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Abstract. Let u € A(R?) be an analytic functional and let T}, be the corresponding convolution
operator on Sato’s space B(R?) of hyperfunctions. We show that T}, is surjective iff T,, admits
an elementary solution in B(R?) iff the Fourier transform [i satisfies Kawai’s slowly decreasing
condition (S). We also show that there are 0 # u € A(R?) such that T}, is not surjective
on B(RY).

1. Introduction. Surjectivity of convolution operators has been characterized in many
classical spaces of (generalized) functions including spaces of real analytic and holomor-
phic functions, spaces of (ultra)differentiable functions and spaces of (ultra)distributions
and Fourier hyperfunctions, respectively. A selection of corresponding papers is contained
in the references and it is intended only as a first hint towards the corresponding literature
(see [1H7,/9,[11H16}/18,20]).

For convolution operators on Sato’s space B(R?) of hyperfunctions however, a char-
acterization of surjectivity seems to be missing. One reason for this might be that B(R%)
does not admit a suitable topology and hence topological methods are not directly ap-
plicable.

A sufficient condition for the surjectivity of 7, on B(R?) is Kawai’s slowly decreasing
condition () (see [11] and (1)) below). Using Kawai’s condition, Okada [18] proved that
T, is surjective on B(RY) for any ultradistribution ; # 0 with compact support. Moreover,
(S) can also be used to show that T}, is surjective on B(R?) for any 0 # p € A({0})
(see |18]), while the present paper shows that there are 0 # u € A(R?)" such that T),
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is not surjective on B(R?). In fact, we will show that () is also a necessary condition
for surjectivity and we will clarify the connection of surjectivity and the existence of
elementary solutions for 7),. More precisely we will prove the following

MAIN THEOREM. For u € A(R?) the following are equivalent:

a) T, : B(RY) — B(R?) is surjective.

b) T,, admits an elementary solution E € B(RY).

¢) [ satisfies the following condition (S): For any § > 0 there is C' > 0 such that for
any t € R? with [t| > C there is ¢ € C? such that

¢ —tl<dft] and [a(Q)] = el (1)

Recall that E € B(R?) is an elementary solution for T}, if T),(E) = 4, where § denotes
Dirac’s d-distribution.

Notice that we do not need a condition on the location of zeroes of i for the charac-
terization in our Main Theorem. This is different from the characterization of surjective
convolution operators on Fourier hyperfunctions and on modified Fourier hyperfunctions
(see [|13] and [20]).

The implication ”c¢) = a)” was proved in |11] using convolution operators on holo-
morphic functions defined on tube domains. We will give a different proof here which
is based on the space R(D?) of modified Fourier hyperfunctions (see 2.1 and 3.3). This
space is also the main tool when proving that b) implies c) (see 3.1).

Using Baire’s category theorem we then show that there are 0 # p € A(R?)’ such
that T}, is not surjective on B(R?) (see 3.4).

2. Preliminaries. We will recall some basic notions and results concerning hyperfunc-
tions and modified Fourier hyperfunctions in this section (see [11], |10] and [19] for a
systematic study) and then show how topological methods can be used to characterize
surjectivity of convolution operators on B(R?) (see 2.1).

Hyperfunctions may be defined as boundary values of holomorphic functions as fol-
lows: let Cg == {2z € C?| 3(2) # 0 for any [} and (Cgl,j = {2z € C¢| 3(2) # 0 for any
[ # j}. Then the space of hyperfunctions is given by

BRY) = H(C)/ (S H(TE)). 2)
Jj<d

We always assume in this paper that u € A(R?) is fixed. i then is an entire function
and there is K such that for any € > 0 there is C¢ such that

[fi(2)] < CoefAIHHISEL (3)
For u € H(C{) let
wru(z) = lepu(z — ) if 2 € T ()
The convolution operator T, on B(R?) is then defined by
Tu([u]) := [pxu]  if [u] € BRY). (5)
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In the following, we will usually write u € B(R?) and we will thus not distinguish in
notation between the defining function and its equivalence class in B(R?).

Similarly, the space R(DY) of modified Fourier hyperfunctions on the radial compact-
ification D% of R? may be defined as a space of boundary values using in spaces of
exponentially increasing functions defined as follows (see [19, p. 257 ff]): let Y¢ be the
radial compactification of C¢ = R??, For W open in Y let

Oine(W) := {f € H(CENW) | sup | f(z)|e *1/7 < oo for any Z € W and any j}
z

where Z € W means that Z is relatively compact in W (and open). Let U := {z € C? |
1S(2)] < (1+ R(2)$)V2/2}, V := (U)° € Y4, V; := {2z € V| S(2) # 0 for any [} and
Vi i={2 €V |S(z) # 0 for any | # j}. The modified Fourier hyperfunctions on R? are
defined by

RID?) = Oine(Ve)/ (D Oine(s) ). (6)

Jj<d
Alternatively, R(@d) may be defined by duality (see [19, Thm. 4.25]), namely as the dual
space P, (D)’ of P,(D?) := limind,_, P ;, where

Poji={f € HOW) | If]l; := sup £ (2)| exp(|z]/5) < oo}

for W; = {z € C? | [S(2)| < (1+ IR(2)[2)1/2/4}. The duality of R(D?) and P,(D?) is
defined for v € R(DY) and f € P,.(DY) by

wh= 3 sign(o) / u()f(2)d (7)

oce{l,—1}d

j,o

where 7;, is the path defined by = + ie, (1 + |z|?)*/2/j for a unit vector e, in the
corresponding orthant and large j. By @ and , the restriction

lra : R(DY) — B(RY) is well defined and R(DY)|ga = B(R?) (8)
(see 19} sect. 1.2 1)]). By [19} 3.2.3] we have
ker( [pa) = R(D*\RY) = P.(D* \ R? (9)

where P, (D¢ \ R?) = limind; ﬁ*,oo,j for

Picoj =S €HWoo ) [ [[fllocj = sup  [f(2)[exp(|z]/7) < oo}

z&EWe j

where W ; := {2z € W; | |2| > j}.
We may define T),(u) for u € R(D?) by using and (). Then T}, (u) € R(D?) and

we have

T, (u)|ga = Ty (ulge)  if u € R(DY). (10)
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For f € P, (DY) and large j we get by

@)= Y sieno)en / s~ OF(:)d: )

oce{l,—1}4 G

= Y s (o [ w9

oc{1,—1}d Vi

= Y s [ @GO = @pn) itue RO
oe{l,—1}d Yio

(11)
where 7; , is defined by @ +ie, (1 4 |z|?)/2/j — € and j is large.
We finally notice that the Fourier transform

fe) = [ sweieddn, £ e P,

defines a topological isomorphism in P,(D?) (and hence in R(D%) by duality, see [19]).
Moreover, - N
fpx f=nf if f e P.(DY). (12)

LEMMA 2.1. Let u € A(RY). Then the following are equivalent:

a) T, is surjective on B(R?).

b) The mapping

S:R(DY) x P.(DY\RY) — R(DY),  S(v,n) :=T,(v) —n,
is surjective. B B

¢) B is bounded in P.(D?) if B is bounded in P,(D?\R?) and iB is bounded in P, (D).
Proof. "a) = b)” For k € R(D?) there is v € B(R?) by a) such that T,,(v) = k|ga. By
there is 7 € R(D?) such that 7|ga = v. Then

Tu(@) e = Tu(Plpa) = Tu(v) = Flpa

by and hence S(7,h) =k for T,(V) — k= h € P, (D% \ R%) by ©).

"b) = a)” For u € B(R?) thereisw € R(D?) such that u|gs = u by (8)). By assumption
we can find (v, h) € R(D?) x P,(D?\ R?)’ such that S(v,h) =& and hence

u="lgs =T}, (V)[ge = hlga = T, (v|ra)

by (9) and (L0). This shows a). N

"b) < ¢)” Since R(D?) = P, @)d)g and E(Dd \ Rdl = P.(D4\ R?); are (F'S)-spaces,
S is surjective if and only if ¢S : P, (@d) — P,(DY) x P,(D4\ RY) is injective with closed
range if and only if B is bounded in P, (D?) if tS(B) is bounded in P (D4) x P,(D4\ R?)
(see |17, section 26)). Since !S(f) = (i1 * f,—f) for f € P.(D?) by and since the
Fourier transformation is a topological isomorphism this proves the claim by . m

3. The main results. In this section we always denote u € A(R?)’. We will prove the
Main Theorem by means of two lemmata starting with the implication ”b) = ¢)”:

LEMMA 3.1. [ satisfies (S) if T, admits an elementary solution E € B(R?).
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Proof. Let E € R(D%) be an extension of E existing by (8). Then we have by
T (Bl = Tu(E) = 6
and hence there is H € P, (D% \ RY)’ by (©) such that
§=T,(F)+ H. (13)

If (S) is not true there is 0 < § < 1 such that for any I € N there is t;, € R? with |t;| > 1
such that

[A(=Q)] < e7?¢hif ¢ —ta] < oJty]. (14)
For n,¢ € C% let (n,¢) := Y iy and set
gi(z) = (2m/ (8Jta])) ¥ 2e Et=m /Bl e N,
and notice that g, € P, (D%) and
g=F for fi(z) = eilmt)—(=20lul/2 ¢ B ().
Since E € R(D?) = P.(D?) and H € P,(D%\ RY), for any j € N there is C; such that
by , and the Fourier inversion formula
1= i(0) = [{Tu(B) + H, fi)] = |(2m) (B, figr) + (H, i)
< Ci(llaglly + I fillo ) for any € N. (15)

We will show however that both terms of the right hand side of tend to 0 as | — o
if j is large:
D) If |z — &;] < d]t;]/2 then
()| < |z =t <6ltl/2 and 20ty| > |2 = (1= 0/2)[t:]| = [tr]/2
since § < 1. We thus get for large [ by
(=2)gi(2)|e/*/7 < Crel=0H1/DI=+3(2)/(2]1a]9)
< 026—5\2\/2+5\tl|/8 < 026—5\tl|/8
if j > 2/6.
IT) Let z € W; and |R(2)| > 1 (and hence |X(2)| < 2|R(2)|/j). If |z — t;| > d|t;]/2 we
get by (for e :=1/j)
lfi(—2)q(2)|el*/ < O KIS@NF2121/3+1S(2)1/ (1ta]8) —|==t.]*/ (28]t2]) (16)
< Cye2E+DI=l/5+41=7/ (52 [t1]8) ===t/ (261t ])
< 036(2K+2+8/(j5))\tl|/j+2(K+1)|Z*tl\/j+(8j_2*1/2)|2*tl\2/(“1|5)
< 036(2K+2+8/(J’5))\tz|/j+2(K+1)|z*tz\/j*|Z*tz\2/(4It1\5)
< OyelG+OE+1) 348/ (28)=3/16]]t1] < (1, =0ltl/32

if j is large. If z € W, and |R(2)| < 1 then |2| < 2 and the right hand side of tends
to 0 as [ — oco. We have thus shown that ||fg||; — 0 as | — oo if j is large.
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III) Let 2z € W4 ; (and hence j < 2|R(z)| and [3(z)| < 2|R(2)|/J if j is large). Then
|fi(2)] < lISEIHIS(2)26/2—|R(2)[*6/2] ]
< e[2IR(2)1/5+(4/5% =1/2)8|R(2) ]| 1]
< C4e_j25|t”/8 if j is large.
This shows that || fi|leo,; — 0 if j is large. =

To show that (5) is sufficient for the surjectivity of T, we need the following variant
of Harnack’s inequality (see [7}, 3.1]):

LEMMA 3.2. Let F(z),G(2) and F(2)/G(z) be holomorphic when |z| < R, z € C%. For
|z| < R we then get

|F(2)/G(2)| < sup [F(n)|( sup |G(n)])#/F=1=D|G(0)|~ (FHED/E=ID,
In|<R Inl<R

LEMMA 3.3. T}, is surjective in B(R?) if [i satisfies (S).

Proof a) We will show the criterion of 2.1c). Let B C P,(D?) such that B is bounded in

P,(D%\ R?) and 7iB is bounded in P, (D). Since P,(D?) is a compact injective inductive
spectrum (and hence regular), there is j; such that any germ g = W f € uB has a
holomorphic_extension g, € H(Wj,) contained in a bounded set in P*Jl Since B is
bounded in P,(D%\ R?) (which is also a regular inductive spectrum) there is j such that
Blw,, C P, .00,jo and therefore there is js such that J has an extension f; € H(W;,) for
any f € B (see the proof of |19 4.1.2]). We may assume that j; = j3. By the 1dent1ty
theorem this implies that any germ g = f € ,uB has a holomorphic extension g1 = fif1
contained in a bounded set in ﬁ*,jl where fi; € H(Wj,). Condition (S) and Lemma 3.2
now easily imply that B (and hence B) is bounded in P,(D%). The argument is included
for the convenience of the reader:

Fix t € R? with large || and choose ¢ for 6 = 1/(8j2) by (S) where j, > 7j; is to
be determined later. Then F := f1(¢(+ - )u(¢+ - ) and G := (¢ + - ) satisfy the
assumptions of 3.2 for R := [t|/(472). If |£ —t| < |¢]/(1642) then z := £ — ( satisfies

R+ |2

|20l < 3[t]/(1672) and <6

2|20
< 7 and
— |20 ~ R — |20]

and by 3.2 and we thus get C7 and Cy (independent of j3) such that
If16)] = |f1(C+ 20)| < Cle—|§|/(4j1)+02|f|/j2 < Cle—\f\/(Sﬁ) if jo > 8Ca
since [if; is contained in a bounded set in ]3*,],1_ This proves the claim. m

Combining Lemma 3.1 and Lemma 3.3 we have proved the Main Theorem since it is
evident that a) implies b).

It is known that (S) is satisfied for all 0 # p € A({0})" and for all ultradistributions
p # 0 with compact support (see [18]). For u € A(R?)" however this does not hold as we
will prove now:

THEOREM 3.4. For any d € N there is 0 # p € A(RY) such that T, : B(R?) — B(R?) is
not surjective.
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Proof. We reason by contradiction, assuming that there is d € N such that T}, :
B(RY) — B(RY) is surjective for any 0 # u € A(R?)".

a) We may assume w.l.o.g. that d = 1.
Proof: Since T}, is surjective on B(R?) for any 0 # u € A(R?) this also holds for u :=
v(z1) ® 6(2') where = (z1,2') € R x Rt and 0 # v € A(R)’. Hence, ji(z) = D(z1)
satisfies (S) (on C?) by the Main Theorem and therefore 7(z1) satisfies (S) (on C): in
fact, we may apply (S) for ¢ := (¢1,0) and notice that ¢ then satisfies || < |(1|/(1 — 9).
Thus, T, is surjective on B(R) for any 0 # v € A(R)’ by the Main Theorem.

b) Let T}, be surjective on B(R) for any 0 # p € A(R)’. Then

any 0 # f € F(A([-1,1])") =: E satisfies (9) (17)
by the Main Theorem, where
E={g€H(C) | V6 > 0:ps(g) := sup|g(z)[e” ¥ < o0}
C
by the Paley-Wiener theorem (see e.g. [8]).
Let By :={g € E | g(0) = 1}. E is a complete metrizable space since Ej is a closed
subset of the Fréchet space E.

For any n > 0 there are g € Fq, € > 0 and C; > 1 such that for any f € F; with
pe(f — g) < € we have: for any ¢t € R with |¢| > C; there is ¢ € C such that

C—tl <nlt] and |f(Q)] = e (18)
Proof: For fixed n > 0 let
Sk = {f € E1 | f satisfies for Cy :=k}.

Sk is closed in F; (since the topology of Ej is stronger than locally uniform convergence)
and F; = UkeN S by since 0 ¢ E;. Hence, there is ko by Baire’s theorem such that
Sk, has an interior point. This proves the claim.

¢) In the following we will fix 0 < n < 1/4 such that

4y < —In(mwn) and |sin(z)| < 2if |z — 7/2] < /2 (19)

and choose g € Eq, ¢ > 0 and C; > 1 by b).

We may suppose that g is a polynomial. In fact, the polynomials are dense in F (notice
that the set {6¢) | j € Ny} is total in LA([—1,1]); and that the Fourier transformation
is a topological isomorphism from A([—1,1]); onto E). Thus, the polynomials P with
P(0) =1 are also dense in Ej.

Let hy,(z) := (cos(z/n))™. Then h,(0) =1 and

|hn(2)] < elS@1 for any n e N (20)

and hence h,, € E;. Moreover,
h, —1 in Ej. (21)

Proof: Fix 1 > v > 0 and let |z] > A := %111(2/7). Then 1 < ve71#/2 and

|hn(2) — 1] <SG 11 < el
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by (20). For |z] < A we get by since | cos(z)| < elS()l
7 (2) = 1] < |2] sup |cos(&/n)|" | sin(¢/n)]
[§]<A
< Ae? sup |sin(Q)] <y < 4elSEIFEL i s large.
IcI<A/n
d) Since g is a polynomial in F; and h,, € Ey, also h,g € Ej. implies that for
any € > 0 there is B, such that

19(2) = hn(2)g(2)] < Beef#V2|h,, (2) — 1] < eel¥@IFellif € N is large. (22)

Since h,g € E;, we thus get by and for large n: for any ¢ € R with [t| > C4
there is ¢ € C such that |¢ —t| < n|t| and

e < (Q9(O < By |hn(€)]
and hence
h(Q)] = 21/, (#)

e) Let t,, :== mn/2 and let | — ¢,| < nlt,| = nan/2. Then |(/n — t,/n| < nr/2 and
therefore

[ (Q) = [cos(¢/n)[" = | cos((/n) = cos(tn/n)|"
< 2°¢/n —tp/n|" < (m)"
< (gm)M2em2mm < o= 2ICl/(2B,) if n s large (24)

by (L9), contradicts (23)). m
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