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Abstract. In this expository paper we consider various approaches to multisummability. We
apply it to nonlinear ODE’s and give a somewhat modified proof of multisummability of formal
solutions of ODE’s with levels 1 and 2 via Ecalle’s method involving convolution equations.

1. Introduction. Multisummability has been introduced by Ecalle. His definition can
be found in [Eca92]. It is useful if one wants to give analytic meaning to divergent formal
series solutions of differential and difference equations and to formal diffeomorphisms.
Multisummability has been explained in several ways in [MR91], [Bal92, MR92, [Ram93|
Bal94l, [Mal95|, [Bal00]. Here we will give an overview of these definitions of multisumma-
bility following mainly the exposition given by Malgrange in [Mal95]. After that we show
how this notion can be applied to ODE’s with 2 levels. The general case with several levels
has been treated in [Bra92, [Bal94] [RS94]. Here we give a somewhat modified version of
the proof in [Bra92] using the original method of Ecalle involving convolution equations.

The organization of the paper is as follows. First we give some properties of Laplace
and Borel transforms. After that we give several equivalent definitions of multisumma-
bility and finally show its applicability to ODE’s with two levels.

1.1. Laplace and Borel transforms. I will denote an open interval (a,3) of R and
|I| = 8 — a. We consider sectors S(I) := {z € C* : argex € I}. If I' = (o, /1) with
a < ap < f1 < wewrite I’ € I. By A(0,7) we mean a disc in C of radius r > 0
centered at the origin. A neighborhood of 0 in S(I) is a set U C S(I) such that for all
I' € I there exists r > 0 such that S(I') N A(0,7) C U. If f is a function defined on a
neighborhood of 0 in S(I), then f has asymptotic expansion f(x) =3 apztasx — 0
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in U if for all I’ @ I there exists » > 0 such that for all N € N* there exists Cny > 0
such that |f(x) — Efj;ol anz"| < Cylz|V for all z € S(I') N A(0,7). Then we write
f(z) ~ f(x), x — 0in S(I). A(I) will denote the space of all such functions. If f € A(I)
then also f’ € A(I) with as asymptotic expansion the formal series f differentiated term
by term.

If £ > 0, then AS*(I) will denote the space of functions f € A(I) such that f is
analytic in the complete sector S(I) and for all I’ € I there exist A > 0, B > 0 such that
|f(2)| < Aexp(B|z|¥) for all z € S(I').

Laplace transform L. Suppose f € t'ASYI), I = (a,B), v > —1. If § € I we
define (Lf)(z) = 000:0 e~t/% f(t) dt, where the path of integration is the ray argt = 6,
largx — 0] < 7/2 and |z| sufficiently small positive. Varying 6 € I we obtain an analytic
function Lf € " A(I), where I := (a— %, 3+ %). We have (£t¥)(z) =T(v+ 1)z !

~

and if f(x) ~ f(x), x — 0in S(I) as above, then (Lf)(z) ~ Lf(x) as ¢ — 0 in S(Iy),
where Ef(x) is the formal Laplace transform of fobtained by applying £ to each term
of the formal series f

Furthermore, £ : tV ASY(I) — a¥*1A(1}) is an isomorphism, where I,I,,v are as
above. The inverse of the Laplace transform £ is the Borel transform B. So (Bx**1)(t) =
t"/T(v+1). If a is a constant we define Ba = 0. Moreover, if f,g € 2¥T1A(I), then
B(fg) = Bf x Bg, where (F x G)(t) := fot F(t — s)G(s) ds.

An integral representation of Bf can be given as follows: Assume f € ¥ A(I), I =
(o, B), |I| > w. Let I' = [&/,B'] € I, |[I'| > w. Then f is analytic in D := S(I') N A(r)
for some r > 0. Let v be the contour in C from 0 along the ray argxz = 3’ to some point
x1 € D, then along the circle |z| = |z1| in negative sense till its intersection zo with the
ray argx = o and finally from x5 along this ray to 0. Then

BN = 5 [ @ S@da™) it argre (@ + 5.5~ 5.
vy

Varying o/, 3 we obtain Bf € t¥ ASY(I*), where I* = (a + 5,08 — %). Moreover, if
f(t) ~ fast— 0in S(I), then (Bf)(z) ~ (Bf)(x) as  — 0 in S(I*), where (Bf) is
obtained by applying B to each term in the formal series f

The Laplace transform may be extended to the incomplete Laplace transform as fol-
lows: Let f € t*A(I), v > —1 and I’ € I. Then f is analytic in D := S(I') N A(0,79)
for some 79 > 0. Let 7 € D and define (L7 f)(z) = [ e~¥/*f(t)dt. This is an ana-
lytic function in C* and £ f € 2¥+1A(I,), where I, := (argT — Z,arg7 + %) and if
e~ =t ant™ in S(I), then L f ~ Lf as z — 0 in S(I,).

Consider 71 and 75 in D. Suppose 0 < arg 7y —arg 72 < 7 —e€ and let r = min(|7|, |72])-
Then

(L) f = £72) f)(2)] < Aexp(—rsin(e/2)|x| ")

T—€

for x € S(I"), where I" := (arg 7 — 75, arg 72 + 75<) and A is a positive constant. This
motivates the following definition: for &£ > 0 set

AS7HR(I) := {g : g analytic in a neighborhood of 0 in S(I) and if I’ € I, then
there exist A, B, p > 0 such that |g(z)| < Aexp(—Blz|~F) for all z € S(I')NA(0,p)}.
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So in the previous case we have £(™) f — £(72) f ¢ AS=F(]"). This gives rise to the notion
of k-precise quasi-function of Ramis (cf. [Ram93]).

Let I be an open interval, £ > 0, v > —1 and J an index-set. Let {I;};c; be an open
cover of I, fj S J,‘D.A(Ij) such that fj —fr € Aé_k(fj ﬂ]h) if ;N1 #* (). Then {fj, Ij}jEJ
is a k-precise quasi-function on I and all f; have the same asymptotic expansion. If
{9j, I} }jen is also a k-precise quasi-function on I, then this one is equivalent to the
previous one if f; —g, € ASTF(I;N1I}) if I; N1} # (). The corresponding set of equivalence
classes is denoted by A/AS"k(I). In [Mal95] this is interpreted in terms of sheaves.

In particular, if f € tA(I), v > —1, then the incomplete Laplace transforms £(7) f
give rise to a 1-precise quasi-function Lf : Lf € ¥t A/ AS"1(1,), where if I = (o, ),
then I, = (a— 5,8+ 5).

Now we have: £ is an isomorphism from z* A(I) to z*t' A/AS~Y(I,) with I, 1, as
above. The inverse is a modified Borel transform 1. Malgrange gave an integral repre-
sentation for B in [Mal95].

If p>1 and % + % =1, then £ : ASP(I) — z(A/AS"9)(I,) is an isomorphism if I
and I, are as above (cf. [Mal95]).

Laplace and Borel transforms of arbitrary order. Let k > 0 and (ppf)(z) := f(z'/%).
Define £, = plzl oLop,and By = p,jl o Bo pi and similarly with £, B replaced by L, B.
Then (Cxt*)(z) = D(L+ v/K)a" ., (Bua"**)(t) = by

we define Biya = 0. From the results on £ and B we have the following

THEOREM 1.1. Let k>0, v > —k, I = (a,3) and Iy = (o — 5,8+ 55). Then

if v > —k. If a is a constant

1. Ly, is an isomorphism from t* ASK(I) to ¥ +k A(1}) with inverse By.

2. Ly is an isomorphism from t* A(I) to x*t* AJ AS=*(I,) with inverse By,.

3. If p,g,k > 0 with % + % = %, then Ly is an isomorphism from t* ASP(I) to

a2tk AJ AS=9(1,) with inverse By.

REMARK 1.1. Ecalle introduced the acceleration operator A; ; which may be defined as
Ay = Byo Ly, where | > k > 0. From the assertions 3 with ¢ =1, p = K := (b=t =111,
v > —k and 2 in Theorem it follows that it is an isomorphism from t*AS%(I) to
TRl A(I"), where if T = (o, 8), then I' = (o — 5%, 8+ 4%).

1.2. Gevrey properties and k-summability. Let f: >0 o anz™ be a formal series.
Suppose there exist s > 0, A > 0 and B > 0 such that |a,| < AB"T'(1+ns) for all n € N.
Then f is called a Gevrey series of order s and the class of such series with s fixed is
denoted by C[[z]];.
Suppose f = oo o anz™ and there exists f € A(I) such that for all I’ € I there exist
positive C' and r with the property that for all N € N* we have
N-1
‘ fz)— Z anz”
n=0
Then f is said to be a Gevrey function of order s on S(I), denoted by f ~ fon S(I).
It follows that f € C[[z]]5. The set of Gevrey functions of order s on S(I) is denoted by

A(s)(I). Let A<Y(I) denote the subset of functions f € A(I) with asymptotic expansion 0.

< CNT(1+ Ns)|z|V  for all 2 € S(I') N A0, 7).
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Then one may show

-A(s)(l)ﬁA<O(I) :Ag_k(l)a (1)
where here and in the following always k = 1/s. Furthermore AS~%(I) = 0 if |I| > 7/k
and therefore the map A4 (I) — Cl[[z]], is injective if |I| > sm.

If f e Clla)]s and f = 320 jana™, then tF-158,f = Y00, an% € C{t} with
sum @. Let ¢ = t!=F¢. Then we will say that ¢ is the sum of Bj,f € t=*C{t}. From
assertion 2 of Theorem [1.1{it follows that f := ag + Lx(¢) € A/AS"*(R). Also one may
show

Clla]]s = A/ASTH(R) = Ag) /A" (R). (2)

Let f € C[[z]s, |I| > sm, k = 1/s. Then f is said to be k-summable on I if there
exists f € A (I) such that f ~; f on S(I). This k-sum is unique because of and
Ak =0.

An equivalent definition is as follows: Let ¢ be the sum of Ekfe t1=*C{t} as above.
Assume that ¢ has an analytic continuation such that ¢ € t'=*ASK(I"), where I’ =
(o/,f"). Then f := a9 + Lr¢ exists in a neighborhood of 0 in S(I) where
I=(a - %,ﬁ’ + 5) and is said to be the k-sum of f on S(I). Here again f € A1)
and f ~, f on S(I).

1.3. Definitions of multisummability. First we consider as example the notion of
(1, 2)-summability and give three equivalent definitions.

Suppose f = >0 o anx™ € C[[z]]1. Then the definition of (1,2)-summability given by
Malgrange and Ramis (cf. [MR92]) reads: let fo € A/AS~(R) correspond to f (cf.(2
and assume that there exist f; € A/AS"2(I}) and fo € A(l3) with I C I, |Z;| > 7T/j
for j = 1,2 such that f;[;, ., = fj+1 mod AS=0U+D for j = 0,1. Then f is said to be
(1,2)-summable on (I3, I3) with sum (f1, f2). This sum is uniquely determined on (11, I2)
and f; ~ f on S(I;), j = 1,2.

The original definition of Ecalle (cf. [Eca88) [Ecad2, MR9I1]) is closely related to the
previous one. Let ¢; be the sum of gf € C{t}. Assume that ¢; can be analytically
continued to ¢, € AS2(I}), where I = (o, 3}). Then using Remark we have ¢y 1=
Ag 1y € t7EA(IY), where I = (of — T, 81 + ).

Assume that ¢y can be analytlcally extended to ¢ € t7LASZ(IL), where I} =
(O/Q,ﬁé) C Ii/ Then f2 = a0+£2¢2 S A(IQ) with Iy = (Oég,ﬂg), Qg = 01/27%, 52 = /Bé+%
and |I,| > 7/2. Then f is said to be (1,2)-summable with sum f, on a neighborhood
of 0 in S(I3). The sum defined in this way is uniquely associated with I] and I, and
fs ~ f in this sector S (I3). The relation with the definition of Malgrange and Ramis is
given by f1 :=ag+ L1¢1 € AJAST2(1}), where I := (ay, £1), o = o) — 5 h=0+%
(cf. Theorem [1.1)).

Another deﬁmtlon due to Balser (cf. [Bal92]) reads: f is (1,2)-summable on (I1, I5) iff
f h1—|—h2, where h is j-summable on [;, j = 1,2, and I, C Iy, |I;| > g,j =1, 2. Balser
also gave a definition through iterated Laplace transforms in [Bal94] which is useful in
numerical calculations. An inductive definition also has been given by Balser in [Bal94]
and by Tougeron (cf. [Mal95]).

Next we consider shortly the general case.
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Let 0 < my < ...<m,and f € Cl[z]]1/m,- Then f corresponds to a unique f; in
AJAST™(R) by (2). Let I;, j = 1,...,r, be intervals with |I;| > m/m; and I; C I;_1,
j =2,...,r. Assume there exist f; € A/ AS"™+1(I;), j =1,...,7 with m,;; = oo, and
therefore f, € A(I,), such that f;|r, ., = fj+1 mod AS™™i+1 j=0,...,7 — 1. Then fis
said to be (myq,...,m,)-summable on (I, ..., I.) with multisum (f1,..., f.). This sum is
unique.

Ecalle’s definition runs as follows using the same notation as above. Let ¢; be the sum
of B, f € t:=™C{t}. Let li;l = m;l - mjj}p myi1 = 00, I; = (ay, B5), |I;| > m/m;
and I} := (o + Ty i — ﬁ) =: (a}, B}).

f is said to be (mg,...,m,)-summable on the set of intervals (I1,...,1I.) if the
following holds: Suppose for j = 1,...,r consecutively: ¢; has an analytic extension
¢; € ' ASR(IF) and if j < r define ¢ji1 = Ay, m;¢; (cf. Remark and so

Gjy1 € LTI A(TY, ), where I, = (a}—ﬁ7ﬁ§+ﬁ). Finally, f, = ao+Lm,.¢r € A(l})

is the (my, ..., m,)-sum of 7 associated with (I1,...,1I,). Here the elements f; in the def-
inition of Malgrange and Ramis are given by £~mj ?;.

The definition of Balser reads: fis said to be (myq, ..., m,)-summable on (Iy,...,I,)
if there exist g;, 7 = 1,...,r, such that fz 25:1 g; and g; is k;-summable on I;, where

the intervals I; are as above.

The definitions of Balser and Tougeron mentioned before in the case of (1, 2)-summa-
bility also may be extended to the general case.

The definitions above have been formulated for scalar functions but they may be
extended in an obvious way to functions with values in C™.

2. ODE’s with 2 levels. In this section we consider the system
d
diag{x 1™, 221 }a =2 = Ay + ag(a,y). (3)
x

where I(9) denotes the identity matrix of dimension n; € N and n = ny + ng, y € C*,
A = diag{\y,..., Ay}, and g is analytic at (0,0) in C x C™. We also assume that A is
invertible. Because of the powers 1 and 2 of x in the left-hand side of this equation
is said to have levels 1 and 2. The equation has a formal solution § = Zj’;l
be verified easily. Moreover, from the recurrence relations for the coefficients one may
deduce that this series is Gevrey of order 1. If y = (y1,...,yn), y; € C, then we define
v = (g1, yny ) ¥ = (Yn, 41, . - -, yn) and similarly for A and g. Then

THEOREM 2.1. The formal solution § of is (1,2)-summable on (I1,I5), where I
(g — /2,01 + 7/2) with a1 < f1 and A\j & S(au,B1) for j = 1,...,n1, and I, =
((aa—m/2)/2, (B2+m/2)/2) with g < Ba, Io C I and \j & S(az, B2) forj =ni+1,...,n.

REMARK 2.1. The conditions on I; and I may be reformulated in terms of Stokes rays.

cjr’ as may

At these rays there is a change of growth order of solutions of . For example in case
g = 0 there are solutions exp(—\;/z)e; if j < ny and exp(—\;/(222))e; if j > ny. Here
there is a change of growth order at the rays argz = 74 = arg(\;) £ 7/2, j < n; and
argr = T+ = (arg(\;) £7/2)/2, j > nq, and these rays are the Stokes rays of level 1
and 2 respectively. Then the conditions on I; and I may be reformulated as S(I;) does
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not contain any pair of Stokes rays 7;4 and 7;_ of level h and I, C I, |I5| > w/h for
h=1,2.

We give a proof of the theorem via convolution equations as in [Bra92]. First we
apply the formal Borel transform to . Let By = ¢, G = g(mg(z,@(z))) Then ¢ is a
convergent power series in a disc A(0, pg) with pg > 0, its sum will also be denoted by ¢.
Then fo := L¢ € Aqy/ASTHR) (cf. ) and fo is a solution of (3)) mod A=Y, and in view
of (1)) also mod A=~!. From the Taylor expansion g(z,y) = > w095 (x)y’ we deduce that
G(t,¢) = > G;(t) * ¢*I(t), where G; = B(xg;(z)). Since B(x) = 1, B(a? dy) = to(t), we
obtain from the formal Borel transform of ,

(t1M =AM = G2, 9),

4
1 % (tgb(Q)) — A(2)¢(2) +G®@ (t, p) (4)

which can be written as ¢ = T'¢, where
(Te) V) = (1) = AD) GO (t, 9), )

(T$)® = (AD) (1% (t6?)) — GO (1, )]
We already have the analytic solution ¢ in A(0, pg). Next we solve (5] on the sector S(I),
where I := (a1, 1), a1 and £y as in Theorem 1l We will show

PROPOSITION 2.1. There exists a unique analytic solution ¢ of on S(I) U A(0, po)
and ¢ € AS2(I).

We delay the proof to Subsection[2.1] From this proposition and Theorem [L.1]it follows
that

fi:=Li¢ € AJAST2(I).

Moreover, f; is solution of . mod A=~2. Here I is as in Theorem

Next we consider an acceleration of ¢. From f; = £1¢ and Remark . we deduce
that Bafi = By o L1¢ = Ag1¢ € t71A(I), where I' := (o — /4,1 + 7/4). Let
P = pa0Ay1¢ = pao Bofi = Buy if uy = p2(f1). From 1) it follows that u; satisfies
mod AS1

222 % = diag{v/z IV, I®} (Au + Vz g(Vz,u)). (6)

We apply the Borel transform to this equation. From pglw = Ag10 € tTTA(I) it
follows that there exists p > 0 such that ¢ exists in U := A(0,p) N S(I;), where
Iy = (2004 — /2,28, +7/2) and 1 satisfies

206(t) = diag{ —= * (A0) D, (A0)®@ } + F(t, ), where
FO(t,9) == (B(zg™M (Va,u ))))(t)’ FO(t,9) = (B(vVz g® (Va,u(@)))) (),
where we used (By/z)(t) = \/?' Here g has a Taylor expansion

=> gi(z)y’ —Zzgjmw y’ (8)

30 §=0m=0

(7)

convergent for |z| <y, |y| < rq for some positive 1, ro and
lg5(@)| < Mr', gyl < MrSlm (9)
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for some M > 0. Hence

Fy) = Z Fj x4, where

j=0
10)
> m/2 e (m—1)/2 (
(1) €] ¢ (2) 2 t

the series being convergent because of @ So t'/2F;(t) is an entire function of ¢'/2 for
all j.
We rewrite as

Y =P(¢) := Do{D1(¥) + F(¢)}, where (
Dy : = diag{(2t) ' 1M, (2t = A®) 7'}, Dy(v) = diag{[(mt) /%« (Ag)] D), 02}
So ) satisfies and we extend 1 in the following two lemmas.

11)

LEMMA 2.1. The solution v can be analytically continued on S := S(I), where I =
(a2, B2) C Iy and S does not contain any eigenvalue \;/2, j =ny +1,...,n, of A /2.

LEMMA 2.2. ¢ € t~1/2ASY(]).

We will delay the proofs to Subsections and The last lemma implies Ay 1¢ =
Pyt € tTPAS2(IY), I = (g /2, B2/2) and Theorem [2.1 follows.

2.1. Proof of Proposition It is sufficient to prove this proposition in the case
that 01 — a1 < 7/2 —¢€, € > 0, since if I’ € I, then I’ is the union of a finite number
of these more special intervals and the solutions on the corresponding sectors glue to a
unique analytic function because they already coincide on A(0, pg). For the proof in the
case 31 — oy < /2 — € we consider 0y := (a1 + (31)/2, ¢ # 0, ¢ = |c|e~2"% and the space
C(I) of continuous functions f on S(I) which are analytic in the interior of S(I) and
such that [|f|| := sup,cg(y) le=<* £(t)| < 0. Now Proposition [2.1|is a consequence of
LEMMA 2.3. The operator T introduced in defines a contraction on the ball By :=
{fecCW):|fll <6} for sufficiently large |c| if § > 2M with M as in (9).

For the proof of this lemma we use some properties of the space C'(I) with I = I’ as
above.

LEMMA 2.4. If f,g € C(I), then

L frgeC(l) and ||f gl < (x/(clsine) " I£]l- gl

2. ||ePltl|| = ep’/Wlelsing) jfy e R,

3 1= NI < 1fII/(2[c] sine).
Proof. We have |(f = ¢)®)| < |If]l - |lgllR(t) with R(t) = || % |e*’|. If t = rei®
S(I), > 0,60 € R and ¢y := |c|]cos(20 — 260p), then ¢y > ¢; := |c|sine and R(?)
for eco((r=0)>+0?) g5 — geor® for e—c00(2r=0) 5 < ecor? fooo =00 o — %ec0r2(%)1/2
\e“ﬂ(%)”z and item 1. follows.

Item 2. follows from [|e?"l|| < sup,qexp(pr — cor?) = exp(p?/(4co)). Finally, item 3.
follows from |1« (tf)| = |[y sf(s)ds| < |fIl - fylse® ds| < |f]| [] o do
(e« /(2c0))[|f|-

IANIA M

IN
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Now the proof of Proposition may be given as follows: Using and @ we may
estimate G; := B(zg;(x)) by |G, ()] <> |gjmt™/m!| < Mrlf‘ exp(|t|/r1). From this and
item 2. in Lemmawe deduce that ||G;|| < Mr'le exp{1/(4r%|c|sine€)} < (5/2)r‘2j| if |¢|
is sufficiently large. Then using items 1. and 2. of Lemma [2.4] we see that if ¢ € Bs, then
1691 < (r/(Jel sin ) Ul =D/2501 and (|G + 69| < (8/2)(wr36%/(Ie] sin €))41/2 for all j.
Hence G(t,¢) = >, G; *¢*J exists and maps By into itself if |c| is sufficiently large. From
the boundedness of |(tI™") — AM)~1| on S(I) it follows also that T maps Bs into itself
if |c| is sufficiently large. Next we show that T is a contraction. For this we use that if
v,w € C(I) and [ > 0, then

[(v +w)™ = o || < JU(lloll + [[w]]) (12)

This may be shown by induction (cf. [Cos09, p. 175]). From this and Lemma [2.4]it follows
that T' defines a contraction on Bsy. Hence we have a unique solution of in By which
evidently coincides with the convergent series for ¢ on A(0, pg) defined before. m

=1
[[w]]-

2.2. Proof of Lemma It is sufficient to give the proof for the case I € 1.

First we give an extension of the usual convolution product due to Ecalle. Choose
to € U, where U is defined after @, with 0 < [tg| =: 79 < p. Choose 0 < r < rg with
ro + 7 > p and consider Uy := A(0,r0) NS and V :={t € C:t —tg € S, |t — to| < r}.
For t € V we define (t) to be the path from 0 to ¢ consisting of the rectilinear segments
[O,t — to], [t — to,to}, [to, t]. Then [0, t— to} U [t - to,to] C Uyp.

If f and ¢ are continuous scalar functions on Uy U V' then we define for ¢t € V:
(fxg)(t) = fv(t) f(t —s)g(s)ds. Then f*g = g« f and if f|ly, = glv, = 0, then
(f*g)lv = 0. If fand g are analytic on the interior of Uy U V', then f * g is analytic
on the interior of V' and if moreover they are analytic in a neighborhood of ¢y, then the
extended f * g is the analytic continuation of the usual f * g.

Let W be the space of continuous functions f : V' — C™ which are analytic in the
interior of V' and || f|| := sup,cy | f(t)|- Let ¢ be the solution of on U, H(t) = (1),
h(t) =01if t € Uy and H(t) = ¢(to) if t € V, hly € W. We want to determine h such
that ¢ = H + h satisfies on V. Hence h has to satisfy

h=P(H+h)— P(H)+ R(H) =: M(h), where R(H) :=P(H)— H. (13)
From and it follows that
F(H+h) =Y F«(H+h)"=>Y q*h,

=0 Jj=0
]+m *m
m>=0 J
P(H+h)— P(H) = Do(Dl(h) + qu * h*j)-
7>0

Since |H(t)| < Ky for some Ky > 0 we have |[H*"(t)| < K(‘)m||t||m|‘1/(|m| -1
Since v/t F;(t) is analytic in v/# the same holds for v/t q;(t). From h|y, = 0 it follows
that h; * by = 0 and therefore h*™ = 0 if |m| > 0. Hence we may restrict the sum
over j in the first part of to |j| < 1 and in the last part to |j| = 1. Therefore
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\/ R( ) ) and \/ t(P(H + h) — P(H)) are analytic in v/f. So implies M (h)(t) =
ft h(s)ds + R(H), where v/t B(t) is analytic in v/t. So h = M(h) is a
Volterra equatlon with a weak singularity and therefore M is a contraction on W for
some integer [ (cf. [Mik64]) and there is a unique analytic solution on V. In this way also
the reasoning on p. 535 of [Bra92] may be corrected.
Hence we have the solution ¢ = H + h of on V. This solution coincides on
V' NU with the solution 1 we started with on U and thus it is analytic on the interior of
U UV. By varying ty we obtain an analytic solution of on A(0,79+7)N S. We may
repeat this procedure of analytic extension next with U replaced by A(0,r¢ + Ir) N S for
l=1,2,... consecutively and thus we obtain an analytic solution v of on S.

2.3. Proof of Lemma -. It is sufficient to show that ¢ € t~Y/2ASV(Iy) if Iy € T
In the following we restrict s to S(Iy) and let ¢ = |s|. For ¢ > 0 we define v(t) =
SUDse 5(1o), 5=t 1¥(s)[l; where || - || denotes the Euclidean norm. From , @) and (11)
it follows that ||D1(¢)(s) + F(¢)(s)|| < KF4(v)(t) for some K > 2M, where

t(m 1)/2

Let R > 0 to be chosen later on. If ¢ = |s| > R then ||D0(5)H < Ky for some constant
Ko > 0. Hence v(t) < K(F1(v))(t) if t > R by increasing K suitably. Since ¥ = Bpa(f1),
where fi ~ f, so fi(z) ~ ciz, it follows that ¥(s) ~ c1/v/@s, v(t) ~ |ei|/v/7t. Also
F.(t) > 1/y/nt. Hence we may choose R and K > |c1| such that v(t) < K(Fy(v))(t)
also for all t < R and therefore for all ¢ > 0.

We use the majorant method and first consider vg = KF.(vg). If w = Ly,
then w(z) = K(LFi(v))(x) = KZ;‘;O(TQU)(Z‘))j S ry MamID/20 8o w(x) =
Kz (1 —rw(x))(1 —+/z/r1)]”! and this equation has a solution w analytic in /z
in a neighborhood of 0, real-valued for z > 0, whereas w(z) ~ Ky/x as z — 0. Now
vo = Bw € t~/2A=! by Theorem 1.1 and vy(t) ~ K/v/7t ast — 0. Since v(t) ~ |c1|/V/7t
le1] < K we have v(t) < wvo(t) for ¢ sufficiently small. Suppose v(t) < wo(t) for all
t € (0,tp). Then v(tg) < K(Fyv)(to) < K(Fivg)(to) = v(to). Hence v < vg on Ry and
consequently v(t) = O(eP') as t — oo for some p > 0. The definition of v then implies

b € t7Y2ASL(1p).

3. ODE’s with more levels. Theorem may be extended as follows: Consider
: d
diag{z™ 1M, ... 2™ [} d—y = Ay + zg(z,y), (15)
x

where r € N, m; € Nfor j =1,...,7,0 < my < ... < m,, IY) denotes the identity
matrix of dimension n; € Nand n =nq +... +n,, y € C", A = diag{\,..., A}, A s
invertible and g is analytic at (0,0) in C x C". Let § = >_;2, cpz” be a formal solution
of (I5)). Then (cf. [Bra92l Bal94, [RS94])

THEOREM 3.1. The formal solution y of is (my,...,my)-summable on (I,..., 1),
where I; = (o, 5;) with B; —a; > w/mj and A\, & S(a; +7/(2m;),B; — n/(2m;)) for
dlhem+...+nj1+Lni+...+n],and I; CIj_q1,5=1,...,r, where Iy =R.
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B. BRAAKSMA

The conditions on the intervals involving the eigenvalues of A may be reformulated
in terms of Stokes rays as in the previous theorem. Theorem may be proven with the
methods used in the proof of Theorem Now one considers recursively the equations
for pp;y, apply the Borel transform, show that it results in functions in some suitable
A=* and utilize accelerations Ap i m; to go to the level mjyq.
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