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Abstra
t. Under some assumptions on the matrix of a summability method, whose rows aresequen
es of bounded variation, we obtain a generalization and an improvement of some resultsof Xie-Hua Sun and L. Leindler.1. Introdu
tion. Let f be a 
ontinuous and 2π-periodi
 fun
tion (f ∈ C2π) and let

f (x) ∼
a0

2
+

∞
∑

n=1

(an cos nx + bn sin nx) (1.1)be its Fourier series. Denote by Sn (x) = Sn (f, x) the n-th partial sum of (1.1) and by
ω (f, δ) the modulus of 
ontinuity of f ∈ C2π.The usual supremum norm will be denoted by ‖·‖C .Let ω be a nonde
reasing 
ontinuous fun
tion on the interval [0, 2π] having the prop-erties

ω (0) = 0, ω (δ1 + δ2) ≤ ω (δ1) + ω (δ2) .Su
h a fun
tion will be 
alled a modulus of 
ontinuity.Denote by Hω the 
lass of fun
tions
Hω := {f ∈ C2π; |f (x) − f (y)| ≤ Cω (|x − y|)} ,where C is a positive 
onstant. For f ∈ Hω, we de�ne the norm ‖·‖ω by the formula

‖f‖ω := ‖f‖C + sup
x, y

|∆ωf (x, y)| ,
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120 W. ŁENSKI AND B. SZALwhere
∆ωf (x, y) =

|f (x) − f (y)|

ω (|x − y|)
, x 6= y.If ω (t) = C1 |t|

α (0 < α ≤ 1), where C1is a positive 
onstant, then
Hα = {f ∈ C2π; |f (x) − f (y)| ≤ C1 |x − y|

α
, 0 < α ≤ 1}is a Bana
h spa
e and the metri
 indu
ed by the norm ‖·‖α on Hα is said to be theHölder metri
.Let A := (ank) (k, n = 0, 1, . . . ) be a lower triangular in�nite matrix of real numberssatisfying the following 
onditions:i) ank ≥ 0 (k = 0, 1, . . . ) , ank = 0, (k > n) and n

∑

k=0

ank = 1, (1.2)where n = 0, 1, 2, . . . , ii) for every k, ank → 0 (n → ∞) . (1.3)Let the A-transformation of (Sn (f ; x)) be given by
Tn (f) := Tn (f ; x) :=

n
∑

k=0

ankSk (f ; x) (n = 0, 1, . . . ) .and let
Ank =

n
∑

r=n−k+1

anr, (k = 1, 2, . . . , n + 1) .Let ω (t) be a given modulus of 
ontinuity satisfying the following 
ondition:
(ω (f ; t))

p

q

ω (t)
= O (1) (t → 0+) , (1.4)for 0 ≤ p < q ≤ 1 and f ∈ C.In [6℄ Xie-Hua Sun proved the following theorems:Theorem 1. Let A = (ank) satisfy the 
onditions (1.2), (1.3) and ank ≤ ank+1 for

k = 0, 1, . . . , n − 1 and n = 0, 1, . . . . If f ∈ C and ω (f ; t), ω (t) satisfy (1.4) then
‖Tn (f) − f‖ω = O

({ n
∑

k=1

Ank

k

}

p

q
{ n

∑

k=1

Ank

ω
(

f, 1

k

)

k

}1−
p

q
)

. (1.5)Theorem 2. Let A = (ank) satisfy the 
onditions (1.2), (1.3) and ank ≥ ank+1 for
k = 0, 1, . . . , n − 1 and n = 0, 1, . . . . If f ∈ C and ω (f ; t), ω (t) satisfy (1.4) then

‖Tn (f) − f‖ω = O

({ n
∑

k=0

ankω

(

f,
1

k + 1

)}1− p

q
)

. (1.6)Now we de�ne two 
lasses of sequen
es ([3℄).A sequen
e c := (cn) of nonnegative numbers tending to zero is 
alled the RestBounded Variation Sequen
e, or brie�y c ∈ RBV S, if it has the property
∞
∑

k=m

|cn − cn+1| ≤ K(c)cm (1.7)for all natural numbers m, where K(c) is a 
onstant depending only on c.
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e c := (cn) of nonnegative numbers will be 
alled the Head Bounded Vari-ation Sequen
e, or brie�y c ∈ HBV S, if it has the property
m−1
∑

k=0

|cn − cn+1| ≤ K(c)cm (1.8)for all natural numbers m, or only for all m ≤ N if the sequen
e c has only �nite nonzeroterms and the last nonzero term is cN .Therefore we assume that the sequen
e (K (αn))
∞
n=0

is bounded, that is, that thereexists a 
onstant K su
h that
0 ≤ K (αn) ≤ Kholds for all n, where K (αn) denote the sequen
e of 
onstants appearing in the inequal-ities (1.7) or (1.8) for the sequen
e αn := (ank)

∞
k=0

. Now we 
an give the 
onditions tobe used later on. We assume that for all n and 0 ≤ m ≤ n

∞
∑

k=m

|ank − ank+1| ≤ Kanm (1.9)and
m−1
∑

k=0

|ank − ank+1| ≤ Kanm (1.10)hold if αn := (ank)
∞
k=0

belongs to RBV S or HBV S, respe
tively.In [3℄ L. Leindler proved the following theorem:Theorem 3. Let us assume that (1.2) and (1.9) hold. Then for f ∈ C2π

‖Tn (f) − f‖C = O

(

ω

(

f ;
π

n

)

+
n

∑

k=1

ω
(

f, π
k

)

k

k+1
∑

r=0

anr

)

. (1.11)In the paper we present estimates of the deviation Tn (f)− f in the norm ‖·‖ω undermore general assumptions on the elements of the matrix A.Throughout the paper we shall use the following notations:
φx (t) = f (x + t) + f (x − t) − 2f (x) , An (u) =

n
∑

k=0

ank

sin
(

k + 1

2

)

u

sin 1

2
u

.By K1, K2, . . . we shall designate either an absolute 
onstant or a 
onstant depending onthe indi
ated parameters, not ne
essarily the same at ea
h o

urren
e.2. Main results. Our main results are the following.Theorem 4. Let (1.2), (1.10) hold. If f ∈ C and ω (f ; t), ω (t) satisfy (1.4) then
‖Tn (f) − f‖ω = O

({n+1
∑

k=1

Ank

k

}

p

q
{n+1

∑

k=1

Ank

ω
(

f, 1

k

)

k

}1−
p

q
)

. (2.1)



122 W. ŁENSKI AND B. SZALTheorem 5. Let (1.2), (1.9) hold. If f ∈ C and ω (f ; t), ω (t) satisfy (1.4) then
‖Tn (f) − f‖ω = O

({ n
∑

k=0

ankω

(

f,
1

k + 1

)}1−
p

q
)

. (2.2)Remark 1. If the elements of the matrix A satisfy the 
ondition ank ≤ ank+1 for k =

0, 1, . . . , n−1 and n = 0, 1, . . . , then the 
ondition (1.10) also holds and therefore Theorem1 is a 
orollary of Theorem 4. Analogously we 
an derive Theorem 2 from Theorem 5.If in the assumptions of the Theorem 5 we take ω (|t|) = O (|t|p) with p = 0, then wehave immediately the following 
orollaryCorollary 1. Under the assumptions of Theorem 3 we have
‖Tn (f) − f‖C = O

( n
∑

k=0

ankω

(

f,
1

k + 1

))

.Remark 2. It is easy to see that from the above estimate the estimate (1.11) followsby (1.9).3. Lemmas. To prove our theorems we need the following lemmas.Lemma 1. If αn := (ank)∞k=0
belongs to HBV S, then for 1

n
≤ u ≤ π

|An (u)| ≤
π2 (K (αn) + 1)

2
+ π

u
An,u−1 , (3.1)where u−1 := max{1,

[

u−1
]

}.Proof. An elementary 
al
ulation shows that
|An (u)| ≤

∣

∣

∣

∣

n−u−1

∑

k=0

ank

sin
(

k + 1

2

)

u

sin 1

2
u

∣

∣

∣

∣

+
π

u

n
∑

k=n−u−1+1

ank =
∣

∣

∣

∑

1

∣

∣

∣
+

π

u
An,u−1 .Applying the Abel transformation and using (1.8), we get

∣

∣

∣

∑

1

∣

∣

∣
≤

n−u−1−1
∑

k=0

|ank − ank+1|

(

sin k+1

2
u

sin 1

2
u

)2

+ an,n−u−1

(

sin n−u−1
+1

2
u

sin 1

2
u

)2

≤
π2

u2

n−u−1−1
∑

k=0

|ank − ank+1| +
π2

u2
an,n−u−1 ≤

π2 (K (αn) + 1)

u2
an,n−u−1 .If αn := {ank}

∞
k=0

belongs to HBV S then, by (1.8)
anµ − anm ≤ |anµ − anm| ≤

m−1
∑

k=µ

|ank − ank+1| ≤ K (αn) anm.for any m ≥ µ ≥ 0, when
e we have
anµ ≤ (K (αn) + 1) anm. (3.2)From this, we obtain

|An (u)| ≤
π2 (K (αn) + 1)2

u

n
∑

k=n−u−1+1

ank +
π

u
An,u−1
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≤

π2 (K (αn) + 1)2 + π

u
An,u−1and our proof is 
omplete.Lemma 2. If αn := (ank)∞k=0

belongs to RBV S, then for f ∈ C2π

‖Tn (f) − f‖C ≤ 8 (K(αn) + 1) (2K(αn) + 1)
n

∑

k=0

ankEk (f) , (3.3)where En (f) denotes the best approximation of the fun
tion f by trigonometri
 polyno-mials of order at most n.Proof. Let m = mn ≥ 0 be su
h that 2m ≤ n + 1 < 2m+1 for n = 0, 1, . . . , then applyingthe Abel transformation we get
Tn (f ; x) − f (x) =

n
∑

k=0

ank (Sk (f ; x) − f (x)) = an0 (S0 (f ; x) − f (x))

+

m−1
∑

k=1

2
k−1
∑

i=2k−1

ani (Si (f ; x) − f (x)) +

n
∑

k=2m−1

ank (Sk (f ; x) − f (x))

= an0 (S0 (f ; x) − f (x)) +

m−1
∑

k=1

(

2
k−2
∑

i=2k−1

(ani − ani+1)

i
∑

l=2k−1

(Sl (f ; x) − f (x))

+an,2k−1

2
k−1
∑

i=2k−1

(Si (f ; x) − f (x))
)

+
n−1
∑

k=2m−1

(ank − ank+1)
k

∑

l=2m−1

(Sl (f ; x) − f (x)) + ann

n
∑

k=2m−1

(Sk (f ; x) − f (x))

= an0 (σ00 (f ; x) − f (x))

+
m−1
∑

k=1

2
k−2
∑

i=2k−1

(

(ani − ani+1)
(

i − 2k−1 + 1
) (

σi,i−2k−1 (f ; x) − f (x)
)

+an,2k−12
k−1

(

σ2k−1,2k−1−1 (f ; x) − f (x)
))

+
n−1
∑

k=2m−1

(ank − ank+1)
(

k − 2m−1 + 1
) (

σk,k−2m−1 (f ; x) − f (x)
)

+ann

(

n − 2m−1 + 1
) (

σn,n−2m−1 (f ; x) − f (x)
)

,where
σn,m (f ; x) =

1

m + 1

n
∑

k=n−m

(Sk (f ; x) − f (x)) (0 ≤ m ≤ n)is the de la Vallée-Poussin mean. Using the well known inequality [6℄
‖σn,m (f) − f‖

C
≤ 2

n + 1

m + 1
En−m (f) ,
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‖Tn (f) − f‖C ≤ 2an0E0 (f)

+

m−1
∑

k=1

(

2E2k−1 (f)

2
k−2
∑

i=2k−1

|ani − ani+1| (i + 1) + 4an,2k−12
k−1E2k−1 (f)

)

+2E2m−1 (f)

n−1
∑

k=2m−1

|ank − ank+1| (k + 1) + 2ann (n + 1) E2m−1 (f) .By (1.7) we have
‖Tn (f) − f‖C ≤ 2an0E0 (f)

+

m−1
∑

k=1

(

2K (αn)
(

2k − 1
)

an,2k−1E2k−1 (f) + 4an,2k−12
k−1E2k−1 (f)

)

+2nK (αn) an,2m−1E2m−1 (f) + 2 (n + 1) annE2m−1 (f) .If αn := {ank}
∞
k=0

belongs to RBV S then, by (1.7)
ann − anm ≤ |anm − ann| ≤

n−1
∑

k=m

|ank − ank+1|

≤
∞
∑

k=m

|ank − ank+1| ≤ K (αn) anmholds for any n ≥ m ≥ 0, when
e we have
ann ≤ (K (αn) + 1) anm. (3.4)From this

‖Tn (f) − f‖C ≤ 2an0E0 (f)

+ (2K (αn) + 1)
(

4
m−1
∑

k=1

an,2k−12k−1E2k−1 (f) + 2 (n + 1) an,2m−1E2m−1 (f)
)

.By (3.4)
(n + 1) an,2m−1E2m−1 (f) ≤ 2m+1an,2m−1E2m−1 (f)

≤ 4an,2m−1

2
m−1

∑

k=2m−2+1

Ek (f) ≤ 4 (K (αn) + 1)
2

m−1

∑

k=2m−2+1

ankEk (f)and for k ≥ 2

an,2k−12k−1E2k−1 (f) ≤ 2an,2k−1

2
k−1

∑

i=2k−2+1

Ei (f) ≤ 2 (K (αn) + 1)
2

k−1

∑

i=2k−2+1

aniEi (f) .Therefore
‖Tn (f) − f‖C ≤ 2an0E0 (f) + 4 (2K (αn) + 1) an1E1 (f)

+8 (K (αn) + 1) (2K (αn) + 1)
(

m−1
∑

k=2

2
k−1

∑

i=2k−2+1

aniEi (f) +
2

m−1

∑

k=2m−2+1

ankEk (f)
)
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≤ 8 (K (αn) + 1) (2K (αn) + 1)

2
m−1

∑

k=0

ankEk (f)

≤ 8 (K (αn) + 1) (2K (αn) + 1)

n
∑

k=0

ankEk (f)and our proof is 
omplete.Lemma 3. If αn := (ank)∞k=0
belongs to RBV S, then

∫ π

0

|An (t)| dt ≤ 4K (αn) (K (αn) + 1) . (3.5)Proof. Let m = mn ≥ 0 be su
h that 2m ≤ n + 1 < 2m+1 for n = 0, 1, . . . , then applyingthe Abel transformation we get
An (t) =

n
∑

k=0

(ank − ank+1) (k + 1)Fk (t) = (an0 − an1)F0 (t)

+

m−1
∑

k=1

2
k−1
∑

l=2k−1

(anl − anl+1) (l + 1)Fl (t) + (n + 1)Fn (t)

n
∑

k=2m−1

(ank − ank+1) ,where Fn(t) is the Fejér kernel. Sin
e the kernel Fn (t) is positive, using (1.7) we 
an showthat
∫ π

0

|An (t)| dt ≤

∫ π

0

{

|an0 − an1|F0 (t) +
m−1
∑

k=1

2
k−1
∑

l=2k−1

|anl − anl+1| (l + 1) Fl (t)

+ (n + 1)Fn (t)
n

∑

k=2m−1

|ank − ank+1|
}

dt

= |an0 − an1|

∫ π

0

F0 (t) dt +
m−1
∑

k=1

2
k−1
∑

l=2k−1

|anl − anl+1| (l + 1)

∫ π

0

Fl (t) dt

+ (n + 1)
n

∑

k=2m−1

|ank − ank+1|

∫ π

0

Fn (t) dt

=
1

2

{

|an0 − an1| +
m−1
∑

k=1

2
k−1
∑

l=2k−1

|anl − anl+1| (l + 1)

(n + 1)

n
∑

k=2m−1

|ank − ank+1|
}

≤
K(αn)

2

(

an0 +
m−1
∑

k=1

2kan,2k−1 + (n + 1) an,2m−1

)

.By (3.4)
(n + 1) an,2m−1 ≤ 2m+1an,2m−1 ≤ 8 (K(αn) + 1)

2
m−1

∑

k=2m−2+1

ank
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2kan,2k−1 ≤ 4 (K(αn) + 1)

2
k−1

∑

l=2k−2+1

anl.Thus we obtain the desired estimate
∫ π

0

|An (t)| dt ≤
K(αn)

2

(

an0 + 2an1 + 4 (K (αn) + 1)

m−1
∑

k=1

2
k−1

∑

l=2k−2+1

anl

+8 (K(αn) + 1)
2

m−1

∑

k=2m−2+1

ank

)

≤ 4K (αn) (K(αn) + 1)
2

m−1

∑

k=0

ank

≤ 4K (αn) (K(αn) + 1)
n

∑

k=0

ank = 4K(αn) (K(αn) + 1) .

4. Proofs of the theorems. In this se
tion we shall prove our theorems.4.1. Proof of Theorem 4. Setting
Rn (x, y) = Rn (x) − Rn (y) =

1

2π

∫ π

0

(φx (t) − φy (t))An (t) dtand
Rn (x) = Tn (f ; x) − f (x) =

1

2π

∫ π

0

φx (t) An (t) dtwe get
|Rn (x, y)| ≤

1

2π

∫ π

0

|φx (t) − φy (t)| |An (t)| dtand
|Rn (x)| ≤

1

2π

∫ π

0

|φx (t)| |An (t)| dt ≤
1

π

∫ π

0

ω (f ; t) |An (t)| dt.It is 
lear that
|φx (t) − φy (t)| ≤ 4ω (f ; |x − y|) (4.1)and
|φx (t) − φy (t)| ≤ 4ω (f ; |t|) . (4.2)Hen
e, using (4.1), we have

|Rn (x, y)| ≤
2C

π
ω (f ; |x − y|)

(

∫ π
n

0

+

∫ π

π
n

)

|An (t)| dt

=
2C

π
ω (f ; |x − y|) (I1 + I2) . (4.3)
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I1 ≤

∫ π
n

0

1

sin 1

2
t

n
∑

k=0

ank

∣

∣

∣

∣

sin

(

k +
1

2

)

t

∣

∣

∣

∣

dt ≤ (2n + 1)
π

n
< 3π. (4.4)Using (3.1), we get

I2 ≤ K1

∫ π

π
n

An,t−1

t
dt = K1

∫ n
π

1
π

An,t

t
dt

= K1

n−1
∑

k=1

∫
k+1

π

k
π

An,t

t
dt ≤ K1

n−1
∑

k=1

An,k+1

k

≤ 2K1

n
∑

k=2

An,k

k
≤ 2K1

n+1
∑

k=1

An,k

k
. (4.5)From (3.2) and (1.2) we 
an observe that

n+1
∑

k=1

An,k

k
=

n+1
∑

k=1

1

k

n
∑

r=n−k+1

anr ≥
1

K + 1

n+1
∑

k=1

an,n−k+1 =
1

K + 1

n
∑

k=0

ank =
1

K + 1and by (4.3)-(4.5), we obtain
|Rn (x, y)| ≤ K2ω (f ; |x − y|)

n+1
∑

k=1

An,k

k
. (4.6)On the other hand, using (4.2), we have

|Rn (x, y)| ≤
2

π

∫ π

0

ω (f ; t) |An (t)| dt

=
2

π

(

∫ π
n

0

+

∫ π

π
n

)

ω (f ; t) |An (t)| dt =
2

π
(I ′1 + I ′2) . (4.7)Again by (1.2)

I ′1 ≤ ω
(

f,
π

n

)

∫ π
n

0

|An (t)| dt ≤ 3πω
(

f,
π

n

)

.and by (3.1) and using the monotoni
ity of the modulus of 
ontinuity
I ′2 ≤ K1

∫ π

π
n

ω (f ; t)
An,t−1

t
dt = K1

∫ n
π

1
π

ω

(

f ;
1

t

)

An,t

t
dt

= K1

n−1
∑

k=1

∫
k+1

π

k
π

ω

(

f ;
1

t

)

An,t

t
dt ≤ K1

n−1
∑

k=1

ω
(

f ;
π

k

) An,k+1

k

≤ 8K1

n
∑

k=2

ω
(

f ;
π

k

) An,k

k
≤ 8K1

n+1
∑

k=1

ω
(

f ;
π

k

) An,k

k
. (4.8)From the monotoni
ity of the modulus of 
ontinuity by (3.2) and (1.2)

n+1
∑

k=1

ω
(

f ;
π

k

) An,k

k
≥ ω

(

f,
π

n + 1

) n+1
∑

k=1

An,k

k
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≥
1

2
ω

(

f,
π

n

) 1

K + 1

n
∑

k=0

ank =
1

2 (K + 1)
ω

(

f,
π

n

)

. (4.9)Combining (4.6)-(4.9) we obtain
|Rn (x, y)| ≤ K3

n+1
∑

k=1

ω
(

f ;
π

k

) An,k

k
(4.10)and the same estimate for |Rn (x)| is true

|Rn (x)| ≤ K4

n+1
∑

k=1

ω
(

f ;
π

k

) An,k

k
. (4.11)Using (4.6), (1.4) and (4.10), we get

sup
x, y

{∆ωRn (x, y)} = sup
x, y

{

|Rn (x, y)|
p

q

ω (|x − y|)
|Rn (x, y)|

1− p

q

}

≤ K5

{

n+1
∑

k=1

Ank

k

}

p

q
{

n+1
∑

k=1

Ank

ω
(

f, 1

k

)

k

}1−
p

q

. (4.12)Now 
olle
ting our partial results (4.11) and (4.12) we obtain (2.1), and this 
ompletesthe proof.4.2. Proof of Theorem 5. Using the same notations as in the above proof, from (4.1) and(3.5) we get
|Rn (x, y)| ≤

2C

π
ω (f ; |x − y|)

∫ π

0

|An (t)| dt

≤
8CK (K + 1)

π
ω (f ; |x − y|) . (4.13)On the other hand

|Rn (x, y)| ≤ |Tn (f ; x) − f (x)| + |Tn (f ; y) − f (y)|by (4.2) and (3.3), when
e we have
|Rn (x, y)| ≤ 16 (K + 1) (2K + 1)

n
∑

k=0

ankEk (f) ≤ K1

n
∑

k=0

ankω

(

f,
1

k + 1

)

. (4.14)Analogously, we 
an show that
|Rn (x)| = |Tn (f ; x) − f (x)| ≤ 8 (K + 1) (2K + 1)

n
∑

k=0

ankEk (f)

≤ K2

n
∑

k=0

ankω

(

f,
1

k + 1

)

. (4.15)Finally, using the same method as in the proof of Theorem 4, (2.2) follows from (4.13)-(4.15).
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