider the function
R+ Str— e_tA+C+ S X+. (4)

Because o(—tA|x,) = o(—tAy) C C_, there are a > 0 and M > 0 such that
le™ ¢l < le ™| - [[¢e ]l < Me™* - ||¢4 || Therefore

/0 et ¢y 12 de < / (Me - ¢4 [)? dt < oo

and it follows that the function (4) belongs to L?. In order to estimate the second com-
ponent of the function defined in (3) we will use the Young inequality:

lg * £llr < llglly - 11f1lq
for 1 <p,q,r <oosuchthat 1/p+1/¢g=1+1/r (|| - ||, is the norm in LP).
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Let us denote by g the function

Ry 3 s+ g(s) = e 4+ € L(E).
Then

/ (=944 £ (5)ds = (g % f1)(1):

0
Taking in the Young inequality r = 2, ¢ = 2, p = 1, we have the estimate

oo 00 1/2
lg* Filla < gl - 1fillz = / Je*A+ | ds - ( / ||f+|2ds)

0o oo 1/2
< / Me™*%ds - </ |f+(s)|2ds> < 00.
0 0

t
E+ SOt / 6_(t_S)A+f+(S) ds € X+
0

It follows that the function

belongs to L2, and therefore the function (3) belongs to L2. Because i, = fi—A uy € L?
we deduce that u, € H?.

The second problem of (2) is not an initial value problem but we will show that it has
a unique solution in the class H'. Any solution of

o +A_u_=f_ (5)

is given by the formula

t t
u_(t) = e -u_(0) + / e =DA- ¢ (5)ds = e tA- (u,(O) + / esA-f(s) ds).
0 0
We observe first that the limit

lim t A= f (s)ds = /00 eSA-f (s)ds € X_

t—oo 0 0

exists (this follows from the fact that o(A_) C C_).
Next, let us notice that

u_(0) + /000 A= f_(s)ds = 0.

Indeed, if the above does not hold then the norm of the expression

e A= (u(O) + /0 t A= (s) ds)

tends to the infinity and the function u_ is not in L?. Consequently u_ is not in H'.
Therefore, in order to have u_ € H' the condition

w (0) = — / T A f (9)ds (6)

0
has to be satisfied. We can write the solution of (5) in the form

w_(t) = etA- (u(O) + / T e A p () ds — / T g (s) ds>

0 t
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and if we allow (6) it will take the form

u_(t) = — /too eIAL (s)ds. (7)

Using again the Young inequality and the fact that o(A_) C C_ we prove that u_ € L?
and in consequence u_ € H'. Then the condition (6) is also sufficient to have u_ € H!.
Therefore the solutions of both problems in (2) are uniquely determined in H'. m

We have actually proved
COROLLARY 1. The semi-Cauchy problem
{a +Au=f
u(0) =Cy; Gy € Xy, feL?
has a unique solution v € H*'.

We are going to investigate the above problem if the pair of spaces (X, X_) is
perturbed via maps which are compact perturbations of the identity. For this purpose we
introduce the following

DEFINITION 1. Let (X7, X2), (Y1,Y3) be two pairs of closed subspaces of the space E such
that F = X1 ® X2 = Y1 @Y. We say that the pairs (X7, X2) and (Y1, Y2) are equivalent if
there exist a compact mapping B € L.(E) and a finite-dimensional subspace V of E such
that the mapping I + B € L(F) is an isomorphism and one of the following conditions
(a) or (b) is satisfied

(a) X1=YieVand XV =Y,

(b) X186V =Y, and X, =Y, 8V,
where X; = (I + B)(X;), i =1,2.
PROPOSITION 2. The above relation is an equivalence relation.

The proof is elementary, but it needs some calculations. We omit it.

REMARK. If E =R¥Y then any two splittings (X, X») and (Y7, Y2) are equivalent in the
above sense.

In what follows we will consider two decompositions of E, X1 & X_ = X; & Xo. The
first one is associated with the operator A € L(F) satisfying o(A)NRi = @) and the second
decomposition £ = X; @ X5 is such that the pairs (X7, X5), (X4, X_) are equivalent in
the above sense. Choose a compact operator B € L.(F) and a finite-dimensional subspace
V C FE such that I + B is an isomorphism and one of the following conditions holds

(a) Xy=X1®V and X_®V =X,
b)) X;dV=X and X_=X,8V,
where as earlier X4 = (I + B)(X+).

Let X,Y be closed subspaces of F such that £ = X @Y. By Py : E — E we will
denote the projection onto X along Y.

(8)

LEMMA 1. The operators Px, — P)?+, Px — P)?7 , P)?+ — Px,, P)?7 — Px, are compact.
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Proof. We have of course £ = )?Jr @ X_. Then for each w = z + Bz € E we have
w = P)?+w + Py w = P)/(\Jr(z + Bz) + P; (2 + Bz) = (P)/(\Jrz + P§+Bz) + (Pg 2+
P)’(\iBZ) = w++w, (S XJF@X,.

On the other hand, w = 2+ Bz = Px,z+ Px_z+ B(Px, 2+ Px_z) = Px,z +
BPx,z+ Px_ 2+ BPx 2= (I +B)Px,2+ (I +B)Px 2z =@, +%_ € X, ® X_.
From the uniqueness of the decomposition we get wy = w, and w_ = @w_. Therefore
P)?+z + P)?JrBz = Px, 2+ BPx, zand Px, — P)?+ = P)?+B — BPx, € L.(F). Similarly
P; 2+ P; Bz=Px 2+ BPx zand Px —P; =P; B-DBPx €L (E).

Now let condition (a) from (8) be fulfilled. Then E'= X; & X_@V.Forany w € E
we have w = P§+w +P; we X+ ®X_ and w = Px,w+ Px,w = Px,w+ Pg Px,w+
Py Px,w = (Px,w+ Py Px,w)+ Pg Px,w € X, ®X_.Tt follows that Pg w=Px,w+
Py Px,w. Therefore PA — Px, = PyPx, € L.(FE) (since Py is finite-dimensional).
Similarly w = PA w—i—PA w = PXlP LW + (PVPA w + Px,w) € X1 ®& X5 and w =
PX1w+PX2w S XlEBXg HGIICG Pvp’\ U)—FP’\ w = Psz and P’\ _PX2 = Pvp)’(\+ S
LE).

If condition (b) from (8) is fulfilled the proof is similar. =

THEOREM 1. Let A € L(E), 0(A)NRi =0 and (X1, X_), (X1,X2) be equivalent pairs.
Then the continuous linear mapping T : H' — L? x X, defined by

Tu = (4 + Au,uq(0))
is a Fredholm map of index

nd(T) dimV  if X, =X,8V and X_aV = X,
11 = ~ ~
—dlmV ZfX+@V:X1 andX_:XgGBV

Proof. Assume condition (a) holds, i.e. )A(+ =X;0oVand X_®V = X,.
Then E = X; @V & X_. The map

~

H'su —— (4+ Au, (I + B)u,(0)) € L? x X,
is a superposition of isomorphisms

(I,I+B)
B

H'su —2 (i + Au,us (0)) (@ + Au, (I + B)ui(0)) € L? x X4

where Ty (u) := (it + Au,u(0)) is the isomorphism given by Proposition 1. Let 7 : L? x
(X, 8 V) — L2 x X; be the epimorphism given by the formula 7(f,(}) = (f, Px, (),
where Px, : X1 @ V — X is the projection operator and let T} := 7o T. Then Ty is
the epimorphism which can be written by the formula

H' 5 uvr— Thu = (4 + Au, Px, (I + B)uy (0)) € L? x X;.
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We illustrate all above mappings in the following diagram

~

T
m
H1$L2 XX+(H)L2 XX+7L X (X1®V)
l/ﬂ'_(I,le)
L2 X Xl

T

Directly from the definition of the Fredholm index one easily obtains
ind(7y) = dim Ker(T}) — codim Im(7}) = dim V.
We will show that ind(7}) = ind (7). It is enough to show that T} — T € L.(E). Indeed,

(T3 — T)(w) = (0, (I + B)uy (0) — ui(0)
= ( ( B)PX+U(0) - PXIU’(O)) = (07 (PX+ - PXl + BPX+)U(O))
Since Px, — Px, = Px, — P —&-P)?+ Px, and Py —P)/(\+7 P)?+ — Px,, BPx, are
compact, the map T1 TeL, ( )
Now let condition (b): X, ®V =X, and X_ = X, ®V be satisfied. Then E =
X, Ve Xy Let1: L2x X, — L? x (X, ®V) = L? x X; be the embedding map and
let To :=10T,

H' > u+— Tou = (u+ Au, (I + B)uy(0)) € L? x X;.
Consider the following diagram

-~

T

m
(I,I+B)

T+ 2 5 2 ~
H' — L*x Xy —[2x X,
\ \LL
L2x X, =L2x (X, aV)

The map T, is a Fredholm operator of ind(7:) = —dim V (dim Ker(73) = 0 and
codimIm(7y) = dim V). As earlier it can be shown that T, — T € L (E) and it fol-
lows that ind(7%) = ind(7T). =

We can reformulate the above theorem to obtain the following result.

COROLLARY 2. If T from Theorem 1 is an isomorphism then the space of solutions of
the problem

w+ Au=f
w(0)=¢; GeXy, fel?
is of dimension ind(T). In particular, if ind(T) = 0 then this problem has a unique

solution in H".
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The nonlinear case of (1) will be discussed in the next paper.
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