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Abstract. A new approach to the generalization of Schwartz’s kernel theorem to Colombeau
algebras of generalized functions is given. It is based on linear maps from algebras of classical
functions to algebras of generalized ones. In particular, this approach enables one to give a
meaning to certain hypotheses in preceding similar work on this theorem. Results based on the
properties of G*°-generalized functions class are given. A straightforward relationship between
the classical and the generalized versions of Schwartz’s kernel theorem is established.

1. Introduction. Let Y and X denote pure finite dimensional manifolds. With standard
notation, as given by [6], the Schwartz kernel theorem states that to every linear map
T from D(Y') to D'(X) whose restriction to each Dps(Y") is continuous from Dy (Y) to
D'(X) where D'(X) is endowed with its weak topology, is associated a unique kernel
distribution K € D’(Y x X)) such that for every u € D(Y) and every v € D(X), one has
(K,u®v) = (T(u),v).

The purpose of this paper is to complement a recent work of [5] on Schwartz’s kernel
theorem in the framework of Colombeau algebras of generalized functions.

In [5] Schwartz kernel type theorems are considered through the notion of continuously
moderate net (Lc)e of linear maps L. : D(RP) — E(R™),0 < ¢ < 1, involving growth
properties of L.(f) as € — 0 (a precise definition is given in section . It is shown that
a continuously moderate net has a linear extension L : G.(RP) — G(R™) where G.(RP)
and G(R™) are the respective Colombeau algebras. Moreover, under additional growth
properties with respect to the parameter €, L can be represented by a kernel which is a
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generalized function Hy, on R™ x R™. A relationship with the classical Schwartz’s kernel
theorem is also established in a weak sense. Similar results, using the notion of L .-
strongly continuously moderate net which is associated to certain subalgebras of G.(R?)
containing the subalgebra G2°(RP), are also given.

Our approach to Schwartz’s kernel theorem is the converse of that of [5]: we take a
linear map 7" from D(Y') to G(X) where Y and X are open sets of RP and R™ respectively
and seek conditions for a kernel representation of T'. Here we use a sequential construction
of Colombeau algebras but this is not important in the comparison of our method with
that of [5]. Since T is necessarily defined by a (at most one) sequence (T},) of linear
maps T, : D(Y) to £(X), this leads, due to the hypothesis of continuity in the classical
Schwartz’s kernel theorem, to the notion of r-continuity which means that there exists
such a sequence where each T, is continuous. Moreover, for each given f € D(Y) the
sequence (T,,(f))n must be moderate, that is (T,,(f))n € Em(X) (see section [2)), this
fact introduces a quite natural notion of a moderateness. Now the question of a possible
relationship between r-continuous moderate sequences and continuously moderate ones
becomes evident. In fact we prove that these two notions are equivalent by using a
standard Baire space argument. In some sense, this justifies the notion of continuously
moderate nets.

In the sequel, we first provide background material on Colombeau algebras, then we
give results on extension of linear maps which are applicable in our setting. In particular
it is shown that every linear map from D(Y) to G(X) can be extended to a linear map
from G.(Y) to G(X). Next we give details on continuity and moderateness as previously
mentioned. The last section is devoted to our version of the Schwartz kernel theorem in
the framework of Colombeau algebras and related results. We prove a strong relationship
of our Schwartz’s kernel theorem with its classical version, results involving properties of
G type are also given.

2. Basic definitions and notation. Here we give background material on Colombeau’s
theory of generalized functions, more details can be found e.g. in [3, 4 [7, [10].

Let Q be an open set in R? and £() be the space of smooth functions on 2 with its
usual topology. The notation K € 2 means that K is a compact set in 2. Then the set
Enr () of moderate sequences consists of sequences (f,,), € £(Q)N such that

VK € Q, Va e N%, 3r € R, 3C > 0, [|0° full gy < Cn",n > 1.
The set V() of negligible sequences consists of sequences (f,,), € £(Q)Y satisfying
VK € Q, Va e N, Vg e R, 3C >0, |0° fullp (i) < Cnfn > 1.

En(Q) is an algebra and moreover N'(Q) is an ideal of Ex/(Q2). The simplified Colom-
beau algebra G(f2) is defined as the quotient G(Q) = & (Q)/N(Q). The class of an
element (f,)n € Ep(Q) will be denoted by cl(f,,). It is seen that Ex(Q) is a differential
algebra. If one considers sequences (f,,), consisting of constant functions on 2, then one
obtains the corresponding spaces £y; and Ny. Then, the Colombeau algebra of generalized
complex numbers is C = &7 /Ny. We notice that C is a ring but not a field, see e.g. [I]
and [2].
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The subalgebra of generalized functions with compact support will be denoted by
G.(). In [2] it is proved that G.(€2) is a dense ideal. The subset of G(£2) consisting of
elements having a representative (and then all) (f,), such that:

VK €Q, Ir e R, Va e N4, 3C > 0, |0*fal poo () < Cn"ym > 1,

is a subalgebra of G(Q) denoted by G ().
Let (r,), denote a sequence of positive numbers such that

limr, =oc0 and limrin™" =0

for every ¢ € N. Similarly to [5] Lemma 9 or [9] section 1.2.2, we choose a sequence (0,,),
such that:

(A) (en)n € EM(Rd)§
(B) suppf, C B(0,r; %), n>1;
(C) VX €D(Q), ((In*x—X)|a)n € N(Q).

This can be done as follows. Take 1 € D(R?) having the unit closed ball as support
such that ¢ = 1 on a neighborhood of zero and choose p € S(R?) such that

/ oWt =1 and [ 19p(t)dt = 0, o € N\ {0}
R4 Rd

Then for t € R% we set
0, (t) = P p(nt)ah(rut).

Moreover it is seen that (6, ), satisfies the following two properties:

(A1) Jpan dt—l—i—o(n ?) asn — o0, ¢ € N;
(B1) fRdtH t)dt =o(n"%) asn — oo, ¢ €N, a € N\ {0}

where t* = t71...t7% and |o| = aq + ... + aq.

The embedding of the Schwartz distribution space D’(€2) is then realized by the linear
map D'(2) 3 f — cl(f*0,]q) € G(Q2). The image of a distribution through this embedding
is called a generalized distribution.

The integral of f € G(Q) over L € § is defined as the generalized complex number
cl( /. 1 Jn(x)dz) and does not depend on the chosen representative (f, ). If f has compact
support, one defines fQ fas [ 1, [ where L is an arbitrary compact set in €2 which contains
suppf in its interior.

If A and B are vector spaces, we denote by L(A, B) the vector space of linear maps
(without continuity) from A to B.

3. Factorization and extension of linear maps. The aim of this section is to estab-
lish some results on factorization and extension of linear maps with a view to application
to generalized algebras. It is easily seen from elementary algebra arguments that

ProPOSITION 3.1. Let A, B, X, and Xg denote vector spaces or algebras over a field K.
Let Il : Xy — A and g : X3 — B be two linear maps.
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(i) If T : A — B is a linear map and Ilg is surjective, then there exists a linear map
® : X, — X such that

(¥) Toll,=Igo®.

(ii) Conwversely, let @ : X, — X3 be a linear map and assume that I, is surjective.
Then, there exists a linear map T : A — B such that (x) is fulfilled if and only if
®(kerIl,) C kerHg. If this condition is fulfilled, then one has II ! (ker T) = ker ®.
Moreover, there exists a linear map po : A — X such that

Poolly =@ and Ilgop, =T.

In particular, with obvious notations, ®1 and ®y being given, one has Ty = Ts for the
corresponding maps Ty and T3, if and only if Ilg o @1 = Ilg o ®,.

With the notation of Proposition we denote by L£*(X,,Xs3) the subspace of
L(X,, Xg) whose elements ® satisfy ®(kerIl,) C kerIIg. Then, we have

COROLLARY 3.2. Assume that 11, and Ilg are both surjective. The linear map ﬁg :
L Xy, X3) — L(Xy, B) defined by g(P) =g o & is surjective. Moreover we have the
following vector space isomorphisms:

L5( Xy, X3)

LA B) =~ ker I1
B

~ L(X,, B).
Proof. We show that ﬁg is surjective. Let g € L(X,,B). Since II,, is surjective, it fol-
lows that there exists T € L(A, B) such that T o II, = ¢. Since II3 is surjective, from
Proposition i)7 there exists ® € L(X,, X) such that T o II, = IIg o ®. This equality
implies that ®(kerIl,) C kerIlg, that is ® € L£*(X,,X3). Hence, ¢ = ﬁg((b) proving
the surjectivity of f[g. From a classical elementary theorem of algebra this implies the
isomorphism £*(X,, X3)/ ker ﬁg ~ L(X,, B).

We define a linear map I' : L(A, B) — L*(X,, X3)/ ker ﬁﬁ as follows. Let T' € L(A, B).
As already seen, there exists ® € L*(X,, X) such that T oIl, = ﬁﬁ(@). We set I'(T) =
cl(®) (the class of ®). This definition makes sense because if &' € L*(X,, Xj3) satisfies
Toll, = I5(®’), it follows that ® — @’ € ker I1 and then cl(®) = cl(®’). Obviously, I is
a linear map; we show that it is injective. For, let T,T" € L(A, B) satisfy I'(T') = T'(T").
Set I'(T) = ® and I'(T") = ®'. Hence, we have & — &' € ker ﬁﬁ, which means that
T oIl, = T’ oIl,. Since II, is surjective, it follows that T'= T’ proving the injectivity
of I'. We now show the surjectivity of I'. Let g € L*(X,, X)/ ker ﬁg and set g = cl(P).
Since ® € L*(X,, Xp), we have ®(kerIl,) C kerIlg. It follows from Proposition ii)
that there exists T' € L(A, B) such that T oIl, = ﬁg(fb). Hence I'(T') = cl(®), that is,
g =T(T). The corollary is then proved m

With the previous notation, assume that A and B are factor spaces of &, and X}
respectively, II, and IIg being the canonical maps. Then, the associated map ® given by
Proposition [3.1]is called a representative of T

COROLLARY 3.3. Assume that I, is surjective and let o : X — X, be an injective linear
map such that o(X) NkerIll, = {0} (neutriz condition). Then, for every linear map
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U : X — B there exist linear maps ® : X, — B and T : A — B such that oo =¥ and
Toll, =®.

In particular, X can be identified to a subspace of A and then, every linear map
U : X — B can be extended to a linear map T : A — B.

Proof. Let E be a subspace of X, such that X, = o(X) @ kerIl, & E. Define ® by
O(o(z)) = U(x), @|kerIl, ®E = 0. It is easily seen that ® is a well defined a linear map
from X, to B, and ® o 0 = V. Since kerIl, C ker ®, it follows from Proposition (ii),
that there exists a linear map T : A — B such that T o II, = ®. We show that II, o o
is injective. For, let (z,y) € X2 be such that (Il o o)(x) = (Il, 0 ¢)(y). Then we have
(Ily0o0)(x —y) =0, that is o(x —y) € o(X) NkerI1,. It follows from the hypothesis that
o(x —y) = 0, and since o is injective, then @ = y. We have T'o (Il 00) = Poo = U.
Hence, through the mentioned identification 7" is an extension of U =

Notice that if moreover II, and o are both morphisms of algebras, this holds true for
I1, o o and then, X may be identified to a subalgebra of A.

ExXaMPLE 3.4. Let Y and X denote open sets in RP and R™ respectively. Take X =
DY), Xy = Em,c (subalgebra of £y whose elements have a compact support), A =
G.(Y) (subalgebra of G(Y) whose element have a compact support). We may take for
example, B = G(X). We have an embedding of algebras o : D(Y) — En,o(Y) defined
by o(¢) = (¢)n (constant sequence = ¢). We take II, as the canonical surjective map
ic : Eme — G(Y). It is easily seen that the neutrix condition o(X) Nkeri. = {0} is
satisfied. Hence, every linear map from D(Y') to G(X) can be extended to a linear map
from G.(Y) to G(X).

4. Continuity and moderateness. With the previous notation, if X, and X3 are
topological spaces, T will be said to be r-continuous if T' admits a representative ® which
is continuous. In the sequel we shall be concerned with the case where A = X, = X and
where 0 = II, = Idy (the identity map).

Let F denote a topological algebra or vector space over K and let Az be a subalgebra
or a subspace of EN. A representative ® of T assumed to be valued in EN will be written
in the sequential form ® = (®,,),, with ®,, : X, — E. Then the r-continuity of 7' means
that each ®,, is continuous.

Now, let Y and X denote open sets in RP and R™ respectively. If M denotes a compact
set in Y, as usual Djp;(Y") denotes the subset of D(Y) consisting of elements with support
in M. Let ® = (®,),, : D(Y) — £(X)N be a linear map. The continuity of ® means that
for each n and each compact set M C Y, ®,, : Dp(Y) — £(X) is continuous. That is for
every compact set N C X and every 3 € N there are j € N and C,, > 0 such that

18°( @5 ()l L () < Chn Sup. 10%@ll vy, ¢ € Du(Y). (1)
al<j

If @ is valued in Ep(X), it will be called moderate which means that: ¢ being fixed
in Dp(Y), for every compact set N C X and every § € N™, there exist C > 0, r € R
such that

18°(®n (@)l Loe vy < On", n € N*.
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We have similar definitions for ® = (®,,),, : D(Y) — CY¥ and T': D(Y) — C.

In our sequential setting of Colombeau algebras, according to [5] Definition 20, a
sequence (P, ), of C-linear maps, ®,, : D(Y) — £(X) is said to be continuously moderate
(resp. megligible) if it satisfies with a moderate (resp. negligible) sequence (C,),, . We
have the following theorem:

THEOREM 4.1. A linear map ® = (®,), : DY) — E(X)N (or CV) is continuous and
moderate if and only if it is continuously moderate.

Proof. Obviously, if (1)) is satisfied as mentioned, then & is continuous and moderate. We
now prove the converse. To do that it is enough to consider the case of £(X)N. With the
previous notation we set:

In ||6°(®,, oo
Fuly) = 10°( hgi))HL (N)

From the moderateness of ®, for each ¢ € Dy (Y) there exists 7(¢) € R such that
fulp) <7(p), n > 2.

It is easily seen that the f, are lower semi-continuous maps from Dy, (V) to [—oo, +00]. It
follows that f = sup,, f,, is also lower semi-continuous and f(p) < r(p) for each fixed ¢.
Since Dy (Y) is a Baire space, it follows that there exists a non-void open set U C Dy (Y')
on which f is uniformly bounded. Hence, there exists r € R such that

fn(‘p) <r,pelUmn>2.

, pE DM(Y),’N, > 2.

From the linearity of 0° o ®,, and the triangle inequality applied to [|.|| . (x), there exist
a neighborhood V of zero in Dy (Y) and s € R such that f,(¢) < s, ¢ € V,n > 2.
Moreover V contains a neighborhood W of zero of the form

W ={p €Du(Y): sup [|0"¢[« < C}.

[v|<j
Let ¢ € Dy (Y), p # 0. We have
v C
w(p) =: sup [|0”¢|ls # 0 and Y cWw.
v|<j ()

It follows that fn(%) < s, n > 2; that is
107 (@0 (9)) | Lo () < C ' sup 10" ¢lloo, m = 2.
v|<j

This inequality is also true for ¢ = 0. The theorem is thus proved. m

5. The Schwartz kernel theorem. Let Y and X denote two open sets of R? and R™.
We use notation of section [2] with 2 =Y x X. The embedding of D'(Y") (resp. D'(X))
in G(Y) (resp. G(X)) will be defined with the sequence (62),, (resp. (07"),) constructed
similarly to (6,,),. If K € G(Y x X), then one may define a linear integral operator
K :G.(Y) = G(X), u— K(u) by

R =a( [ Kalnua iy
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where (K,)n and (u, ), are arbitrary representatives of K and u respectively (see e.g. [5]
and [12], section 4). Tt is easily seen that if K € G*(Y x X), then K(G.(Y)) C G (X).
The main results of [5] on Schwartz’s kernel theorem are given in Proposition 21(i), (ii);

)

Theorem 24 and Proposition 27. Translated in our sequential setting this gives:

(a) Any continuously moderate sequence (Ly,), € (L(D(RP),ER™))N can be extended to
a map L € L(G.(RP),G(R™)) defined by

L(f) = Cl(Ln(fn))a

where (fn)n is any representative of f.

(b) The extension L depends on the sequence (L), only in the following way: if (Rp)n
is a negligible sequence of maps, then the extensions of (Ly)n and (L, + Ry), are equal.
(c) If the constant Cy, in satisfies Cp, = O(n"1PD) as n — oo for some sequence r of
positive integers satisfying limsup,_, . (r(1)/1) < 1, then

Vf € G (RP), L(f) = cl( HLm(.,y)fn(y)dy),

RP

where (Hp n)n (resp. (fn)n) is any representative of Hy, (resp. f).

(d) Let (¢n)n € D(RP)N be a sequence of mollifiers such that for all k € N and all

a € NP\ {0}, [op On(@)dz =14 O(n~%) and [, 2%¢n(x)dz = O(n™") as n — oo. Let
€ (0,1) and A € L(D(RP),D'(R™)) be continuous in the strong topology and consider

the family (Ly)yn of linear maps defined by

L, : D(RP) = ER™), f — A(f) * ¢ns.

Then (Ly)n is continuously moderate and A(f) is equal to I—?/L(f) in the generalized
distribution sense for any f € (D(RP), that is

¥o € DER™). (AP0} = [ Hi(f)o .

The proof of the above results follows closely from the classical Schwartz’s kernel
theorem as given by Hormander ([8], chap. V) and uses Cartan’s approximation lemma
(], Lemma 4.1.3). Our approach takes advantage of Theorem by using the explicit
form of the kernel of a continuous linear map from D(Y") to D(X) as given by the classical
Schwartz’s kernel theorem. Unlike [5] we do not need the strong topology of D’. We also
use recent results from the embedding of the algebra G>(€2) in the space £(D(f2),C) of
C-linear maps from D(2) to C (see [L1] and [12]). In particular our approach enables us
to get a strongest relationship with the classical Schwartz’s kernel theorem (see Theorem
(5.5)). We now state our Schwartz kernel theorem.

THEOREM 5.1. Let Y and X denote open sets in RP and R™ respectively and let T be
an r-continuous linear map from D(Y') to G(X). Then, there exists a kernel generalized
function K € G(Y x X)) such that for every u € D(Y) and every v € D(X), one has:

Ku®v) = /X T(u)v. (2)

YxX
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Moreover there exists at most one generalized distribution K and at most one generalized
function K in G=(Y x X) satisfying (2).

Proof. Let ® = (®,,), denote a continuous representative of T'. Since ®,, is linear con-
tinuous from D(Y") to £(X), it follows from the Schwartz kernel theorem that it admits
a unique distribution kernel H,, € D'(Y x X) defined by

Ho(x) = /X B, (x(2))(@)dz, x € DY x X),

where @,,(x(.,z))(x) is the value at z of the image of y — x(y,x) under ®,,.

We show that H = (H,,), is moderate. To see this, let M € Y x X and set
My={yeY:FzxeX (yx) e M}; Ma={xeX:TyeY,(y,z) € M}.
Obviously, M; and Ms are compact sets. Moreover for every x € X and every x €

Dy (Y x X), one has supp x(.,x) C M;. Let ¢ € Dy, (V). Since @ is moderate:
3C >0, 3r € R, [[@,(Y)[|Lo(ar) < Cn", n > 1.
Hence, we have
[@n(X(, 7))L (ary) < Cn", n > 1.
Denoting by A the Lebesgue measure, it follows that
|Hy,(x)| < AM(M3)Cn", n > 1.
Finally, H being continuous and moderate, for every compact set M in Y x X, there are

j € Nand (D), € Eu such that for every x € Dy (Y x X),

[Hn(X)| < Dy sup [|0) x| zoe (ar)- (3)
[v<7

First step. We assume that H = (H,),, has compact support. We set
Gn = H, * én;

where 6,, is defined in section [2/and 6(t) = 6(—t). Let ¢ € Y x X and let v € NP+, We
have G,,(¢) = Hy,(0,,(.—¢)) and then 8 G,,(¢) = (=1)"IH,,(8"0,(.—¢)). Let M € Y x X..
There exists M’ € Y x X such that: V¢ € M, suppb,(. — ¢) C M’. Hence, with the
notation of we have an inequality of the form
10" Grll Lo (ary < Dn sup [|070"0n |-
lv|<J

It follows that (Gp), € Em(Y x X). We denote by K the class of (Gp), in G(Y x X).
Since the distribution G,, is a smooth function we then have

Gulx) = /Y G xED(Y X X), (4)

Let x € D(Y x X). From (B), there exists n(x) € N such that supp(d,*x —x) €Y x X
for n > n(y). Then we have:
(Gn - Hn)(X) = Hn(gn *X — X)a n > n(X)

It is easily seen that moderate (resp. negligible) sequences with compact support are sent
to moderate (resp. negligible) ones by continuous moderate maps. Hence, using property
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(C) above, we get
(G — Hp)(X))n € Ny, x € DY x X). (5)

From the definition of H,,, we have

H,(u®v)= /X O, (u)v, (u,v) € DY) x D(X).

It follows from and that

</Yxx Gn(u®w) = /X‘I)n(U)v> € N, (u,v) € DY) x D(X).

Since K = cl(G,,), it follows from the definition of the integral of a generalized function
that for every (u,v) € D(Y) x D(X) we have

K(um o) = /X ().

The existence part of the theorem is then proved when supp H is a compact set.

Y xX

Second step. We assume that supp H is an arbitrary closed set of Y x X. Let (U;);
be an open covering of Y x X where U; is a relatively compact subset. Let (0;); denote
a partition of unity subordinated to this covering. Set

H! =o;H,, G' =H:x0,.
Since supp H! € U;, it follows that for n large enough, supp G¢, € U;. We set
K'=cl(GL]Y x X) € G.(Y x X).
We then have supp K* C U;. It follows that the sum Do K is locally finite and then we
may define K € G(Y x X) as
K=>) K

Similarly to (5)) we have ((G%, — HE)(x))n € No, X € D(Y x X) and then

It follows that

(] Guen-muen) - ([ Gwen-mesn) ea

3

which means that ([} Gn(u® v) — [y ®n(u)v), € Ny. Expressed in term of classes
this is equivalent to

Ku®uv) = /XT(u)v,

proving the first part of the theorem.

Y xX

Third step. We use the following

THEOREM ([12], Theorem 4.2). Let K € G®(Y x X) and let Tk be defined on
G(Y x X) by Tk (w) = foX Kuw. Then, the following conditions are equivalent

i) K =0;



294 V. VALMORIN

ii) Tx|D(Y) ® D(X) = 0;
i) K|D(Y) = 0;
iv) *K|D(X) = 0.

Now assume that L € G(Y x X) is a generalized distribution such that [y, L.(u®v)
=0 for all (u,v) € D(Y) x D(X). Denote by J € D'(Y x X) the associated distribution.
If (L), is a representative of L, then we have lim,, . L, = J in D/(Y x X). It follows
that 0 = lim, oo [y, v Ln(u®v) = J(u®v), showing that .J vanishes on D(Y") ® D(X).
Hence J = 0 and thus L = 0. Also there exists at most one K € G*°(Y x X) which
satisfies . To see this, suppose that [,  L(u® v) = 0 for all (u,v) € D(Y) x D(X)
with L € G®(Y x X). Then, it follows from [12], Theorem 4.2 that L = 0. This proves
the theorem m

REMARK 5.2. It is well-known ([4], section 2.6) that the map A defined by:

A GQ) — L(DQ),T), (A (u) = / fu.

is not injective. It follows generally that there is no uniqueness if we remove in Theorem|5.1]
the assumption that K is a generalized distribution or a generalized function of class G*°.

We give two corollaries of Theorem [5.1] involving properties of G*.

COROLLARY 5.3. If (K —T)(D(Y)) C G=(X), then K is an r-continuous extension of
T to Ge(Y).

Proof. From the injectivity of the restriction of A to G*°(X) and since (2) may be written
as [y K K )v = [y T(u).v, it follows that T = I?|D(y). Let (K,), denote a representative
of K and consider ¥ : D(Y)N — £(X)N defined by ¥[(¢n)n] = (Kp.n)n. It is easily
seen that ¥ is a continuous linear map such that ®(Epro(Y)) C Ep(X) and then @ :
Epe(Y) — En(X) defined by ®[(0n)n] = ¥[(©n)n] is a continuous representative of K
proving the corollary. m

We denote by suppy T' the complement of the set of points y € Y for which there
exists an open neighborhood V,, such that

T(u)=0,ue DY), suppu C V.
In the following Proj, denotes the first projection Y x X — Y, (y,z) — y.
COROLLARY 5.4. If K € G®(Y x X) then Proj;(supp K) C suppy 7.

Proof. Let y € Y \ suppy T and let V, denote an open neighborhood of y such that
T'(u) = 0 for all u € D(Y') with suppu C Vj,. It follows that

/K v—/ T(u).v =0, veDX).

Since K € G®(Y x X) we have K(u) € G(X) and then K|p(y,) = 0. From [12]
Theorem 4.2, it follows that Kly,xx = 0. Hence supp K C (Y \ V) x X that is
Proj, (supp K) C Y \ V,,. It follows that Proj, (supp K) C suppy T =

We now examine the relationship with the classical Schwartz kernel theorem. Let
S :D(Y) — D'(X) be a continuous linear map where D’'(X) is equipped with its weak
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topology. This means that for each compact set M € Y, for all sequence (pg)r such
that limy, ¢, = 0 in Dy (Y) and for every v € D(X), we have limy[S(pr)](v) = 0. Let
L € D'(Y x X) denote the Schwartz kernel of S. We denote by j the embedding of
D'(Y x X) in G(Y x X) and by i that of D'(X) in G(X). The associated linear map to
Sisthen T =1i0 S :D(Y) — G(X). With this notation we have the following;:

THEOREM 5.5. Let S : D(Y) — D'(X) be a continuous linear map where D'(X) is
endowed with its weak topology. Let H denote its Schwartz kernel in D'(Y x X) and let
T =1ioS. Then, T is an r-continuous linear map from D(Y') to G(X) which has j(H) as
(unique) kernel generalized distribution.

Proof. Let (X;); denote an open covering of X and let (7;); be a partition of unity
subordinated to this covering. We define S; = 7,5 by

[Si(w)](V) = [S(w)](riv), (u,v) € DY) x D(X).

It follows that S may be written as a locally finite sum S = ). .S; where the S; are valued
in £'(X). Obviously the S;’s as defined are continuous. If H; is the Schwartz kernel of \S;,
we have H;(u ® v) = [S;(u)](v) = [S(u)](rv) for all (u,v) € D(Y) x D(X). By summing
up we find ), Hi(u®v) = [S(u)](v); showing that >, H;(u ®v) = H(u ®v). This being
true for all (u,v) € D(Y) x D(X), it follows that H = ), H; (a locally finite sum). Hence,
applying j on both sides of the previous equality shows that we may assume that S is
valued in £'(X).

Let (07),, be a sequence defining the embedding of D’(X) in G(X) and defined simi-
larly to (6r,),,. We define i: D'(X) — Er(X) by i(f) = (f#0),,. Hence a representative
of Tis®=1i0S8:D(Y)— Ey(X). If we write ® in the form & = (®,,),,, then we have
®,,(u) = S(u) * 0. Since [S(u) * 0] (v) = [S(u)](67 * v) and S is continuous, it follows
that ®,, is also continuous. A kernel K of T is already given from the proof of Theorem
b by K = cl(K,,) with K,, = H % 6, that is K = j(H). =

REMARK 5.6. Denote by (6?),, the sequence defining the embedding of D'(Y) in G(Y).
If cl(6,) = cl(62 ® 0), then we can prove that j(H) is the kernel of T as follows:
Let (u,v) € D(Y) x D(X). We have

[@n(u)](v) = [S(w) * 07"](v) = [S(w)] (67" *v),

We notice that cl[H(u ® (0" x v))] = cl[H((62 % u) ® (0" * v))]. Since we have
H((OF x u) @ (67" x v)) = H(0], @ 677) * (u ©v)),
H((OF, + u) @ (6" v)) = (H % 6n)(u @) + ¢n,

where (1), € No, it follows that
(®n(u).(v) = (H % 0,).(u @ v))n € Np.

The above relation means that

[ rmw= [ umwew.
since T'(u) = cl(®,(u)).
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