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Abstract. We give two examples of the generic approach to fixed point theory. The first
example is concerned with the asymptotic behavior of infinite products of nonexpansive mappings
in Banach spaces and the second with the existence and stability of fixed points of continuous
mappings in finite-dimensional Euclidean spaces.

1. Introduction. The asymptotic behavior of infinite products of operators finds ap-
plications in many areas of Mathematics. See, for example, [1-5, 10-12, 14, 16-24] and
the references mentioned therein. Given a bounded, closed and convex subset K of a
Banach space and a sequence A = {4;}72,; of self-mappings of K, we are interested in
the convergence properties of the sequence of products {4, ... - A12}52,, where z € K.
In the special case of a constant sequence A, we are led to study the asymptotic be-
havior of a single operator and the possible convergence of its powers to a fixed point.
In their seminal 1976 paper [7], De Blasi and Myjak show that the powers of a generic
nonexpansive self-mapping of K do converge. Such an approach, when a certain prop-
erty is investigated for a whole space of operators and not just for a single operator,
has already been successfully applied in many areas of Analysis. For instance, in two re-
cent papers [18, 22] we have extended the De Blasi-Myjak result in several directions to
certain sequence spaces of nonexpansive mappings. One of these directions has involved
weak ergodicity in the sense of population biology (see [6, 13, 15, 18, 25]). More precisely,
we have shown that for most (in the sense of Baire category) sequences, the distances
between the corresponding (random) infinite products with different initial points tend to
zero, uniformly on K. The first main result of the present paper (Theorem 2.1 below) is a
generic weak ergodic theorem for infinite products of nonself-mappings which takes into
account computational errors. As a matter of fact, we use in this theorem the concept of
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porosity [8, 9, 24] which refines the notion of Baire’s first category.

Our second and third main results (Theorems 3.1 and 3.2 below) establish generic
existence and stability of fixed points for a class of nonself-mappings defined on certain
closed (but not necessarily either convex or bounded) subsets of a finite-dimensional
Euclidean space. In these theorems, we endow the relevant space of mappings with two
topologies, one weaker than the other. In Theorem 3.1 we find an open (in the weak
topology) and everywhere dense (in the strong topology) set such that each mapping in
it possesses a fixed point. In Theorem 3.2 we construct a countable intersection of open
(in the weak topology) and everywhere dense (in the strong topology) sets such that each
mapping in this intersection has a stable fixed point.

2. Infinite products. Let (X, || - ) be a Banach space and let K C X be a nonempty,
bounded and closed subset of X.

Denote by M the set of all sequences {A;}$°, such thateach A; : K — X, t=1,2,...,
satisfies the following two conditions:

Atz — Awy|| < ||z — yl| for each 2,y € K, t=1,2,...; (2.1)

for any € > 0, there exists a sequence {z;};2, C K such that ||z;41 — A2 < €,
t=0,1,2,....

It is easy to see that if K is a compact set in the norm topology, then for each
{A:}2, € M, there is {z;}72, C K such that x;41 = App12e, t=0,1,.... Set

rad(K) = sup{||z|| : z € K}. (2.2)
PROPOSITION 2.1. Let {A:}$2, € M. Then for each integer t > 1 and each x € K,
|Aiz]| < 3rad(K) + 1.
Proof. By definition, there exists a sequence {z:}72, C K such that
lwtp1 — Apprze] <1, t=0,1,.... (2.3)
By (2.1) and (2.3), for each integer ¢t > 0 and each z € K,
[Arr12]] < [|Aaz — Az + [[Avrrze — 2ega || + (|24l
< lz =2l + 1+ e || < 3rad(K) +1,
as claimed. m
For each {A:}52,,{B:}2, € M, set
p({Ai}21 {B}2)) =sup{||Adz — Byz| 2 € K and t =1,2,... }. (2.4)
By Proposition 2.1, p({A4:}£2,, {B¢}2,) is finite for each pair {A,}22,, {B;}{2, € M.
Clearly, p is a metric on M.

PROPOSITION 2.2. The metric space (M, p) is complete.

Proof. Let {Agn)}fil, n=1,2,..., be a Cauchy sequence in M. Clearly, for each x € K
and each integer ¢t > 1, the sequence {Agn)z}fil is a Cauchy sequence in (X, | - ||) and
therefore it converges to A;x € X in the norm topology of X. Thus

Ayr = lim Agn)x for each point x € K and each integer ¢t > 1. (2.5)

n—oo
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It is not difficult to see that for each integer ¢t > 1,

Az — Agyll < ||z —y|| for all z,y € K. (2.6)
Let € > 0. Since {Aﬁ")},’fil, n = 1,2,..., is a Cauchy sequence, there exists a natural
number ¢ such that for each pair of integers m,n > gq,
| A — A < /8 (2.7)
for all integers ¢t > 1 and all points z € K. By (2.7) and (2.5),
1Az — Ag|| < /8 (2.8)

for each integer m > g, each integer ¢t > 1, and each z € K. Since {qu)}{’il € M, there
is a sequence {z;}72, C K such that

|z — A x| < e/d, t=0,1,2,.... (2.9)
In view of (2.9) and (2.8), for each integer ¢t > 0,
lzess — Avprzel] < e — AP xell + A 20 — Apprz]] < €/4+€/8 < /2.
Since € is an arbitrary positive number, we conclude that
{AZ e M.
In view of (2.8),
p({Ae}e2y, {Agm)}t"il) < ¢/8 for each integer m > gq.
This completes the proof of Proposition 2.2. =

Denote by £ the set of all {A4;}$2, € M for which there exists a sequence {z;}$2, C K
such that

Aip1xs = 2y for all integers ¢ > 0.
PRrROPOSITION 2.3. The set € is an everywhere dense subset of M.

Proof. Let {A;}$2, € M and € > 0. By definition, there exists a sequence {x;}52, C K
such that

lAtp1xe — 2] < €/4, t=0,1,2....
For each t = 1,2,..., define
Bix = Ayx — Ayxy_ 1+, x€ K.
It is not difficult to see that
Bixy1 =z, t=12,..., {Bi}2,€€&
and
A2 {Bi}2)) <€

Proposition 2.3 is proved. m
Before stating our first main result we recall the notion of porosity [8, 9, 24].

Let (Y, d) be a complete metric space. We denote by B(y, ) the closed ball of center
y € Y and radius r > 0. A subset E C Y is called porous in (Y, d) if there exist a € (0,1)
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and g > 0 such that for each r € (0,r9] and each y € Y, there exists z € Y for which
B(z,ar) C B(y,r) \ E.

A subset of the space Y is called o-porous in (Y,d) if it is a countable union of porous
subsets in (Y, d).

Since porous sets are nowhere dense, all o-porous sets are of the first Baire category.
If Y is a finite-dimensional Euclidean space, then o-porous sets are of Lebesgue measure
zero. In fact, the class of o-porous sets in such a space is much smaller than the class of
sets which have measure zero and are of the first category.

THEOREM 2.1. There exists a set F C M such that M\ F is a o-porous subset of (M, p)
and such that for each {A:}52, € F, the following property holds:

(P1) For each € > 0, there exist 6 > 0 and a natural number Ty such that if the integers
my, me > Ty and if {x¢ i, {w )i C K satisfy

2411 — Appame]| <6, ¢t=0,...,m1 — 1, (2.10)
[yt — Arpagell <0, £=0,...,my —1,
then
lze —yell <e, t=To+1,...,min{my, my}. (2.11)

Proof. For each integer n > 1, denote by F,, the set of all {A4;}$2, € M for which the
following property holds:

(P2) there exist 6 > 0 and a natural number Ty such that if the integers mq, mo > To
and {z 12, {yt}i?) C K satisfy (2.10), then

lze — el < 1/n, t=To+1,...,min{my, my}.
Set

f:fﬁf@
n=1

It is not difficult to see that for each {A4;}$2, € F, property (P1) holds.

In order to complete the proof of the theorem, it is sufficient to show that for each
integer n > 1, M\ F,, is a porous subset of (M, p).

Indeed, let n > 1 be an integer. Choose a positive number

a< (2%) t(rad(K) + 1)t (2.12)
Let {A:}72, € M and r € (0,1]. By Proposition 2.3, there exists {B;}$2; € £ such that
p({A} 21 B} 2,) < 7/16. (2.13)
By the definition of £, there exists {z;}72, C K such that
Bip1we = xp41, t=0,1,2,.... (2.14)
Set
v = 32nar,

and let ¢ > 1 be an integer. For each x € K, set
Cix = yxs + (1 — v)Bix. (2.15)
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It is easy to see that {C¢}2, € M and that
Ctl'tfl = T, t= 1,2 (216)
By (2.15), (2.2) and Proposition 2.1,

p({C 1521, {Bt}i21) < sup{||Ciz — Biz|]| : z € K and t =1,2,...}
=sup{vy|lax — Biz|]|: t =1,2,... and z € K} <~vy(4rad(K) +1). (2.17)

Choose a natural number T} such that

Toar >rad(K) +1 (2.18)
and a positive number
§ < min{ar, (8n) 1Ty '} /2. (2.19)
Assume that
{De}Zi e M and  p({Di}i2,,{Ci}i2) < o (2.20)

By (2.20), (2.17), (2.13) and (2.15),

P({Dt}toila {At}?il)
< p({Di}21,{C}2) + p({Ce} 21, {Be} 1) + p({Be} 21, {A}21)
<ar+4y(rad(K)+ 1) +r/16 < ar + 32nar - (4rad(K) + 1) +r/16
<r[8-32na(rad(K) + 1) + 1/16] < r/2.

Thus
p({De}321, {A}2y) < /2. (2.21)

Assume that the integers mq, mg > Ty and that {x}2%, {y:}13 C K satisfy

|241 — Deprae]| <0, t=0,...,mq — 1, (2.22)
lyt41 — Degrye| <6, t=0,...,mg— 1.
We now show that
|zt —yel| <1/n, t=Tp+1,...,min{mq, mao}. (2.23)
Indeed, let an integer T' satisfy
To + 1 <T < min{mi,ma}. (2.24)
We claim that there is an integer j € {T'— Tp,...,T — 1} such that
lzj = will < (4n) =" (2.25)

Let us assume the converse. Then for each j =T —Ty,..., T — 1,

lj = sl > (4n)~". (2.26)
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It follows from (2.22), (2.20), (2.25) and (2.1) that for j =T —Tp,...,T — 1,
2541 = il < Nlwjer = Djazsll + 1Djaw; — Djayill + 1Djay; — gl
<0+ Djprz; — Diyaysll +96
<26+ 2p({Di}21,{C120) + 105125 — Ciaysll
<204 2ar + (1= 7)|Bj117; — Bjay;ll
<26+ 2ar + (1 =7)lz; -y
By this inequality, (2.26), (2.19) and (2.15),
g = w5l = llzjr = gyl = yllzj = ysll = 20 = 2ar > 4(4n) ™! — dar > dar.
Together with (2.2) and (2.18), this implies that
2rad(K) > ||lzr—1, — yr—1,|| — llzr — yr|| > Todar > 4rad(K) + 4.
The contradiction we have reached demonstrates that indeed there is an integer

je{T —Ty,...,T — 1} such that (2.25) holds.
By (2.1) and (2.22), for each integer i satisfying j <i < T — 1,

i1 = yirall < llwigr = Digamill + [ Divazi — Diayill + (|1 Divryi — yisa |
<O+ ||z — il + 6.
When combined with (2.25) and (2.19), this relation implies that
lor = yrll < llzj = y;ll +20(T = 5) < llaj — ;|| +26T0 < (4n) ™" + (4n) ™"
Therefore
lor —yr| < (2n)7F
for all integers T satisfying (2.24). Thus we have shown that each sequence {D;}°, € M

satisfying (2.20) possesses property (P2) and consequently belongs to F,. Therefore
M\ F, is indeed a porous subset of (M, p). This completes the proof of Theorem 2.1. m

3. Existence and stability. Let K C R™ be a nonempty, closed subset of the n-
dimensional Euclidean space (R™, || -||). We suppose that K is the closure of its nonempty
interior int(K).
For each z € R™ and each r > 0, set B(z,7) ={y € R": |z —y| <r} and fix § € K.
Denote by M the set of all continuous mappings A : K — R™. We equip the space
M with the uniformity determined by the base

Ew(N,e) ={(A,B) e M x M : ||Az — Bz|| < efor all z € B(d, N)N K}, (3.1)

where N, e > 0.

Clearly, the space M with this uniformity is metrizable and complete. We equip the
space M with the topology induced by this uniformity. This topology will be called the
weak topology.

We also equip the space M with the uniformity determined by the base

E(e)={(A,B)e M x M : ||Az — Bz| < eforallz € K}, (3.2)
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where € > 0. Clearly, the space M with this uniformity is also metrizable and complete.
The topology induced by this uniformity on M will be called the strong topology.

Denote by M the set of all A € M which have approximate fixed points. In other
words, the set M consists of all A € M such that

inf{|lx — Az|| : x € K} =0. (3.3)

It is clear that M/ is a closed subset of M with the strong topology.

Note that if the set K is bounded, then M consists of all those elements of M which
have fixed points. Every self-mapping of K which is a strict contraction, that is, has a
Lipschitz constant strictly less than one, clearly belongs to M.

If K is bounded and convex, and a continuous mapping A : K — R™ satisfies the
Leray—Schauder condition with respect to w € int(K), that is, Ay — w # m(y — w) for
all y on the boundary of K and m > 1, then it also belongs to M. If such an A is a strict
contraction, then this continues to be true even if K is neither bounded nor convex.

We endow the topological subspace My C M with both the relative weak and strong
topologies.

THEOREM 3.1. Let v € (0,1). There exists an open (in the weak topology), everywhere
dense (in the strong topology) set F, C My such that for each A € F,, there are
x4 €int(K), ra € (0,1), and a neighborhood U of A in My with the weak topology such
that

B(xa,ra) CK and Azxy = x4,
and for each C € U, there is o € K such that Cxc = x¢ and ||zc — x4l < yra.

THEOREM 3.2. There exists a set F C My which is a countable intersection of open (in
the weak topology), everywhere dense (in the strong topology) subsets of My such that for
each A € F and each vy € (0,1), there exist x4 € int(K), ra € (0,1), and a neighborhood
U of A in My with the weak topology such that

B(xa,ra) CK and Azxy = x4,
and for each C € U, there is o € K such that Cxoc = ¢ and ||zc — 24| < yra.

ExAMPLE. Letn=1, K = U;‘;O[Qj, 2j + 1], and define, for each integer j > 1 and each
x € [24,2) + 1], Az = x + 279, Clearly, inf{|z — Az| : z € K} = 0, but A is fixed point
free.

4. Auxiliary results. Denote by £ the set of all A € My for which there exist
T4 €int(K) and 14 €(0,1) (4.1)
such that
B(za,7a) CK and Ay =z, forall y € B(za,T4/4). (4.2)
LEMMA 4.1. The set € is an everywhere dense subset of My with the strong topology.

Proof. Let A € M; and € > 0. By the definition of M (see (3.3)), there exists 9 € K
such that

|Axg — xo|| < €/16. (4.3)
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Since K is the closure of int(K) and A is continuous, there is 21 € int(K) such that
|21 — 20l < €/16 and | Ax; — Axgl| < €/16. (4.4)
Set
Ay = Ay — Axy + 21, y€ K. (4.5)
Clearly, A; € M. In view of (4.5),
Az =z, (4.6)
By (4.5), (4.4) and (4.3), for each y € K,
[Ay — Avy|l = [[Azy — 21 || < [[Azy — Azol| + [[Azo — 2ol + [lwo — 21| < 3¢/16. (4.7)

Since A; has a fixed point (see (4.6)), it is clear that A; € M. Since A; is continuous
and z; € int(K), there exists r; € (0,1) such that

B(z1,7) C K and || A1z — Ajx1]| < €/16 for all x € B(x1,71). (4.8)
Define
1, te€0,71/2],
Y(t) =< 2(r —t)ryt, te (r1/2,71), (4.9)
0, t € [r1,00),
and
By =¥(lly — )z + (1= (lly — 21])) Ay, y € K. (4.10)
Clearly, B € M. It follows from (4.10) and (4.9) that for each y € B(x1,71/2),
By = x;. (4.11)

Therefore B € £. We will now show that
|By — Ay|| < e for all z € K.

Indeed, let y € K. There are two cases to be considered:

[z1 —yll < r1; (4.12)
Hl‘l — y” > 1. (413)

If (4.13) holds, then (4.13), (4.10), (4.9) and (4.7) imply that
By = Ay and [By-— Ayl = [Ay— Ayl <e/4. (4.14)

Let (4.12) hold. Then by (4.12), (4.10), (4.9), (4.6) and (4.8),
1By — Avyll = ||o(lly — 21l (21 — Ary)|| < [l21 = Avyll = [[Arzr — Avyl| < /16.
When combined with (4.7), this inequality implies that
By — Ay|| < By — Awyll + [Ary — Ay < €/16 + 3¢/16 = ¢/4.
Thus
|1By — Ay|| < ¢e/4 for all y € K.

This completes the proof of Lemma 4.1. =
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LEMMA 4.2. Let A€ &, x4 € int(K), ra € (0,1) satisfy (4.2), and let v € (0,1). Then
there exists a neighborhood U of A in My with the weak topology such that for each
B elU, there is xg € K such that ||xg — xal| < yra/4 and Bxg = zp.

Proof. Set
A=~rs/d (4.15)
and put
U={BeM;j:|Bz— Az| <A for each z € B(wa,74)}. (4.16)

Clearly, U is a neighborhood of A in M with the weak topology.
Let B € Y. Tt follows from (4.16), (4.2) and (4.15) that for each z € B(za,vra/4),

|Bz — x4l <||Bz — Az|| + || Az — zal| S A+ |[Az — x4l = A =~yra/d.
Thus
B(B(xa,774/4)) C B(xa,77a/4).
Since the mapping B is continuous, there is 5 € B(x4,774/4) such that

Brp = zp.

Lemma 4.2 is proved. m

5. Proofs of Theorems 3.1 and 3.2

Proof of Theorem 3.1. Let A € £. There exist x4 € int(K) and r4 € (0,1) such that
(4.2) holds. By Lemma 4.2, there exists an open neighborhood U (A) of A in My with
the weak topology such that the following property holds:

(P3) For each B € U(A), there is x5 € K such that
Bxp=xzp and |xp—xal <~v7ra/8. (5.1)
Set
F=Ju) - Acet. (5.2)
By Lemma 4.1, F, is an open (in the weak topology), everywhere dense (in the strong

topology) subset of M.
Let B € F,. By (5.2), there is A € £ such that

B e U(A). (5.3)
By property (P3), for each C' € U(A), there is ¢ € K such that

Cre =z¢c and |zc—zal <7ra/8. (5.4)
Clearly,
leg —zall <yra/8. (5.5)
It follows from (5.5) and (4.2) that
B(zp,ra/2) C B(za,74) C K. (5.6)

By (5.4) and (5.5), for each C' € U(A),
lzc — 2Bl < llzc —xal + lza — 2Bl <yra/8+ra/8=7ra/4.
This completes the proof of Theorem 3.1. m
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Proof of Theorem 3.2. For each integer n > 1, let F,, be as guaranteed in Theorem 3.1
with v = (2n) L. Set

F= ﬁ F. (5.7)
n=1

Clearly, F is a countable intersection of open (in the weak topology), everywhere dense
(in the strong topology) subsets of M.
Let A € F and v € (0,1). Choose a natural number n such that

n~t < /8. (5.8)

Since A € F,, and the assertion of Theorem 3.1 holds with v = (2n)~! and F, = F,,
there are x4 € int(K), 74 € (0,1), and a neighborhood U of A in My with the weak
topology such that B(xa,74) C K, Az 4 = x4, and for each C' € U there is ¢ € K such
that Caxc = x¢ and

lzc —zal <ra(@n)~! <ray.
Thus Theorem 3.2 is also established. =
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