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Abstract. For a Fuchsian system

dy "4
%_<Zl‘—tj)y’ (F)
t1,t2,...,tp being distinct points in C and A1, As,..., A, € M(n x n;C), the number « of
accessory parameters is determined by the spectral types s(Ao), s(41),...,s(Ap), where Ag =
=251 Aj. We call the set z = (21,22, ..., 2a) of a parameters a regular coordinate if all entries
of the A; are rational functions in z. It is not yet known that, for any irreducibly realizable set
of spectral types, a regular coordinate does exist. In this paper we study a process of obtaining
a new regular coordinate from a given one by a coalescence of eigenvalues of the matrices A;.
Since a regular coordinate is a set of unknowns of the deformation equation for (F), this process
gives a reduction of deformation equations. As an example, a reduction of the Garnier system
to Painlevé VI is described in this framework.

1. Regular coordinates. We fix integers n and p. Let O; (0 < j < p) be a conjugacy
class of M(n x n;C). We assume that, for each O;, there is no integral difference between
distinct eigenvalues. Moreover we assume

p
D tro; =o. (1)
=0

We set
p
M= M(0y,04,...,0,) = {(AO,Al,...,Ap) €0 x 01 x...x 0y S A, :o}/N,

=0
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where (Ao, A1,...,4,) ~ (Bo, Bi,...,Bp) if there is P € GL(n;C) such that A4; =
PB; P~ (0 < j < p). We denote (O, O, ...,0,) by O. We say that O is realizable if
M(O) # 0, and that O is irreducibly realizable if there exists [(Ag, Ay, . .. JAp)) € M(O)
such that the common invariant subspaces of Ay, A1, ..., A, are trivial. To characterize
the (irreducibly) realizable tuples O is a fundamental problem, which is called Deligne-
Simpson Problem (DSP) by Kostov. DSP is solved by Kostov [9], Crawley-Boevey [2]
and Oshima [I3].

The set M can be regarded as a moduli space of Fuchsian systems of differential
equations. Let ¢1,t2,...,t, be distinct points in C, and A;, As,..., A, be matrices in
M(n x n;C). Consider the Fuchsian system

% B (Xp; xfjtj)y’ 2)

and set

The accessory parameters of the system can be understood as a coordinate system
of M(Oy,01,...,0,), where O; is the conjugacy class of A;. The deformation of the
system is described by the system of partial differential equations

AuAk
__Z ti—ty

8A _[AZ,A] o

for (A1, As, ..., A,), where [(Ao, A1,...,4,)] € M(Oy, O4,...,0,) with Ay normalized
to the Jordan canonical form. Thus the deformation is a system of partial differential

equations for the accessory parameters. Then, in order to describe the deformation equa-
tion explicitly, we have to find a coordinate system of M, which is the theme of this
article.

We want to find a good coordinate system. For the case n = 2 and p = 3, Okamoto
[11] and Inaba—Iwasaki-Saito [6] constructed beautiful coordinate systems for the moduli
space M, which are fairly useful for the analysis of the Painlevé VI equation. Such
constructions, however, are very hard even for this particular case, and then similar
constructions for general M seem to be beyond our scope. We look for another kind of
good coordinate systems.

DEFINITION 1.1. Let a be the dimension of the moduli space M = M(Oy, O1,...,0,).
A coordinate system (21, 22, . .., 2o ) of M is called a regular coordinate if, for a represen-
tative (Ao, A1, ..., A,) of a generic point of M, all entries of the matrices Ag, A1, ..., 4,
are rational functions of (z1, 22, ..., 2qa)-

Jimbo-Miwa-Moéri-Sato [7] gave a set of variables for a tuple (A;, As,..., A,) of
matrices such that all entries of the matrices are rational in the variables, and that
the variables are canonical with respect to the Hamiltonian structure of the deforma-
tion equation. Thus these variables are good ones, but do not give a regular coordinate
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since the number of the variables exceeds the number « of the accessory parameters.
Fuji-Suzuki [4] and Tsuda [15] obtained a same deformation equation in different ways.
Their deformation equation is written in a coordinate obtained from JMMS variables by
reducing the number of the variables. In the work [I4] of classifying deformation equa-
tion of dimension 4, Sakai got 4 types of deformation equations which are also written
in coordinates from JMMS variables. These coordinates are canonical coordinates with
respect to the Hamiltonian structure, and we find that they are regular coordinates.
Alday—Gaiotto-Tachikawa [I] conjectured the coincidence of the partition function of
the four-dimensional gauge theory and the correlation function of the conformal field
theory. In studying AGT conjecture Yamada [I6] obtained deformation equations from
Fuji-Suzuki-Tsuda equation by changing the spectral types of the matrices A;.

Looking at these works, I noticed it important to study the regular coordinates in
general extent. In this paper we consider two kinds of transformations of the tuple
(Ao, A1, ..., A,), one is Katz’s operations and the other is coalescences of eigenvalues, and
study the behavior of regular coordinates under these transformations. The former trans-
formation keeps the deformation equations invariant ([5]), while the latter one gives a
reduction of deformation equations. Explicit regular coordinates are also given for several
particular cases.

2. Formulation of the problem. In the following we assume that the conjugacy classes
O; (0 < j < p) are semi-simple. For a semi-simple conjugacy class O of M(n x n;C),
the partition of n which represents the multiplicities of the eigenvalues is called the
spectral type of O, and is denoted by s(O). For a semi-simple conjugacy class O with
s(O) = (mq, ma, ..., my), we set

l
2(0) = m?, (3)
=1

which is the dimension of the centralizer of any representative of O. For A € O, we also use
the notation s(A) and z(A) in place of s(O) and z(O), respectively, and call s(A) the spec-
tral type of A. For a tuple O = (O, Oy, ..., Op), the tuple (s(Op),s(O1),...,s(0,)) of
the spectral types is called the spectral type of (5, and is denoted by 5(6) If

O = (0p,04,...,0,) is irreducibly realizable, the dimension a of M(Op, O1,...,0p)
is given by

a=(p—1)n? —ZZ(Oj)+2. (4)
=0

This is shown essentially in [§], where the index of rigidity is given by 2 — . It is also
known that « is an even integer.

We are interested in finding a regular coordinate for a given irreducibly realizable 0.
The following lemmas give basic techniques.

LEMMA 2.1. For any generic pair A, B of n x n-matrices, there exists a similar transfor-
mation which sends A to an upper triangular matriz and B to a lower triangular matrix
simultaneously.
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Proof. First we assume that A, B are diagonalizable, and take eigenvectors uy,us, . .., Uy
(resp. v1, v, ...,0,) of A (resp. B) such that wuy,...,u,—1,v, are linearly independent.
We set

Aui = a;U;, B’Ui = bi’l)i (1 é 1 S n)

We show that, for i = 2,3,...,n — 1, there is a vector u} such that
w, € (U, ..., ui),
Bu; € biuj 4 (Wi gy, ... U, _1,0n),
Suppose that the assertion holds for ¢ + 1,...,n — 1, and assume that uy, ..., u;,uj .,

., uh,_q, v, are linearly independent. Then v; can be written in these vectors
!/ !
Vi =C1Ul + .+ G+ Cip1U g o iUy + CpUn
with scalars c1,ca, ..., c,. We set

!
U; = C1uy —+ ...+ ciuy.

Then clearly ) € (uy,...,u;), and we have
/ / li
Buy = B(v; — Cig1Wiq — -+« — Cp—1Up_q — Cpp)
li li

€ bivi + (Wjy 1,5 Uy, _1,Un)
li / / / /

= b (w; + (g, Uy 15 Un)) + (Wig, - U1, Un)
/ / /

= biui + <ui+1a ey un—17v7l>7

which shows the assertion for i. Thus, the similar transformation by the matrix
P = (u1,uby ..o ul,_q,0p)

sends A and B to upper and lower triangular matrices, respectively.

In the above we assumed that wy, ..., u;,ujq,...,u,_;,v, are linearly independent
in each step. We understand that the pair A, B is generic if these conditions are satisfied
for some sets of eigenvectors uq, ..., u, and vy, ..., v,.

The above proof can be modified to the case that A or B is not diagonalizable. m
LEMMA 2.2. Let C be a diagonalizable n x n-matriz with spectral type (my, ma,...,my).

(i) C can be parametrized by

parameters besides the eigenvalues.
(ii) Denote the eigenvalue of multiplicity m; by ¢;. We set

U
m;=n—mp—Mmg—...— My

fori=1,2,...1.



REGULAR COORDINATES 43

Then C can be generically parametrized as follows:

C
C=c + (Ui) (Im’l Pl) )

Cs
Ci+PU =c2—c1+ <U2> (Im;, P2),

Cs
Co+ PUs =c3 —ca+ <U3> (Im;, P3),

Coa+ P U 1=c—c,
where Cy, U, Py are mf; x m}, m; x m} and m), X m;-matrices, respectively, and the
scalars in the right hand sides are scalar matrices of appropriate sizes. The entries
of P, and U; (1 <i<1—1) are the parameters.
Proof. First we note that
rank(C — ¢1) =n —my =m).

Then, if the first m} columns of C' —¢; are linearly independent, we get the decomposition

C—c = (&) (I, P1). (5)

Using , we get
Cl(Cl + PU; — dz) Cl(Cl + PU; — d2)P1>

C—c1)(C—co)=

( 1)< 2) <U1(01+P1U1—d2) U1(01+P1U1—d2)P1
where dy = ¢y — ¢1. Since

rank((C —¢1)(C — ¢2)) =m) and rank <gl> =m),
1
we have
rank(C1 + P U, — d2) = m’z
Then we get the decomposition
Cs

Cr+PUL —day = <U2> (Imf‘, Pz) )

if the first m/, columns of C; + P,U; — dy are linearly independent. Continuing similar
arguments, we get the parametrization in the assertion (ii). The parameters are given by
the entries of P; and U; (1 <4 <1 —1), and hence the number of the parameters is

-1 -1 1
Zm'i'mi —|—Zmi~m§ = 2Zmimj = (my+...+my)* - me,

=1 =1 i i=1
which implies the assertion (i). m

We shall use the above lemmas to construct a regular coordinate for a given o=
(Og,01,...,0,). First assume that there are two O; with spectral type (17). We may
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take
5(00) = 5(0p) = (17).
By Lemma we can take a representative (Ao, A1, ..., Ap) of a generic point of M(@)

such that
aop1 0] Gp1 *

AO = te ’ Ap = . ’ (6)
* Aon 0] Qpn

where ag; # aoj (1 # j) and ap; # apj (i # j). We parametrize Aq,. .., A,—1 according
to Lemma ii). By Lemma [2.2{i), we see the number of the parameters we use is

S0~ 2(4) = (0~ 1 ~ Y =(0)) ™

The maximal subgroup of GL(n; C) which leaves the form (6) invariant is
GL(1)" = GL(1;C) x GL(1;C) x ... x GL(1;C).
Since the center C* acts trivially, the effective action is given by GL(1)"/C* = GL(1)"~1
Then we can normalize n—1 off-diagonal entries of A, ..., A,_1 to arbitrary values. This
normalization is a system of algebraic equations for the parameters, which we call the
system (N).
Next we look at the relation
P
> A= ®)
§=0
The diagonal entries of give n relations
p—1
> ((i,i)-entry of A;) = —ag;i —api (1 <i<n). (9)
j=1
If we take a sum of these n relations, we get

p
Z tr Aj = 0,
j=0

which is a relation for the eigenvalues and is already assumed in . Then we have n — 1
independent relations among @, which we call the system (D).

Thus we have 2(n — 1) relations (N) and (D) for the parameters of A;,...,A,_1. If
these relations are independent and solvable, the number of the parameters is reduced
from @ to

(p—l)nz—ZZ(Oj)—Q(n—l) Zz ) — 2(0p) — 2(0,) +2 = a.

Note that the off-diagonal entries of Ay and A, are written linearly in terms of the entries
of Ay,..., Ap_1 by the relation (8). Hence, if the system (N) and (D) is independent and
solvable, and if the solution of the system can be written rationally in o parameters, the
parameters make a regular coordinate for M(O).

This method can be directly applied to the following particular case.
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PROPOSITION 2.3. In the case
5(00) = 5(01) = .. = 5(0,) = (1"),
we have a regular coordinate for M(Ogp, O, ...,0p).
Proof. In this case we have
a=(p-1)n*—(p+1)n+2.

We may assume that Ay and A, are of the form @ We denote the eigenvalues of A;
by aj1,aj2,...,a;, for 0 < j < p. According to Lemma ii), we can parametrize

Al, PN 7Ap,1 as
cy :
nmant (G) (bes ).

Ci 4 PIUY —ap—apn+ () (1, P
1 iYi §2 — @41 U n-2 13/, (10)

J J J _
Cooq+ P Uy = ajn — ajn—1,

for1 < j <p—1.Here,forl1 <k <n-1, U,z and P,g are 1 x (n—k) and (n—k) x 1-matrices,
respectively, and so we set

(Pi)l
U= (s oo @aek), PL=|
(pi)n—k
By the action of GL(1)"~!, we can normalize U{ to
Ur=(1 1 ... 1). (11)
Namely we have (ui); = ... = (ul),—1 = 1. By , the i-th diagonal entry of A; is
given by
n—i
Ajn—it1 —Z(pi)( )i +UrJl i1 b, n i+l
k=1

for 1 < i <n. We put this into the relation @ for 1 <i<n—1 to obtain

p—1n—i p—1

j
Z Z(pk: Z n— z+1 n i+1 = Goi + § Qjn—i+1 T Qpi-
Jj=1k=1 j=1

Since we have normalized Ui as , this relation can be written as

p—1
Di 12
(pl)l + n z+1 n i+1 — @0i + Ajn—it+1 + Apj- ( )
1<j<p—1,1<k<n—i Jj=1

(4:k)#(1,1)

Hence every entry of P} is a polynomial of the entries of U,Z and P,f with (4, k) # (1,1).
The number of these entries is a, and hence they make a regular coordinate. m
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Now we relax the condition s(Op) = s(O,) = (1"). Let us consider the case
5(0) = (m,1"7™),  5(0p) = (1")
with 1 < m < n. If we take a representative (Ao, A1,. .., A,) with Ay, A, of the form @,

and if we assume ag; = ... = agym,, we should have
aopi O
0]
O apl
AO = )
ag,m+1 O
*
* QAon

because A is diagonalizable. This form of Ay is left invariant by the action of GL(m) x
GL(1)"~™. Then, by using this action, we can normalize the principal m x m part of A,
to a diagonal matrix. Thus we have

Ap,m+1 *

0 Gpn

Then the principal m x m part of the relation becomes a system of algebraic equations
for the parameters of A;,...,A,_1. In this way, we can increase the number of the
equations of the system (D) by m? —m, which is just the difference of 2(Op) for s(Op) =
(1™) and for s(Oy) = (m,1™™), and hence the difference of a.

For the case

5(00) = (mv 1n7m)’ S(OP) = (m/7 1n7m’)

with 1 < m/ < m < n, the above argument holds without any modification. In this case,
if we take ap1 = ... = apny, the action of GL(m’) x GL(1)"™" leaves the normalized
forms of Ay and A, invariant. Then we can normalize m’ 2 entries of Ay, ..., Ap,_1 by this
action, which increases the number of the equations of the system (N) by m’ 2 m'. Just
as above, the last number coincides with the difference of 2(O0,) and hence of a.

To consider more complicated cases, we use the following lemma.

LEMMA 2.4. Let A and B be a generic pair of diagonalizable n x n-matrices of spectral
types (m1,m2) and (n1,ns), respectively, with my > ny. Then there exists P € GL(n;C)
such that

aljnl @) 0] b1[n1 0] *
P'AP=| O aln,_n, O |, P'BP=| O byl _n, O |,
* O ClQImz O O bQI»,nz

where a; (resp. b;) is the eigenvalue of A (resp. B) of multiplicity m; (resp. n;) fori=1,2.
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Proof. We set ny = k, m; —n; =1 and mo = m. We may assume that A and B are of
lower and upper triangular form, respectively. Since A and B are diagonalizable, we have

aly, O 0] bily, Biz Bis
A= O alfl 0] 5 B = o bQIl O ;
Azr Az axly, O O by,

where Asq, Ass, Bis and Byg are m X k, m x [, k x [ and k X m-matrices, respectively. We
transform A and B by a matrix P of the form

Ik P12 O
P=10 1 O
O Pz Iy
Then we have
alp, O 0 bily, Xi2 Bis
PlAP=| O wl, O |, P'BP=| O bl O |,
Agl X32 CLZIm O 0 bQIm

with
X123 = Bia + (by — ba) P12 + B13Psa,

X3g = Azg + A31 P12 + (a2 — a1) Pss.
From the relations X5 = O and X35, = O, we obtain the linear equation
( Az (ag — al)fm> (P12> _ <A32>
(by — b2) Iy Bis P3y B
for Pi5 and P35. The determinant of the matrix in the left hand side does not vanish for
a generic pair (A, B), and hence we find a matrix P in the assertion of the lemma. m
By using Lemma [2.4] repeatedly, we obtain the following assertion.

PROPOSITION 2.5. Let A and B be a generic pair of diagonalizable n X n-matrices of
spectral types

S(A):(m15m27"'7mp)7 S(B):(nlanQa"'vnq)'
We set
k l
MkZZmi, Ngzznj
i=1 j=1

for1<k<pandl<Il<gq, and set My = Ny = 0. Then there exists P € GL(n;C) such
that

allml o O bllnl * *
R poipp_ | O el
* * ceeaply, o o oo by,

where, among the lower off-diagonal entries of P~YAP, the (i,7)-entry is 0 if Nj_; +1 <
j < i < Nj for some l, and among the upper off-diagonal entries of P~1BP, the (i,j)-
entry is 0 if M1 +1 < i < j < My for some k. The mazimal subgroup G of GL(n;C)
which leaves these forms of P~YAP and P~'BP invariant is

G = GL(ll) X GL(ZQ — ll) X ... X GL(ZT — lr—l) X GL(TL — lr),
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where (I1,1ls,...,1) is the increasing sequence of integers determined by
{My,Ma,...,My,_1,N1,No,...,Ny_1} = {l1,l2,..., 1, }.

EXAMPLE 2.6. Let A, B be a generic pair of diagonalizable 10 x 10-matrices of spectral
types
s(4) =(3,3,3,1), s(B)=1(2,2,2,2,2).

Then, by Proposition we can send A, B by some P € GL(10;C) to

a 0 0 0 0 0 0 0 0|0

0 ai 0 0 0 0 0 0 0|0

0 0 ai 0 0 0 0 0 00

Q41 42 0 a9 0 0 0 0 0 0

,1AP _ asy as9o ass 0 as 0 0 0 0 0 :

gl ag2 ag3 0 0 a9 0 0 0 0

ary  arx  ar3y | arpy  ars  are | as 0 010

agy  agy a3 | ag4  aAgs  agg 0 az 0|0

agy gy g3 | Ggy  Ag5 (g 0 0 a3| 0
@10,1 @102 @103 | G104 G105 G106 | G10,7 G108 O | ag

by 0| 0 big|bis big|bir big | big bi10
0 by | O bog|bas bag | bay bog | bag bo1o
0 0 |by O |bss bz |bsr bsg|bsg b310
0 0|0 ba| O O |bar bag|bag baio
-1 0 00 0 |by O |bsy bss|bsg bs10
PBP = 0O 0|0 O 0 b3 | ber bes | bes bs10
0O 010 O 0 0 | by 0 0 bri0
0O 010 O 0 0 0 by 0 bs,10
0 010 0 0 0 0 0 bs 0
0 010 0 0 0 0 0 0 bs
The maximal subgroup of GL(10;C) which leaves the forms of these matrices invariant

GL(2) x GL(1) x GL(1) x GL(2) x GL(2) x GL(1) x GL(1).

Now we can formulate our problem in general. Let an irreducibly realizable tuple
0= (O, 01, ...,0p) be given. We can take a representative (Ao, A1, ..., A,) of a generic
point of M(@) such that a pair of two matrices, say Ao, A,, is normalized as in Proposi-
tion @ We read Ag = A and A, = B, and use the same notation as in the proposition.
We parametrize the other matrices Ay, ..., A,_1 according to Lemma ii). Note that
the number of the parameters is given by . Let G be the maximal subgroup of GL(n; C)
which leaves the normalized forms of Ay and A, invariant. By the action of G, we can nor-
malize dim G — 1 entries of Ay,..., A,_1, which gives a system (N) of algebraic equations
for the parameters of Ay,..., Ap_1. On the other hand, by the normalization, the diago-
nal entries of Ay and A, are the eigenvalues, and both of the off-diagonal (¢, j)-entries of
Ao and A, are 0 if My, < 4,5 < My, for some k or N;—1 < i,j < N for some . Then, for
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these (i, ), the (4, j)-entries of the relation give a system (D) of algebraic equations
for the parameters of Ay,..., A,_1.
Our problem is to parametrize the solutions of (N) and (D). If the solutions are ex-
pressed rationally in o parameters, the parameters make a regular coordinate for ./\/l((’j)
The problem can be regarded as a uniformization of a system of algebraic equations.
Also it can be regarded as a construction problem of representations of quivers.

3. Katz operations

DEeFINITION 3.1 ([8], [3]). Let (A1, As,..., Ap) be a tuple of n x n-matrices.

(i) Let (a1,aq,...,ap) be a point in CP. The operation
(Al,AQ,...,Ap) = (A1 +a1,A2—|—a2,...,Ap—|—ap)
is called the addition with parameters (a1, as,...,ap).

(ii) Let A be a point in C. Define pn x pn-matrices Gy, Gs,...,Gp by

p
Gi=) Ej®(Aj+65)) (1<i<p),
j=1
where E;; is the p x p-matrix with the only nonzero entry 1 at (i, 7)-th position
(1 <4,j <p). Let K and L be the subspaces of CP" defined by
vy
K= DlivieKerd; (1<i<p)p, L=Ker(Gi+Ga+...+G)p).
Up
It is easy to see that K and £ are invariant subspaces for (G1,Ga,...,G,). Then
(G1,Ga,...,G)p) induces the action (Gi,Ga,...,G,) on the quotient space
CP™ /(K + L). The operation

(Al,AQ, .. .,Ap) = (Gl,ég,. . .,Gp)
is called the middle convolution with parameter A.

The addition and the middle convolution are called the Katz operations. The Katz
operations can be uniquely extended to operations for tuples (Ao, A1, ..., A,) with sum
zero. Moreover it is easy to see that the Katz operations induce maps from the mod-
uli space M(Oy,O4,...,0,) to other moduli spaces by sending [(Ag, A1,...,A4,)] to
(Ao + ao, A1 + a1,..., A, + ap)] and to [(Go,G1,...,Gp)]. Tt is shown that the Katz
operations do not change the number of accessory parameters and the irreducibility.

In general, for any matrix A, we have a basis {v1,vs,...,v;} of Ker A such that every
entry of v; (1 < ¢ <) is a rational function of the entries of A. Noting this fact, we
obtain the following result.

THEOREM 3.2. If a moduli space M (O, O1,...,0,) has a regular coordinate, the images
of the Katz operations also have regular coordinates.

The moduli spaces M(@) for the irreducibly realizable tuples O are classified by the

—

Katz operations, which induces the classification of the spectral type s(O). A spectral
type s(O) is called basic if the rank is minimum among the class it belongs.
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Thanks to Theorem for finding regular coordinates, we have only to consider the
moduli spaces corresponding to basic spectral types. It is shown by Oshima [I3] that,
for every value of «, there are only finitely many basic spectral types. The basic spectral
types with o = 2 are classified by Kostov [10], and those with o = 4 are classified by
Oshima [12]. Here we give the list of those spectral types.

The case o = 2:
(11,11,11,11), (13,13,13), (22,1%,1%), (33,222,1°).
The case oo = 4:
(11,11,11,11,11), (21,21,13,13), (31,22,22,1%), (22,22,22,211),
(211,1%,1%), (221,221,1%), (32,15,1°), (23,23 2211), (33,2211,19),
(44,2%,22211), (44,332,1%), (55,3331,25), (66,444, 2°11).

Among these spectral types, owing to Proposition [2.3] we already know that regular
coordinates exist for the cases (11,11,11,11),(11,11,11,11,11) and (13,13,13). For the
other cases, we find regular coordinates except the cases (44,332, 18), (55,3331, 25) and
(66,444,2511). We note the results.

(22,14, 1%)
by

0] by *

ai
az
Al = a 3 A2 = b )
« 3 O 3
ay by

C
Ag=c1+ (UD (I P), Ci+PU =c3—cy,

1
U, = ( u12) . P = (pu P12> .
1 1 D21 D22

Then (u12,p21) is a regular coordinate.

where

(33,222, 1)
1 o) 1o b * *
aq b2
A= x| " o |. a4=| o |» |,
as b4
as bs
* * 0] O
as bs
Cq
Ag=c1+ U (I3 P), Ci+PUi=cy—c,
1
where
1w ugs P11 P12 P13
Ur= |1 wuge wus]|, Pr=|pa Dp2 pos
1 1 1 31 P32 P33

Then (p11,p21) is a regular coordinate.
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(21,21,13,13)

aj 0] by *
Ay = as , As= by )
* as O b3
C1
Ag=c1+ U, (I P), Ci+PUi=cy—c,

D
A1=d1+(vll> (I Q1), Di+@1Vi=dy—dy,

where

Uy = (1 Q,H<m» Vi=(v; ), @Cﬂ.

D2 q2

Then (p1,p2,v1,v2) is a regular coordinate.

(31,22,22,14)

Ay =

a9 b4

C
Ap=c1+ (Ui} (Is P), Ci+PU=cy—c,

D,

Av=dit <V1

>(12 Q1), Di+@Q\Vi=dy—di,

where

P1
v v
U1:(1 1 1)’ Pi=p], Vl_(n 12>’ Ql_(Qn Q12>.

V21 V22 q21  q22

p3
Then (ve1, V22, g21, ¢22) is a regular coordinate.

(22,22,22,211)

a1 O b1 ) "
A2 = 4 ) AS - ! )
* @2 @) bz

a9 bg
C

Ag=c1+ <U1> (I P), Ci+PU =c3—cy,
1
D

Ay =dy + (Vj) (I Qi), Di+Q@QiVi=dy—dy,

where

U =1, P = <p11 ]712), Vi = (1)11 1112)7 0, = <Q11 (J12).
D21 D22 1 o 21 g22

Then (q12, @21, @22, V22) is a regular coordinate.
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(211,14, 1%)
a1 o) b1 ) %
Al = 2 ) A2 = 2 b )
« as O 3
ayq by
C
Ag=c1+ <Ui) (I, P),
Co
Ci+PU =c3—c1+ U (1 P), Co+ PUy=c3—cy,
2
where

U1—<1 “) a—(”“ p) Us=(v), P:=(q).

1 1 P21 P22

Then (u12,p12,v,q) is a regular coordinate.

(221,221, 15)

a“ 0 O b * *
aq b2
A = . as ) o | Ay = 0 b3 r
2 4
* * as 0 0 bs
C
Ag=rc1+ (Ui) (13 Pl) )

Cs

C1+P1U1:CQ—01+(U2

> (1 P), Co+Polh=cs—ca,

where

P11 P12
1 u U v
U = ( e 13) s Pr=1|pa p|, U= ( 1) . P=(q

1 1 1 V2
31 P32
Then (u12,p21,v2, ) is a regular coordinate.
(32,15,15)
ai O bl *
Al = . ) A2 = N )
* as 0] b5
Cq
Ag=c1+ U (I P), Ci+PU =c3—cy,
1
where

1 wupg
U= 1 up|. P= (pu P12 plS) '
1 1 P21 P22 P23

Then (u12, ug2, po1, p22) is a regular coordinate.
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(23,23,2211)

“ ) 0 " * *
al bl
Ay = * 2 0 , Ay = 0] b2 *
as b2
as bs
* * 0] @)
as
C
AO =c1 + (U];) (IQ Pl) s
C!
01+P1U1=C2—01+(U2)(—72 Py), Co+ PoUs=c3—cy,
2
where
I pi2
(1.0 1 0 _ | P21 P22
U= <o 10 1) S
41 Pa2

v v
Uy = ( 11 12)7 P, = (CJ11 Q12>.
V21 V22 g21 Q22
Then (v11,v12, V21, ge2) is a regular coordinate.

(33,2211,16)

“ ) 0 " * *
al b2
a9 b3
Al = * I A2 =
as b4
. as bs x
* a4 b6
Cy
Ag=c1+ U, (I3 P), Ci+PUi=cy—c,
where
1w ugs P11 P12 P13
Ur= |1 w2 wus)|, Pi=|pa p2 pos
1 1 1 P31 P32 P33

Then (usgg, ua3, poe, p23) is a regular coordinate.
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(44,2%,22211)

“ o) 0 0
aj
« | ® . o) 0)
Alz 2 )
* * as @)
as
as
k * *
as
bl bl * * *
0] b * *
bo
A2: b ’
0 0 3
by | ¥
b
o o o 4
bs
Cy
Ag=c1+ U (Is P), Ci+PU =c3—cy,
1
where
1 0 uiz wuws P11 P12 P13 Pi4
0 1 1
U, = U24 P = D21 D22 D23 D24
1 0 1 0 P31 P32 P33 P34
0 1 0 1 41 P42 P43 P44

~—

Then (uy3, u14, P41, Pa2) is a regular coordinate.

It is not yet known whether regular coordinates exist for the remaining cases
(44,332, 18), (55,3331, 25) and (66, 444,2511).

4. Coalescence of eigenvalues. The spectral type of a diagonalizable matrix changes
when two eigenvalues coalesce. Then any spectral type is obtained from (1") by an iter-
ation of coalescences of the eigenvalues.

Since we have a regular coordinate for M(@) with spectral type (17,1",...,1™) by
Proposition 2.3} we may have regular coordinates for other spectral types by coalescences
of eigenvalues. In some particular cases, we can actually have regular coordinates in this
way.

PROPOSITION 4.1. We have a regular coordinate for M(Oqy, On,...,Op) with spectral
type
(21" 1™, ..., 1™).

Proof. We regard O = (Og,01,...,0p) as a result of a coalescence of a tuple C =
(Co,C4,...,Cp) of spectral type (1™,17,...,1"). Let (Ao, A1, ..., A,) be a representative
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of a generic point of M(@) We parametrize (Ao, A1, ..., A4,) by using the regular co-
ordinate as in the proof of Proposition We consider the coalescence ags — ag1. As
explained in Section 2, this induces two relations

p—1 p—1
Z((l, 2)-entry of A;) =0, Z((Q, 1)-entry of A;) = 0. (13)
Jj=1 j=1

Ifn>4andp>3, becomes a system of linear equations in (u3)1, (u3)2, and the
coefficient matrix is
( (P21 —(p§)1>
—(pd)2 (3)2 )’

which is generically non-singular. Thus we obtain a regular coordinate from one for M(C)
by eliminating (u3); and (u3)s.

If n=3and p > 3, becomes a system of linear equation in (ud)y, (u3); with
non-singular coeflicient matrix, and hence we obtain a regular coordinate by eliminating
them. Similarly, if n > 4 and p = 2, we can eliminate (p3)1, (p3)2. In the case n = 3 and
p = 2, the result of the coalescence is rigid, and hence M(@) becomes a point.

When n = 2 and p > 3, we use another normalization. We set

a b
() ()

d; .
Aj=cj+ <vj»> (1 @) di+gu=cp—cn (1<j<p-1)
J

and normalize g1 = 1 by the action of GL(1). Then v; is determined by the trace condition,
and hence the system becomes

p—1 p—1
(g7 = vy = a1 +b1+ Y e,
j=2 =1
;—1 p—1 ’ p—1 (14)
g5(a; = Dv; = Y (ej2 — i)y —ar —bi— e — Y ¢,
j=2 j=2 j=2
which is a system of linear equations in vy, ...,v,—1. If p > 4, we can solve this system

in w9, v, and hence get a regular coordinate after the coalescence. If p = 3, the result of
the coalescence is rigid. Finally the case n = 2 and p = 2 is rigid. m

DEFINITION 4.2. Suppose that M (C) has a regular coordinate, and that we obtain M(O)
from M(C) by a coalescence of eigenvalues. If M(O) has a regular coordinate and if

—

the regular coordinate is rational in the regular coordinate for M(C), we say that the

— —

coalescence induces a good reduction from M(C) to M(O).

Since a regular coordinate becomes the unknowns of the deformation equation, a good

—

reduction gives a reduction formula of deformation equations for M(C) to the deformation
equation for M(O).

ExXAMPLE 4.3. We consider the sequence of coalescences

(1%,1%,1°) — (31°,1%,1°) — (33,1%,1°).
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We take a regular coordinate for (1¢,1¢,1¢) according to Proposition

ap O bl *
AO: ) A2: )

C
Ap=c1+ (Ui) (I, P),

C
Cl+P1U16201+< 2>(I4 f’g)7
Us
C3
Co+ PUs =c3 —ca+ (I Py),
Us
Cy
C3+P3U3:C4—83+ (]2 P4)7
U,
Cs
Cy+PUy=c5—ca+ (1 P,
Us
C5+P5U5:C6—C5.
We normalize U; = (1 1 ... 1), and determine P; by || Then the entries of

Us, P»,Us, P3,Uy, Py, Us and P; make a regular coordinate.
We consider the first coalescence (1°,16,16) — (313,1¢,1%) by taking c5,c6 — c4.
Then
Us=0, P,=0, U;=0, P;=0,
and the entries of Us, P>, Us and P5 make a regular coordinate after the first coalescence.
Thus the first coalescence induces a good reduction.

Next we consider the second coalescence (313,1%,16) — (33,16,15) by taking
ca,c3 — c1. After the second coalescence, we obtain the parametrization

D
A1=C1+<V11>(I3 Q1) D1+ @11 = ¢4 — e,

where

vu—(a4—|—b4+c1) 012—(a4+b4+c1) v13—(a4+b4+cl)
Vi= vgl—(a5+b5—|—cl) ’022—(a5—|—b5+61) U23—(&5+b5+61) R
1 1 1

q11 4912 413
Q1= (g1 g2 g3

g31 432 (433
with the relation

V11 V12 V13 = _ (0 Vg1 V22 V23 hz2 _ (0
1 1 1 421 1) 1 1 1 q22 1)

431 g32
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qiz=a1+ b1 +ca+ (as +bs + c1)qi1 + (a5 + bs + ¢1)q12 — qu1vi1 — qi2v21,
G23 = G2 + ba + ¢4 + (ag + by + c1)g21 + (a5 + bs + ¢1)ga2 — g21V12 — G22v22,
g33 = a3z + b3 + ca + (as + ba + c1)g31 + (as + bs + ¢1)g32 — ¢31V13 — g32v23.

Thus (v11,v12, V21, V22, 411, 21, ¢12, g22) makes a regular coordinate after the second coa-
lescence. This regular coordinate can be written in terms of the regular coordinate before
the second coalescence as follows. We set

Us = (ug1 w2 wusz wuoa), Us=(usi wus> wuss),

V%

pz; Ps1
P = , P3=Dp3

P23 s

P24

Then we have
v1r = (1 — p31)(us1 — us3) — p32(us2 — us3) — paa(ug1 — ua4),
v12 = —p31(uz1r — uz3) + (1 — p32)(us2 — uzs) — paa(ugz — u24),
v13 = —p31(us1 — u33) — p3a(usz — uss) — paa(uzs — u24),

V21 = (1 - le)(uzl - U24) —P22(U22 - U24) - 1023(U23 - u24),

V22 = —p21(u21 — u24) + (1 — paz)(usz — u24) — paz(u2z — u24),
Vo3 = —pa1(U21 — u24) — paa(ugz — uzq) + (1 — pa3)(uzs — u24),
qi1 = P31,
421 = P32,
431 = P33,

q12 = P21 + DP31D24,
Q22 = P22 + DP32D24,
q32 = P23 + D33D24-

Thus the second coalescence also induces a good reduction.

EXAMPLE 4.4. In the proof of Proposition we see that the coalescence (11,11,...,11)
— (2,11,...,11) induces a good reduction. We shall show that, when p = 4, this good
reduction gives a reduction formula of the Garnier system in two variables to the sixth
Painlevé equation.

Take p = 4 and retain the notation in the proof of Proposition so that 5(5) =
(11,11,11,11,11), s(O) = (2,11,11,11,11). We have a regular coordinate (v, vs, g2, ¢3)
for M(@ ). By a coalescence as — a1, we get (’3, and have a regular coordinate (g2, g3) for
M(O). By solving in vy and v, we have

S— + b1+ c11 + coa + c30 4 (€21 — €22)q2 + (a1 + b1 + c12 + oo 4 €31)q3

(g2 — 1)(g3 — q2) 7 (15)
Vs = ay + by + c11 + cao + c32 + (a1 + b1 + c12 + co1 4 €32)q2 + (€31 — 032)(]3'

(g3 —1)(q2 — q3)
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—

The deformation equation for M(C) is the Garnier system in two variables, and that

for M(O) is the sixth Painlevé equation. Then we can regard (vs,vs, g2, ¢s) as the un-
knowns of the Garnier system, and (go, ¢3) as the unknowns of the sixth Painlevé equa-
tion. Hence, if we put into the Garnier system and set as = a;, we obtain the sixth
Painlevé equation. In this way, we get the reduction formula.
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