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Abstra
t. We study linear operators from a non-lo
ally 
onvex Orli
z spa
e LΦ to a Bana
hspa
e (X, ‖ · ‖X). Re
all that a linear operator T : LΦ → X is said to be σ-smooth whenever
un

(o)
−→ 0 in LΦ implies ‖T (un)‖X → 0. It is shown that every σ-smooth operator T : LΦ → Xfa
tors through the in
lusion map j : LΦ → LΦ, where Φ denotes the 
onvex minorant of Φ. Weobtain the Bo
hner integral representation of σ-smooth operators T : LΦ → X. This extendssome earlier results of J. J. Uhl 
on
erning the Bo
hner integral representation of linear operatorsde�ned on a lo
ally 
onvex Orli
z spa
e.1. Introdu
tion and preliminaries. The theory of linear operators on Bana
h fun
-tion spa
es (in parti
ular, Lp-spa
es and Orli
z spa
es LΦ) has been developed by manyauthors (see [D℄, [G℄, [DP℄, [Ph℄, [Z℄, [DS℄, [D1℄, [D2℄, [D3℄, [U℄, [C℄, [W℄). Linear operatorson non-lo
ally 
onvex Orli
z spa
es LΦ have been studied in [P℄, [T1℄, [T2℄, [K℄.We denote by σ(L, K) and τ (L, K) the weak topology and the Ma
key topology on

L with respe
t to the dual pair (L, K). Given a topologi
al ve
tor spa
e (L, τ) we willdenote by (L, τ)∗ its topologi
al dual. For terminology 
on
erning ve
tor latti
es andfun
tion spa
es we refer to [AB℄, [KA℄, [Z℄.Let (Ω, Σ, µ) be a σ-�nite atomless measure spa
e, and let L0 denote the set of µ-equivalen
e 
lasses of real valued measurable fun
tions de�ned on Ω. Then L0 is a superDedekind 
omplete Riesz spa
e under the ordering u ≤ v whenever u(ω) ≤ v(ω) µ-a.e.on Ω. By S(Σ) we will denote the set of all Σ-simple fun
tions de�ned on Ω.Now we re
all notation and some basi
 results 
on
erning Orli
z spa
es (see [MO1℄,[MaO℄, [M℄, [RR℄). By an Orli
z fun
tion we mean here a mapping Φ : [0,∞) →

[0,∞) that is non-de
reasing, left 
ontinuous, 
ontinuous at 0, vanishing only at 0 and2000 Mathemati
s Subje
t Classi�
ation: 46E30, 47B38.Key words and phrases: Orli
z spa
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lim inft→∞
Φ(t)

t
> 0. By Φ∗ we denote the 
onvex Orli
z fun
tion 
omplementary to

Φ in the sense of Young, i.e., Φ∗(s) = sup{st − Φ(t) : t ≥ 0} for s ≥ 0. Note that
Φ∗ takes only �nite values whenever lim inft→∞

Φ(t)
t

= ∞ and jumps to ∞ whenever
lim inft→∞

Φ(t)
t

< ∞ (see [N3, Lemmas 2.2 and 2.3℄). The fun
tion Φ(t) = (Φ∗)∗(t) for
t ≥ 0 is 
alled the 
onvex minorant of Φ, be
ause it is the largest 
onvex Orli
z fun
tionsmaller than Φ on [0,∞). Re
all that Φ satis�es the ∆2-
ondition (in symb. Φ ∈ ∆2) if
Φ(2t) ≤ cΦ(t) for all t ≥ 0 and some c > 0. An Orli
z fun
tion Φ determines a fun
tional
̺Φ : L0 → [0,∞] by

̺Φ(u) =

∫

Ω

Φ(|u(ω)|) dµ.The Orli
z spa
e LΦ is an ideal of L0 de�ned by
LΦ = {u ∈ L0 : ̺Φ(αu) < ∞ for some α > 0}and equipped with the 
omplete topology TΦ of the F -Riesz norm

||u||Φ := inf{α > 0 : ̺Φ(u/α) ≤ α}.The spa
e (LΦ, TΦ) is lo
ally 
onvex if and only if LΦ = LΦ0 for some 
onvex Orli
zfun
tion Φ0 (see [MaO℄). In 
ase Φ is a 
onvex Orli
z fun
tion TΦ 
an be generated bytwo Riesz norms:
‖u‖Φ := inf {α > 0 : ̺Φ(u/α) ≤ 1}and
‖u‖0

Φ := sup

{ ∫

Ω

|u(ω)v(ω)| dµ : v ∈ LΦ∗

, ̺Φ∗(u) ≤ 1

}
.Let (LΦ)′ stand for the Köthe dual of LΦ. Then (LΦ)′ = LΦ∗ (see [N3, Theorem 3.3℄,[MW℄). Let (LΦ)∼n denote the order 
ontinuous dual of LΦ. Then (LΦ)∼n 
an be identi�edwith LΦ∗ through the mapping: LΦ∗

∋ v 7→ ϕv ∈ (LΦ)∼n , where
ϕv(u) =

∫

Ω

u(ω)v(ω) dµ for all u ∈ LΦ.The fun
tional ̺Φ restri
ted to LΦ is a modular (see [MO1℄, [MO2℄, [M℄). Re
all thata sequen
e (un) in LΦ is said to be modularly 
onvergent to u ∈ LΦ (in symb. un
̺Φ

−→ u)if ̺Φ(α(un − u)) → 0 for some α > 0.For ε > 0 let UΦ(ε) = {u ∈ LΦ : ̺Φ(u) ≤ ε}. Then the family of all sets of the form:⋃∞
n=1(

∑n
i=1 UΦ(εi)), where (εi) is a sequen
e of positive numbers, forms a lo
al base at0 (
onsisting of solid subsets of LΦ) for a topology T ∧

Φ on LΦ, and 
alled the modulartopology (see [N1℄, [N2℄, [N4℄). The basi
 properties of T ∧
Φ are in
luded in the followingtheorem (see [N1, Theorem 1.1℄, [N2, Theorem 2.5 and 3.2℄, [N4, Theorem 2.2℄).Theorem 1.1. Let Φ be an Orli
z fun
tion. Then the following statements hold:(i) T ∧

Φ is the �nest of all linear topologies ξ on LΦ for whi
h un
̺Φ

−→ 0 implies
un

ξ
→ 0.(ii) T ∧

Φ is the �nest Lebesgue topology on LΦ.(iii) T ∧
Φ ⊂ TΦ, with equality if and only if Φ ∈ ∆2.(iv) (LΦ, T ∧

Φ )∗ = (LΦ)∼n = {ϕv : v ∈ LΦ∗

}.



LINEAR OPERATORS ON NON-LOCALLY CONVEX ORLICZ SPACES 159(v) τ (LΦ, LΦ∗

) is equal to the restri
tion of the modular topology T ∧
Φ

i.e., τ (LΦ, LΦ∗

)

= T ∧
Φ

↾LΦ . In parti
ular, τ (LΦ, LΦ∗

) = T ∧
Φ whenever Φ is 
onvex.In view of [O℄ the dual spa
e (LΦ)∗(= (LΦ, TΦ)∗) is a Bana
h spa
e under the norm

‖ϕ‖Φ = sup{|ϕ(u)| : u ∈ LΦ, ̺Φ(u) ≤ 1}for ϕ ∈ (LΦ)∗. Moreover, by [O, 1.31℄ the following inequality holds:
(1.1) |ϕ(u)| ≤ ‖ϕ‖Φ(̺Φ(u) + 1) for all u ∈ LΦ.From now on we assume that (X, ‖ · ‖X) is a real Bana
h spa
e, and X∗ stands forits Bana
h dual. We distinguish two 
lasses of linear operators T : LΦ → X (see [OW℄).Dfinition 1.1. A linear operator T : LΦ → X is said to be σ-smooth (resp. modularly
ontinuous) if un

(o)
−→ 0 (resp. un

̺Φ

−→ 0) in LΦ implies ‖T (un)‖X → 0.In Se
tion 2, we study a relationship between σ-smooth operators, modularly 
ontin-uous operators and (T ∧
Φ , ‖ · ‖X)-
ontinuous linear operators T : LΦ → X. It is shownthat every σ-smooth linear operator T : LΦ → X fa
tors through the in
lusion map

j : LΦ → LΦ, where Φ stands for the 
onvex minorant of Φ. In Se
tion 3, we obtain aBo
hner integral representation of σ-smooth operators T : LΦ → X. This extends someearlier results due to J. J. Uhl [U, Theorem 1℄, where Φ is supposed to be 
onvex and
Φ ∈ ∆2.2. Smooth operators. We �rst establish a relationship between di�erent 
lasses oflinear operators T : LΦ → X.Theorem 2.1. Let Φ be an Orli
z fun
tion. Then for a linear operator T : LΦ → X thefollowing statements are equivalent:(i) T is modularly 
ontinuous.(ii) T is σ-smooth.(iii) x∗ ◦ T ∈ (LΦ)∼n for all x∗ ∈ X∗.(iv) T is (σ(LΦ, LΦ∗

), σ(X, X∗))-
ontinuous.(v) T is (τ (LΦ, LΦ∗

), ‖ · ‖X)-
ontinuous.(vi) T is (T ∧
Φ

↾LΦ , ‖ · ‖X)-
ontinuous.(vii) T is (T ∧
Φ , ‖ · ‖X)-
ontinuous.Proof. (i)⇒(ii). Assume that T is modularly 
ontinuous and let un

(o)
−→ 0 in LΦ. Then bythe Lebesgue dominated 
onvergen
e theorem un

̺Φ

−→ 0, so ‖T (un)‖X → 0. This meansthat T is σ-smooth.(ii)⇒(iii). Assume that T is σ-smooth. Hen
e x∗ ◦ T ∈ (LΦ)∼c = (LΦ)∼n for every
x∗ ∈ X∗.(iii)⇔(iv). See [AB, Theorem 9.26℄.(iv)⇔(v). See [Wi, Corollary 11-1-3, Corollary 11-2-6℄.(v)⇔(vi). It is obvious, be
ause τ (LΦ, LΦ∗

) = T ∧
Φ

↾LΦ (see [N4, Theorem 2.2℄).(vi)⇒(vii). Clear, be
ause T ∧
Φ

↾LΦ⊂ T ∧
Φ .(vii)⇒(i). It is obvious, be
ause un

̺Φ

−→ 0 in LΦ implies un → 0 for T ∧
Φ .
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onsider the problem of extension of linear operators T : LΦ → X.Theorem 2.2. Let Φ be an Orli
z fun
tion. Assume that T : LΦ → X is a (T ∧
Φ , ‖ · ‖X)-
ontinuous linear operator. Then there exists a (T ∧

Φ
, ‖ · ‖X)-
ontinuous linear operator

T : LΦ → X su
h that T (u) = T (u) for all u ∈ LΦ.Proof. In view of Theorem 2.1, T is (T ∧
Φ

↾LΦ , ‖ · ‖X)-
ontinuous. Now let u ∈ LΦ. Thenthere exists a sequen
e (sn) in S(Σ) su
h that sn(ω) → u(ω) µ-a.e., and |sn(ω)| ≤ |u(ω)|

µ-a.e., that is, sn

(o)
−→ 0 in LΦ. Hen
e sn → u for T ∧

Φ
, be
ause T ∧

Φ
is a Lebesgue topologyon LΦ. Then (sn) is a Cau
hy sequen
e in (LΦ, T ∧

Φ
↾LΦ), so (T (sn)) is a Cau
hy sequen
ein (X, ‖ · ‖X). Let us put T (u) := limT (sn) in (X, ‖ · ‖X). Note that if u ∈ LΦ, then

T (u) = limT (sn) in (X, ‖ · ‖X) and T (u) = T (u).Now we shall show that if (s1
n) and (s2

n) are sequen
es in S(Σ) su
h that s1
n

(o)
−→ uand s2

n

(o)
−→ u in LΦ, then limT (s1

n) = lim T (s2
n) in (X, ‖ · ‖X). Indeed, we have s1

n → ufor T ∧
Φ

and s2
n → u for T ∧

Φ
, so s1

n − s2
n → 0 for T ∧

Φ
↾LΦ . Hen
e ‖T (s1

n) − T (s2
n)‖X → 0.Set x1 = limT (s1

n) and x2 = lim T (s2
n) in (X, ‖ · ‖X). Then

‖x1 − x2‖X ≤ ‖x1 − T (s1
n)‖X + ‖T (s1

n) − T (s2
n)‖X + ‖T (s2

n) − x2‖X ,and it follows that ‖x1 − x2‖X = 0, so x1 = x2.We shall now show that a linear operator T : LΦ → X is (T ∧
Φ

, ‖ · ‖X)-
ontinuous.Indeed, let BT ∧

Φ

stand for the lo
al base at 0 for T ∧
Φ
, and let ε > 0 be given. Sin
e Tis (T ∧

Φ
↾LΦ , ‖ · ‖X)-
ontinuous, there exists W ∈ BT ∧

Φ

su
h that T (LΦ ∩ W ) ⊂ BX(ε)

(= {x ∈ X : ‖x‖X ≤ ε}). It is enough to show that T (W ) ⊂ BX(ε). In fa
t, let w ∈ W .Then there exists a sequen
e (sn) in S(Σ) su
h that sn → w for T ∧
Φ
. Hen
e there exists

n0 ∈ N su
h that sn ∈ LΦ ∩ W for all n ≥ n0; so T (sn) ∈ BX(ε) for n ≥ n0. It followsthat T (w) ∈ BX(ε), as desired.As a 
onsequen
e of Theorem 2.1 and Theorem 2.2 we obtain the following fa
toriza-tion of σ-smooth operators T : LΦ → X.Corollary 2.3. Let Φ be an Orli
z fun
tion and let T : LΦ → X be a σ-smooth linearoperator. Then T may be fa
torized: T = T ◦ j, where j : LΦ → LΦ is the in
lusion mapand T : LΦ → X is a σ-smooth linear operator.3. Integral representation of smooth operators. In this se
tion we obtain a Bo
h-ner integral representation of σ-smooth linear operators T : LΦ → X, where Φ is an Orli
zfun
tion (not ne
essarily 
onvex) and X has the Radon-Nikodym Property. We extendsome earlier results due to J. J. Uhl (see [U, Theorem 1℄), where Φ is supposed to be
onvex and Φ ∈ ∆2. The problem of Bo
hner integral representation of linear operators
T : Lp → X (p > 1) has been studied in [DU, Theorem 3.4.8℄, [D1℄, [D2℄, [D3℄.For terminology 
on
erning ve
tor measures and Bana
h-spa
e valued fun
tion spa
eswe refer to [DU, Chap. 3.1℄, [L℄. Denote by L0(X) the set of µ-equivalen
e 
lasses of allstrongly Σ-measurable fun
tions g : Ω → X. For g : Ω → X let us put g̃(ω) = ‖g(ω)‖Xfor ω ∈ Ω. For an Orli
z fun
tion Φ the Orli
z-Bo
hner spa
e LΦ(X) is de�ned by

LΦ(X) = {g ∈ L0(X) : g̃ ∈ LΦ}.



LINEAR OPERATORS ON NON-LOCALLY CONVEX ORLICZ SPACES 161A linear operator T : LΦ → X is said to be regular if there exists 0 ≤ v ∈ LΦ∗ su
hthat ‖T (u)‖X ≤ ϕv(|u|) =
∫
Ω
|u(ω)|v(ω) dµ for all u ∈ LΦ (see [Bu, Def. 1.2℄).From now on we will assume that (Ω, Σ, µ) is a �nite atomless measure spa
e. Re
allthat a Bana
h spa
e X has the Radon-Nikodym property (with respe
t to µ) (brie�y

X ∈ RNP (µ)) if for ea
h µ-
ontinuous ve
tor measure m : Σ → X of bounded variation(i.e., |m|(Ω) < ∞) there exists g ∈ L1(X) su
h that
m(A) =

∫

A

g(ω) dµ for all A ∈ Σ.Then |m|(A) =
∫

A
‖g(ω)‖X dµ for all A ∈ Σ. Motivated by the variation |m|(Ω) andfollowing [D1℄, [D3℄ we 
an de�ne a norm fun
tional of operators T : LΦ → X by

|||T |||Φ := sup
{ n∑

i=1

‖αiT (1Ai
)‖X : s =

n∑

i=1

αi1Ai
∈ S(Σ), ̺Φ(s) ≤ 1

}
.Now we are in a position to state our main result.Theorem 3.1. Let Φ be an Orli
z fun
tion and let X ∈ RNP (µ). Then for a linearoperator T : LΦ → X the following statements are equivalent:(i) |||T |||Φ < ∞ and T is modularly 
ontinuous.(ii) |||T |||Φ < ∞ and T is σ-smooth.(iii) |||T |||Φ < ∞ and T is (τ (LΦ, LΦ∗

), ‖ · ‖X)-
ontinuous.(iv) |||T |||Φ < ∞ and T is (T ∧
Φ , ‖ · ‖X)-
ontinuous.(v) There exists g ∈ LΦ∗

(X) su
h that
T (u) = Tg(u) =

∫

Ω

u(ω)g(ω) dµ for all u ∈ LΦand
|||Tg|||Φ = ‖ϕg̃‖Φ = sup

{∣∣∣∣
∫

Ω

u(ω)g̃(ω) dµ

∣∣∣∣ : u ∈ LΦ, ̺Φ(u) ≤ 1

}
.In parti
ular, if Φ is a 
onvex Orli
z fun
tion, then

|||Tg|||Φ = ‖g̃‖0
Φ∗ = ‖g‖0

LΦ∗ (X).(vi) T is regular.Proof. (i)⇔(ii)⇔(iii)⇔(iv) follow from Theorem 2.1.(i)⇒(v). Assume that |||T |||Φ < ∞ and T is modular 
ontinuous.De�ne a ve
tor measure mT : Σ → X by mT (A) = T (1A) for A ∈ Σ. We shall nowshow that mT is µ-
ontinuous. Indeed, let µ(An) → 0 with An ∈ Σ. Then
̺Φ(1An

) =

∫

Ω

Φ(1An
(ω)) dµ = Φ(1)µ(An) → 0,so

‖mT (An)‖X = ‖T (1An
)‖X → 0.It follows that mT is 
ountably additive and µ-
ontinuous. Now, 
hoose α > 0 su
h that

̺Φ(α1Ω) ≤ 1. For any �nite Σ-partition {Ai : 1 ≤ i ≤ n} of Ω we have α1Ω =
∑n

i=1 α1Ai
,



162 M. NOWAK AND A. OELKEso
α

n∑

i=1

‖mT (Ai)‖X =

n∑

i=1

‖αT (1Ai
)‖X ≤ |||T |||Φ.Hen
e |mT |(Ω) < ∞, and sin
e X ∈ RNP (µ) there exists g ∈ L1(X) su
h that

mT (A) =

∫

A

g(ω) dµ and |mT |(A) =

∫

A

‖g(ω)‖X dµ for A ∈ Σ.Then for s =
∑n

i=1 αi1Ai
∈ S(Σ) we have

T (s) =

n∑

i=1

αiT (1Ai
) =

n∑

i=1

αimT (Ai)

=

n∑

i=1

αi

∫

Ai

g(ω) dµ =

∫

Ω

s(ω)g(ω) dµ. (3.1)We now show that for s =
∑n

i=1 αi1Ai
∈ S(Σ) with ̺Φ(s) ≤ 1 we have

n∑

i=1

|αi|

∫

Ai

‖g(ω)‖X dµ =

n∑

i=1

|αi| |mT |(Ai) ≤ |||T |||Φ.Indeed, let ε > 0 be given. Then for ea
h 1 ≤ i ≤ n there exists a Σ-partition (Ai,j)
ki

j=1of Ai su
h that
|mT |(Ai) ≤

ki∑

j=1

‖mT (Ai,j)‖X +
ε

n|αi|
=

ki∑

j=1

‖T (1Ai,j
)‖X +

ε

n|αi|
.Hen
e

n∑

i=1

|αi| |mT |(Ai) ≤
n∑

i=1

( ki∑

j=1

‖αiT (1Ai,j
)‖X

)
+ ε ≤ |||T |||Φ + ε,be
ause

n∑

i=1

( ki∑

j=1

αi1Ai,j

)
=

n∑

i=1

αi 1Ai
.Then

n∑

i=1

‖αiT (1Ai
)‖X =

n∑

i=1

|αi|‖mT (Ai)‖X ≤
n∑

i=1

|αi| |mT |(Ai)

=
n∑

i=1

|αi|

∫

Ai

‖g(ω)‖X dµ =

∫

Ω

( n∑

i=1

|αi|1Ai
(ω)

)
‖g(ω)‖X dµ

=

∫

Ω

|s(ω)|g̃(ω) dµ ≤ |||T |||Φ.Taking suprema on the left, we get
|||T |||Φ = sup

{∫

Ω

|s(ω)|g̃(ω) dµ : s ∈ S(Σ), ̺Φ(s) ≤ 1

}
. (3.2)Now we are ready to show ug̃ ∈ L1 for every u ∈ LΦ, i.e., g̃ ∈ (LΦ)′ = LΦ∗ . Indeed,let u ∈ LΦ. Then there exists a sequen
e (sn) in S(Σ) su
h that 0 ≤ sn(ω) ↑ |u(ω)| for
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ω ∈ Ω (see [KA, Corollary I.6℄). Choose α > 0 su
h that ̺Φ(αu) ≤ 1. Then by Fatou'slemma and (3.2) we get∫

Ω

α|u(ω)|g̃(ω) dµ ≤ sup
n

∫

Ω

αsn(ω)g̃(ω) dµ ≤ |||T |||Φ,and this means that g̃ ∈ (LΦ)′ = LΦ∗ and ug ∈ L1(X). Thus we 
an de�ne a linearoperator Tg : LΦ → X by
Tg(u) =

∫

Ω

u(ω)g(ω) dµ for u ∈ LΦ.We shall now show that Tg(u) = T (u) for u ∈ LΦ. Indeed, let u ∈ LΦ and 
hoose
α > 0 su
h that ̺Φ(2αu) < ∞. Then there exists a sequen
e (sn) in S(Σ) su
h that
sn(ω) → u(ω) µ-a.e. and |sn(ω)| ≤ |u(ω)| µ-a.e. ([KA, Corollary I.6℄). By the dominated
onvergen
e theorem ̺Φ(α(sn − u)) → 0, and sin
e T is modularly 
ontinuous, we get
‖T (sn) − T (u)‖X → 0.On the other hand, sn(ω)g̃(ω) → u(ω)g̃(ω) µ-a.e. and |sn(ω)|g̃(ω) ≤ |u(ω)|g̃(ω) µ-a.e.,where ug̃ ∈ L1. Using (3.1) we get

‖T (sn) − Tg(u)‖X =

∥∥∥∥
∫

Ω

sn(ω) g(ω) dµ −

∫

Ω

u(ω)g(ω) dµ

∥∥∥∥
X

≤

∫

Ω

|sn(ω) − u(ω)|g̃(ω) dµ −−→
n

0.It follows that
T (u) = Tg(u) =

∫

Ω

u(ω)g(ω) dµ for u ∈ LΦ.Now assume that Φ is a 
onvex Orli
z fun
tion. Then ̺Φ(u) ≤ 1 if and only if ‖u‖Φ ≤ 1and it follows that |||Tg |||Φ = ‖g̃‖0
Φ = ‖g‖0

LΦ∗ (X)
.(v)⇒(vi). Assume that there exists g ∈ LΦ∗

(X) su
h that
T (u) = Tg(u) =

∫

Ω

u(ω)g(ω) dµ for all u ∈ LΦ.Then for u ∈ LΦ we have
‖T (u)‖X ≤

∫

Ω

|u(ω)| ‖g(ω)‖X dµ = ϕg̃(|u|),where g̃ ∈ LΦ∗ , i.e., T is regular.(vi)⇒(ii). Assume that T is regular, i.e., there exists 0 ≤ v ∈ LΦ∗ su
h that
‖T (u)‖X ≤

∫

Ω

|u(ω)|v(ω) dµ = ϕv(|u|) for all u ∈ LΦ.Let s =
∑n

i=1 αi1Ai
∈ S(Σ) with ̺Φ(s) ≤ 1. Then using (3.1) we get

n∑

i=1

‖αiT (1Ai
)‖X =

n∑

i=1

|αi|‖T (1Ai
)‖X ≤

n∑

i=1

|αi|

∫

Ω

1Ai
(ω)v(ω) dµ

=

∫

Ω

( n∑

i=1

|αi|(1Ai
)(ω)

)
v(ω) dµ = ϕv(|s|)

≤ ‖ϕg̃‖Φ(̺Φ(s) + 1) ≤ 2‖ϕg̃‖Φ.
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e |||Tg|||Φ ≤ 2‖ϕg̃‖Φ. Now assume that un

(o)
−→ 0 in LΦ. Sin
e ϕv ∈ (LΦ)∼n , we obtainthat ‖T (un)‖X → 0, i.e., T is σ-smooth.

Referen
es[AB℄ C. D. Aliprantis and O. Burkinshaw, Positive Operators, A
ademi
 Press, Orlando,1985.[Bu℄ A. V. Bukhvalov, On an analyti
 representation of linear operators using ve
tor-valuedmeasurable fun
tion, Izv. Vyssh. U
heb. Zaved. 7 (1977), 21�31.[C℄ J. Chaney, Bana
h latti
es of 
ompa
t maps, Math. Z. 129 (1972) 1�19.[D1℄ N. Din
uleanu, Ve
tor Measures, Pergamon Press, New York, 1967.[D2℄ N. Din
uleanu, Integral representation of linear operators, I, II , Stud. Cer
. Mat.(1966), 349�385, 483�536.[D3℄ N. Din
uleanu, Linear operators on Lp-spa
es, in: Ve
tor and Operator Valued Mea-sures and Appli
ations (Pro
. Sympos., Utah 1972), A
ademi
 Press New York, 1973,109�124.[DU℄ J. Diestel and J. J. Uhl, Ve
tor Measures, Math. Surveys 15, Amer. Math. So
., 1977,Providen
e, RI.[D℄ N. Dunford, Integration and linear operators, Trans. Amer. Math. So
. 40 (1936) 474�494.[DP℄ N. Dunford and J. Pettis, Linear operations on summable fun
tions, Trans. Amer.Math. So
. 47 (1940), 323�392.[DS℄ N. Dunford and J. S
hwartz, Linear Operators, Part I, General Theory , Inters
ien
ePubl. In
., New York, 1958.[G℄ I. Gelfand, Abstrakte Funktionen und Lineare Operatoren, Mat. Sbornik, N.S., 4 (46)(1938), 235�238.[K℄ N. Kalton, Compa
t and stri
tly singular operators on Orli
z spa
es, Israel J. Math.,26 (1977), 126�136.[KA℄ L. V. Kantorovi
h and A. V. Akilov, Fun
tional Analysis, 3rd ed., Nauka, Mos
ow,1984 (in Russian).[L℄ P.-K. Lin, Köthe-Bo
hner Fun
tion Spa
es, Birkhaüser, Boston, 2003.[MW℄ L. Maligranda and W. Wnuk, Landau type theorem for Orli
z spa
es, Math. Z. 208(1991), 57�64.[MaO℄ S. Mazur and W. Orli
z, On some 
lasses of linear spa
es, Studia Math. 17 (1958),97�119.[M℄ J. Musielak, Orli
z Spa
es and Modular Spa
es, Le
ture Notes in Math. 1034, SpringerVerlag, Berlin, 1983.[MO1℄ J. Musielak and W. Orli
z, On modular spa
es, Studia Math. 18 (1959), 49�65.[MO2℄ J. Musielak and W. Orli
z, Some remarks on modular spa
es, Bull. A
ad. Polon. S
i.Sér. S
i. Math. Astronom. Phys. 7 (1959), 661�668.[N1℄ M. Nowak, On modular topology on Orli
z spa
es, Bull. Pol. A
ad. S
i. Math. 36 (1988),553�562.[N2℄ M. Nowak, Orli
z latti
es with modular topology I , Comment. Math. Univ. Carolinae30 (1989), 261�270.[N3℄ M. Nowak, Order 
ontinuous linear fun
tionals on non-lo
ally 
onvex Orli
z spa
es,Comment. Math. Univ. Carolinae 33 (1992), 465�475.



LINEAR OPERATORS ON NON-LOCALLY CONVEX ORLICZ SPACES 165[N4℄ M. Nowak, On the strongest lo
ally 
onvex Lebesgue topology on Orli
z spa
es, ResultsMath. 33 (1998), 134�138.[O℄ W. Orli
z, On integral representability of linear fun
tionals over the spa
e of ϕ-integrable fun
tions, Bull. A
ad. Polon. S
i. Sér. S
i. Math. Astronom. Phys. 7 (1959),661�668.[OW℄ W. Orli
z and W. Wnuk, Absolutely 
ontinuous and modularly 
ontinuous operatorsde�ned on spa
es of measurable fun
tions, Ri
er
he di Matemati
a 60 (1991), 243�258.[P℄ D. Pallas
hke, The 
ompa
t endomorphism of the metri
 linear spa
e LΦ, Studia Math.47 (1973), 123�133.[Ph℄ R. S. Phillips, On linear transformations, Trans. Amer. Math. So
. 48 (1940), 516�541.[RR℄ M. M. Rao and Z. D. Ren, Theory of Orli
z Spa
es, Mar
el Dekker, New York, 1991.[T1℄ Ph. Turpin, Opérateurs linéaires entre espa
es d'Orli
z non lo
alement 
onvexes, StudiaMath. 46 (1973), 153�165.[T2℄ Ph. Turpin, Convexités dans les espa
es ve
toriels topologiques généraux , Dissert. Math.131 (1976).[U℄ J. J. Uhl, On a 
lass of operators on Orli
z spa
es, Studia Math. 40 (1971), 17�22.[Wi℄ A. Wilansky, Modern Methods in Topologi
al Ve
tor Spa
es, M
Graw-Hill, 1978.[W℄ T. K. Wong, On a 
lass of absolutely p-summing operators, Studia Math. 39 (1971),181�189.[Z℄ A. C. Zaanen, Linear Analysis, North-Holland, Amsterdam, 1953.




