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Abstract. We develop a difference equations analogue of recent results by F. Gesztesy, K. A. Ma-
karov, and the second author relating the Evans function and Fredholm determinants of operators
with semi-separable kernels.

1. Introduction. The purpose of this paper is to provide a difference equations version
of some of the most recent results in [GM, GML, GML1] relating the Evans function and
Fredholm determinants of operators with semi-separable kernels. Although our general
strategy is close to that in [GM, GML)] for the differential equations case, and for simplicity
we consider less general assumptions than in [GML], the arguments and the results in the
difference equations setting have some important differences. For a related work we cite
[GGK, GKvS] and [BCK, KK]. For a detailed historical account and the bibliography we
refer to [GML)].

We consider an unperturbed difference equation ;11 = Aj;x; and its perturbation
in the form z;11 = Afx;, j € Z, where AY = A; + B;C;. Here and below, Aj;, By,
and C; are (d x d) matrices with complex entries, and x = (z;),cz is a sequence of
vectors x; € Cd. Throughout, we assume that the matrices Aj and AjX are invertible and
that the unperturbed equation has an exponential dichotomy over Z with the (unstable)
dichotomy projection P. Let U = (U;) ez denote the fundamental matrix solution of the
unperturbed equation normalized by Uy = I, the identity matrix.
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In the first part of the paper, following [GM], we give formulas for the (modified)
Fredholm determinants of the difference operator 7 = (Tji)jkez on ¢(Z;CY) whose
kernel is given by the formulas

(1.1) Ty = CU;(I — P)ULY By for j > k and Ty, = —C,;U; PU, L By, for j < k.

Note that the kernel of every difference operator with a semi-separable kernel admits a
representation (1.1), see formulas (3.9) - (3.10) below. The choice of kernel (1.1) is related
to the following elementary observation. Given the matrix sequence A = (4;)jecz €
0°(Z; C4%9d), define on ¢%(Z;CY) an operator, Ga, by (Gax); = x;4+1 — A;z; so that
the inhomogeneous equations ;41 = A;x; +y;,j € Z, becomes Gax = y. Due to the
exponential dichotomy [CL], the operator G is invertible in ¢2(Z,C%), and by a direct
computation, its inverse is a difference operator, K = (K); rez, with kernel defined by

(1.2) Kji = U;(I = P)U.}, for j > k and Kjj, = —U; PU, Y for j < k.

If A = (A;()jGZ then the operator Gax = Ga — diag(B;C});jez can be represented
as Gax = Ga(I — K diag(B;j) ez diag(Cj)jez), and Gax is invertible if and only if the
operator I —7 is invertible; the kernel of 7 = diag(C}) ez diag(B;) ez is given by (1.1).

In the second part of the paper, following [GML, GML1], we construct appropriate
matrix solutions of the perturbed difference equation whose determinant, £, is called the
Evans determinant. If the sequence A* = A*(z) depends on a spectral parameter z € C,
then the corresponding function & = £(z) becomes the Fvans function, a Wronskian type
object widely used to detect unstable modes for operators obtained by linearizing nonlin-
ear equations along special particular solutions such as travelling waves, see [AGJ] and
recent reviews [JK, S] and the bibliographies therein. We stress that the Evans determi-
nant, as defined in the current paper, is uniquely determined by the sequences A* and A.
Moreover (and this is the central result of this paper), we derive a formula relating £ and
the Fredholm determinant of I —7 (for results in this spirit in the case of the Schrédinger
differential operator see [KS, p. 861] and [KS1]). Finally, for the discrete Schrédinger op-
erator, we show that the Evans function coincides with the Jost function, the classical
object familiar from scattering theory, see e.g. [CS, Chap. XVII], [FT, Sec. I11.2], [GH,
Sec. 6], [T, Chap. 10], and [To, Chap. 3].

2. Notation and preliminaries. The set of (d x d) matrices with complex entries is
denoted by C4*4. Where possible, we abbreviate (2 = ¢?(Z; CY) or (2 = (?(Z; C1*4). We
use boldface to denote sequences of vectors or matrices, e.g. x = (2;)jez, ¢; € C4, or
a = (a;j)jez, a; € CI*4. We denote by () the spectrum of an operator, and by I (or
sometimes Iqxq) the identity operator. For a projection P on C? with dimIm P = d;
we often identify I4, x4, and P on Im P. The restriction of an operator A on a subspace
(-) is denoted by Al(.y. If A satisfies A = AP then we denote ||Als = inf{||Az| : z =
P, ||z = 1},

The sets of trace-class and Hilbert-Schmidt operators on a Hilbert space (-) are de-
noted, respectively, by By = Bi(-) and By = Ba(:). Recall that ¢ C ¢* C (> and
Bi(-) C Ba(-). We will use the following properties of the (modified) Fredholm determi-
nants, see, e.g. [GGK, Si] for more information:
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(2.1) det(I—A)= [[ A=), AeB,
A€o (A)
(2.2) dety(I — A) =det [(I - A)e*] = J[ (1-Ne*, A€By,
Xeo(A)
(2.3) dety(I — A) = det(I — A)e™, A€ B,
(2.4) dety [(I — A)(I — B)] = dety(I — A) dety(I — B)e 1B A B e B,.
Given matrix sequences a; = (a;)jez, b; = (bj)jez, and d; = (d;);cz, we define the

upper triangular operator Va the lower triangular operator V b the diagonal operator
Dy, and the operator V, p on ZQ(Z, C9) as follows:

[e%e} j—1
(2.5) (Vahex)i = D agbiar, (Vipx)j= D ajbra,
k=j+1 k=—o0
(2.6) (Dax); = djzj, (Vapx); = Y ajbpzy, jELZL
k=—o0

We summarize properties of these operators in the following elementary lemmas.

LEMMA 2.1. Assume a,b,d € (2(Z; C*4). Then:

(2.7) o(Da) = {0} U (Ujezo(d;));
(2.8) Vab, Vap, Da € Ba(£%(Z; CY));
(2.9) o(Vip) = o(Vay) = {0}
(2.10) deto(I — V) = deta(I = V) = 15
(2.11) deta(I — Da) = [ det(Iaxa — d;)e™®
JEL
LEMMA 2.2. Assume a,b,d € (1(Z; C*Y). Then:
(2.12) Va{[b are compact operators on £>°(Z; CY) and U(Va%b) ={0};
(2.13) Vab: Vo Da € By (€%(Z; CY));
(2.14) det(I — V) = det(I = V) = 1;
(2.15) det(I — Da) = [ [ det(Iaxa — d;).
JEL

Proof. If d € % then ||d;|| — 0 as || — oo and then, for any 7 > 0, there are only finitely
many d;’s having A € o(d;) with |\| > r. The formula o(Dq) = closure(U;ezo(d;)) now
implies (2.7).

Note that Vap = Da + V7, + Vo, with d = (a;b;)jez and V,, = (Vi ,.)* with
a* = (a})jez and b* = (b )JEZ Since a € ¢°° and thus (a;b;)jez is in €2, resp. (', it is
enough to prove (2.9) and (2.8)7 resp. (2.13), only for VJr and Dg. Using (2.7), we infer:

IDalls, (¢2) = tr[(D5Da)?] = trD 4. g3 = Xjen tr(djd; )2 <dY e sl = dlld]en,

(2.16) |Dallg,(e2y = tr(Dara) = > _tr(did;) < d > ||d;[|* = d||d]|e.
JEZL JEL
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a;_rby);ez> Where (8x); = x;_1 is the

Assuming a,b € ¢! and writing V", =377, S7*D
shift operator, we have:

” ab”Bl £2) < Z HD(a_f—kbj)jeZHBl(fz) = ZZ ”aj—kbj”Bl(de)
k=1

k=1j€z
oo
<dY > lbilllas-xll < dlalle (bl
JEZ k=1
Assuming a,b € £? and considering the basis y,; = (yni(j))jez, i = 1,...,d, n € Z, in

0%(Z;CY) given by y,,;(j) = 0 for j # n and y,.i(n) = e;, the standard ort in C4, we
have:

H abHBz(éQ) —tI‘[( ZZ” anz

ZZ
n€eZ i=1
d 0 9 d S
=35 e 3 o] =303 3 lasbueil?
n€Zi=l jer k=j+1 n€zZ i=1 j=n—1

< dlfa]|Z b7

This proves (2.8) and (2.13). To prove (2.9), observe that O’(V;’rb) consists of eigenvalues
since the operator V;rb is compact by (2.8). Suppose there are A\ # 0 and 0 # x €
3(Z;CY), so that a; 352 1 ey, = Azj. Then

(2.17) Z CYj = AYn, mNEZ,
Jj=n+1
for y, = Z;’;nﬂ bjz; and c; = bja;. Using Cauchy-Schwarz, we have y, — 0 as k — oo.
Using (2.17), we have
k
(2.18) yn =[] T+ Coik/N) tnsn, n€Z, k=12,
j=1
Since (c;) € £', the product [[72, (1 + [len44|/A) converges for each n. Using this in (2.18)
and letting k — oo, we conclude that for each n € Z one has 0 = y,, = Z]oo il
bp+1Zn+1 + Yn+1 = bpt1Zn41. Since byx, = 0, we conclude that Az; = 0 for all j, a
contradiction. Formulas (2.10)7 (2.11), (2.14), and (2.15) now follow from (2.2) and (2.7).
To prove (2.12), represent V.|, = Danb where 1 = (I);ez. Since |la;|| — 0 as |j| — oo
and ||V b|| < [|b|l¢r, the operator Va‘fb is compact on £>°(Z; C%). The existence of nonzero
X € €°° and \ so that V x = Ax leads to a contradiction, as in (2.17) - (2.18) above,
since ||lyk || < ||| Z;’;k;l k]| — 0 as k — oo due to b € ¢}, and ¢ = (a;b;)jez € (*. =

bjx; =

Let E denote the (d x d) matrix having 1’s on the diagonal above the main diagonal,
and with zero remaining entries.
LEMMA 2.3. If A= X+ E, A€ C, is a (d x d) Jordan block, then ||A7|| < c|j|YA]? for
all j € Z and some positive constant ¢ = c¢(d, A).
Proof. Since B4 = 0, we have A7 = N (I + Zg;} (i) (E/M\)F) for j > 0. The polynomial
growth with j of the binomial coefficients (i) gives the result. For j > 0, we estimate
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the norm of A= = A=7 330 STL  STL  (—E/A)R by |\ TS(0, ), where we
denote for k € [0,d — 1]:

S(k,j) = z_: Z_: _Zk Z_: (k1,5 —1).

Using the formula Zk;l ki(ki+1)...(ki+j-1)=(Wd—-k)...(d—k+3)/(G+1) and
induction, one obtains S(k,j) =(d—k)(d—k+1)...(d—k+j—1)/4! and the lemma
follows. m

3. Fredholm determinants. Below, we will make use of the following assumptions:
(3.1) A; is invertible for each j € Z, and (4;),ez, (Aj_l)jez € £°°(Z; CIxd),
(3.2)

(3.3) (CjUj)jez, (Ui Bj)jen € £(Z;CY),
(3.4) AY = Aj + B;Cj is invertible for each j € Z.

Assume (3.1). Then the fundamental matrix solution U = (U;);ez satisfying U1 =
A;Uj, j € Z, and Uy = I is given by the formulas

(3.5) Uj=Aj1-...- Ay, U_j=A";-...-A7j, j=12,....

equation zj41 = Ajz;, j € Z, has an exponential dichotomy P on Z,

Similarly, assume (3.4). Then any matrix solution (U;*);ez satisfying Uj\, = AXU,j €

Z, is given by the formulas
(36) US =A% .. cAJUS, U =A%) (AT, G=1,2,....

Here, Uy is an arbitrary (possibly singular!) matrix. Recall that U has the exponential
dichotomy over Z with the (unstable) projection P provided the following inequalities
hold for some ¢ > 1 and a > 0:

(3.7 U - P)U | < ecem®™R for j >k, ||U;PUL| < ce ) for j < k.
We let
(3.8) d; = dimIm P and dy = dimIm(7 — P) so that d; +ds = d.

Under assumptions (3.1) - (3.2) the operator 7 in (1 1) is well-defined. Using notation
(2.5) - (2.6), it can be writtenas 7 =V__ . +Dg +V ap.by where a; = (C;U;(I—P))jez,

ai,by

bl—((I P)Uj+1B)€Z7d—( CUPU]+1B)€Z7 ag—( CUP)jEz, andb2:

(PU]_HB )jez. If assumption (3.3) holds then aj, by, as, by € ¢? and, using Cauchy-
Schwarz, d € ¢' C ¢2 so that we have 7 € B2(£?) by (2.8), and thus dety(I — 7) is
well-defined. Below, we will sometimes assume that 7 € By (¢?) so that det(I — 7) is
well-defined. Note that 7 € B (¢?) provided, say, (3.3) is replaced by the assumption
(C;Uj)jez, (UJHB )jez € £1(Z;C4*9). Indeed, under this latter assumption we have
al,bl,ag,bg,dGE thUS7681(£2) by (213)

We remark that every difference operator 7 with a semi-separable kernel

Tj, = ag(j)ba(k) for j > k and T, = a1(j)bi(k) for j <k,
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Wlth a; = (ai(j))jez S EQ(Z;CdXdi) and bfL = (bl(]))jEZ S EQ(Z;CdiXd), 7= 172, and
d; + ds = d, can be written in the form (1.1) by setting for a fixed & > 0 and all j € Z:

0 0 e—ade xd 0 ]
3.9 p= U = axda ,
( ) |:O Idl Xd1:| ! [ 0 ea]1d1 xdj

(3.10) Cj=[eYay(j) e “ai(j)]. B;=[e *UTUby(y) ea(jJrl)bl(j)]T

where T means transposition of the (1 x 2) block-row [ -].

?

We will use the following representations of the operator 7 defined in (1.1):

j—1 e’}
(Tx); = Y C;U;(I - P)U, By — Y C;U;PU, ! By
k=—oc0 k=j
(3.11) = Z C;U;U Y By — Z C;U;PU,. By
k=— k=—c0

o0 o0
=3 CUU )\ Brak + Y CiU;(I = P)Uy [ Biay, j € Z.
k=j k=—o0

(3.12)

Accordingly, we define the following operators:
j—1

(3.13) (H_x); = Y CU;Ul Brag, (Hix); Zc U;U, L By,
k=—o00 k=j
(3.14)  (Dx); = —C;U;U;}} Bjay, Z C;U;U, ! Brwy,
k=j+1

(3.15) (Q?L’)J = CjUszc,:v S (Cd7 Rx=-P Z k+1Bk$k S (C Y

k=—o0

(3.16) (Sz); = C;U;(I = P)z,x € C!, Wx=(I-P) » U} By ecC®,

k=—o0
so that (3.11) - (3.12) in this notation become
(3.17) T=H_+QR
(3.18) =H;+SW =D+ H} + SW.

We stress that the operators R and W have finite ranks d; and ds, respectively. Properties
of the operators (3.13) - (3.16) are summarized in the following lemmas.

LEMMA 3.1. Assume (3.1) - (5.3). Theno(H_) = {0}, H_ € Bx(¢?), and deto(I—H_) =
1. If, in addition to (3.1) - (3.8), we assume that T € By({?), then H_ € By(¢?) and
det(I-H_)=1
LEMMA 3.2. Assume (3.1) - (3.4). Then:
(3.19) D € By(£?) and det(I — D) = ] (det A; 'det(A; + B;C;))

jez

(3.20) the operator (I — D) is invertible,
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(3.21) dety(I — D) = [ [ (det A; 'det(A; + B;C;)) exp > —tx(C;U;U; 4 By),
JEZ JEZL
o((I-D)"'HY)={0}, (I- D) 'HY} € By(¢?), and
deto(I — (I — D) 'HY) = 1.
If, in addition to (5.1) - (3.4), we assume that T € By (¢?) then
(3.23) (I - D) 'HY € Bi(¢*), and det(I — (I — D) 'HY) =1.

(3.22)

LEMMA 3.3. Assume (3.1) - (3.4). Then Hy € By(£?), deto(I — Hy) = deto(I — D),
and the operator I — Hy is invertible. If, in addition to (3.1) - (3.4), we assume that
T € B1(¢?) then Hy € B1(£?) and det(I — Hy) = det(I — D).

Proof. Using notation (2.5), we remark that H_ = V) with a = (C;Uj)jez and b =
(Uj_lej)jeZ. Since a,b € (2 by (3.3), the first three assertions in Lemma 3.1 follow,
respectively, from (2.9), (2.8), and (2.10). If 7 € B;(¢?) then H_ € B;(¢?) because
R € B;(£?) is of finite rank and (3.17) holds. We already know that o(H_) = {0}. Thus,
det(I — H_) =1 follows from (2.1), and Lemma 3.1 is proved.

To prove Lemma 3.2, note that D = Dy, see (2.6), where d = (—CjUjUj;llBj)jeZ. As-
sumption (3.3) and Cauchy-Schwarz imply d € ¢*. Then D € By (¢2) by (2.13). Moreover,
using (2.15) and the identity U;41 = A;Uj, j € Z, we verify (3.19) as follows:

det(I — D) = [ [ det(Iaxa + C;U;U ;4 By) = [ [ det(I + U;U;}, B;C;)

JEZL JEL
=[] det(I + A;'B;C;) = [ ] det A} det(A; + B;C;).
JEZL JEZ

To prove (3.20), we use assumption (3.4) and the identity U;+1 = A;U; to infer:
(I+C;U; UL B) ™ = (I + C3A7 ' By) ™ =1 — Cj(I + A7 ' B;C;) ™' A ' B;
=1-Cj(Aj + B;Cy)'B; = I - C;U; (U}, (45 + B;C;)U;) " 'U 1, By

j+1
=1-C;U;(I+ U4 B;C;U;) U B;.

Note that (C;U;)jez, (U;}4By)jez € €2 C €2°(Z; C9) and lim; o [|U;} B;C;U;|| = 0
by assumption (3.3). Thus (3.20) holds and, moreover, (I — D)~ = Dq, where

(3.24) d= (I +CU;U 1 Bj) ™Y jen € £2°(Z; C9).

Formula (3.21) follows from (3.19) and (2.3). Using notation (2.5) and (3.24) we re-
mark that (I — D)™'H} = V[, where a = (=(I + C;U;U; !, B;)~'C;U;)jez and
b = (Uj]_llBj)jeZ. By d € ¢ in (3.24) and assumption (3.3) we conclude a,b €
?2, and then (3.22) follows from (2.9), (2.8), and (2.10). Finally, if 7 € B;(¢?) then
H. = D+ HY € Bi(f?) by (3.18) since W is of finite rank. Since D = Dq4 with
d= (—CjUjU]]_llBj) € (1, see assumption (3.3), by (2.13) we have D € By (¢?). Therefore
HY € By(¢*) and thus (I — D)~ 'HY € B;(¢?) since (I — D)~! is a bounded operator. The
last assertion in (3.23) now follows from o((I — D)"'HY) = {0} and (2.1). Assertions in
Lemma 3.3 follow from the identity I — Hy = (I — D)(I — (I — D)"*HY). =
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Our first main result gives a formula for the (modified) Fredholm determinant of the
(infinite-dimensional) operator I — 7 in terms of finite-dimensional determinants.

THEOREM 3.4. Assume (3.1), (3.2), (3.3), and (3.4). Then
(3.25) dety(I —T) = detea (Iayxa, — R(I — H-)"'Q)exp Y ~tr(PU; 4 B;C;U,P)

J+1
JEZL
(3.26) = detga, (Ig,xa, — W(I — Hy)™1S)
X H det Aj_1 det(A; + B;C;) exp Z —tr( PUJHB C;U;P).
JEL j€L

If, in addition to (5.1) - (8.4), we assume that T € B1(¢?), then

(3.27)  det(I — T) = detga, (Ig,xa, — R(I — H_)7'Q)

(3.28) = detgay (Tayxa, — W(I — Hy)7'S) [ ] det A7 " det(A; + B;C;).

jez
Proof. Using representation (3.17), recalling that deto(I—H_) = 1 by Lemma 3.1, noting
that (I — H_)"'QR € By C By because R is of rank d;, and applying (2.4) and (2.3), we
infer:
deto(I —T) = deto[(I — H_)(I — (I — H_)"'QR)]
=deto(I — H_)deto(I — (I — H_)'QR) exp(—tr[H_(I — H_)"'QR])
=det(I — (I — H_) 'QR)exptr[({ — H_) 'QR]exp(—tr[H_(I — H_)"'QR))
=det(I — R(I — H.)"'Q) exptr(QR)
= detca; (I, xa, — R(I — H_)7'Q) exp tr(RQ).
Using (3.15), we have (3.25). To establish (3.26), we first apply representation (3.18),
Lemma 3.3, and (2.4):
deto(I —T) =deta[(I — Hy)(I — (I — Hy) 'SW)]
=deto(I — Hy)deto(I — (I — Hy) 'SW) exp(—tr[Hy (I — Hy) 'SW])
= deto(I — D)det(I — (I — Hy) 'SW)exp(tr[( — Hy) 'SW — Hy (I — Hy) 'SW))
= deto(I — D)det(I — W(I — Hy)~'S) exptr(SW)
= dety(I — D) detea, (Iayxa, — W(I — Hy)"LS) exp tr(WS),
recalling that W is of rank dy, and thus (I — H,)"'SW € B; C B,, which allows us to
use (2.3). Using (3.21) and (3.16) we therefore have:
deto(I — T) = detgay (Iayxa, — W(I — Hy)7'S) [ ] det A" det(A; + B;C;)
jez
x exp Y tr[~C,;U;U Y By + C;U; (I — P)US Y Byl
jez
which implies (3.26). Formula (3.27) follows from representation (3.17) and Lemma 3.1:
det(I —T) =det[(I — H_)(I — (I — H.)"'QR)]
=det(I — H_)det(I — R(I — H_)"'Q) = detca, (I — R(I — H_)"'Q).
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Formula (3.28) follows from representation (3.18) and Lemmas 3.2 - 3.3:

det(I —7T) =det[(I — Hy)(I — (I — Hy) 'SW)]
=det(I — Hy)det(I — (I — Hy)"'SW) = det(I — D)det(I — W(I — H.)™'S9),

which concludes the proof. =

Our next objective is to relate the finite-dimensional determinants in the right-hand
side of (3.25) - (3.28) to the determinants of a particular matrix solution (U4;);ez satis-
fying U, = AFU; . We stress that this solution could be singular. For this, we consider

the following matrix difference equations:

(3.29) X} =CU;(I-P)— Z C;U; UL BrX
k=j
j—1
(3.30) X; =CU;P+ > CUU}\BuX;, jEL.
k=—o0

Using notation (3.13) - (3.16), equations (3.29) - (3.30) for X* = (X]i)jez can be rewrit-
ten as follows:

(3.31) Xter=8Szr+H, X'z, X z=Qx+H X 2, zeC

By assumption (3.3), we have Sz, Qz € ¢*(Z;C%). By Lemmas 3.1 and 3.3 operators I —
H_ are invertible. Thus, (3.29) - (3.30) have a unique pair of solutions X* € ¢2(Z; C3*)
given by

(3.32) Xt=(I-H,) 'Sand X~ = (I - H_.)"'Q.

Since the solutions X* of (3.29) - (3.30) are unique, multiplying (3.29) by (I — P) and
(3.30) by P from the right, we also have: X;r = X;F(I—P) and X; = X P, j € Z. Thus,
we can treat matrices in as operators X;r : Im(I — P) — C¢ and X, ImP — cd.
Using (3.32) and notations (3.15) - (3.16) we then have for in from (3.29) - (3.30):

(3.33)  detea (I, xa, — R(I — H_)"1Q) = detea, (Idlxdl + Y PUkjrllBka‘P),
k=—oc0
(3.34)  detgay (Igyxa, — W(I — Hy)™1S)
= detgas (Id2xd2 - Y (- PU\BX(I - P)).

k=—o0

We remark that the series > 7o UkjrllBkX,;t converge absolutely by assumption (3.3),

X* € 2(Z;C*4) and Cauchy-Schwarz.

Using the direct sum decomposition C! = Im(/ — P) @ Im P, consider a matrix
sequence, U = (U;")jez, defined by U = U;V; where (Uj)jez is the fundamental
matrix solution of the unperturbed equation x;41 = A x;, Up = I, and the (2 x 2) block

matrix Vj is defined as follows:
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o j—1
I-P- > (I-PULBX;(I-P) Y (I-PU BX; P
(3.35) V;= = k:ﬂx;i1
— > PUL B X (I - P) P+ Y PUB.X; P
k=j k=—o0

First, we claim that I/ is a solution of the matrix equation I/ = AXZ/[X ,J € Z. Indeed,
(3.35) and U; 11 = A;U; imply:

Uy =UjaVisr = UjaVi + B [X7(T - P) X7 P]
=AU +B; [X(I-P) X;P],

for the (1 x 2) block row [X;'(I - P) Xj_P] :Im(I — P)®Im P — C4. Using (3.29) -
(3.30) and (3.35), we also have [XJT"(I - P) Xj_P] = C,;U;Vj;, and the claim is proved.
Second, we observe that there exist limits Vio = lim;_ 40 U u X, and the operators
Vs and V_, are, respectively, upper- and lower-triangular matrlces in the direct-sum
decomposition (Cd Im(I — P) & Im P. Moreover, detca Voo and detca V_oo are equal
respectively, to the right hand sides of (3.33) and (3.34). Finally, since U and U*

solutions of the equations Uj 41 = A;U; and U, = ATUS, we can use formulas (3.5)
- (3.6) to recalculate the right hand s1des of (3.33) and (3.34) via detca U, (recall that

det Uy = 1 since Uy = I). Using Theorem 3.4, we arrive to the following result.

THEOREM 3.5. Assume (3.1) - (3.4), let X]i be the matriz solutions of (3.29) - (3.30),
and define U™ = (UJ‘X)jeZ as Z/le = U;V;, where V; are given by formula (3.35). Then
o det(A; + B;C))
deto(I — T) = (detga UY) H d]TAjJ x exp »_ —tr(PU; ), B;C;U;P).
3=0 JEL

If, in addition to (3.1) - (3.4), we assume that T € B1({?), then

i det(Aj + BjCj)
(3.36) det(I — 7) = (detca Z/{OX)jl;[O TAJ_.

4. The Evans determinant. In this section we continue to assume that (3.1) - (3.4)
hold. Because of (3.1), U is exponentially bounded: sup; ;. e_o‘(k_j)HUle;rllH < o0
for some o € R. This allows us to introduce the following notions related to the Bohl
(or, in other terminology, general Lyapunov) exponents. For the corresponding theory
in differential equations case see [DK]; also, these notions are related to the so-called
Sacker-Sell, or dynamical spectrum, see [SS] and the bibliography in [CL].

If J =Zor J=27% and Q is a projection on C¢ so that sup,c, ||UxQU, || < oo
then the upper and lower Bohl exponents, s, and %’ are defined as follows:

(4.1) 3#,(Q; J) =inf{a e R: ;ug]e —ali- k)||U QUkHH < o0},
J

“2) 4(@: ) =sufa € Rs swp e 0 PIUQUL < b
J

For instance, if P is the dichotomy projection, cf. (3.7), then
(4.3) sy(I = P;7) <0 < 5, (P; 7).
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A system {Qz‘}?L of disjoint projections on C4, 1 < dg < d, is called an exponential
splitting of order dg if the following holds: Q1 + - + Qa, = I, supe, [|UxQ:U;, || < oo,
and the segments [ (Qi; J), 3,(Qy; J)] are all disjoint, i = 1,...,dp. An exponential
splitting is called the finest if there is no exponential splitting of order dg + 1.

Let {Qi}?il denote the finest exponential splitting over Z for U = (U;), ez. In what
follows we assume that projections ); are numbered such that s, (Q;; Z) < 5¢,(Qi11;Z);
we set Qo = 0, Qq,+1 = I. Since P is the dichotomy projection for U, there exists an
ne{l,...,do} suchthat I — P=Q1+ -+ Qpn and P = Qpnt1 + -+ + Qq,- Thus,

(4.4) 7, (QisZ) < 54(Qi;Z) <0 fori=1,...,n, and
(4.5) 0<%;](Qi;Z) <(Qi;Z) fori=n+1,...,do.
Clearly, {Qi}?il is also an exponential splitting for U over Z; and Z_. We denote:
(4.6)
%; = %:](QZ7Z)7 %;i = %;(Qlazi)a = %q(Q’HZ)) %1% = %q(QwZi)a 1= 1a s 7d0a

1
(4.7) €9 = imin{—%n,%;+1,%§—%i_1 ci=1,...,n—1,n+1,...,do}.

In this section we will use the following assumptions for the perturbation (B;C};);ez:
There exists a § € (0,g¢) such that

(o]
(4.8) S AT BLCy| < o0, fori = 1,...om,
k=0
0 —_ —
(4.9) Z e~ =5 FOR| BLOY|| < o0, fori=n+1,...,do.
k=—o0

Our next objective is to construct matrix solutions of the perturbed difference equation
zjy1 = Af x; that are asymptotic to the solutions (U;Q;)jez of the unperturbed equation
zj+1 = Ajx;. For some N € N consider the following (d x d) matrix difference equations:

V) = UjQi = = > Ui(@Qs + -+ + Q) Uiy BiCW Y,
k=3

j—1
(4.10) + YU = Qi+ QU BeCh VY 5> Nyi= 1, o,
k=N
Y —U,Q; = > U(Qi+-- + QUL BrCyY,Y
k=—o0
(4.11) U~ (Q1 4+ QUL BRCY,Y, j < —Ni=n+1,...,do.
k=j

REMARK 4.1. If the sequence Y () = (Y}(i)), where j > N, resp. j < —N, is a solution of
(4.10), resp. (4.11), then this sequence is a solution of the (perturbed) difference equation
Yjj1 = A7Yj for j > N, resp. j < —N. If U* = (UJ)jez, Uy’ = I, denotes the
fundamental matrix solution of the equation U Jﬁ_l = ij U jX (this solution is non-singular
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by assumption (3.4)), then the solutions Y = (Y(z)) i=1,...,n,resp. i = n+1,...,do,
originally given for j > N, resp. j < —N, could be extended to Z, = {0,1,...}, resp.
Z_ ={...,—1,0}, by setting

V= U U)W, G=0,...,N,
YO =X UXy) Y, j=-N+1,...,0

J

LEMMA 4.2. Assume (4.8), resp. (4.9). Then, for a sufficiently large N = NE(?) there
exists a solution YV = (Yj(z))PN, i =1,...,n, of (4.10), resp. YO = (Y,’))Jng,
i=n+1,...,do, of (4.11). Moreover, these solutions satisfy Yj(i) = Yj(i)Qi and have the

following properties:

(4.12)

(a) sup e (”+)7||Y(l||<oo i=1,...,n,
j>N

5up e~ ta 75)J||Yj(z)||<oo, i=n+1,...,dg;

J<—
®) e TR >0, =1,
nf e TV >0, i=nt 1, dy

() swpe IV —U;Qif <00, i=1..m,
J>N
sup e~ 4 +3 j||Y(1 U;Qil| <o, i=n+1,...,do.
j<—N

Proof. For i = 1,...,n set a = »,7 —§/2 so that a € (3 |, 5] 7). Using (4.1) - (4.2)
with J = Z, find constants ¢, and ¢, such that

(4.13) UG = (@i + -+ + Qao Ui | € cae® ™, j> k>0,
(4.14) 1U;(Qi + - + Qa)Uh |l < e, k>j>0.
Using assumption (4.8), choose N so large that
(4.15) q:= Z max{ca,c;}e(”jf’{ﬁJ”s)kHBkaH <1

k=N

With this N, and letting 3 = > 4+ §/2, we define a Banach space, lF 5, of C™d_valued
sequences u = (u;);>n as follows: £ = {u: [lu; s :=sup;sye ﬁj||u]|| < oo}. Let T
denote the operator corresponding to the right-hand side of (4.10), so that this equation
becomes Y () — (U;Qi)j>N = TY® . We claim that T is a contraction in £ 5. Indeed,
using (4.13) - (4.14), and then (4.15), we infer:

ITalls.5 < Il 50p (3 eI PBCHle™ + S cuce- 9 BCyle™)

k=3 k=N
oo

(4.16) < [[ufl+,5 max{ca, c5 } sup > AT Byl < gllull4 s,
J k=N

because (a — 3)j = — (3¢ — %’+ +6)j < 0. Since sup;>g e PI|U; Q]| < oo by (4.1) with
J=17Z¢, k= —1,and 3 > 5, we have (U;Q;);>n € (% 5. This proves the existence and
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uniqueness of a solution Y ¢ € 5 of (4.10), and thus (a). Also, multiplying (4.10) by

Q; from the right, and using the uniqueness, we have Yj(z) = Yj(i)Qi. Similarly to estimate
(4.16), we have

oo
ITull+ o < [ullsmax{ca, ¢} Y e~ BrCell = alull4s.
k=N

Since YV — (U;Q;)j5n =TY® and Y € £ 5, we have YO —(U;Qi)j5n € (%, and
assertion (c) in the lemma follows. To prove assertion (b), we estimate
1) Yl = 1Y = U5Qi+ UpQulle > 10,Qulle — 1Y = U5
> [|U;Qills — cre®?
with some positive constant ¢; from (¢). If ||z|| = 1 and Q;x = x then, using (4.2) for
J =724, and that o + 6/4 = %H_ —d/4< %’f" we infer for any k > 0:
= Qe < QU - 10 A, Quall = (98 |QuU A e/ U @il

(oiugke (a+8/4)(G=F) ||U QzUk-H”)( e~ (@ to/4) kHUk-i-le’xH)
<<

< ce” PR gL Qi

This implies that ||U;Q;lle > coel®+/4)7 for all j € Z, and some ¢y > 0. Using (4.17),
we have e_o‘j||Y(i)|| > cpe(0/47 — ¢ > 1 starting from some sufficiently large jo > N.
Since Y = Y®(Q); is a solution of the equation Y(Jr)1 = A Y(z) the last assertion and
assumption (3.4) imply that ||sz)|\. > 0 for each j € [N, ]0]- This proves (b), and the
proof of the lemma for ¢ = 1, ..., n is complete. The proof for i = n+1,...,dg is similar. m

REMARK 4.3. By Lemma 4.2 and Remark 4.1 we thus have matrix solutions Y =
(Yj(l))]zo, i=1,...,n,resp. YO = (Y]( ))j<0, i=n+1,...,dg, of the perturbed equation
zjy1 = Afxzjon Z+, resp. Z_. Define Y+ =Y 1. —I—Y(”) and Y~ =YD 4o 4
Y (do), Using the property Y )Q = Y @) , We may view Y;‘, resp. Y, as operators acting
from Im(I — P) = Im @ GB -@Im Qn, resp. In P =Im Q11 ® - ®ImQq,, to C! and
thus write Y+ = [Y(1) .. ~Y(”)], resp. Y~ = [Y(**tD ... Y(d0)] either as (1 x n)-, resp.
(1 x (do — n)) block rows, or, cf. (3.8), as (d x dz)-, resp. (d x dj)-matrices.

Assertions (a) and (b) of Lemma 4.2 and Remark 4.1 show that the solution Y
of the perturbed equation ;41 = A; Zj, ] € Z4, resp. Z_, corresponds to the segment

(5T, 5], resp. [5 7, 5; ], in the Bohl spectrum for i = 1,...,n, resp. i =n + 1,...,do.
In particular, for ¢ = 1,...,n one has ||Yj(l)|| —0asj— oo,and fori =n+1,...,dg

one has HYJ(Z)H — 0 as j — —o0, see (4.4) - (4.5) and recall that s, < /% < »F < s,
by (4.1) - (4.2). Assertion (c) shows that the solutions Y of the perturbed equation
are asymptotic to the solutions (U;Q;) ez of the unperturbed equation z;y1 = Ajz;,
j€Zyasj—oofori=1,...,n,resp. j — —oo fori =n+1,...,dp. This motivates the
following definition.

DEFINITION 4.4. If Y() = (Yj(i))jzo, i=1,...,nand YO = (v Nicoyi=n+1,...,do
are the matrix solutions of the perturbation Tjq1 = Aj zj, Aj = A; + B;Cj, of the
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difference equation x;11 = A;x;, then the Evans determinant, £, is defined as follows:
(4.18) & = det[Y; +Y; ], where Yy = YV 4 V™ and ;- = V" 4.y (D)

The terminology is related to the so-called Evans function, a powerful tool frequently
used for detecting isolated eigenvalues of differential (and difference) operators that ap-
pear after linearizing nonlinear equations about such special solutions as travelling waves,
see [AGJ, JK, S] and [BCK, KK], and the bibliographies therein. The Evans function,
D(z), is usually defined, cf. [S], in the situation when the coefficients of the unperturbed
and perturbed equations depend (analytically) on a (spectral) parameter z. Thus, in our
terminology, the values of the Evans function for fixed z’s are called the Evans deter-
minants. In Proposition 4.5 we will show that the definition of the Evans determinant
€ given in (4.18) coincides with the definition of the Evans determinant D standardly
accepted in the literature on the Evans function, cf. [JK, S]|; moreover, the Evans de-
terminant £ gives a canonical choice among the standard Evans determinants D whose
definition in [JK, S] is not unique.

Out of several available (equivalent) standard definitions of D we chose the definition
using the exponential dichotomies on Z, and Z_, cf. [S, Def. 4.1] for the differential
equations case. Recall the definition from [S]. Assume that the perturbed equation ;11 =
ij x; has exponential dichotomies P and P_ on Z and Z_, respectively, so that for its
solution x = (z;) one has: ||z;|] — 0 as j — oo if and only if 2y € Im(I — P4); ||z;|| — oo
as j — oo if and only if z¢ has a nonzero component in Im Py ; ||z;|| — 0 as j — —oo if and
only if zgp € Im P_; and ||z;|| — oo as j — —oo if and only if 2y has a nonzero component
in Im(J — P_). In addition, following [S], assume that dimIm(/ — P;) = dim Im(I — P_)

and denote the common value of these dimensions d’. Choose ordered bases uq, ..., ug
and uq/41,-..,uq of Im(I — Py) and Im P_, respectively, and define
(4.19) D = detcalug - - - ual,

the Evans determinant. Note that D depends on the choice of the basis vectors u;; how-
ever, if D is the determinant corresponding to another choice of @;, then D = D for a
nonzero ¢; if A* = A*(z) and u; = u;(2) and 4; = 4;(z) depend on z analytically then
one can show [S] that ¢ = ¢(z) is a nonvanishing analytic multiplier.

PROPOSITION 4.5. Assume (3.1), (3.2), (3.4), and (4.8) - (4.9). Then the Fvans deter-
minant £, as defined in (4.18), coincides with D, as defined in (4.19), where uy, ... uq
and uqr41, ... ,uq are the columns of the matrices YOJr and Yy, respectively.

Proof. First, we claim that
(4.20) dimIm(I — P) = dimIm(J — P;) and dimIm P = dimIm P_

for the dichotomy projection P over Z of the unperturbed equation ;11 = A;x; and the
dichotomy projections P+ over Z4 of the perturbed equation y;4+1 = ij y;. To prove the
first equality in (4.20) (the second is proved similarly), we recall that the perturbation
B;Cj = Af —Aj, j € Z,is assumed to satisfy (B;C}) ez, € N (Zy; €% cf. (4.8). Under
this assumption, following the proof of [Co, Prop. 4.3], one can see that the (bounded
on Z, ) solutions x = (z;)jez, of the equation x;1; = Ajz; and y = (y;)jez of the
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equation y;41 = ij y; are in one-to-one correspondence. Indeed, using (3.7), choose N
so large that the operator T defined by

s} j—1
(Ty); ==Y UjPU L BiCryr + > U;(I = P)U, )\ BrCryr,  j € L,
k=j k=N

is a contraction on £>°(Z ; C4*4), cf. the proof of Lemma 4.2. Then the above-mentioned
correspondence is given by the formula y = x 4+ Ty. Since the solutions x and y are
bounded on Z if and only if 2o € Im(I — P), resp. yo € Im(I — P, ), and using notation
(3.8), the equality do = d’ in (4.20) follows.

Next, we claim that for the solutions Y+ =[Y®) ... Y] and Y~ =[Y "+ ... y(do)]
see Remark 4.3, of the equation ;11 = ij y;, obtained in Lemma 4.2 and Remark 4.1,
one has the following equalities:

(4.21) rank Y;" = dim Im(/ — P, ) and rank Y, = dimIm P_.

As soon as (4.21) is proved, the equality £ = D follows. Indeed, recalling (4.4) - (4.5),
and the inequality § < g for gy defined in (4.7), we use Lemma 4.2(a) to observe that
||Y](Z)|| — 0 as j — oo, resp. j — —oo, fori=1,...,n, resp. i =n+ 1...,dg. Therefore,
recalling (4.20), the definitions of the exponential dichotomies Py, see (3.7), and Remark
4.3, we observe that the columns uy,...,uq, and ud,+1,--.,uq of the matrices YOJr and,
respectively, Y, belong to the subspace Im(/ — Py ), respectively, to the subspace Im P_.
By (4.21), these columns form bases in the respective subspaces, and thus &€ = D.

To prove the first equality in (4.21) (the second is proved similarly), we will use
(4.20) and will show that rankY,” = dimIm(/ — P). For this, it is enough to check
that rank YjJr = dim Im(I — P) for sufficiently large j because rank Yj+ = rank Y;" using
Y;" = UXY;" for the invertible by (3.4) matrices U, forming the fundamental matrix
solution U of the equation y;4+1 = A; y;. Finally, since matrices U; are also invertible,
and I —P=@Q1+ -+ Q,, we have:

dimIm(f—P) = rank[Q; - - - Q] = rank[U;Q1 - - - U;Q,] = rank[Yj(l) e Yj(n)] = rank Yjﬂ'7

where the relation HYj(i) —U;Qil = 0asj— o0,i=1,...,n, from Lemma 4.2 (c) has
been used to justify the third equality. Thus, (4.21) follows, and £ = D is proved. m

One advantage of Definition 4.4 adapted in the current paper is that the Evans de-
terminant given in (4.18) is uniquely defined by A and A* (indeed, the finest exponen-
tial splitting {Qi}?il is uniquely defined; although the solutions Y depend on N, see
Lemma 4.2, the determinant (4.18) is proved below to be N-independent, see (4.22)). In
other words, the columns of the matrices YO+ and Y, give the canonical choice of the
bases in Im(I — P;) and Im P_ needed in (4.19). Also, if A = A(z) and A* = A*(2)
depend on z analytically, then the analyticity of the Evans function & = £(z), where
the Evans determinant £(z) is defined for each fixed z using A(z) and A*(z) as indi-
cated in (4.18), follows automatically from the analyticity of the corresponding Fredholm
determinant whose connection to the Evans determinant is given next.

THEOREM 4.6. Assume that (Bj)jez, (Cj)jez € *(Z;C™Y), and (3.1), (3.2), (5.4),
(4.8), (4.9) hold. Then the Fredholm determinant for the operator T € By (£*(Z;CI*?)),
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defined in (1.1), and the Evans determinant (4.18) are related as follows:

det(A; + B;C))

(4.22) det(I - T) = SH Y
J

REMARK 4.7. In this paper we study the perturbed equation ;11 = (4, + B;C;)z; with
the perturbation term R; = B;C; having a predefined factorization. Given a perturbed
equation z;41 = (A; + Rj)z,, we can define the factorization R; = B;C; by using the
polar decomposition R; = Vg, |R;| and setting B; = VRj|Rj|% and C; = \Rj|%. If (4.8) -
(4.9) are assumed for R; = B;C; then (R;)jez € ¢* and (Bj) ez, (C))jez € €2

Proof. First, we remark that 7 € By (¢?) provided b = (Bj);jez and ¢ = (C;) ez belong
to ¢2. Indeed, let K, (Kx); = >,y K@i, denote the (bounded on ¢?) operator with
the kernel given by (1.2) and satisfying || K;x|| < ce= =l  see (3.7). Then T = DK Dy,
using notation (2.6). By (2.8) we have D, Dy, € B2(¢?) and thus 7 € By, see, e.g. [GGK,
Lem. IV.7.2]. Next, we remark that the product in the right-hand side of (4.22) converges
absolutely provided (3.1) and b, ¢ € £2 hold:

Il

det(Aj + BjCj)
det AJ‘

oo oo
= [ 1det(Z + A" B;Cy)| < TT (A +dll(4; Y ezlle= 1B Cy) < 00
i=0 i=0
because (B;C;)jez € {*.

Further, we claim that it is enough to prove (4.22) for finitely supported b and c.
For M € N let x,s denote the characteristic function of [—M, M] NZ, and set b(*) =
(xar () Bj)jez €M = (xm (7)Cj)jezs T™) = Deian KDy . By (2.16), Decan — D and
Dy — Dy in Ba(€2)-norm as M — oo. Using e.g. [GGK, Lem. IV.7.2], we conclude
that 7(M) — T in By (£2)-norm and hence det(I—7 M) — det(I—T) as M — oo, see e.g.
[GGK, (IV.5.14)]. Let dy = (A7 B;C;) 50 and %) = (xar(j)A; ' B;C;);50. Then the
product in the right-hand side of (4.22) is equal to det(I+Daq, ) = limps—oc det(I+D j))

+
because D o — Da, in Bi(£*(Zy;C?))-norm, as above. Thus, to prove the claim it
+

remains to show that

(4.23) £= lim £M
M —o00

where €M) is defined as in (4.18) using the solutions Y (M) of equations (4.10) - (4.11)
with B; and Cj; replaced by B](-M) = xm(j)B; and CJ(-M) = xm(j)C;. Note that ¢M) <
q, cf. (4.15). Thus, N in Lemma 4.2 could be fixed independent of M. Note that for
i =1,...,n (and similarly for i = n +1,...,dy) we have Y = (I — T)"(U;Q;);>n
and YOM) = (I — TM)=Y(U;Q;);=n for the operators T and T™) defined by the
right-hand side of (4.10), and that ||T|| < ¢ < 1 and ||T™)|| < ¢ uniformly for M € N,
for the operator norm in (%%, cf. (4.16). Also, ij,M — U as M — oo uniformly for
lj| < N, cf. Remark 4.1. Thus, (4.23) is proved as soon as we show that || —T™)| — 0
as M — co. But T — TM) is again given by the same expression as T, see (4.10), except
the product BC} should be replaced by BiCi — B,E,M)CIEM) = (1 = xm(k))BrCy. We
can now use (4.16) to estimate for i = 1,...,n the operator norm of 7' — TM) in l‘_’:jﬁ:
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= L+
@24) T =T < max{ca i} D (1= xar(k)es T8 BLCy|
k=N

= max{ca, ¢, } Z (o =2, ++§)k||Bka|| —0as M — oo,
k=M+1
using (4.8). A similar argument works for i =n +1,...,dg. Thus, (4.23) holds, and the
claim above is verified.

From now on we therefore assume that (B;);cz and (C;);ez are finitely supported.
Note that then assumption (3.3) holds, and thus (3.36) holds. So, to establish (4.22) we
need to prove that & = det U, where Uy = V; is given by (3.35) in terms of the solutions
X* of difference equations (3.29) - (3.30).

Consider the following matrix difference equations:

(4.25) Zf —(I-P) ZUkHBkaUka,
k=j
(4.26) Z Ui BeCrhU Zy;
k=—o0

and introduce on (> (Z; C4*9) operators H, and H_ corresponding to the right-hand
sides of (4.25) - (4.26) so that these equations become (I — Hy)ZT = (I — P)jcz
and (I — H.)Z~ = (P)jez. We claim that the operators I — H. are invertible on
0°°(Z; C9*4). Indeed, using notation (2.5) - (2.6) we have Hy = —Dq — VA b and H_ =
Vap With a = (U]HB )jez € 01, b = (CjUj)jez € ¢, and d = (U]HB CiUj)jez € 0.
The operator I + Dgq is invertible in ¢°°(Z;C*9) since the operator I + Dg/,d’ =
(B,;C;U; UJH)JGZ in invertible in E"O(Z;CdXd) by assumptions (3.1) and (3.4) and the

identities I + B;C;U; UJ+11 = A A7 1. j € Z (recall that ij = A; for sufficiently large |j|
because (Bj) cz and (C}) ez are ﬁnltely supported). Moreover, (I + Dq)~! = Dg» with

some d” = (df) jez € £°°(Z; C1*9). Since
I—Hy=(I+Da)I+(I+Da) V) = +Da)I+Vgy)

with a’ = (d“U]_HB )jez € €', the operators I — H, and I — H_ are invertible by
(2.12), as claimed. Therefore, equations (4.25) - (4.26) have a unique pair of solutions

ZF € 1°°(Z; CI*d) given by

(4.27) Zt=(I—H,) '(I—P)jezand Z_ = (I — H.) "' (P);ez.

In particular Z+(I P) = Z+ and Z; P = Z;, j € Z. Also, using (4.25) - (4.26), it
is easy to see that (U; Z )geZ are bOluthIlb of the equation w;1 = Az, j € Z. Thus,
if (ij )jez is the fundamental matrix solution of the equation z;; = ij x;, then the
following relations hold:

(4.28) Zy = (U1§+1)_1(UN+1ZJJ\FI+1) and Z; = (UEN)_l(U*NZ:N)

(recall that Uy = Uy = I, and N here is chosen as in Lemma 4.2). On the other hand,
multiplying (4.25) - (4.26) by C;U; from the left, letting in = CjUjZfE and recalling
that (C;U;) ez is finitely supported, we conclude that X* = (X;);ecz € €2(Z; C4*4) is the
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unique pair of solutions of equations (3.29) - (3.30). Using the direct sum decomposition
CY = Im(I — P) © Im P, and writing Z;‘ +Z;,j € Z, as a (2 x 2)-block matrix, we
observe that Z;r + Z; =V}, where Vj is given in (3.35) in terms of X*. So, to complete
the proof of the theorem we need to show that £ = det[Z] + Z;].

Since (U]_HB )jez and (C;U;) ez are finitely supported, equations (4.10) - (4.11) can
be equivalently rewritten as follows:

(4.29) Y =U;Q; - Z U;Uit BrCypy,

k=j

+ Z Uj(I— (Ql -+ Qdo)) k+1BkC’€Y 7> N,
k

=N
(4.30) = U,Q; + Z U;Up L BrCyy,
k=—o0
Z U Q1+ Qz)) k+1BkaY jS_N,
k=—o0

Recall that ¥,”Q; = Y, by Lemma 4.2, and that I — P = Q; + - + Qn, P = Quy1 +
-+ Qqq, so that (I — P)Q; = Q; for i =1,...,n and PQ; = Q; for i =n+1,...,do.
Using notation Y-+ =3, Y-(Z) and Y;” = Zdo Yj( | we derive from (4.29) - (4.30):

1=n+1
(4.31) Y= ZU U BRChY," + U Ty, > N,
Jj—1
(4.32) Y7 =UP+ Y UU LBChY, +UT-, j<-—N,
k=—oc0

where we have denoted:

n

(4.33) T, = Z(I —(Qi + - Qap))miQi, i = Z U1 BrCrYy )

=1 k=N
do

(434)  To= > (I—(Qi+ - Q))mQi, mi= Z Ui BuOwy,.
i=n—+1 k=—oc0

We remark that, in the direct sum decomposition C4 = Im(/ — P) @ Im P,
(4.35) Ty =(I-PTy(I-P), T_-=PI_P, and T4 +T_=T,.0T1_.
Using the operators H., we can also rewrite (4.31) - (4.32) as follows:
(T B Y} )jon = (T~ P)I — P+ Ty) o,
(I—H)U;'Y )j<n = (P(P+T.))j<—n.
Comparison with (4.27) yields:
= Uij(I— P+Ty),j>N, and Y, =U;Z; (P+T-), j <—N.
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Formulas (4.12) and (4.28) with the fundamental matrix solution (U;*)jez of zj41 =

A;( x; then imply:

Yo + Yy = (UF ) W + (UX) " 'Y oy
= (U1§+1)_1(UN+IZJT/+1(I - P+Ty))+ (UfN)_l(U,NZ:N(P—i—T,))
=Zy(I=P+Ty)+ Zy (P+T-) = (Z5 + Zy ) + Ty +T-).

In the last equality we also used the fact that Z = Z (I — P) and Z; = Z; P, and
assertions (4.35). Since & = det[Y;" + Y| by (4.18), to finish the proof of the identity
& =det[Z] + Z;] (and thus the proof of the theorem), it suffices to prove that

(4.36) det[T+ Ty +T ] = 1.

For this, cf. (4.35), we note that the operators Ty = (I — P)T'+ (I — P) on Im(I — P) and,
resp. T_ = PT_P on Im P are represented by lower-, resp. upper-triangular matrices with
zero main diagonals in the direct sum decomposition In(I — P) =Im @ & --- & Im Q,,,
resp. ImP =ImQpq1 @ -+ ®ImQq, (cf. (4.33) - (4.34)). Thus, the proof of (4.36) and
the theorem is completed. =

5. Constant coeflicients. In this section we specialize to the case where A; = A, j € Z,
with a given matrix A € C4*4 satisfying the assumptions

(5.1) 0¢o(A) and oc(A)N{zeC:|z|=1}=0,

cf. assumptions (3.1) - (3.2). We will continue to assume that A = A+ B;C} is invertible
for each j € Z, cf. (3.4). Note that U; = A7, j € Z. We will show that in this constant
coefficients case assumptions (4.8) - (4.9) of the exponential decay of the perturbation
could be replaced with a weaker assumption of a polynomial decay. Specifically, let m
denote the maximal size of Jordan blocks in the Jordan canonical form of the (d x d)-
matrix A. (Then m = 0 provided all eigenvalues of A are semi-simple, that is, when all
Jordan blocks are diagonal.) The following assumption will replace (4.8) - (4.9):

(5.2) D P IBRC|| < o

k=—o00

Let us decompose o(A) = U?ilai where o;’s belong to concentric circles whose radii are
denoted by e* so that o; = {A € 0(A) : |\| = ¢*}, and enumerate the numbers s so
that

(5.3) 7 <o < sty <0 < g < 2y,

for some n € {1,...,do}. Let Q; denote the spectral projection for A such that o(Almg,)
= 0. Note that s = 3,(Qi;Z) = 5, (Qi;Z) = xgi = %ii for the Bohl exponents, cf.
(4.6). Passing to appropriate coordinates, we will assume that A is in the Jordan normal
form. Thus, each A|m g, is a direct sum of (maybe, several) Jordan blocks A\l + E with
|A| = e*i. By Lemma 2.3,

(5.4) | A . || < clj|™e?™, i=1,....dy, jEZ.
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Equations (4.10) - (4.11) now become:

(5.6) YO - (AQ)j« n=TYD, i=n+1,...,do,
where
ZAJ P -+ Qua,) BrCruy

T ZAJ I - (Qi o+ Qao)BeCrun, w = (uy)jen,i =100,

Z AT QL + -+ + Qi) BiCiug

k=—oc0
(5.7) ZAJ U —(Qu+ -+ + Qi) BiCrug, u= (u;)j<c_n,i=n+1,...,do.

LEMMA 5.1. Assume (5.1) - (5.2). Then for a sufficiently large N there exist solutions
YO = (Y )on,i=1,...,n, resp. YO = (V) <y, i=n+1,...,do, of (5.5), resp.
(5.6) such that Yj(l) = Yj(z)Qi and the following assertions hold:

(5.8) (@) sup lmme = Y <00, i=1,...,m,

3>

sup |j| ™e I j(i)|| <oo, t=n+1,...,do,
Jj<—=N
(b) e~Ixi ||y ¥ — AIQ;l| — 0

asj — oo fori=1,...,n and as j — —oo fori=n+1,...,dg.
Proof. We prove the lemma for i = n + 1,...,dg; the proof for s = 1,...,n is similar.
Using (5.3) - (5.4), we infer:
(5.9) AT Qu 4+ Qi) < clj — K|V 0> 5 >k,
(5.10) JATF NI = (Qu A+ Q)| < clj — Kmel

<dj—kmeU=R= 0>k >3

Introduce the Banach space £>° = {u = (u;)j<_n : [[ulle= := sup,;<_y [7]|7™e 7> ||uy]]

< oo}. Denote gy = 3.p 2 [k[>™[| BCy| and remark that gy — 0 as N — oo by (5.2).
Using (5.9) - (5.10) and the fact that supyg |k|mekair1=5) < 00, we have for j < —N
and the operator T'= T;(N) defined in (5.7):

glme

()| < eljufle= Z 57 — KR BCal

k=—o0

-N
(5.11) + 3 (1 — K el =) T BLCy ) < awulee
k=j
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Note that |k| > |j] > N > 1 in the first sum and |j| > |k|] > N > 1 in the second sum.
Thus, ||[Tulle~ < cgn|lulle=, and T = T;(N) is a contraction on ¢*° for a sufficiently
large N. Since (47Q;)j<—n € €>° by (5.4), assertion (5.8) follows. To show () in the
lemma, we follow the proof of the celebrated Levinson Theorem in [E, p.14]. Indeed, for

j<—-M< —Nand u= (Yj(i))jS,N € (>, similarly to (5.11), we infer:

(TU) il < llem7 (T (M)u)|

+ Z | AT — (Qu + - + Qi) BiClouns |

e*j%z‘

k=—M+1
< el ( 51— IR IBCHl + 3l ~ kim0 By
k=—o0 k=j
b3 (i HeRU R B K™ |BeCi )

——M+1
< C/HUHKT’ (QM + C(M, N)e%j(%wrlfm))_

Choosing first a sufficiently large M, and then letting j — —oo, we have (b) in the
lemma. =

As soon as the existence of the solutions of (5.5) - (5.6) is established, we can use
formulas (4.12) to obtain the matrix solutions Y* = Y + ... 4+ Y™ on Z, and
Y- = Y"HD 4. 4 Y(o) on Z_ of the perturbed equation z;11 = (A + B;Cj)z;,
and then define the Evans determinant, £, as indicated in (4.18). Note that the equality
£ = D for the “standard” Evans determinant D also holds as in Proposition 4.5 since Y+
enjoy the properties listed in Lemma 5.1. The proof of Theorem 4.6 remains unchanged
with a natural replacement of the exponential term in (4.24) by k?™. Thus, we have the
following result.

PROPOSITION 5.2. Formula (4.22) holds provided A = A;, j € Z, assumption (8.4) is
satisfied, and assumptions (3.1) - (3.2) and (4.8) - (4.9) in Theorem 4.6 are replaced,
respectively, by (5.1) and (5.2).

Next, as an illustration, we will consider a particularly important class of second order
difference equations, the discrete Schrodinger equation, and show how to specialize our
results for the corresponding (2 x 2) first order system. Given a real-valued potential v =
(vj)jez € (*(Z;R), consider on ¢*(Z;C) a bounded self-adjoint operator, L, defined by
(Ly); = yj41 +yj—1+vy;, y € €3(Z;C). If (Sy); = y;—1 denotes the shift operator, and
z € R, then the following identity, cf. [LS, Exmp. 1.6], holds on (¢%(Z;C))? = ¢(*(Z;C?)
for the operator L =8 + 8~ + Dy, cf. (2.6):

(5.12) [3 é] [LOZI ﬂ B 55] N {éﬂ ! [3 Dvlzl] [ig]

Writing v; = €8 % [v;], and introducing (2 x 2) matrices

0 1 0 0 0 O
1) R T P I
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and AY = A+ B;Cj, we observe from (5.12) that the operator L — 21 has a bounded
inverse on ¢2(Z; C) if and only if the operator I — DaxS, A* = (A]X )jez, has a bounded
inverse on ¢?(Z;C?) since the (2 x 2) operator matrices containing S in the left-hand
side of (5.12) are invertible operators on ¢2(Z;C?), and the right-hand side of (5.12) is
I — DaxS. Recalling the operators Ga and G p x, see the Introduction, corresponding to
the difference equations z;41 = Ax; and xj41 = AXxJ, z; € C?, j € Z, by the formulas
(Gax); = zj41—Axj and (Gaxx); = zj41— A x;, observe that (I—DaxS)S™' = Gax.
Note that det A = 1 and thus assumption (3. 4) holds. The eigenvalues of A = A(z) will
be denoted by A = A(z) and A~!; these are the roots of the equation A — z\ + 1 = 0.
If |2| < 2 then |\ = 1; if |z| > 2 we choose A so that [A| < 1 and denote A = A~! — \.
Thus, if |2| > 2 then A = A(z) satisfies assumptions (5.1). Then G4 is invertible on
¢(Z;C?), and the kernel of the operator K = G,' is given by (1.2) where U; = A
and P = P( ) is the spectral projection for A so that o(Almmp) = {71}, explicitly,

p=1 H L ] Using the identity Gax = Ga(I — G5! DpDc) with B = (B;) ez € 2
and C = (C})jez € 2, recalling that 7 = 7 (z) from (1.1) satisfies 7 = DcG ' Dg, and
noting that the operators I — G;}DBDC and I — 7 are invertible at the same time, we

have the following corollary of Theorem 4.6.
PROPOSITION 5.3. Assume v = (v;)jez € £1(Z;R). If |2| > 2 then z € o(L) on (*(Z;C)
if and only if £(z) =0 for the Evans function £(z) = det(I — T (z)).

We remark that the Evans determinant £(z) here is defined, cf. (4.18), as £(z) =
det[Y;" + Y], where Y* = Y*(2) are the (2 x 2) matrix solutions of the following
system:

—Al(2)(I - ZAJ Fl)BROWYS,  j ez,
(5.14)
Y, - Al(z ZAJ’“ 2)BrCyY,, jEL.
k=—oc0

Recall that the solutions satisfy Y+ Y+(I P(2)),Y; =Y, P(z). Also, because (5.14)
are Volterra-type equations, pabsmg to /\H Yi and uslng (2. 12) one can easily see that
Y+ = (Yi) are indeed defined for all j € Z.

Next, we will use the special structure of A, B;, and C; to simplify system (5.14).
Introduce matrices

! IR DR | -1 -1 ~ [x 0
W_[)\/\—l}’ W =A {—)\ Ve ) AT o)

and remark that A = W 1AW and A1y VA= W~1B;C;W for the matrices A, B;, and
C; introduced in (5.13). The change of variables z; = W1z, transforms the equation
Tjp1 = ijxj to the equation 7,41 = (A + A~'v;V A)Z; with the diagonal unperturbed

coefficient A whose dichotomy projection P=W-'PW is given by P= [8 (1)] . Similarly,

passing in equations (5.14) to the new unknowns }Nfi = W‘lYiW, we may use EheNfact
that YT =Yt/ —-P)and Y =Y Pimply YT =YT(I-P)and Y =Y P to
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conclude that the second column in ?;‘ and the first column in ?J_ are equal to zero.
Let uj € C?, resp. u; € C? denote the first column of {fj', resp. the second column of
?; Then equations (5.14) are equivalent to the following (2 x 1) vector equations:

u;r =[N 0 - ZA‘lvkgj_k_lVguﬁ, JjEZ,

k=
(5.15) L
=0 AT = Y A A WAy, jel
k=—oc0
Introducing (2 x 1) vectors a:j = Wuj given, in components, by .Z‘ [xjt(l) a:ji(Q)]T

and passing in (5.15) to the new unknowns 2T, we have the followmg system of equations

J )
equivalent to (5.14):

T = [ Y /\j+1 ZA /\ JHk+1 _ \i—k—1  \—Jtk _ )\jik]Tzz(QL

J

(5.16)

8
<
I

A7 AT 4 Z Aty NI \amkml Ntk =R T (9).
k=—o0
Recall that y = (y;);jez, y; € C, is a solution of the difference equation Ly = zy if and
only if x = (2;)jez with z; = [y;— 1 y;]T € C?is a solution of the equation z41 = A ;.
Moreover, since det AJX =1, if y* and y~ are two solutions of the equation Ly = zy
with the corresponding x* and x~, then the Wronskian

(5.17) Wyt y™) =y 1y — iy, = detle]  a7]
does not depend on j € Z.
A direct calculation shows that solutions x* = (z; £) of (5.16) have the property
j[+1(1) J;j[( ). Also, x* satlsfy the equation J;iﬂ = Axx because Y in (5.14) satisfy
this equation. Thus, letting y = \Flz j[( 2) and keeplng only the second component of

the vectors in (5.16), we have obtalned the solutions y* = (yji) of the second order
difference equation Ly = zy that satisfy the following equations:

ZA RATITE XYy ez,
(5.18)
y; =27+ Z Ao (ATITR NTTRYy ez
k=—oc0
Introducing s < 0 so that A = e*, (5.18) could be rewritten as follows:

oo . .
. sinh(j — k) .
yi =ej”—2vk#ylj, j€Z,

( sinh »¢
k—J

_ i sinh(j — k)» _ .
y‘*ej +Z Uk Uk jEeZ.



134 D. CRAMER AND Y. LATUSHKIN

The solutions y* = (y]i)jezi are asymptotic to A*7 = %% as j — 4o0; these are
the Jost solutions of Ly = zy, cf. [CS, XVII.1.9-10], [GH, Sec. 2], [GM, (4.52)] for the
continuous and [C, C1], [FT, Sec. I11.2], [GH, (6.6)], [HKS], [T, (10.3)], and [To, (3.3.1)]
for the discrete models. Recalling that y* = y*(2) and definition (5.17) of the Wronskian
of the solutions, we define the Jost function, 7 = J(2), by J(2) := A" W(y T (2),y (2)),
cf. [T, Sec. 10.2] and [To, (3.3.19)]. Our last claim is that, in fact, the Evans function for
the Schrédinger equation is the same as the Jost function.

PROPOSITION 5.4. If v = (v;)jez € (*(Z;R) and |z| > 2 then E(z) = T (2).
Proof. Using the choice of transformations converting (5.14) to (5.18), we infer:
E(2) = det[Yy" + Yy | = det[WY;F WL + WYy W1 = det W det[Ygh + Y] det W1
=detlul wuy]=detW laf W lzg]=A"tdetlz z;]
=AWyt yT) = (),

which concludes the proof. m
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