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Abstra
t. We generalize and improve in some 
ases the results of Mahapatra and Chandra [7℄.As a measure of Hölder norm approximation, generalized modulus-type fun
tions are used.1. Introdu
tion. Let f be a 
ontinuous and 2π-periodi
 fun
tion and let

f(x) ∼ a0

2
+

∞
∑

n=1

(an cos nx + bn sin nx) (1.1)be its Fourier series. Denote by Sn(x) = Sn(f, x) the n-th partial sum of (1.1).The usual supremum norm will be denoted by ‖·‖C .Let ω be a nonde
reasing 
ontinuous fun
tion on the interval [0, 2π] having the prop-erties
ω(0) = 0, ω(δ1 + δ2) ≤ ω(δ1) + ω(δ2).Su
h fun
tions will be 
alled moduli of 
ontinuity. If

ω(f, δ) := sup
|x−y|≤δ

|f(x) − f(y)|denotes the modulus of 
ontinuity of f ∈ C2π, then the 
lass of fun
tions f ∈ C2π forwhi
h
ω(f, δ) ≤ Aω(δ) if 0 ≤ δ ≤ 2π,will be denoted by Hω, and equipped with the norm
‖f‖ω := ‖f‖C + sup

x, y
|∆ωf(x, y)| ,
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204 B. SZALwhere
∆wf(x, y) =

|f(x) − f(y)|
ω(|x − y|) , x 6= y.In the 
ase ω(δ) = δα (0 < α ≤ 1) we write, as usual, Hα, ∆αf(x, y) and ‖f‖α insteadof Hδα , ∆δα

f(x, y) and ‖f‖δα , respe
tively.Let A = (ank) be an in�nite matrix. The A-transform of the Fourier series (1.1) isgiven by
An(f, x) =

∞
∑

k=0

ankSk(x).Series (1.1) is said to be A-summable to s if
lim

n→∞
An(f, x) = s.If ank =

(

n
k

)

qn−k(1 + q)−n (q ≥ 0, k ≤ n) and ank = 0, (k > n), then the matrix
A = (ank) is 
alled the Euler matrix. If (ank) is given by the formula

(1 − r)n+1

(1 − rθ)n+1
=

∞
∑

k=0

ankθk (0 ≤ r < 1, |rθ| < 1)then the matrix A is 
alled the Taylor matrix. We shall write Eq
n(f, x) or T r

n(f, x) for
An(f, x) a

ording as A is the Euler or the Taylor matrix, respe
tively.We shall also 
onsider the Borel transform of the series (1.1) de�ned by

Bp(f, x) = e−p
∞
∑

n=0

pn

n!
Sn(x),for p > 0.The series (1.1) is summable by the Borel method to s if

lim
p→∞

Bp(f, x) = s.We shall use the additional notations:
φx(t) = f(x + t) + f(x − t) − 2f(x), (1.2)
M(p, t) = e−p

∞
∑

n=0

pn

n!
sin

(

n +
1

2

)

t, (1.3)
E(n, t) = (1 + q)−n

n
∑

k=0

(

n

k

)

qn−k sin

(

k +
1

2

)

t, (1.4)
L(n, r, t, θ) =

(

1 − r

h

)n+1

sin

((

n +
1

2

)

t + (n + 1)θ

)

, (1.5)for 0 ≤ r < 1, |rθ| < 1 and 1 − reit = he−iθ.By K, K1, K2, . . . we shall designate either an absolute 
onstant or a 
onstant de-pending on the indi
ated parameters, not ne
essarily the same at ea
h o

urren
e.In [7℄ Mahapatra and Chandra proved the following theorems:



APPROXIMATION BY EULER, BOREL AND TAYLOR MEANS 205Theorem 1. Let 0 ≤ β < α. Then, for f ∈ Ha,
‖Eq

n(f) − f‖β = O(n− 1

2
(α−β)(log n)β/α), (1.6)where Eq

n(f, x) is the Euler mean of the series (1.1).Theorem 2. Let 0 ≤ β < α. Then, for f ∈ Ha,
‖Bp(f) − f‖β = O(p−

1

2
(α−β)(log p)β/α), (1.7)where Bq(f, x) is the Euler mean of the series (1.1).Theorem 3. Let 0 ≤ β < α. Then, for f ∈ Ha,

‖T r
n(f) − f‖β = O(n− 1

2
(α−β)(log n)β/α), (1.8)where T r

n(f, x) is the Euler mean of the series (1.1).In the present paper we extend the validity of Theorems 1, 2 and 3 to the 
lass Hω.In some 
ases the present results are improvement of these theorems.Let us de�ne α = α(ω) as the in�mum of those α′ for whi
h there exists a naturalnumber µ = µ(α′) su
h that
2µα′

ω(2−n−µ) > 2ω(2−n) (1.9)for all n.Let Ωα denote the set of the moduli of 
ontinuity ωα(δ) having the following additionalproperty besides (1.9): For any natural number µ there exists a natural number N(µ)su
h that if n > N(µ) then
2µαωa(2−n−µ) ≤ 2ωα(2−n).2. Main results. Our main results are the following.Theorem 4. If ωα ∈ Ωα and ωβ ∈ Ωβ where 0 ≤ β < α ≤ 1, then for f ∈ Hωα and

n → ∞,
‖Eq

n(f) − f‖ωβ
=



















O

(

ωα(π/
√

n)

ωβ(π/
√

n)

) if α < 1 or β > 0,

O

(

ωα(π/
√

n)

ωβ(π/
√

n)
(1 + log

√
n)

) for α = 1 and β = 0.

(2.1)
Theorem 5. If ωα ∈ Ωα and ωβ ∈ Ωβ where 0 ≤ β < α ≤ 1, then for f ∈ Hωα and
p → ∞,

‖Bp(f) − f‖ωβ
=



















O

(

ωα(π/
√

p)

ωβ(π/
√

p)

) if α < 1 or β > 0,

O

(

ωα(π/
√

p)

ωβ(π/
√

p)
(1 + log

√
p)

) for α = 1 and β = 0.

(2.2)



206 B. SZALTheorem 6. If ωα ∈ Ωα and ωβ ∈ Ωβ where 0 ≤ β < α ≤ 1, then for f ∈ Hωα and
n → ∞,

‖T r
n(f) − f‖ωβ

=



















O

(

ωα(π/
√

n)

ωβ(π/
√

n)

) if α < 1 or β > 0,

O

(

ωα(π/
√

n)

ωβ(π/
√

n)
(1 + log

√
n)

) for α = 1 and β = 0.

(2.3)
Remark 1. It is 
lear that Theorems 3, 4 and 5 in
lude Theorems 1, 2 and 3, respe
tivelyand moreover if α < 1 or β > 0 then (2.1), (2.2) and (2.3) give a better approximationorder than (1.6), (1.7) and (1.8) do.3. Lemmas. To prove our theorems we need the following known lemmas.Lemma 1 ([4℄). If 0 ≤ β < α ≤ 1, ωβ ∈ Ωβ and ωα ∈ Ωα, then for any n,

∞
∑

k=n

ωα(2−k)

ωβ(2−k)
≤ K

ωα(2−n)

ωβ(2−n)
(3.1)and

n
∑

k=1

ωβ(2−k)

ωα(2−k)
≤ K

ωβ(2−n)

ωα(2−n)
. (3.2)Lemma 2 ([4℄). If 0 ≤ β < α ≤ 1, ωβ ∈ Ωβ, ωα ∈ Ωα, and f ∈ Hωα then

|φx(t) − φy(t)| ≤ Kωβ(|x − y|)ωα(t)

ωβ(t)
(3.3)for any x, y and positive t.Lemma 3 ([8℄). If 0 < α < 1 and ωα ∈ Ωα, then

m
∑

n=0

2nωα(2−n) ≤ K2mωα(2−m) (3.4)and
m

∑

n=0

2−n α
2 (ωα(2−n))−1 ≤ K2−m α

2 (ωα(2−m))−1. (3.5)Lemma 4 ([7℄). If q ≥ 0 and 0 < t < π, then
(1 + q)nE(n, t) = [P (q, t)]n/2 sin

(

t

2
+ nQ(q, t)

)

, (3.6)
E(n, t) = O

(

exp

( −2nqt2

(1 + q)2π2

)) (3.7)and
E(n, t) = O

(

1

t
√

n

)

, (3.8)where
P (q, t) = 1 + q2 + 2q cos t, Q(q, t) = tan−1

(

sin
t

q + cos t

)

.



APPROXIMATION BY EULER, BOREL AND TAYLOR MEANS 207Lemma 5 ([3℄). For 0 ≤ r < 1, |rθ| < 1 and h given by 1 − reit = he−iθ (0 ≤ t ≤ π),
(

1 − r

h

)n

≤ exp(−Knt2) (0 ≤ t ≤ π) (3.9)and
(

1 − r

h

)n

− exp

( −nr2

2(1 − r)2

)

= O(nt4) (0 ≤ t ≤ π). (3.10)Lemma 6 ([5℄). If 0 ≤ r < 1, |rθ| < 1, then
θ − rt

1 − r
≤ Kt3

(

0 ≤ t ≤ π

2

)

. (3.11)4. Proofs of TheoremsProof of Theorem 4. Using the notations (1.2) and (1.4), a standard 
omputation givesthat
ln(x) := Eq

n(f, x) − f(x) =
1

π

∫ π

0

φx(t)

sin t
2

E(n, t)dt.Applying the inequality sin t
2 ≥ t

π (0 ≤ t ≤ π) we obtain
|ln(x) − ln(y)| ≤ 1

π

∫ π

0

|φx(t) − φy(t)|
sin t

2

|E(n, t)|dt

≤
(

∫ π/n

0

+

∫ π/
√

n

π/n

+

∫ π

π/
√

n

) |φx(t) − φy(t)|
t

|E(n, t)|dt = I1 + I2 + I3.Sin
e |E(n, t)| ≤ 3/2nt for 0 ≤ t ≤ π
n and |E(n, t)| ≤ 1, by (3.3), (3.1) and (3.2) theterms I1 and I2 
an be estimated as follows:

I1 ≤ 3

2
n

∫ π/n

0

|φx(t) − φy(t)|dt ≤ Kωβ(|x − y|)
∫ π/n

0

ωα(t)

ωβ(t)
dt ≤ K1ωβ(|x − y|)ωα(π/n)

ωβ(π/n)and
I2 ≤

∫ π/
√

n

π/n

|φx(t) − φy(t)|
t

dt ≤ K2ωβ(|x − y|)
∫ π/

√
n

π/n

ωα(t)

tωβ(t)
dt

≤ K2ωβ(|x − y|)
n−1
∑

k=
√

n

∫ π/k

π/(k+1)

ωα(t)

tωβ(t)
dt ≤ K3ωβ(|x − y|)

log(n/π)
∑

m=log(
√

n/π)

ωα(2−m)

ωβ(2−m)

≤ K4ωβ(|x − y|)ωα(π/
√

n)

ωβ(π/
√

n)
.By (3.8) and (3.3), we get

I3 ≤ K5
1√
n

∫ π

π/
√

n

|φx(t) − φy(t)|
t2

dt ≤ K6
1√
n

ωβ(|x − y|)
∫ π

π/
√

n

ωα(t)

t2ωβ(t)
dt

≤ K6
1√
n

ωβ(|x − y|)
√

n−1
∑

k=1

∫ π/k

π/(k+1)

ωα(t)

t2ωβ(t)
dt

≤ K7
1√
n

ωβ(|x − y|)
log(

√
n/π)

∑

m=0

2m ωα(2−m)

ωβ(2−m)
.



208 B. SZALWe estimate the last sum separately in di�erent 
ases. Namely, if α < 1, then by (3.4)we obtain
log(

√
n/π)

∑

m=0

2m ωα(2−m)

ωβ(2−m)
≤ K8

ωβ(π/
√

n)

log(
√

n/π)
∑

m=0

2mωα(2−m) ≤ K9
ωα(π/

√
n)

ωβ(π/
√

n)
.If α = 1 and β > 0, using the monotoni
ity of the sequen
e 2m(1+ β

2
)ωα(2−m), we get

log(
√

n/π)
∑

m=0

2m ωα(2−m)

ωβ(2−m)
≤ K10

(√
n

π

)1+β/2

ωα

(

π√
n

) log(
√

n/π)
∑

m=0

2−m β
2 (ωβ(2−m))−1.A standard 
al
ulation and (3.5) show that

log(
√

n/π)
∑

m=0

2−m β

2 (ωβ(2−m))−1 ≤ K11

(√
n

π

)−β/2
1

ωβ(π/
√

n)
,when
e

I3 ≤ K12ωβ(|x − y|)ωα(π/
√

n)

ωβ(π/
√

n)
.In the 
ase α = 1 and β = 0, we have

log(
√

n/π)
∑

m=0

2m ωα(2−m)

ωβ(2−m)
≤ K13

ωα(π/
√

n)

ωβ(π/
√

n)
(1 + log

√
n).Consequently, 
olle
ting the partial results, we obtain

|ln(x) − ln(y)| ≤



















K14
ωα(π/

√
n)

ωβ(π/
√

n)
if α < 1 or β > 0,

K14
ωα(π/

√
n)

ωβ(π/
√

n)
(1 + log

√
n) if α = 1 and β = 0.Next, we have

|ln(x)| = |Eq
n(f, x) − f(x)| ≤ 1

π

∫ π

0

|φx(t)|
sin t

2

|E(n, t)|dt

≤
(

∫ π/n

0

+

∫ π/
√

n

π/n

+

∫ π

π/
√

n

) |φx(t)|
t

|E(n, t)|dt = J1 + J2 + J3.An elementary 
al
ulation shows that if f ∈ Hωα then
J1 ≤ 3

2
n

∫ π/n

0

|φx(t)|dt ≤ K15n

∫ π/n

0

ωα(t)dt ≤ K16ωα

(

π

n

)

and
J2 ≤ K17

∫ π/
√

n

π/n

|φx(t)|
t

dt ≤ K18

log(n/π)
∑

m=log(
√

n/π)

ωα(2−m)

≤ K19ωβ

(

π√
n

) log(n/π)
∑

m=log(
√

n/π)

ωα(2−m)

ωβ(2−m)
.



APPROXIMATION BY EULER, BOREL AND TAYLOR MEANS 209Using (3.1) we obtain
J2 ≤ K20ωα(π/

√
n).Applying the same 
onsiderations as in the estimate of I3 we 
an show that

J3 ≤



























K21ωα(π/
√

n) if α < 1,

K21
ωα(π/

√
n)

ωβ(π/
√

n)
if α < 1 or β > 0,

K21
ωα(π/

√
n)

ωβ(π/
√

n)
(1 + log

√
n) if α = 1 and β = 0.Now, 
olle
ting our partial results we obtain that (3.8) holds, and this 
ompletes theproof.Proof of Theorem 5. Using the notations (1.2) and (1.5), we 
an write

lp(x) := Bp(f, x) − f(x) =
1

π

∫ π

0

φx(t)

sin t
2

M(p, t)dt.Sin
e
M(p, t) = e−2p sin2 t

2 sin

(

t

2
+ p sin t

)

we have
|lp(x) − lp(y)| ≤ 1

π

∫ π

0

|φx(t) − φy(t)|
sin t

2

∣

∣

∣

∣

e−2p sin2 t
2 sin

(

t

2
+ p sin t

)
∣

∣

∣

∣

dt

= I1 + I2 + I3,where for p ≥ 1

I1 =
1

π

∫ π/p

0

|φx(t) − φy(t)|
sin t

2

∣

∣

∣

∣

e−2p sin2 t
2 sin

(

t

2
+ p sin t

)
∣

∣

∣

∣

dt,

I2 =
1

π

∫ π/
√

p

π/p

|φx(t) − φy(t)|
sin t

2

∣

∣

∣

∣

e−2p sin2 t
2 sin

(

t

2
+ p sin t

)
∣

∣

∣

∣

dtand
I3 =

1

π

∫ π

π/
√

p

|φx(t) − φy(t)|
sin t

2

∣

∣

∣

∣

e−2p sin2 t
2 sin

(

t

2
+ p sin t

)
∣

∣

∣

∣

dt.Sin
e sin t
2 ≥ t

π (0 ≤ t ≤ π), | sin( t
2 + p sin t)| ≤ pt + t

2 (0 ≤ t ≤ π
p ) and |M(p, t)| ≤ 1, by(3.3), (3.1) and (3.2) the quantities I1 and I2 
an be estimated as follows:

I1 ≤
∫ π/p

0

|φx(t) − φy(t)|
t

∣

∣

∣

∣

sin

(

t

2
+ p sin t

)
∣

∣

∣

∣

dt

≤ K1

(

p +
1

2

)

ωβ(|x − y|)
∫ π/p

0

ωα(t)

ωβ(t)
dt ≤ K2ωβ(|x − y|)ωα(π/p)

ωβ(π/p)and
I2 ≤

∫ π/
√

p

π/p

|φx(t) − φy(t)|
t

dt ≤ K3ωβ(|x − y|)
∫ π/

√
p

π/p

ωα(t)

ωβ(t)
dt
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≤ K3ωβ(|x − y|)
p

∑

k=
√

p

∫ π/k

π/(k+1)

ωα(t)

tωβ(t)
dt ≤ K4ωβ(|x − y|)

log(p/π)
∑

m=log(
√

p/π)

ωα(2−m)

ωβ(2−m)

≤ K5ωβ(|x − y|)ωα(π/
√

p)

ωβ(π/
√

p)
.Using the inequality sin t

2 ≥ t
π (0 ≤ t ≤ π) we obtain

e−2p sin2 t
2 ≤ e−2p t2

π2 ≤ K6

t
√

p
(0 < t ≤ π).From this and (3.3) we have

I3 ≤ K6
1√
p

∫ π

π/
√

p

|φx(t) − φy(t)|
t2

dt ≤ K7
1√
p
ωβ(|x − y|)

∫ π

π/
√

p

ωα(t)

t2ωβ(t)
dt

≤ K7
1√
p
ωβ(|x − y|)

√
p−1
∑

k=1

∫ π/k

π/(k+1)

ωα(t)

t2ωβ(t)
dt

≤ K8
1√
n

ωβ(|x − y|)
log(

√
n/π)

∑

m=0

2m ωα(2−m)

ωβ(2−m)
.The last sum we 
an estimate similarly like in the proof of Theorem 4. Thus

I3 ≤



















K9ωβ(|x − y|)ωα(π/
√

p)

ωβ(π/
√

p)
if α < 1 or β > 0,

K9ωβ(|x − y|)ωα(π/
√

p)

ωβ(π/
√

p)
(1 + log

√
p) if α = 1 and β = 0.Consequently, 
olle
ting the partial results, we obtain

|lp(x) − lp(y)| ≤



















K10
ωα(π/

√
p)

ωβ(π/
√

p)
if α < 1 or β > 0,

K10
ωα(π/

√
p)

ωβ(π/
√

p)
(1 + log

√
p) if α = 1 and β = 0.

(4.1)
Applying the same 
onsiderations as in the proof of Theorem 4 we 
an show that if
f ∈ Hωα , then

‖lp‖C =



















O

(

ωα(π/
√

p)

ωβ(π/
√

p)

) if α < 1 or β > 0,

O

(

ωα(π/
√

p)

ωβ(π/
√

p)
(1 + log

√
p)

) if α = 1 and β = 0.

(4.2)
From (4.1) and (4.2) we obtain (2.2). This 
ompletes the proof of Theorem 5.Proof of Theorem 6. Denoting

ln(x) := T r
n(f, x) − f(x)



APPROXIMATION BY EULER, BOREL AND TAYLOR MEANS 211and using the de�nition of the Taylor transform of the Fourier series of f and the notations(1.2) and (1.5), we get
ln(x) =

1

π

∞
∑

k=0

ank

∫ ∞

0

φx(t)

sin t
2

sin

(

k +
1

2

)

tdt =
1

π

∫ ∞

0

φx(t)

sin t
2

L(n, r, t, θ)dtwith 1 − reit = he−iθ.Using the inequality sin t
2 ≥ t

π (0 ≤ t ≤ π) we have
|ln(x) − ln(y)| ≤

∫ π

0

|φx(t) − φy(t)|
t

|L(n, r, t, θ)|dt = I1 + I2 + I3,where
I1 =

∫ π/n

0

|φx(t) − φy(t)|
t

|L(n, r, t, θ)|dt,

I2 =

∫ π/
√

n

π/n

|φx(t) − φy(t)|
t

|L(n, r, t, θ)|dtand
I3 =

∫ π

π/
√

n

|φx(t) − φy(t)|
t

|L(n, r, t, θ)|dt.Sin
e |1− r| ≤ h and | sin((n + 1
2 )t + (n + 1)θ)| ≤ |(n + 1

2 )t + (n + 1)θ| for 0 ≤ t ≤ π
n , by(3.3), (3.11) and (3.1) the term I1 
an be estimated as follows:

I1 =

∫ π/n

0

|φx(t) − φy(t)|
t

∣

∣

∣

∣

∣

(

1 − r

h

)n+1

sin

((

n +
1

2
)t + (n + 1

)

θ

)

∣

∣

∣

∣

∣

dt

≤
∫ π/n

0

|φx(t) − φy(t)|
t

∣

∣

∣

∣

(

n +
1

2

)

t + (n + 1)θ

∣

∣

∣

∣

dt

≤ K1ωβ(|x − y|)
∫ π/n

0

ωα(t)

tωβ(t)

((

n +
1

2

)

t + (n + 1)

(

K2t
3 +

rt

1 − r

))

dt

≤ K3(n + 1)ωβ(|x − y|)
∫ π/n

0

ωα(t)

ωβ(t)
dt ≤ K4ωβ(|x − y|)ωα(π/n)

ωβ(π/n)
.Further, we observe that

|L(n, r, t, θ)| =

∣

∣

∣

∣

∣

(

1 − r

h

)n+1

sin

((

n +
1

2

)

t +

(

n + 1

)

θ

)

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

sin

((

n +
1

2

)

t + (n + 1)θ

)
∣

∣

∣

∣

≤ 1sin
e |1 − r| ≤ h. From this and by (3.3), (3.1) and (3.2) we get
I2 ≤

∫ π/
√

n

π/n

|φx(t) − φy(t)|
t

dt ≤ K5ωβ(|x − y|)
∫ π/

√
n

π/n

ωα(t)

tωβ(t)
dt
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≤ K5ωβ(|x − y|)
n−1
∑

k=
√

n

∫ π/k

π/(k+1)

ωα(t)

tωβ(t)
dt ≤ K6ωβ(|x − y|)

log(n/π)
∑

m=log(
√

n/π)

ωα(2−m)

ωβ(2−m)

≤ K7ωβ(|x − y|)ωα(π/
√

n)

ωβ(π/
√

n)
.By (3.9) we obtain

I3 ≤
∫ π

π/
√

n

|φx(t) − φy(t)|
t

e−Knt2dt ≤ K8
1√
n

∫ π

π/
√

n

|φx(t) − φy(t)|
t2

dtsin
e e−nt2 ≤ 1
t
√

n
for t > 0. Using (3.3) we have

I3 ≤ K19
1√
n

ωβ(|x − y|)
∫ π

π/
√

n

ωα(t)

t2ωβ(t)
dt

≤ K9
1√
n

ωβ(|x − y|)
√

n−1
∑

k=1

∫ π/k

π/(k+1)

ωα(t)

t2ωβ(t)
dt

≤ K10
1√
n

ωβ(|x − y|)
log(

√
n/π)

∑

m=0

2m ωα(2−m)

ωβ(2−m)
.The last sum 
an be estimated as in the proof of Theorem 4. Thus

I3 ≤



















K11ωβ(|x − y|)ωα(π/
√

n)

ωβ(π/
√

n)
if α < 1 or β > 0,

K11ωβ(|x − y|)ωα(π/
√

n)

ωβ(π/
√

n)
(1 + log

√
n) if α = 1 and β = 0.Applying the same 
onsiderations as in the proof of Theorem 4 we 
an show that if

f ∈ Hωα , then
‖ln‖C =



















O

(

ωα(π/
√

n)

ωβ(π/
√

n)

) if α < 1 or β > 0,

O

(

ωα(π/
√

n)

ωβ(π/
√

n)
(1 + log

√
n)

) if α = 1 and β = 0.Now, 
olle
ting our partial results we obtain that (2.3) holds, and this 
ompletes theproof.
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