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Abstract. We study various aspects of nonexpansive retracts and retractions in certain Ba-
nach and metric spaces, with special emphasis on the compact nonexpansive envelope property.

1. Introduction. Let X and Y be two (real) Banach spaces, A a closed subset of X,
and f: A — Y continuous. According to a special case of Dugundji’s generalization of
Tietze’s classical extension theorem [D, p. 357] (see also [BP, p. 58]), the mapping f
has a continuous extension f : X — Y to all of X such that f(X) is contained in the
convex hull of f(A). It immediately follows that any closed convex subset C of X is a
retract of X. That is, there is a continuous mapping R : X — C such that Rx = x for
each z € C. If X happens to be a Hilbert space H, then the nearest point projection
P : H — C shows that C' is, in fact, a nonezpansive retract of X. In other words, there
exists a nonexpansive (that is, 1-Lipschitz) mapping R : X — C which coincides with
the identity on C. However, it is known [P, p. 795] that if nearest point projections are
nonexpansive whenever they exist for closed convex subsets C' of a Banach space X with
dimension at least three, then X must be a Hilbert space. Moreover, it is also known
[R2, p. 381] that if every closed convex subset of a Banach space X with dim(X) > 3 is
a nonexpansive retract of X, then X is necessarily a Hilbert space.
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Thus it is of interest to determine, given a Banach space, what its (convex) non-
expansive retracts are. Indeed, the (convex) nonexpansive retracts of two-dimensional
spaces [G], ¢, spaces, 1 < p < oo, p # 2 [H], [DE], L'(0,1) [E1], ¢, [W], LP(0,1),
1 <p < oo, p# 2 [E2], and of certain Kothe sequence spaces [KL], have all been
characterized. At this point we mention only the following two results.

Recall that a retraction R : X — C is said to be sunny (a projection in [B2]) if for
each z € X, Rx = v implies that

Rv+r(z—v))=v forallr>0

[R1, p. 64]. If there exists a retraction R : X — C which is both sunny and nonexpansive,
then we say that C is a sunny nonezpansive retract of X.

THEOREM 1.1 ([K]). Every closed convex subset of a two-dimensional Banach space X
is a sunny nonexpansive retract of X.

THEOREM 1.2 ([B3]). In any non-Hilbert Banach space X of dimension greater than or
equal to three, no bounded, smooth, closed and convex subset of X with a nonempty
interior is a nonexpansive retract of X.

Nonexpansive retracts have been studied in several contexts; we mention, for instance,
fixed point theory [B1], optimal sets [Be], extension problems [R2], and nonlinear semi-
group theory [R3].

Another interesting motivation comes from the Plateau problem in the calculus of
variations which is concerned with finding minimal surfaces with a given boundary. It
follows from [AK, Theorem 10.6] and [We, Corollary 1.3] that if X is a dual Banach
space with a separable predual, then the generalized Plateau problem can be solved
in X. That is, for every boundary B with compact support, there is a minimal surface
with this given boundary. One of the crucial ingredients in the proof is that of finding a
minimizing sequence of “surfaces”, called metric integral currents, with this boundary B,
such that all of them remain inside a compact set. In [AK] this compact set is the closed
unit ball of X with the weak-star topology, which in the case of a separable predual is
strong enough to ensure that limit currents are also nice (rectifiable). Another possibility
is to “push”, so to speak, the minimizing sequence of “surfaces” inside a norm compact
set by means of a nonexpansive retraction if such a retraction is available; in [AK] the
authors proceed in this way when the Banach space X is a C'(K) space, where K is any
compact metric space.

We say that a Banach space X has the compact nonexpansive envelope property (ab-
breviation: CNEP) if every compact subset of X is contained in a compact nonexpansive
retract of X.

Since the Plateau problem has a solution in any Banach space with the CNEP, it
is of interest to determine which Banach spaces have this property. We address this
problem in the next section of this note, where we also examine the Hilbert ball with
its hyperbolic metric. In this connection we observe that although Theorem 10.6 in [AK]
has recently been extended to all dual Banach spaces [We, Theorem 1.5], the Plateau
problem is still unsolved for general Banach spaces. We also remark in passing that
certain nonexpansive retractions are used to solve the Plateau problem in L'(R™) [AK],
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dual Banach spaces [We| and Hadamard spaces [We]. In Section 3 we show that X = ¢,
lacks the CNEP and that its closed unit ball is not a nonexpansive retract of X. In
Section 4 we briefly discuss the relations between the optimal sets introduced in [BM]
and nonexpansive retracts. The last section of our paper is devoted to sunny nonexpansive
retractions.

In the sequel we will sometimes use the abbreviation NR to refer to both nonexpansive
retractions and nonexpansive retracts.

2. Envelopes. In this section we study the CNEP in various Banach spaces. We also
consider the Hilbert ball and its powers.

Recall that a norm || - || on R? is said to be absolute if
H(,Thxg, cee 7:Ed)H = H (|l‘1|, |.%'2|7 ey |$d‘) H
for all (z1,®2,...,24) € RL Tt is called monotone if whenever 0 < x < y coordinatewise,

it follows that ||z|| < |ly]|.

PROPOSITION 2.1. Let the Banach space X be R? with a norm || - || that is both absolute
and monotone. Then X has the CNEP.

Proof. For a positive number a, let g, : R — R be defined by ¢,(z) = z if |z| < a and by
ga(x) = (sgna)a if |x| > a. Then g, is nonexpansive. Now let a1, as,...,aq be d positive
numbers and consider the parallelepiped

C:= {($1,$2,...,.’Ed) eRe: |zj] <aj, 1 <5< d}.
It is not difficult to see that the mapping @ : X — C defined by
Q(xlvx% cee 71'd) = (qa1 (xl)’ Gas (xQ)’ <oy qay (CL’d))

is a nonexpansive retraction. Since any compact subset of X is obviously contained in
such a compact parallelepiped, we see that X does indeed have the CNEP. =

As usual, we denote by ¢y the Banach space of all real sequences tending to zero,
endowed with the supremum norm.

PROPOSITION 2.2. The space ¢y has the CNEP.
Proof. Let K be a compact subset of ¢g. Then it is not difficult to see that there is a se-

quence of positive numbers (a1, as,...,an,...) € ¢ such that if (x1,z2,...,2,,...) € K,
then |z;| < aj forall j=1,2,....
The set C' C ¢g, defined by
C:={(z1,@2,...,%p,...) €Eco: |xj| <aj, j=1,2,...},
contains K and is also compact. Since the mapping @ : ¢g — C' defined by
Q(xla T2y y Ty ) = (qa1 (xl)vqaz (1'2)7 sy Qan(l‘n)a e )
is a nonexpansive retraction onto C, the result follows. =

Essentially the same proof provides us with more examples of spaces with the CNEP.
If (E,|-]) is a Banach space, we denote by co(FE) the space of all E-valued null sequences,
endowed with the norm H(xl,acg, B )H = sup{|xn| n=12,... }
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PROPOSITION 2.3. Let E be a finite-dimensional Banach space. If the closed unit ball
of E is a nonexpansive retract of E, then co(E) has the CNEP.

Proof. In the proof of Proposition 2.2 we replace the mapping ¢, : R — [—a, a] with the
mapping ¢, : E — B(0,a), defined by ¢,(x) := ag(z/a), where ¢ : E — B(0,1) is an
NR of FE onto the closed unit ball B(0,1) of E, and B(0,a) is the closed ball of radius a
centered at the origin. m

This proposition applies, for example, to two-dimensional spaces (Theorem 1.1), ¢4
and ¢4 . A similar proof shows that the finite power £, when equipped with a norm
that is both absolute and monotone, also has the CNEP. This is also true for any finite
Cartesian product of spaces with the CNEP. We also note that since the closed convex
hull of a compact subset of a Banach space is also compact, every Hilbert space clearly
has the CNEP.

On the other hand, we are now going to show that no ¢, space, 1 < p < oo, p # 2,
has the CNEP [Ko|.

To this end, we first recall a characterization of the NR’s in ﬁg, d > 3 [H], and ¢,
1<p<oo,p#2[DE, E2].

THEOREM 2.4. Let X be either Eg, d>3,orl, 1 <p<oo,p#2. A proper subset
of X is an NR of X if and only if it is the intersection of a family of closed half-spaces
of the form
{xGX:awi—f—bwj gc}, i ]
For a subset D of a Banach space (X, || - |), we denote sup{||z|| : # € D} by rad(D).

LEMMA 2.5. Let X be the d-dimensional Banach space fg, where d > 3 and 1 < p < o0,

p # 2, and let B(0,7) C X be the closed ball of radius r > 0 centered at the origin. If
A C X is an NR that contains B(0,r), then rad(A) > (r/2)d"/?.

Proof. Consider the points z; = ¢(1,1,...) € X, where ¢t € R. If such a point does not
belong to A, then by Theorem 2.4, neither does it belong to a closed half-space of the
form {ac € X :ax;+bx; < c}, i # j, which, however, does contain B(0,r). Therefore
ax; + br; < ¢ < t(a+0b) for all x; and z; such that |z;|P + |z;/P < rP. Choosing
x; = 2 = rsgn(a+b)27/? we obtain r|a+b| < t(a+b)2Y/P < 2t(a+b). Hence |t| > r/2.
Thus all the points z; with |t| < r/2 belong to A and the result follows. m

We now recall a consequence of Theorem 2 in [B1].

THEOREM 2.6. Let C be a closed convex subset of a reflexive Banach space every bounded,
closed and convex subset of which has the fized point property for nonexpansive mappings.
If T :C — C is nonexpansive, then its fized point set is an NR of C.

We denote the set of natural numbers by N.
THEOREM 2.7. The spaces £,,, 1 < p < 00, p# 2, do not have the CNEP.
Proof. Choose a positive sequence {r, : n € N} and a sequence {d,, : n € N} C N, d,, > 3,
so that i r? < oo, but rndi/? — 00 as n — oo. Let {e™ : n € N} be the standard basis

n=1
in £,. For eachn € N, let P, : {,, — Eg” be the linear operator of norm one which assigns
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to each © = (x1,22,...) € £, the point (xsn_1+1,xsn_l+2, e ,xsn_lern) € Eg", where
n

sp := > dj. Consider the set
i=1

K = {w €l,: P,z e B,(0,r,) forallne N},
where B, (0,7,) C ég" is the closed ball of radius 7, centered at the origin of Kg". This

o0
set is compact because ) 2 < oo. Suppose that K C D C ¢, is an NR of £, and let
n=1

R : ¢, — D be a nonexpansive retraction. Let the nonexpansive mapping 7, : Kg" — KZ”
be defined as follows: if x € Eg", then

dn
Thx = PRR(Z xjes"‘1+j) € ZZ”.

j=1
dn .

If y € B,(0,ry), then > y;je’»—1%7 belongs to K C D and therefore T,,y = y. Thus the
j=1

fixed point set F(T,) of T, contains B, (0,r,). Since it is an NR, of Kﬁ” by Theorem 2.6,
it follows from Lemma 2.5 that rad(F(T;,)) > (rn/2)d71/p. Since F(T,) C P,(D), we see
that

rad(D) > rad(P,(D)) > (7 /2)d/P.
Thus D cannot be even bounded. m

This proof of Theorem 2.7 is somewhat different from the original one [Kol, where
no use is made of Theorem 2.6; instead, the characterization of Theorem 2.4 is applied
directly to £, and not just to Eg.

We will soon present more examples of spaces without the CNEP. However, at this
point we show how the argument employed in the proof of Theorem 2.7 can also be used
to construct new such examples out of old ones.

THEOREM 2.8. Let E be a reflexive Banach space every bounded, closed and convex subset
of which has the fized point property for nonexpansive mappings. If E does not have the
CNEP, then neither does co(E).

Proof. Let B C E be a compact subset of E which is not contained in any compact
NR of E. Denote ¢o(E) by X, and for each n € N, let P, : X — F be the linear
operator of norm one which assigns to each x € ¢g(F) its n-th coordinate. Consider the
compact subset K of X defined by K := {:c e X:PxeB, Pbx=0,n2> 2} and
suppose K C D C X is an NR. Let R : X — D be a nonexpansive retraction and
define a mapping T : E — F as follows: given « € E, let Tx := PR(x,0,...,0,...). If
x € B, then (,0,...,0,...) € K C D and T = x. Thus the fixed point set F(T) of T
contains B. Since T is nonexpansive, F'(T) is an NR of E by Theorem 2.6. Hence it is
not compact. Since F(T') C Py(D), neither are P;(D) and D itself. m

Note that the same argument shows that in Theorem 2.8, ¢o(E) may be replaced with
L,(E).

It follows from the Hahn—Banach theorem that any one-dimensional subspace of any
Banach space is the range of a norm one linear projection. There exist, however, finite-
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dimensional, strictly convex spaces, of dimension greater than or equal to three, in which
the only norm one linear projections are the identity and the projections onto lines [Bo].

We now observe that all such spaces lack the CNEP. To see this, let B denote the
closed unit ball of such a space F/, and suppose C'is a compact NR of E which contains B.
Then C' is bounded, closed, convex and has a nonempty interior. Since its Minkowski
functional is Gateaux differentiable on a dense subset of E, it follows that the boundary
of C contains points of smoothness. Let yg be such a point and let H + yg be the unique
supporting hyperplane at yo. By assumption, the subspace H is not the range of a linear
projection of norm one. Therefore C' is not, after all, an NR of F by Theorem 2 of [FK],
which asserts that if the Banach space E is reflexive and a convex NR of F with a
nonempty interior has at one of its boundary points yo a unique supporting hyperplane
H + yp, then the subspace H is the range of a linear projection of norm one.

Instead of invoking Theorem 2 of [FK], one could also argue as follows: if C' were an
NR of E, then the supporting hyperplane H + yy would be the common boundary of two
closed half-spaces which would also be NR’s of E by [B1, Lemma 5]. It would then follow
from [B1, Theorem 5] that the subspace H is an NR too, and hence, in fact, the range
of a linear projection of norm one, a contradiction.

Another class of examples of spaces without the CNEP can be obtained, as pointed
out by S. Wenger, by recalling the following special case of a theorem of L. Vesely [V].

THEOREM 2.9. If X is a nonreflexive Banach space, then it has an equivalent norm | - |
and contains a three point set K = {y1,y2,y3} such that the functional f : (X,|-]) — RT
defined by

f(@) = le =] + |z = yal + [z — y3]

does not attain its infimum on (X, |- |).

Since it is clear that the compact set K C X cannot be contained in a compact NR
of (X,|-]), it follows that (X,|-|) lacks the CNEP.

Returning to reflexive spaces, we recall [B1, Theorem 5] that if X is reflexive and
strictly convex, then the class of nonexpansive retracts is closed under arbitrary intersec-
tions. Therefore we can define, for each nonempty subset D of X, its nonexpansive hull
N(D) as the intersection of all the NR’s containing it. Thus we see that a reflexive and
strictly convex Banach space X has the CNEP if and only if N(K) is compact for each
compact subset of X.

The definition of the CNEP can be extended to all metric spaces in an obvious way.
To present examples of nonlinear metric spaces with the CNEP, we first consider the
Hilbert ball B equipped with the hyperbolic metric p : B x B — R* [GR, pp. 108-110].
Given a subset D of B, we define its p-closed convex hull, p-clco(D), to be the intersection
of all the p-closed and p-convex subsets of B which contain D.

Since each p-ball is p-convex, it is clear that if D is p-bounded, so is p-clco(D). There-
fore it is obvious that if K C B is compact and B is finite-dimensional, then p-cleco(K) is

also compact. Since p-convexity in the real Hilbert ball (B, p) [GR, p. 148] coincides with

linear convexity, this is also true for compact subsets of (B, p). Finally, since every p-closed
and p-convex subset of (B, p) is a p-Chebyshev set, and the nearest point projection of B
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onto it is p-nonexpansive [GR, pp. 108-110], we conclude that each finite-dimensional
Hilbert ball, as well as any real Hilbert ball, all have the CNEP. As a matter of fact, this
turns out to be true for any Hilbert ball whatsoever.

THEOREM 2.10. Every Hilbert ball (B, p) has the CNEP.

Proof. For each subset D of B, we define C(D) to be the union of all the metric segments
[z,y] C B with endpoints 2 and y in D. It is clear that D is p-convex if and only if
D = Cy(D). It is also not difficult to see that p-clco(D) is the closure of the union
U{Cn(D) :n=0,1,2,... }, where Cy(D) := D and Cp41(D) := C1(Cyr(D)), n > 1.

Now suppose D = K is compact. To show that p-clco(K) is also compact, we need to
show that it is totally bounded. This means that for each € > 0, we have to find a finite
e-net for p-clco(K). To this end, we first find a finite (¢/2)-net D = {ky,k2,...,kn} C K
and consider p-clco(D). This last set is compact because it is contained in a finite-
dimensional Hilbert ball. Next we compare U{C’n(K) :n=0,1,2,... } with U{C’n(D) :
n=2012... } We claim that for each n = 0,1,2,..., each point in C,,(K) is within
€/2 of a point in C,,(D). Indeed, this is obviously true for n = 0 by the definition of D.
If this is true for C,(K) and C, (D), then the inequality

p(A=tzaty, (1-t)z@tw) < (1—1t)p(z,2) + tp(y, w),
where 0 < t < 1 and z,y, z,w are all in B [GR, p. 104], implies that it is also true for
Crs1(K) = C1(Cr(K)) and Cpq1(D) = C1(Cr(D)). So each point in p-clco(K) is within
/2 of a point in p-clco(D). Thus any (£/2)-net in p-clco(D) is an e-net for p-clco(K). m

This proof of Theorem 2.10 works equally well in any Hadamard space in which the
p-closed convex hull of a finite number of points is compact. It follows then that the
Plateau problem can be solved in such spaces. Unfortunately, it is not known which
Hadamard spaces have this property. However, it is shown in [We, Theorem 1.6] that
Plateau’s problem can be solved in every Hadamard space (regardless of whether it has
this property or not).

For each d € N, let (H?, |- |») denote the d-th power of a complex Hilbert space H,
endowed with the maximum norm, and let (X, po,) be the open unit ball of H, equipped
with its Kobayashi metric. Then X = B¢, and

poo(@,y) = max{p(z;,y;) : 1 <j < d},
where B is the Hilbert ball and p is its hyperbolic metric. We also note that the discussion
on p. 91 of [GR] implies that if D is a bounded domain in a complex Banach space (E, |-|)
and p is any metric assigned to it by a Schwarz—Pick system of pseudometrics, then a
subset K of (D, p) is compact if and only if it is a compact subset of (E, |- |).

PROPOSITION 2.11. The metric space (B?, pso) has the CNEP for each d € N.

Proof. Let K C B¢ be a compact subset of B?. For each 1 < j < d, let P H* - H
assign to each x € H? its j-th coordinate, set C; := p-clco(P;(K)), and let R; : B — C}
be the nearest point projection of B onto C;. Then each C} is compact by the proof of
Theorem 2.10 and the Cartesian product C' = C; x Cy X ... x Cyq is a compact subset
of B which contains K. Since the mapping R : B? — C defined by R(x1,z2,...,2q) =
(Ryw1, Roxa, ..., Rgwy) is a p-nonexpansive retraction of BY onto C, the result follows. m
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Let B$Y be the open unit ball of ¢ (H). It is known that the Kobayashi metric peo
on B% x B$Y is given by
poo(w,y) = sup{p(z;,y;) : j € N},
where p : B x B — RT is again the hyperbolic metric on B x B. Similar arguments to

those used in the proofs of Proposition 2.3 and Proposition 2.11 show that the metric
space (BY Nco(H), poo) also has the CNEP.

3. Balls. Consider the closed unit balls B,(0,1) = B, of the ¢, spaces, 1 < p < oco. It
follows from Theorem 1.2 that no By, 1 < p < oo, p # 2, is an NR of £,. On the other
hand, the arguments of the proofs of Propositions 2.1 and 2.2 show that B, is an NR
of ¢~ Thus it is natural to ask (as did Y. Gordon) if By is an NR of ¢;. In this section
we answer this question in the negative.

We begin with Westphal’s characterization of the nonexpansive retracts of ¢; [W].
Recall that a nonempty subset C' of 1 is called a cylinder set with base B in the plane
[e?, /] spanned by the unit vectors e’ and e/, i < j, if there is a subset B of [e?, /]
such that C' is the direct sum of B and D;; = {w €l iz =25 = 0}. A subset E
of a Banach space (X,|-|) is said to be metrically convex if for each pair of distinct
points 1,22 of E, there exists a point z3 of F, distinct from x; and xo, such that
|21 — 29| = |21 — 23| + |23 — T2

THEOREM 3.1 ([W]). Let X be either ¢4, d > 3, or £1. A proper subset of X is an NR
of X if and only if it is metrically convexr and the intersection of a family of closed
cylinder sets.

THEOREM 3.2. Let X be either £, d > 3, or {1. Then the closed unit ball of X is not an
NR of X.

Proof. Suppose the closed unit ball B; of X is contained in an NR A of X. If the point
z € X is not in A, then by Theorem 3.1, there is a cylinder set C, which contains Bi,
to which z does not belong either. Let C' be the direct sum of a base B C [e?,e’], i < j,
and D;;. Since C contains By, it follows that |z;| + |z;| > 1. Thus A contains all those
points z € X for which |z,,| 4 |z,| < 1 for all m,n € N. Choosing z = 1(1,1,...), we
see that rad(A) > %d > % > 1. Hence A # Bj, as claimed. m

The proof of Theorem 3.2 also yields the following analog of Lemma 2.5.

LEMMA 3.3. Let X be the d-dimensional Banach space £¢, d > 3, and let B(0,7) C X be
the closed ball of radius r > 0 centered at the origin. If A C X is an NR that contains
B(0,r), then rad(A) > (r/2)d.

This last lemma, when combined with the construction and arguments used in the
proof of Theorem 2.7, yields, in its turn, the following analog of that theorem.

THEOREM 3.4. The space {1 lacks the CNEP.

As a matter of fact, the arguments used in the proofs of Lemma 2.5 and Theorem 3.2
can also be employed to show that no closed unit ball B, of £,, 1 < p < 0o, p # 2, is
an NR of ¢,. Indeed, if B, is contained in an NR A of /,, then these arguments show
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d .
that all the points of the form ¢( )" e’), where || < 3 and d € N, belong to A. Thus

j=1
rad(A) > (1/2)d'/? > 1 when d > 2P, and so A # B,, as asserted.
To show that the closed unit balls of Eg, where 1 < p < o0, p # 2, and d > 3, are
not NR’s, one can also make use of the following fact [FK, Proposition 1] (see also [R6,
Proposition 3.4]): if E is a non-Hilbert, strictly convex Banach space of (finite or infinite)
dimension d > 3, then there exist subspaces of all finite dimensions 2 < k < d — 1, which

are not the ranges of linear projections of norm one.

4. Optimal sets. In this section we briefly discuss the connections between the optimal
sets introduced by Beauzamy and Maurey in [BM] and nonexpansive retracts.

Let D be a nonempty subset of the Banach space X. A point x € X is said to be
minimal with respect to D if the condition

ly —z| <|x—=z forallzeD

implies that y = x. We denote by Min(D) the set of all those points in X which are
minimal with respect to D. It is clear that D C Min(D) and that if Dy C Ds, then
Min(D;) C Min(Dy3). The set D is said to be optimal if Min(D) = D. Given an arbitrary
nonempty subset D of X, we define M;(D) to be Min(D) and then set M,,1+1(D) :=
M, (M,(D)), n > 1. The saturate S(D) of D [BM] is defined to be the closure of the
union |J{M,,(D) : n =1,2,... }. We also define O(D), the optimal hull of D, to be the
intersection of all the closed optimal sets containing D. Note that O(D) itself is both
optimal [BM, Proposition II1.2] and closed.

PROPOSITION 4.1. If the Banach space X is reflexive and strictly convexr, then
S(D) = O(D) for all nonempty D C X.

Proof. Let D be a nonempty subset of X. Since S(D) is both optimal by Proposition III.4
on p. 121 of [BM] and closed by definition, it is clear that O(D) C S(D). Conversely, we
first note that obviously D C O(D). Therefore M; (D) = Min(D) C Min(O(D)) = O(D).
If M, (D) C O(D) for some n > 1, then we also have M, (D) = M;(M,(D)) C
M;(O(D)) = O(D). Hence | J{M, (D) : n =1,2,...} and S(D) are contained in O(D).
Thus S(D) = O(D), as claimed. m

It is clear that the fixed point set of any nonexpansive self-mapping of X and, in
particular, any nonexpansive retract of X are optimal. Here is a result in the converse
direction.

THEOREM 4.2 ([Be]). If the Banach space X is separable, reflexive, strictly convex and
smooth, and C' C X is an optimal set with a nonempty interior, then C is a nonexpansive
retract of X.

COROLLARY 4.3. If the Banach space X is separable, reflexive, strictly conver and
smooth, and D C X has a nonempty interior, then the nonexpansive hull N(D) of D
coincides with O(D), its optimal hull.
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This corollary yields another proof of Lemma 2.5. Indeed, it follows from the results
of [BM] that in the setting of that lemma,

S(B(0,7)) = r{z € R : sup{|a|P + |2;[" 14 # j} < 1}.
Since S(B(0,7)) = N (B(0,r)) by Corollary 4.3 and Proposition 4.1, we see that if A C X
is an NR which contains B(0,7), then (17)(1,1,...,1) € A. Hence rad(4) > (%)d'/?, as
asserted.

Corollary 4.3 is also obviously true whenever the Banach space X has the following
property: a subset of X is optimal if and only if it is an NR. This is indeed known to be
the case for the £, ([DE, E2]) and LP[0, 1] ([E2]) spaces, 1 < p < oo, as well as for strictly
convex, smooth and reflexive Kothe sequence spaces ([KL, Theorem 3.8]).

5. Sunny nonexpansive retracts. It is obvious that if C' is a nonexpansive retract of
the Banach space X and T : C'— M is a Lipschitz mapping of C' into a metric space M,
then T' can be extended to all of X without increasing its Lipschitz constant. If C happens
to be a sunny nonexpansive retract of X, then the extension is much easier because it is
constant along certain rays emanating from C. Other applications of sunny nonexpansive
retracts (for instance, to extension problems for accretive operators, iterative methods
for solving variational inequalities, and the convex feasibility problem) can be found, for
example, in [R2, R3, MR] and the references therein. In this section we show that in many
cases, nonexpansive retracts are, in fact, sunny nonexpansive retracts. We will sometimes
use the abbreviation SNR to refer to both sunny nonexpansive retractions and sunny
nonexpansive retracts.

We first observe that if a smooth Banach space X has the CNEP, then every compact
subset of X is contained in a compact SNR of X.

ProproSITION 5.1. If C is a compact NR of a smooth Banach space X, then C is, in
fact, an SNR of X.

Proof. Let R: X — C be an NR and let = be any point in X . Banach’s fixed point theorem
provides us, for each 0 < ¢t < 1, a unique point z; € X such that z; = (1 —t)xz +tRx;. Let
{tn} C [0,1) be a sequence which converges to 1, and denote the corresponding point x;
by . Since C is compact, we may assume that the sequence {z,} converges strongly to
z€C.Let J: X — X* be the normalized duality mapping of X. Since

(1 —tn)(z — Ran, J(zn —y)) = (0 — Rz, J (@, —y)) =0

for all y € C and n € N, we see that (z — z, J(y — 2)) < 0 for all y € C. Denoting z by
Qx and invoking either [R1, p. 64] or [B2, p. 348], we now conclude that Q : X — C'is
the unique SNR of X onto C. =

Our next result was deduced in [R3] from a general theorem regarding the equivalence
of resolvent consistency and convergence for nonlinear contractive algorithms. Here we
present a somewhat simpler proof, which is also a variant of the so-called optimization
method [RT).

ProprosiTION 5.2. If C is an NR of a reflerive Banach space X with a uniformly
Gateauz differentiable norm, then it is, in fact, an SNR of X.
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Proof. Let R : X — C be an NR, z a point in X, and {¢,} C [0,1) a sequence which
converges to 1. For each n € N, denote by x,, € X the unique solution to the equation
w=(1—t,)z+t,Rw.
Fix a point y in C'. Since |z, —y| < |z —y]| for all n € N, the sequence {z,} is bounded.
Let LIM be a Banach limit and define f : X — [0, 00) by
f(z) =LIM({|z, — 2|°}), z€X.

Since the functional f is continuous and convex, f(z) — oo as |z| — oo, and X is reflexive,
f attains its minimum over X, say at u € X. Since z, — Rx,, — 0 as n — 0o, we have

f(Rz) = LIM({|zn, — R2|*}) = LIM({|Rz,, — R2|*}) < LIM({|z,, — 2|°}) = f(2)
for all z € X, and therefore we may as well assume that u belongs to C. Hence
(xn — Rz, J(z, — u)) >0 and
(zn — 2, J(zn —u)) <0
for all n € N. On the other hand,

|z, —ul? = ]xn —(1—tu—ty+t(y —u)‘2
> |an — (1—t)hu— ty|2 + 2t(y — u, J(x, — (1 — t)u — ty))
for all 0 < ¢t < 1 and each y € X. Given € > 0, the weak-star uniform continuity of

the normalized duality mapping J on bounded subsets of Banach spaces with uniformly
Gateaux differentiable norms [R5, Lemma 2.2] implies that

‘(y—u,J(wn—u)—J(mn—(1—t)u—ty))‘ <e

for all small enough t. Hence

(y—u, J(zn —u)) <e+ (y—u,J(xn—(1_t)u_ty))
< et (|2 —ul? — |z, — (1 thu—ty|”) /(28).
Since f attains its minimum at wu, it follows that
LIM({(y —u, J (2 —u))}) <0

for each y € X. Choosing y = x and recalling that (z,, —z,J(z, —u)) <0 for all n € N,
we conclude that LIM({|z, — u|?}) < 0. Therefore there exists a subsequence of {z,,}
which converges strongly to u. Denoting u by Qx, we obtain (:c —Qx, J(y— Q:z:)) <0 for
all z € X and y € C. Thus @ : X — C' is the unique SNR of X onto C. =

Let C be a nonempty, closed and convex subset of a two-dimensional Banach space
(X, |]). Suppose we already know (cf. [K, Theorem 2]) that C'is an NR of X whenever the
norm |-| is smooth. Then Proposition 5.2 shows that C is, in fact, an SNR of X even when
| - | is not smooth (cf. [B2, p. 353] and Theorem 1.1). To see this, let {e, : n=1,2,...}
be a positive sequence which converges to zero. For each n € N, let | - |, be a smooth
norm on X which satisfies |z| < |z], < (1 4 &,)|z| for all z € X. By Proposition 5.2, for
each n € N, there is an SNR @, : (X, |- |») — C. Since |@Qnz — Qry| < |@Qnz — Qnyln <

|z — yln < (1+ep)|x —y| for all x and y in X, and for a fixed yo € C, |Qnx — yo| =
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|Qnx — Qnyol < |Qnt — Qnyoln < |z —yoln < (14€n)|z —yol, we can invoke the Arzela—
Ascoli theorem and find a subsequence of {Q,,} which converges uniformly on bounded
subsets of X to a mapping @ : (X,]|-|) — C. It is not difficult to check that @ is indeed
an SNR of (X,]|-|) onto C, as asserted.

Now let (X, p, M) be a hyperbolic metric space in the sense of [RS]. Given any two
distinct points « and y in X, there is a unique metric line in M which passes through x
and y. This metric line determines a unique metric segment joining x and y. We denote
this segment by [z,y]. For each 0 < ¢ < 1, there is a unique point z € [z,y] such that
p(x,z) = tp(x,y) and p(z,y) = (1 —t)p(z, 2). This point will be denoted by (1 —t)z & ty.
Also, for each r > 0, we let (1+ r)x © ry stand for the unique point w on this metric line
satisfying p(w, z) = rp(x,y) and p(w,y) = (1 4+ r)p(x, y).

LEMMA 5.3. Let C be a Chebyshev subset of a hyperbolic metric space (X, p, M) and let
P : X — C be the nearest point projection of X onto C. Then P(tx @ (1 —t)Px) = Px
forallz € X and 0 <t < 1.

Proof. Denote tx®(1—t) Pz by z. Since p(x, Pz) < p(z, z)+p(z, Pz) < p(x, 2)+p(z, Px) =
(1 —=t)p(x, Px)+tp(x, Px) = p(x, Px), we see that Pz = Pz, as claimed. m

If C is a retract of a hyperbolic metric space X and R : X — C' is a retraction of X
onto C, then we say that R is sunny if R((1 —¢)Rzx @ tx) = R((1+r)z ©rRzx) = Rx for
allz e X,0<t<1,and r > 0.

PROPOSITION 5.4. If C is a Chebyshev subset of a hyperbolic metric space (X, p, M) and
the nearest point projection P : X — C' is nonexpansive, then it is also sunny.

Proof. Fix a point x € X. For 0 < ¢t < 1 and r > 0, denote (1 — t)Px @ tx and
(1+7)z ©rPx by z and w, respectively. Let s = 1/(1 + 7). Then x = (1 — s)Px @ sw.
Consider y = (1 — s)Pw @ sw. Since P is the nearest point projection of X onto C, we
know by Lemma 5.3 that Pz = Pz and Py = Pw. Since P is nonexpansive, we also have
p(Pw, Px) = p(Py, Pz) < p(y,x) = p((1—s)Pwdsw, (1—s)PxPsw) < (1—s)p(Pw, Px).
The result now follows because s > 0. =m

Proposition 5.4 applies, in particular, to Hilbert space and to the Hilbert ball. It shows
that all the (p)-closed and (p)-convex subsets of these spaces are SNR’s.

It is known [B1, Example 1] that Theorem 2.6 is no longer true if T is not a self-
mapping of C. It is, however, valid for weakly inward mappings. We also note the following
improvement of Theorems 1 and 2 in [X]. It provides an affirmative answer to a question
raised on p. 155 there.

Let C' be a nonempty, closed and convex subset of a Banach space X. For = € C, let

Ic(x)={zeX:z=az+a(ly—x) forsomeyec C and a >0}

be the inward set of C at x. Recall that a mapping T : C' — X is said to be weakly inward
if T2 belongs to the closure of Io(z) for each z in C. Suppose now that a weakly inward
T : C — X is also nonexpansive, and fix a point z in C. Then for each 0 < ¢ < 1, the
strict contraction S : C — X, defined by Sy := tTy + (1 — t)z for each y € C, is also
weakly inward and therefore has a unique fixed point, which we denote by x;.
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PROPOSITION 5.5. Let C be a nonempty, closed and convex subset of a reflexive Banach
space X with a uniformly Gateauz differentiable norm. Assume that every weakly compact
and convex subset of X has the fixed point property for nonerpansive mappings. Let the
nonezxpansive and weakly inward mapping T : C — X have a fized point. Given x € C
and 0 < ¢t < 1, let z; € C be the unique solution to the equation w = tTw + (1 — t)x.
Then the strong lim;_,1- x; = Qx, where Q : C — F(T) is the unique SNR of C onto
the fized point set of T'.

Proof. Consider the accretive operator A = I — T, where I denotes the identity operator
on C'. Since the strict contraction S : C' — X defined above has a unique fixed point for
each x € C, the resolvent J, := (I+7A)~! is seen to be defined on all of C for each r > 0.
In other words, the accretive operator A satisfies the range condition R(I +rA) D C for
all positive r. The result now follows from Theorem 1 and Remark 1 in [R4] because
x¢ = Jyx, where r =t/(1 —t¢). m

Finally, we remark in passing that if, in the setting of Proposition 5.5, C itself happens
to be an SNR of X and R : X — C is the unique sunny nonexpansive retraction of X
onto C, then the iterative scheme of Corollary 2 in [R4] can be applied to RT : C — C
to yield a fixed point of T'. This is because any fixed point of RT is, in fact, a fixed point
of T itself.
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