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Abstract. Algebras of ultradifferentiable generalized functions satisfying some regularity as-
sumptions are introduced. We give a microlocal analysis within these algebras related to the
affine regularity type and the ultradifferentiability property. As a particular case we obtain new
algebras of Gevrey generalized functions.

1. Introduction. Current research in the regularity problem in the Colombeau algebra
G(Q) is based, e.g. see [I0], on the Oberguggenberger subalgebra G (), which served
as the first intrinsic measure of regularity within the Colombeau algebra. The subalgebra
G () plays the same role as C*°(2) in D’(Q2), and has indicated the importance of the
asymptotic behavior of the representative nets of a Colombeau generalized function in
studying regularity problems. However, the G*°-regularity does not exhaust the regularity
questions inherent to the Colombeau algebra, see [17]. Candidates proposed for measuring
the regularity within G(Q2) involve the growth in ¢ and the asymptotic behavior of the
net of smooth functions representing a Colombeau generalized function.

The aim of this paper is to introduce and to study new classes of generalized functions
measuring regularity both by the asymptotic behavior of the net of smooth functions rep-
resenting a Colombeau generalized function and by their ultradifferentiable smoothness.
We define the subalgebra GM+4(Q) of G(Q) representing classes of nets (u.). of smooth
functions having simultaneously ultradifferentiable smoothness of Denjoy-Carleman type
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M = (M,)pez, and affine regular asymptotic behavior in e. Elements of GM4(Q) are
called affine ultraregular generalized functions. The importance of ultradifferentiable
functions in the study of partial differential equations is well established, see [12], [§],
[19] and [3]. Affine ultraregular generalized functions of (M, .A) type will without doubt
contribute to regularity theory in the Colombeau algebra.

Sections two and three recall respectively generalized functions of Colombeau type and
ultradifferentiable functions and give some of their main properties. Section four intro-
duces the algebras GM(Q) of affine ultraregular generalized functions and show their im-
portant properties. Section five is devoted to the GM*4-microlocal analysis of Colombeau
generalized functions. The last section is devoted to the extension of Hormander’s theorem
on the product of distributions in the case of affine ultraregular generalized functions.

Let us mention the papers [I] and [I8] where algebras of generalized ultradistributions
are studied. One of the main purposes of these papers is to embed spaces of ultradistri-
butions into algebras of generalized functions of Colombeau type, whereas our algebra
GMA(Q) is a subalgebra of the Colombeau algebra G(f2), and it is aimed to give new
measures of regularity of Colombeau generalized functions.

2. Colombeau algebra. For a deep study of the Colombeau algebra see [4], [7] and
[15]. Let Q be a non-void open subset of R", define &,,(Q) as the space of elements (u.).
of ()11 such that for every compact K C Q, Va € Z%,3m € Zy, 3C > 0,3n €
10, 1], Ve €]0, 7],

sup |0%.(x)] < Ce™™.
zeK

By N(€) we denote the elements (u:): € &,(2) such that for every compact K C
O,Va € Z},Ym e Z,, 3C > 0,3n €]0,1],Ve € ]0, 7],

sup [0%ue(x)| < Ce™.
zeK

DEFINITION 2.1. The Colombeau algebra, denoted G(), is the quotient algebra
Em ()
N(Q)

G(Q) is a commutative and associative differential algebra containing D’(Q2) as a sub-

g(Q) =

space and C*°(Q)) as a subalgebra. The subalgebra of generalized functions with compact
support, denoted G (), is the space of elements f of G(Q) satisfying: there exist a
representative (fz)zcjo,1] of f and a compact subset K of Q,Ve € ]0,1], suppf. C K.
One defines the subalgebra of regular elements G (), introduced by Oberguggen-
berger in [I6], as the quotient algebra
En ()
N(©Q)’

where £2(Q) is the space of elements (u.). of C*(Q)1%1] such that for every compact
KcQ,3dmeZ, YaeZ},3C >0,3ne]0,1],Ve €]0,7],

sup |0%uc(x)] < Ce™™.
reEK
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The following fundamental result is proved in [16]:
gx(Q)ND'(Q) = C® ().

This means that the subalgebra G*°(Q) plays in G(£2) the same role as C*°(Q2) in D'(€2),
consequently one can introduce a local analysis by defining the generalized singular sup-
port of u € G(92). This was the first notion of regularity in the Colombeau algebra.
Recently, different measures of regularity in algebras of generalized functions have been
proposed, see [2], [6], [I4] and [17].

3. Ultradifferentiable functions. We recall some classical results on ultradifferen-
tiable function spaces. A sequence of positive numbers (M,),ez, is said to satisfy the
following conditions:

(H1) logarithmic convexity, if
M} < Mp_1Mpiy,Yp > 1;
(H2) stability under ultradifferential operators, if there exist A > 0 and H > 0 such that
M, < AH?M Mp,_q,Yp > g;

(H3)" non-quasi-analyticity, if

— M, _
Z ]\Zpl < +o0.
p=1
REMARK 3.1. Some results remain valid, see [I1], when (H?2) is replaced by the following
weaker condition:
(H2)' stability under differential operators, if there exist A > 0 and H > 0 such that
Mp+1 S AHpMp,Vp S Z+.

The associated function of the sequence (Mp,)pez, is the function M, defined by

— P
M(t) =supln —,t € RY.
p M "

Some results on the associated function are given in the following propositions proved
in [T1].

PROPOSITION 3.2. A positive sequence (Mp)pez, satisfies condition (H1) if and only if
M, = Mysup[t’ exp(—M(t))], p € Z.
>0

PROPOSITION 3.3. A positive sequence (My)pez, satisfies (H2) if and only if 3A >
0,dH > 0,Vt > 0,

2M (t) < M(Ht) + In(AMo).

REMARK 3.4. We will always suppose that the sequence (M),),cz, satisfies the condition
(H1) and M = 1.
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The space of ultradifferentiable functions of class M, denoted EM (1), is the set of all
[ € C>(Q) satisfying for every compact K C Q, 3¢ > 0,Va € Z7},

sup |09 f(x)] < c‘al"'le.
zeEK

This space is also called the space of Denjoy-Carleman.

ExXAMPLE 3.5. If (Mp)pez, = (9!7)pez, 0 > 1, we obtain E7(12) the Gevrey space of
order o, and A(Q) := E'(Q) is the space of real analytic functions defined on the open
set Q.

The basic properties of the space EM (Q) are summarized in the following proposition,
for the proof see [13] and [II].

PROPOSITION 3.6. The space EM(Q) is an algebra. Moreover, if (My)pez., satisfies
(H2), then EM(Q) is stable by any differential operator of finite order with coefficients
in EM(Q) and if (My)pez, satisfies (H2) then any ultradifferential operator of class M
operates also as a sheaf homomorphism. The space DM () = EM(Q) N D(Q) is well
defined and is not trivial if and only if the sequence (My)pez, satisfies (H3)'.

REMARK 3.7. The strong dual of DM (Q), denoted D' (1), is called the space of Roumieu
ultraditributions.

4. Affine ultraregular generalized functions. The purpose of this section is to in-
troduce a notion of regularity within Colombeau algebra taking into account both the
asymptotic growth and the smoothness property of generalized functions. We introduce
algebras of ultradifferentiable regular generalized functions of class M, where the sequence
M = (Mp)pez, satisfies the conditions (H1) with My = 1, (H2) and (H3)'.

DEFINITION 4.1. The space of affine ultraregular moderate elements of class M, denoted
by EMA(Q), is the space of (f.). € C ()10 satisfying for every compact subset K of
Q,3a>0,3b>0,3C > 0,3¢9 € ]0,1], Vo € Z7}, Ve < g,

sup [0% fo(x)] < C"aHlMMs*“'“‘*b.
rzeK

The space of null elements is defined as N'M-A(Q) := N(Q) N EMA(Q).

The main properties of the spaces EX4(Q) and N'M+A(Q) are given in the following
proposition.

PROPOSITION 4.2.

1) The space EMA(Q) is a subalgebra of £,,() stable under the action of differential
operators.
2) The space NMA(Q) is an ideal of EMNA(K).

Proof. 1) Let (f)e, (ge)e € EMA(Q) and K a compact subset of Q,
Ja; > 0,3b; > 0,3C) > 0,31 €]0,1], such that V3 € Z7}, Vo € K,Ve < ey,

|07 f-(x)| < G e
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dag > 0,3by > 0,3C5 > 0,3eq € }0 1] such that Vg3 € Z" Vo € K, Ve < g9,
|07 g ( (2)] < CIBIHM‘ € —az|B|—b2
It is clear that (f. + g.). € EMA(Q). Let a € Z7,

| fsgs | < Z ( > |aaiﬁfa(x)| |8ﬁg€(x)| .

Take a = max(a,a2) and b = by + by. From (H1), we have M,M,; < M,,,, so for
e <min{ej,e0} and z € K

a\a|+b @ (Oé) €a1|a—ﬁ\+b1 a2|6|+b2

0 (f-9:)(z)| < 0° P fo(z)| o |07 g.(a
W (fg)()|<ﬁzzoﬂ w10 g 1076

[e3%
< (a)daﬁH@ﬂH < Clal+1
im0 \?

where C' = max {C,Cy, C; + Cy}, which proves that (f.g.). € EMA(Q). Let now a, 3 €
77, where 3| =1, for e < e and = € K, we have

|0°(8° ) (2)| < CI1T 2 Mg N,
From (H2)',3A > 0,H > 0, such that M1 < AH!®IM|,, then
|0%(0° f.)(x)]| < ACE(C1H)®I M, e ®lelmar=br < gloltl g emalel=b,
where a = a; and b = a; + by, which means (9°f.). € EMA(Q).
2) The fact that NMA(Q) = N(Q) N EMA(Q) € EMA(Q) and N(Q) = NA(Q) is an
ideal of £ () implies that NMA(Q) is an ideal of EMA(Q). =

The following definition introduces the algebra of affine ultraregular generalized func-
tions.

DEFINITION 4.3. The set of affine ultraregular generalized functions of class (Mp)pez.,
is the quotient algebra

En Q)
NLA(Q)
The basic properties of GM4(€2) are given in the following assertion.

PROPOSITION 4.4. GMA(Q) is a differential subalgebra of G(S2).

gMAQ) =

Proof. All algebraic properties hold from Proposition [1.2] =

EXAMPLE 4.5. If @ = 0 we obtain as a particular case the algebra GM-B(Q) of [14] denoted
there by G ().

EXAMPLE 4.6. If we take (M,)pez, = (p!”)pez, we obtain a new subalgebra G74(€2) of
G(Q): the algebra of Gevrey affine regular generalized functions of order o.

EXAMPLE 4.7. If a = 0 and (M))pez, = (p!?)pez, We obtain a new algebra, denoted
G2 (Q), that we will call the Gevrey-Oberguggenberger algebra of order o.
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The space EM () is embedded into G*4(Q) by the canonical map
o:EM(Q) — gGMAQ)

u = fu]

where u. = u for all € € ]0, 1], which is an injective homomorphism of algebras.

ProrosiTION 4.8. The diagram
EM@Q) — Cx(Q) — D(Q)
! ! 1
gMeE@Q) — G5 — G(Q)
is commutative, where GB(Q) = G=(Q).

Proof. The embeddings in the diagram are canonical except the embedding D'(Q2) —
G(Q), which is now well known in the framework of Colombeau generalized functions,
see [7] for details. The commutativity of the diagram is then obtained easily from the
commutativity of the classical diagram
(@) — D)
N\ !
g(Q)
which completes the proof. m
A fundamental result on regularity in G(€2) is the following.
THEOREM 4.9. We have GMB(Q) N D'(Q) = EM(Q).

Proof. Let u = cl(u.). € GMB(Q)NC>®(Q), i.e. (u:). € EMB(Q), then we have for every
compact set K C Q,3IN € Z,,3¢ > 0,3n €]0,1],Va € Z% ,Ve € ]0,7],

sup |0%u(z)| < c‘o‘|+1M|a|5*N
zeK

When choosing € = 7, we obtain

Vo € 27, sup [0%u(z)| < claHlM‘am_N < c|1a|+1M‘a|,

rzeK
where ¢; depends only on K. Then u is in EM(Q), this shows GM-B(Q) N C°O( ) C
EM(Q). As the reverse inclusion is obvious, we have proved GM-B(Q)NC>(Q) = EM(Q).

Consequently
GMEQ)ND'(Q) = (GMF(Q) N GP(Q) ND'(Q)
=g"EQ)n (G5 Q) nD'(Q)
— gMBQ) N O (Q) = BY(Q),
which completes the proof. m

PROPOSITION 4.10. The algebra GMA(Q) is a sheaf of subalgebras of G(Q).

Proof. Let Q be a non-void open of R™ and (2))xea be an open covering of . we have
to show the properties
S1) If f,g € GMA(Q) such that /o, = 9/0,, YA € A, then f =g.



AFFINE ULTRAREGULAR GENERALIZED FUNCTIONS 45

S2) If for each A € A, we have f\ € G™A(Q,), such that for all \,u € A with
QxNQy # 9,

Ixaane, = fu/oana,s

then there exists a unique f € GMA(Q) with fra, = I, VA €A
The property S1 is evident. To show S2, let (Xj);';l be a EM-partition of unity
subordinate to the covering (£2x)xea. Define

f= (fa)a +NM7A(Q)7

where f. = Zjil Xjfr,e and (fx;c)e is a representative of fy;. Moreover, we set fy,. =0
on Q\Qy;, so that x;fx,c is C> on all of Q. First let K be compact subset of {2, we have
K; = K Nsuppy; is a compact subset of Qy; and (fx,c): € EMA (Qy,), then (x;fx,e)
satisfies £MA-estimate on each K, we have y;(z) = 0 on K except for a finite number
of j, i.e. AN > 0, such that

ZXJfAE ZXJfAE ),Vz € K.

So (X° xjfe) satisfies EMA-estimate on K, which means (f.). € £X4(Q). It remains
to show that f,q, = fx,VA € A. Let K be a compact subset of 2, choose N > 0 in such
a way that Zévzl x;j(z) = 1 on a neighborhood €’ of K with €’ is compact of 2. For
e K,

f( f/\e ZX] f)\a ) f)\s(x))

Since (fa;e — fae) € ./\/'M’A(QAJ. N Q) and K; = K Nsuppy; is a compact subset of
QNQ,,;, then (Z;vzl Xj(fa;e — fae)) satisfies the NMA_estimate on K. The uniqueness
of such f € GMA(Q) follows from S1. m

DEFINITION 4.11. The (M, A)-singular support of a generalized function v € G(Q), de-

noted singsupp s 4 (u), is the complement of the largest open set Q' such that u €
GMA(QY).

The basic property of singsupp,, 4 is summarized in the following, easy to prove,
proposition.

PROPOSITION 4.12. Let P (x, D) be a generalized linear partial differential operator with
coefficients in GMA(Q), then

singsuppys 4 (P (v, D) u) C singsuppy, 4(u), Vu € G(£2).

We introduce a local analysis within the Colombeau algebra; a generalized partial
differential operator P (z, D) with GM(Q) coefficients is called (M, A)-hypoelliptic in €,
if

sing suppyy, 4 (P (2, D) u) = sing suppay_ (), Yu € G().



46 K. BENMERIEM AND C. BOUZAR

5. (M, A)-Microlocal analysis. We have defined the (M, A)-singular support of a gen-
eralized function u € G(£2), we will now show how to microlocalize this concept.

A basic (M, A)-microlocal analysis in G(2) can be developed thanks to the following
result.

PROPOSITION 5.1. Let f = cl(f:)e € Go(Q), then f is affine ultraregular of class M =
(My)pez, if and only if 3a > 0,3b > 0,3C > 0,3k > 0, Jeo € ]0,1],Ve < &g, such that

| F(£2) (€)] < Ce™"exp—M (ke" [¢]), V€ € R™, (1)
where F denotes the Fourier transform.

Proof. Suppose that f = cl(f.)e € Go(2) NGMA(Q), then 3C > 0,3a > 0,3b > 0,Te; >
0,Va € 27 ,Vx € K,Ve < g, suppf. C K, such that

‘8afa| < C«|o¢\+12\4‘0(|E—a|o¢\—b7

so we have, Vo € Z7

€ FO < | [ exp (-i06) 07 (a1

then, 3C > 0,Ve < gy,
€| F(£2)(€)] < CloH M e alel=?,

which give
olel pr —ac\
|]__(f€) (g)l < Cﬁg—a\al—b < Ce~binf { <€|£C) Mla|
(e
< Ce exp M (\/ﬁc )

i.e. we have (1)).
Suppose now that is valid, then 3C > 0,3¢g € ]0, 1], Ve < &,

10° f-(x)] < cs—:-bsgp €|l exp(— M (ke®|€]))
< Ceb(ke®) 1l sup |kee | exp(—M (k< |€]))
£
< Ce (ke "1l sup \77||a‘ eXP(*M(WD)-
n

Proposition [3.2] gives 3C' > 0 such that
0% fe()| < OO Mg elol =,
where C' = max (C, 1), then f € GM4(Q). =

COROLLARY 5.2. Let f = cl(f:): € Go(2), then f is a Gevrey affine ultraregular gener-
alized function of order o, i.e. f € GZA(Q), if and only if Ia > 0,3b > 0,3C > 0,3k > 0,
Jeg > 0,Ve < €g, such that

|F(f)(€)] < Ce™exp(—ke?|€|7), V¢ € R™
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In particular, f is a Gevrey generalized function of order o, i.e. f € GZ°(Q), if and only
if Ab > 0,3C > 0,3k > 0, Jeg > 0,Ve < g, such that

IF(f)(€)] < Ceexp(—k[¢|7),VE € R™.

The above results permit to define the concept of GM A_wave front of u € G (Q) and
give the basic elements of a (M, A)-generalized microlocal analysis within the Colombeau
algebra G(Q).

DEFINITION 5.3. Define the cone X/ (f) € R™\{0}, f € G (Q), as the complement of
the set of points having a conic neighborhood T'" and Ja > 0,3b > 0,3C > 0,3k > 0,
deg > 0,Ve < gg, such that

| F(£)(€)] < Ce™" exp —M (ke"[¢]), V¢ € T.
PROPOSITION 5.4. For every f € Go(Q2), we have

1) The set SY(f) is a closed subset;
2) S (f) =0+ f € GHAQ).

Proof. The proof of 1) is trivial, and 2) holds from Proposition L]
PROPOSITION 5.5. For every f € Go(2), we have
SU () C S, v € BY(Q).

Proof. Let & ¢ X5 (f), i.e. 3T a conic neighborhood of &, 3a > 0,3b > 0,3k; > 0,31 >
07361 € }0’ 1] 7VE S €1,

IF(£)(€)] < e exp —M (k1e%|¢]) , V€ € T.

Let x € DM(Q), x = 1 on a neighborhood of suppf, then yy € DM (Q),vy) € EM(Q),
hence, see [11], ko > 0,3ce > 0,VE € R™,

IF(xw)(€)] < caexp—M (k2 [€]) -
Let A be a conic neighborhood of &y such that A C T, then we have, for £ € A,

F(xvfe) () = f(fe)( JF(x)(n — &)dn

/ F(f2) () F b — €)dn + / F() ) F () (0 — ),

where A = {n;[¢ —n| <6(|¢[+ 1))} and B = {n; ¢ —n| > (|| +[n])}. Take 6 > 0
sufficiently small such that @ < |n| < 2[¢|,¥n € A, then Jc > 0,Ve < &1,

/ffa xw><n—s>dn'sCe exp M( '5>Aexp—ﬂ7<k2|n—s|>dn,
so de > 0,3k > 0,

[ # 6 o Fn - a>dn]<cs b exp(— M (ke [€])). 2)

As f € Go(Q), then 3g € Z,FIm > 0,3¢ > 0,3es > 0,Ve < &9,
|F(f)(E)] < ec™[E[™, VE € R,
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hence for £ < min (1, e3), 3¢ > 0, such that we have

[ # o) Fowtn - €)dn‘<cs [ ™ esp(-Rihaly — )y

< et /B ™ exp — M (k28 (€] + n))dn

Proposition 3.3] gives 3H > 0,34 > 0,Vt; > 0,Vts > 0,

~ t t
—Wﬂh+m)<<M<é)—A4(§>+mA

SO

_ )
’/ffs Flx) (- €)dn‘ < cAsTexp - M( 2 |§|)
m Tr 2
~AMIm>M<HMO®
Hence dc > 0,3k > 0, such that

j/ )00~ €)an] < =~ exp 7 h=* ). 0
consequently (2)) and (3) give & ¢ S (¥ f). =

We define the set Z% 2, (f) for a generalized function f and a point x¢ and the affine
wave front set of class M in G(Q2).

DEFINITION 5.6. Let f € G(2) and x¢ € Q, the cone of affine singular directions of class
M = (M,) of f at z¢ is
S e (f) = m {£X (¢f): ¢ € DM(Q) and ¢ = 1 on a neighborhood of z } .

The following lemma indicates the relation between the local and microlocal (M, A)-
analysis in G(Q2).
LEMMA 5.7. Let f € G(Q), then

E.A 20 (f) =04 z ¢ sing SUPPM,A(f)-

Proof. See the proof of the similar lemma 22 in [I]. m

DEFINITION 5.8. A point (z9,&) ¢ WFA (f) c @ x R"\{0} if 3¢ € DM (), ¢ =1ona
neighborhood of z, a conic neighborhood T' of &y, a > 0,b > 0,k > 0,¢ > 0,e9 € ]0,1],
such that Ve < ¢, V€ €T,
|F (6£:) (©)] < ™" exp —M (ke"[€]).

REMARK 5.9. A point (z¢,&) ¢ WFY (f) C Q x R"\{0} means &, ¢ Z%wo(f).

The basic properties of WF}! are given in the following proposition.
PROPOSITION 5.10. Let f € G(2), then

1) The projection of WFA(f) on Q is the sing suppys 4(f);

2) If f € Go(2), then the projection of WFL(f) on R™\{0} is S (f);

3) WEY(0°f) c WF{(f),Ya e 2T ;

4) WEY (gf) c WFY(f),¥g € GM4(Q).
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Proof. 1) and 2) hold by definition, Proposition and Lemma

3) Let (zo,&) € WEY(f), then 3¢ € DM(Q),¢ =1 on U, where U is a neighborhood
of zq, there exists a conic neighborhood T" of &y, 3a > 0,3b > 0,3ks > 0,3c; > 0,3egp €
10, 1], such that V¢ € T', Ve < ¢,

IF(012) (©)] < e1e™" exp —M (ke f¢]) (4)
We have, for ¢ € DM (U) such that v (zq) = 1,
|7 (0fe) () = |F (0 (¥ fe)) (§) = F ((9v) fe) (€]
< [E[F (o fe) (O + [ F ((9¢) ofe) ()]
As WEL (¥f) € WEY(f), so () holds for both |F (v f2) (€)] and |F ((9¢) 6f2) (€)] .
Then
€117 ($612) ()] < ™" [&] exp M (e [€])
< e exp —M (kse® [€]),

with ¢ > 0,k3 > 0 such that e |¢] < ¢/ exp(M (kgs l€]) — (k35“|§\)) for ¢ sufficiently
small. Hence (4) holds for |F(df.)(€)|, which proves (zo, &) ¢ WF(f).

4) Let (wo,&0) ¢ WFAL(f), then there exist ¢ € DM (), ¢(z) = 1 on a neighborhood
U of xg, a conic neighborhood T of §5,a1 > 0,b; > 0,k > 0,¢; > 0,21 € ]0,1], such that
Ve <e1,V€ €T, -

[F(0f)(E)] < cre™" exp —M (ki [€]).
Let v € DM(Q) and ¢ = 1 on supp ¢, then F(dg.f-) = F(vg.) * F(of-). We have
g € QM’A(Q), then deg > 0, Jag > 0,3by > 0,3k > 0,3Jeg > 0,VE € R™, Ve < g9,
| F (1) ()] < cae ™ exp — M (ke ¢]).
We have
Floa12(6) = [ FORIWFGa) 0= dn+ [ FGLIF o) n—in

where A and B are the same as in the proof of Proposition By the same reasoning
we obtain the proof. m

A microlocalization of Proposition [.12]is given in the following result.

COROLLARY 5.11. Let P (x,D) be a generalized linear partial differential operator with
GMA(Q) coefficients, then
WEL (P (z,D) f) € WEX(f),¥f € G(Q).
The reverse inclusion will give a generalized microlocal affine ultraregularity of a
generalized linear partial differential operator with G4(Q) coefficients. The first case
of G*-microlocal hypoellipticity has been studied in [I5], [5] and [10].

A general interesting problem of (M, A)-generalized microlocal elliptic affine ultrareg-
ularity is to prove the following inclusion

WFY(f) c WFY (P (x, D) f) UChar(P),Yf € G(Q),

where P (z, D) is a generalized partial differential operator with GM4(Q) coefficients and
Char(P) is the set of generalized characteristic points of P(z, D).
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6. Generalized Hormander’s theorem. We extend Hérmander’s result on the wave
front set of the product of two distributions, the proof follows the same steps as the proof
of theorem 26 in [I]. We recall the following fundamental lemma, see [9] for the proof.

LEMMA 6.1. Let 31 and X2 be closed cones in R™\{0}, such that 0 ¢ X1 + Xo, then

(i) the closure of the set £1 + g in R™\{0} is (X1 + X2) UX; U 3y;
(ii) for any open conic neighborhood T’ of ¥1 + 2o in R™\{0}, one can find open conic
neighborhoods T'y1, Ty in R™\{0} of, respectively, X1, %5, such that Ty + Ty CT.

Let us recall that
WEL(f) + WFY () = {(z, & +n) : (x,6) € WFL(f). (x,n) e WFL (@)} (5)
The principal result of this section is the following theorem.
THEOREM 6.2. Let f,g € G(Q) such that
(2,0) ¢ WFL(f) + WFY (g), Vo € O,
then
WEY (fg) € (WEY (f) + WEY (9)) UWFR (f)UWFX (g).
Proof. Let
(w0,0) ¢ (WFL (f) + WEL (9) UWFA(f) UWFE (9),
then there exists ¢ € DM (Q) such that
¢ (x0) = 1,60 ¢ (B4 (o) + U (69)) UK (6f) UEY (9).

From (5) we have 0 ¢ X (¢f) + X5 (¢g) then by lemma (i), we have & is not in the
closure of the set X (¢ f) + SN (¢g) in R™\{0}. Let I'y be an open conic neighborhood
of B (¢ f) + X (¢g) in R™\{0} such that & ¢ Ty, then thanks to lemma (ii), there
exist open cones I'; and I'; in R™\{0} such that

SN (0f) cT1, 24 (¢9) C T2 and Ty +T, C T,
Define I' = R™\Ty, so
IAly=0 and (0 —Ty) N0y =0. (6)
Let £ € T and € € )0, 1], we have
F(0fe09:) (§) = (F(of:) * F (d92)) (£)

= [ For)€=nF @a) tn+ [ FOL) €= F (©092) i

= 1(&) + I(§).
From @, da; > 0,b1 > O,kl > 0,61 > 0,61 S ]O, 1], such that Ve < 61,V€ S FQ,
| F(01) (€ =)l < ere™™ exp =M (ke [€]).

As (¢g:) € Go(Q) we can show easily that Vag > 0,Vky > 0,3by > 0,3y > 0,, Je €10, 1],
such that Ve < g5,

|F (¢g:) ()] < 2™ exp M (koe® |n]) ,¥n € R™
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Let v > 0 sufficiently small such that [ —n| > ~v(|¢] + |n]),¥n € T3, hence for ¢ <
min (€1, e3), we have

(O] < crcaz™ [ exp (3T (kae® €~ ) + N (ko In)) i
T2

Proposition 3.3] gives 3H > 0,3A > 0,Vt; > 0,Vts > 0,

—M (t; +t5) < M< ) (;[)—FIHA

(5 (5
o (=31 (G abl) + 1 (sl )
(o)
o (3 (e e ) )

Take k = 2% and £Ley — kpe® > 0, then b = b(b1 + ba, a1, as, k1, ko, H), 3¢ = cic2,
H

SO

[I1(&)] < creoe™ b1=b2 oxpy

< C1C€ —bi—b2 exp

|1, (&)] < cs_bexp(—M(k£“1\§|)).
Let r > 0, then
I(8) = I21(§) + I2(&),

where

Ln(€) = / F85)(€ — m)F(bae)(m)dn
rsn{|nl<r|El}

and

In(€) = / FS1)(€ — m)F(bge) (n)dn
rsn{n|>r|€]}

Choose r sufficiently small such that if |n| < r|{| = &—n ¢ I'1. Then |E—n| > (1—7r)|¢] >
(1 —2r)|&] + |n|, consequently Je > 0,3aq, as, by, ki, ks > 0,3e1 > 0 such that Ve < ey,

\Izl(f)lécfb/r exp(—M (ki € = n|) — M (ka="|n]))

< =~ expl- K=" ) [ exp(- T (kse® ) — W (kse® i)
< e exp(—M (K™ |¢])).

If || > rl¢| we have |n| > 228 then 3¢ > 0, 3ay,b1, k1 > 0, Vag, ky > 0, 3by > 0,
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Jes > 0 such that Ve < e,

|1'21(§)|§C€_b1_b2/F exp(M (ka2 [€ = n[) = M (k1™ [n]))dn

<o [ eXp( (kae e — ) — (‘“ o) + ala))d
Iy
< gl exp( M<klr a1|€|>>
_ s —~ k;
e (Wi -y 37 (e b))

If we take ko and é sufficiently small, we obtain Ja > 0,3b > 0,3c > 0,3Je3 > 0, such
that Ve < e3,

|11 (€)| < e~ exp(—M (ke?[€])),

which finishes the proof. m

(11]
(12]

(13]

(14]
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