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Abstract. Given an equibounded (Cp)-semigroup of linear operators with generator A on a
Banach space X, a functional calculus, due to L. Schwartz, is briefly sketched to explain frac-
tional powers of A. Then the (modified) K-functional with respect to (X, D((—A)%)), a > 0, is
characterized via the associated resolvent R(A; A). Under the assumption that the resolvent sat-
isfies a Nikolskii type inequality, ||[AR(X; A)f|ly < cp(1/N)]|fllx, for a suitable Banach space Y,
an Ulyanov inequality is derived. This will be of interest if one has good control on the resolvent
but not on the semigroup.

1. Introduction. Let (X, | - ||x) be a Banach space, {T'(t) : t > 0} be an equibounded
semigroup of class (Cg) of linear operators from X into itself, that is,

T(tl) T(tQ) = T(tl + tg) for tl,tQ Z O, T(O) = I,
tli%1+ IT@)f — fllx =0 for each fe€ X ((Cp)-property).
I1T(t)]|zxy <M forall t>0, M being a constant.

The infinitesimal generator A of {T'(t): t > 0} is a closed linear operator defined by
— 1 -1 _
Af = lim TS - /]
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for all f € X for which this limit exists in the norm topology of X. The set of all
these elements f € X is the domain D(A) of A; it is dense in X. For positive real «
we introduce the fractional power operator (—A)* of A with domain D((—A)%) by a
functional calculus due to L. Schwartz [6] (see Section 2) and consider the (modified)
K-functional for the couple (X, D((—A)%))
K@t f; X, D((=A)*)) == inf  {|[f —gll +2*[I(=4)%g]]}-
geED((—A))

As is well-known, K-functionals give rise to a real interpolation method, due to J. Peetre
[5]. In connection with embedding theorems it may be interesting to relate K-functionals
on X to corresponding ones on another Banach space Y.

The aim of this paper is to give some results in this direction which continue former
investigations in a recent paper [8]. To be more precise, let us denote for a moment the
initial semigroup on X by {Tx(t) : t > 0} and its infinitesimal generator by Ax. Assume
that (Y, -||y) is a further Banach space which is compatible with X, i.e., X and Y are
continuously embedded in some Hausdorff topological vector space. Let Ay denote the
infinitesimal generator of an equibounded (Cp)-semigroup {7y (t) : ¢t > 0} on Y, which is
consistent with the given semigroup on (X, || | x), i.e., Tx(t)f =Ty () fif fe XNY. If
there is no confusion we drop the subscripts X and Y in the notation of the semigroups
and their infinitesimal generators, and under the assumptions just described we say that
{T'(t) : t > 0} is a consistent semigroup on the compatible pair (X,Y") of Banach spaces.

If {T(t) : t > 0} is such a semigroup let us assume, in addition, that for each
positive ¢ the operator T'(t) maps X continuously into Y and satisfies some Nikolskii
type condition

(Ny) ITOT@)flly <ce@) [T(E)fllx  forall feX, t>0,

where ¢ > 0 is independent of f € X and ¢ > 0, and ¢ : (0,00) — (0, 00) is an essentially
decreasing function, i.e., ¢(s) < cp(t) for all s >t > 0.
Under these assumptions the following theorem was proved in [8].

THEOREM A. If for some f € X and some a >0

t
d
[ ewr @, X, Dx((-4)) 5 <. t>0
0
then f €Y and the following Ulyanov type inequality holds
K, Y. Dy (-4)) < ¢ [ oK, X, Dx((-4)") 5
0

Concerning applications we often have the situation that an explicit representation
of the semigroup generated by some closed linear operator is not available. Having the
theorem of Hille-Yosida in mind, it might be convenient in these cases to replace the
Nikolskii type condition (N,) by an estimate involving the resolvent of the infinitesimal
generator instead of the semigroup.

CONDITION (N7 ). Let {T'(t): ¢t > 0} be a consistent semigroup with generator A on
a compatible pair (X,Y) of Banach spaces. Let ¢ : (0,00) — (0,00) be an essentially
decreasing function and Ao > 0. We say that {T'(¢)} satisfies a Nikolskii type condition
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(N7 5,) With respect to (X,Y), if for each A > Ag the resolvent operator R(\;A) :=
(Al — A)~! maps X continuously into Y such that

INR A flly < ceWD [fllx,  feX, A> o

If we consider Ulyanov type inequalities for integer «, the underlying semigroup need
not be equibounded.

ExXAMPLE 1.1. Let Q C R” be an open and bounded set with a uniformly C?-boundary
00 — see [3, p. 2]. Consider a uniformly elliptic [3, p. 71] second order differential operator

A(z,D) = Zam D”—i—Zb )D; + c(x)I

3,j=1

with real, uniformly continuous and bounded coefficients a;;, b;, c. Let X = LP(Q2), 1 <
p < 0o, and set

D(A,) = W2P(Q)NW,P(), Ayu=A(-,D)u for ue D(A,);

here W2P(Q) is the standard second order Sobolev space on LP(€2), Wy (Q) the com-
pletion (with respect to the first order Sobolev norm) of the C'*°-functions with compact
support in €. Then A, is a closed linear operator, densely defined in LP(Q). By [3, p. 73],
there exist w, € R and M, > 0 such that {A\ € C:Re\ > w,} C p(4,) and

Alllull, < Myldu— Agull, — Red >w,, ue D(A,).

Thus, A, is a sectorial operator and generates a holomorphic semigroup of class (Cp) on
LP(Q2). From now on we assume that p > n. Then, by [1, p. 98, p. 108]

W2P(Q) — C'(Q),  WP(Q) = LYQ), p<q<oo.
Here C'(Q) is the subset of those elements of C(Q2) which are bounded and uniformly
continuous on {2 together with their first partial derivatives. Now the following Nikolskii
inequality holds (replace u by R(\; Ap)u):
If n <p<q< oo, then there exists a A, > 0 such that
Pully < e AFVPTVDNu — Agull,, A= Ny
For ¢ = oo this is just Theorem 3.1.19 in [3] (observe that we may choose there gy = 0);

in the case ¢ < oo note |u(x)|? = |u(z)|? P|u(x)P, apply upon the first factor the
(g = oo)-estimate, whereas for the second factor observe that [[Aull, < ¢||Au— Apull,.

THEOREM 1.2. Let {T(t) : t > 0} be a consistent semigroup on a compatible pair (X,Y)
of Banach spaces satisfying a Nikolskii type condition (N* , ). If for some f € X and

©,Xo0
a>0

/tw(U)K(Uo‘,f;X,Dx((—A) ))%u<oo 0<t<Ah,
0

then f €Y and for all X > g
KOSV Dy (A1) <e [ oK, £3X, Dx((=4)) 5

For a € N the assumption of the equiboundedness of the semigroup can be omitted.
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Let us rewrite Theorem 1.2 in terms of generalized moduli of continuity. To this end
consider the fractional difference operator [I —T'(s)]%, a > 0,

- T =3 (1) (j)T(js>, (f) = r_[ Iorrl hem

Jj=0

Now we observe that the associated modulus of continuity
wa(t, fi{T()})x == sup [[[I=T(s)]"fllx
0<s<t
gives a characterization of the K-functional (see [7, Theorem 1.1]),
wa(t, [i{T()})x = K(t% f; X, Dx((—=A)")),
and thus we arrive at the following result.

COROLLARY 1.3. Under the hypotheses of Theorem 1.2,

walt, F{T() )y < / p(w)wa(u, £ {T()})x

Our proof of Theorem 1.2 depends on the following characterization of the K-functio-

du

nal via the resolvent of the generator A.

THEOREM 1.4. Let {T'(t) : t > 0} be an equibounded (Co)-semigroup of operators on a
Banach space X with infinitesimal generator A. Then, for all f € X, A > 0, and a > 0,

KA X, D((=A)%) = [ [T = AR A)*f -

2. Functional calculus. To explain fractional powers of operators associated with the
infinitesimal generator of an equibounded (Cp)-semigroup we use a functional calculus
due to Laurent Schwartz [6] (see also [9]) which is an elegant and powerful tool for our
purposes. Concerning an approach to fractional powers of operators in the framework of
the more general class of non-negative operators we refer, e.g., to the book of Martinez
and Sanz [4].

Let X be a Banach space and £(X) be the Banach algebra of endomorphisms of X.
Let {T'(t) : t > 0} be an equibounded (Cp)-semigroup of operators in £(X) with in-
finitesimal generator A. Denote by M(R_) the space of finite Borel measures on the
interval [0,00). For p € M(R) consider the Laplace transform of g,

u(z) == / e “du(t), Rez > 0.
0

Then the formal correspondence e™** ~ T(t) = e*4 gives rise to the definition of an
operator G(u) € L(X)

G = [ CT0fdutt),  fex.

0
If p has a density with respect to the Lebesgue measure, say du(t) = h(t)dt with
h € L*(0,00), then we set

Gh)f = G) f = /0 ThoT0fd, fe X
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For instance, the Dirac measure §; at t > 0 yields the semigroup operator G(&;) = T'(¢),
while the resolvent of A is given by

Glerx(ome)f = /O eNT(W)fdi = RO A, feX,

where e, denotes the exponential function ey(t) := e M XA>0,t € R, and X(0,00) 18
the characteristic function of the interval (0, c0).

The mapping u — G(p) is an algebra homomorphism of M(R;) into £(X). It can
be extended to a class of integrable distributions in the following way.

Let D}, (R4) be the class of distributions on R which are finite sums of derivatives of
finite Borel measures and whose supports are contained in the interval [0, c0). Consider
the filter F on D(R) with base {F.: ¢ > 0}, where

This filter converges to the Dirac measure § with respect to the topology of D'(R). If
U e D;i(Ry) and ¢ € D(R) with suppy C [0,00), then the convolution of U and
@, U x ¢, belongs to L(0,00). Thus the operator G(U) is defined by the formula

GW)f = tm (U p)f =tim [ (W) T(OF .

where the limit is taken with respect to the norm topology of X, as ¢ approaches §
following the filter F. The domain D(G(U)) is the set of all f € X for which the limit
exists. G(U) is a closed linear operator and its domain is dense in X.

FEZZ{QDED(R) ©>0,suppp C | ‘/ t)dt —1

The most effective tool of the functional calculus G associated with the semigroup
{T'(t) : t > 0} is the Convolution Theorem.

THEOREM 2.1 (Convolution). Let U,V € D} (Ry) and f € D(G(V)). Then U xV €
D, (Ry), and f € D(G(U xV)) if and only if G(V)f € D(G(U)).

GU*V)f =GU)G(V)f.

In this case

One easily verifies that
G(6™) = (A", n €N,

where §™ denotes the n-th derivative of the Dirac measure §. More generally, fractional
powers (—A)* for non-integer positive o may be defined with the aid of fractional deriva-
tives of 4. The family {6%* : a € C} is an analytic family of tempered distributions on
R whose supports are contained in [0, 00) and which have the Laplace transforms

5%(2) = 2, Rez > 0.
We are interested only in the real o’s. Thus, 6° := 6, and for o > 0 we have the
representations

1

(.57 = F / W lp(u)du, € DR),

()

{p,0%) = (>/ um oM () du, 0<a<m, meN, e DR).
0
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As 6 € D}, (Ry) for a > 0, we define
(=AY = G(6%), a > 0.
By the convolution theorem,
(—A)*(=A)T = (=A4)*"7, a, v > 0.

The operator A — AI, A > 0 generates the equibounded (Cp)-semigroup {ex(t)T(t) :
t > 0}, thus the fractional powers (A — A)%, a > 0, are well-defined by the functional
calculus associated with this semigroup. One easily shows that

(M — A)® = G(exd®), a, A >0,

and D((AM — A)*) = D((—A)*) for all A > 0. As e 0~ %, a > 0, is a regular distribution
generated by an L'(0, co)-function and satisfying

e o “ xe o =94,

the operator G(exd~ %) is the bounded inverse of (Al — A)®. Note that G(exd~®) is just
the resolvent of A if = 1. Thus we set
1 o0
RYNA)f:=G(exdf) = m/ t e M) fdt, a, A>0, feX.
@) Jo
We collect some properties of the operators R%(\; A) which are needed in the sequel.
Obviously,

[IAN*R¥ (N A)|| < M, a, A >0,
R*(N\A)RY (N A) = RO (X A), o, v, A> 0. (1)
Moreover, for 0 < A\ < g, 0 > 0 fixed, we have
ex0 x e, 0" = Z(—l)j (?) (0 —Negd™7 = P o (2)
=0

where the right hand side defines a finite Borel measure p§ , on [0,00). Thus, G(p5 ) €
L(X) and

> e .
G3.0) = (-1 (%) (o = W I ),
i=0 J
Since (c—A)R(o; A)—1I generates an equibounded (even uniformly continuous) semigroup
{S(t): t >0},

o0

S(t)=e"> MRJ’(U; A), >0,

=
the representation
G(pRo) = I = (o = A)R(c; A)]
can be verified. Note that
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By the convolution theorem we obtain from that for each f € X, R%(c;A)f €
D((—A)%) and

(M —A)*R¥(0;A)f =[I — (0 — AN)R(o; A)]*f, c>0,0<A<o. (4)
In particular, if we replace f € X by R*(\; A)f we have for each f € X
Ro; A)f =1 — (6 — N)R(0; A)]*R* (N A) f, 0<A<o. (5)
For later reference we note
[ — 0 R(0; A))° f = (—A)*R° (0 A), fex, 0<A<o,
=[I = (0 = NR(o; A)*[I = AR(A; A)]" . (6)
3. Proofs

3.1. Proof of Theorem 1.4. For all g € D((—A)%) we have
I = AR AN FI < NI = AR )] (f = gl + ([T = AR(A; A)]%g |
< Colf =gl + [BY(A; A)(=A)|l
<c{llf =gl + A (=A)%gll}-
Taking the infimum with respect to g € D((—A)%) yields
17 = AR Al < e KA, f3. X, D((=A4)%)).

For the converse we consider the following family of operators {Z) : A > 0}: Let r € N
be such that r — 1 < a < r and set

Zy = i(l)k () jﬁ;u)j () ine

Certainly, this family is uniformly bounded with respect to A and

T

1= 2, =301 (7) - ARG A

=1
Now observe, by (6) with o = j\, that
[[ = ARG A)* = [I — (5 — DAR(A; AL — AR(A; A)).
Therefore,
1= 2= 30 () = DARGX AP~ ARG A

i=1 J
and hence by , for all fe X,

Il = Z:Jf1 < C. Z( ) 1T — AR(Y: Y £

It remains to show that Z)f € D((—A)*) for all f € X and
A=A Za SN < elllT = AR A £l (7)
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To this end we split the infinite sum in the definition of Z) into two parts:

el oo ,
Zy = (; +k§)(—1)k (Z) ;(_1)3' <;)jk)\kRk(j>\; A) =1 S; + So.
Let us first discuss Sp: For all k > r we have by (I) and (6]
(—A)*RF(jA; A) = RF(jA; A) (= A)* R*(jX; A)
= RE(A A) [T = (5 = DAR(A; A)* [T = AR(X; A)°,
Hence, Sof € D((—A)®) for all f € X and
Carser =0 S0 (5) e ()i m e ox)

k=r Jj=1 J

X [I = (7 = DARGA AT = AR(A; A)™ f
and thus, for all f € X,

A=A S f|| < e[l = AR A) fI. (8)
Let us now discuss the contribution coming from Sy: For all A > 0 we have that S7 is a
linear combination of the linear operators Uy, k=1,...,r —1,
a T\ ‘
Ung =Y _(~1) (j)g’“)\kR’“(j)\;A).
j=1

We claim that Uy j can be represented in the form

Uri = Hx i A"R" (N A), 9)

Hyp =1l ( zk: (—1)™ (;)) I
o1

T

N ;_:O (;) >_(=1Y (;)j’“(l — )T RET (1 A).

=1

where

Clearly, for k=1,...,7 —1, we have that {H : A > 0} is a uniformly bounded family
(with respect to A > 0) of linear operators. Further, by and (),

(—A)*UN s = A Hy ) ATRTTYN A (—A)YRY (N A)
= A"Hy ) A "CR"™\ AT — AR(N; A))°.
Hence, S1f € D((—A)%) for all f € X and

(a1 = 31 () (-1 Uans
k=1

=\ i:(—l)’~c (Z> Hy ;) NT7OR™(N A — AR(N A)f.
k=1
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Taking norms we obtain for all f e X

- slf||<2\()

This together with (8] . proves (| ., provided @D is true, and the desired converse direction
will follow:

K</\1 3 X, D((—A>“>> < IF = Zafll 4 35 -4V Za S < e T = AR A))* ]|

(L= AR A f-

It remains to show that @ is true. First observe that it is enough to prove @ for A=1.
By and we have for k=1,...,r—1

RF(j; A) = (GI — A R (j; A) = (G — A)" [ — (j — 1)R(j; A))"R"(1; A).
Thus,

Uue—(Z+ > ) (1) e ()ita—ar i - ARG R i

m=0 m=k-+1
=: Q1+ Q2.

Clearly, @ coincides with the corresponding term in @ for A = 1. Concerning @5 note
that

r

> o(-1y (;)j’“u =) G = AmTRR(1; 4)

j=1
- Z ( )Z 1y (7)Ao R
p= j=1 J
= (- 1) rlR"(1; A),
since for k=1,...,r—1and m=k+1,...,r we have
" Ny e 0 p=0,1,....m—k—1
1) ' k+p 1—4)" m{ ) s Ly ) )
21 ()= ()" p=m—k,

cf., e.g. [2], p. 98. Therefore,
. r
-l _1ym (1
Q2 =r! ( > (-1 <m>>R (1; 4),
m=k+1
and the representation @D is established; thus Theorem 1.4 is proved. =

3.2. Proof of Theorem 1.2. Set B) :=[I — AR(\; Ax)]*, A > Ao, and use the abbre-
viation A := Ax. For all h € X we have limy_  ||Bah||x = 0. Since by @

By = [I — 2 AR(2X; A)|* = [I — AR(2\; A)]“[I — AR(XN; A)]7,

we have
oo

By —By= (—1) (Z) ACRF(2X; A)T — AR(\; A))°.
k=1
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By the hypothesis (N7, , ) we have Boyf — Byf € Y for each f € X and
%) o - .
I3 f = Bafly < 32| ()20 RA A AT - AR Al
k=1
1 o0
< L —k k—1pk—1(01. _ L ANe
<eo(5) > 2 Nt R R AN AR A

<o g5 ) KO LXK D))
since the norm terms in the last sum can be estimated by
< M= AR\ A fllx = KA, f; X, D((=A4)%))-
If 1/(4)) < u < 1/(2XN), then ¢(1/(2X)) < cep(u) and K(A~%, f; X, D((—A)*)) <
cK(u®, f; X,D((—A)%)) and, therefore,
1 e . e} /22 e} . o du
o(gr) KO px DA < [ ke X, D(-4)1)

dominates ||Baxf — Baf|ly. Now observe that for m > k

m
| Bamxf — Borxflly < Z |[Baexf — Boe—ix fllly

(=k+1
m 1/(2°)) du
<c Y / P(u) K (u®, f; X, D((—A)*)) X
PSR VICEEPY U

1/(2F TN du
- / () K (u®, f: X, D((—A)~))
L/(2mHin) u

which tends to 0 for m, k — oo. Since for k£ =0 we have
1/(2X) du
[Benaf = Baflly < [ gt fiX D(-4))
1/(2m+1x) w
we see by the previous estimate that (Bamyf — By f)m is a Cauchy sequence in Y. Since
X and Y are compatible, the limit has to be —Byf. Thus Byf € Y and
1/ du
IBafly < [ el K £ X, D(=A)) 5
Now f=Byf =Y e (=D*()A*RE(X; A) f € Y. Thus, by Theorem 1.4,

1/ du
KA, /Y, Dy ((=A)%)) = [|Baflly < C/O p(w)K(u®, f; X, D((=A4)%)) =

i.e., we have shown the assertion. m
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