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To Professor W. M. Tulczyjew on the occasion of his 70th birthday

I first heard a lecture by Wlodek Tulczyjew at Aix en Provence in 1979, and I remem-
ber it. I had been struggling for some time to grasp the basics of spectral sequences in
order to understand the topological approach to the statistics of identical particles. Here
spoke a physicist who was completely on top of the technology—using it to place the
Euler-Lagrange operator in an exact sequence, to provide a test of whether or not a given
set of differential equations arose from a Lagrangian. And he even said that this was not
his main research interest, but something he did in odd moments! So I was impressed.
Many happy returns.

Fred Bloore

1. Introduction. The modern treatment of mechanics, initiated and developed by
Tulczyjew and others, uses the differential geometry associated with the tangent and
cotangent bundles of the configuration space @) of the mechanical system. Its tools are
the vector fields and the differential forms dual to them together with their exterior
derivatives.

This theory has a rich structure and enjoys great success in describing mechanical sys-
tems. So it is not surprising that less attention has been paid to the fact that, since vector
fields may be viewed as first order linear differential operators on the set F = C*°(Q, C)
of smooth functions on ), there may be some reward for studying the linear differential
operators of higher order by means of their cochains, in the same spirit that we study
the vector fields through their differential forms. (We choose C rather than R because
one application (section 6.1) requires quantum mechanical wave functions to lie in F.)

In this contribution we offer a start on this study. (It’s not our first paper on the stuff
but we hope it is a gateway into the field.) There is also a well developed jet bundle theory
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of systems of partial differential equations begun by Cartan, Kaehler, Janet, Riquier,
Spencer with which the present material is not yet linked.

We shall study the associative algebra D of linear differential operators on F by ex-
ploring the properties of the Hochschild complex of D-valued cochains on D. This complex
has two interesting subcomplexes, the complex of F-tensorial cochains and its normalised
subcomplex, the F-relative cochains. These latter are our principal object of concern.
When restricted to act on vector fields they reduce to covariant tensor fields. They may
be regarded as the natural extension of covariant tensor fields (and of differential forms
in particular) to act on differential operators of order higher than one.

Section 2 contains the definitions and basic properties. The following section gives a
local characterisation of F-tensorial cochains in terms of their “structure functions”. In
section 4 we sketch out a useful isomorphism of differential graded algebras which relates
an F-tensorial p-cochain on D to the jet of a smooth function on QP*! taken on the
diagonal. We take the small liberty of calling the complex of these jets the Alexander-
Spanier complex—the two notions are so similar. In section 5 we show a rather natural
way to enlist the aid of a connection on T'Q to extend the domain of a differential form
to include all D. Some possible uses of these cochains are suggested in Section 6.

2. Cochains on D. We first define a general D-valued Hochschild cochain, then
specialise to an F-tensorial cochain. Our main objects of study, the F-relative cochains,
are simply the normalised F-tensorial ones. Each type has a differential algebra using
the Hochschild differential § and the cup product U. We define also the composition o of
a 1-cochain with a p-cochain.

When an F-relative p-cochain is restricted to act only on vector fields it reduces to
a covariant tensor field whose anti-symmetric part is a de Rham differential p-form. The
consequent map a from F-relative cochains on D to de Rham differential forms respects
the differential structure. This motivates the investigation of how much of the existing
structure [CP] of differential forms and vector fields can be carried back to Hochschild
cochains and linear differential operators.

We define, for any linear differential operator K, the interior product tx A and the
Lie derivative L A of a general Hochschild cochain A on D. We then show, mainly by
direct calculation, that almost all the classical properties of de Rham forms in regard to
tx and Lx, X € X(Q), are mirrored by properties of cochains in regard to ¢ and L.
These include the Cartan homotopy relation

dixw + txdw = Lxw.
2.1. Hochschild p-cochains on D
DEFINITION. A Hochschild p-cochain on D is a C-linear map
A:DRD®...QD —D

with p factors in the tensor product. Here (and throughout) ® will denote ® . A 0-cochain
is an element of D.
The set of Hochschild p-cochains on D will be denoted by CP(D, D).
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DEFINITION [Hol]. For A € CP(D, D) the Hochschild differential 6 A is the (p + 1)-
cochain defined, for H; € D, by

(0A)(Hi,...,Hpy1) = HHA(Hs, ..., Hpy1) — A(H 1 Ha, ..., Hpy1)
+o A+ (“D)PA(Hy, .. HyHyyr) + (=10)PT A(Hy, ... Hy) Hpr. (1)
So in particular, for H € C°(D, D), K € D (= C°(D, D)),
SH(K)=[K,H| = KH — HK.

DEFINITION. For A € C?P(D, D), B € C4(D, D), the cup product AU B € CP*4(D, D)
is defined by

(AUB)(Hy,...,Hpyq) = A(H1,...,Hy) o B(Hpt1, ..., Hpiq) (2)
where o is the composition of differential operators.
It follows from the definitions that
0(AUB)=6AUB+ (-1)?PAUéB.
Note that for Hy, Hy € C°(D,D) = D,
H, U Hy = H,H,.
For the particular case of A € C1(D, D) and B € CP(D, D) we also have the compo-
sition Ao B € CP(D,D):
(Ao B)(H.,...,Hp) = A(B(Hy,...,Hp)). (3)
DEFINITION. For p > 1, A € C?(D,D) is called normalised if A(H,,...,H,) =0
whenever one or more H; is the identity operator in D.

If A and B are normalised so are 4, AUB and, for A € C1(D, D), Ao B is normalised
whenever B is normalised.

From now on we shall simply write the word cochains for Hochschild cochains on D
and assume that all differential operators mentioned are linear.

2.2. F-tensorial p-cochains
DEFINITION. A cochain A € CP(D, D) is F-tensorial if for H; € D, f; € F,

A(fiHy, foHa, fsHs, ..., fpHpfpi1) = fio A(Hyo fo, Hyo fs, ..., Hpy) o fpi1 (4)

i.e. the f; can jump between the H; but not through them (except when H; € F). The
set of F-tensorial p-cochains is denoted by C%+(D, D).

The algebra D is filtered by order; we shall denote by D), the subset of operators with
order p or less.

An F-tensorial 0-cochain is taken to be an element of 7 = Dy C D, the commutative
subalgebra of differential operators of zero order. This is to ensure that J preserves the
F-tensorial property: For H € C%(D,D) = D, we note that §H € C%L(D,D) only if
0H(fK) = fOH(K) for all f € F, K € D. But this implies [H, f] = 0, so we need
HeF.

DEFINITION. A p-cochain is said to be F-relative [Ho2] if it is both F-tensorial and
normalised.
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It follows that if A is F-relative then
A(Hy,...,H,) =0

whenever one or more H; € F. The set of F-relative cochains is denoted by C?(D, F; D).
And C°(D, F;D) = C%(D,D) = F.

If A and B are F-tensorial (F-relative) then so are 64, AU B and, when defined,
Ao B.

We shall see in section 3 that the composition product of F-tensorial 1-cochains is
commutative.

2.3. The restriction of F-relative cochains to vector fields. Consider an F-relative
2-cochain A acting on vector fields X7, Xo:

A(X;,Xs) €D.
For f € Dy = F,
A(X7,X9)o f = A(X1, X0 f) by F-tensoriality

= A(Xh [X27 f] + fXQ)
= A(Xq, fX2) by normalisation and linearity
= A(X;70 f,X>) by F-tensoriality
= A([Xh f] + fX17X2)
= A(fX1,X2) by normalisation
= fo A(X1, X5) by F-tensoriality.

So

A(Xl,XQ) Of — fOA(Xl,XQ) == [A(Xl,Xg),f} = 0,

and therefore
A(Xl, XQ) e F.
A similar argument yields
A(f1 X1, f2Xo) = fif2A(X0, Xo),
telling us that A|y is a (0,2) tensor field, and indeed for A € CP(D, F; D), we have that
Alx is a (0, p) tensor field.

Let ord H denote the order of the differential operator H. One can show [HB] that
for A € C?(D,F;D) and H; € D with ord H; = k; then
SE_(kj—1) ifall kj #0
A(Hy,...,Hy)) = J=1V" J ’
ord(A(H, .-, Hp)) {o if any k; = 0.
Let us define the map a from F-relative cochains to differential forms by
a:CP(D,F;D) — QP(Q,C),
(@A) (X1, X)) = 3 (sg00)AXy, . Xs,),
o€S,
where X; € X and where S, is the symmetric group. That is to say, a is the restriction of
CP(D, F; D) to vector fields, followed by anti-symmetrisation. Direct calculation reveals
that
aod=doa and a(AUB)=(ad)A (aB).
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Thus a is in fact a morphism of the differential graded algebras:
a: (C*(D,F;D),sU) — (2(Q,C),d,N).

2.4. Interior product and Lie derivative. Vector fields X and differential forms w
possess a rich algebraic structure based on the interior product ¢y w, the Lie derivative
Ly w, the coboundary operator d and the wedge product A [CP]. Almost all this structure
is inherited from corresponding structure on differential operators and cochains, (general
cochains, not just F-tensorial ones). The definitions and calculations for the general
cochains make no use of the properties of the linear differential operators. The proofs of
equations (5), (6) and of properties [1], [2], [3], [5], [6], [8] are combinatoric and could be
applied equally to any cochains on any associative algebra with unit. Only the statements
regarding F-tensorial or F-relative cochains are specific to D.

2.4.1. Interior product
DEFINITION. For H;, K € D, the interior product

1 1 CPYY(D, D) — CP(D, D)

is given by
p—1
(tkA)(Hy,... Hy) = AK, Hy,...,Hy) + > (~1)*A(Hy,...,Hy, K, Hipa, ..., Hy)
k=1
+ (-1)PA(H.,..., Hp, K).
Then by straightforward calculation
tk(AUB) = (LgA)UB + (—1)%84A U (15 B) (5)
and
13 = 0. (6)

If A e CP(D,D) is normalised then so also is tx A.
If A is F-tensorial then tx A is F-tensorial if and only if K € F.
If A is F-relative then vx A is F-relative if and only if ord K < 1.

2.4.2. Lie derivative
DEFINITION. For K, H € D we define the Lie derivative of H by K to be

LxH = [K, H]. (7)
DEFINITION. For A € CP(D, D), Lx A € C?(D, D) is given by

(L A)(Hy,..., H,) =K, A(Hy,..., H ZAHl,.. (K, Hy),...,Hy). (8)

Note that for H € C%(D,D) = D we have LxH = [K, H]. The action of Lk is the
same whether you regard H as a cochain or a linear differential operator.

If A e CP(D, D) is normalised then so is Lx A.

If A is F-tensorial (F-relative) then Lk is F-tensorial (F-relative) if and only if
ord K < 1.
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2.4.3. Properties of Lie derivative and interior product. Let K;,H; € D, let f € F,
and let A € CP(D,D), B € CY(D, D). The following properties [1]-[4] are trivial.

[1] Lx(H1Hs) = (LxH1)Hs + Hi(Lk Hs),
2] Ly k., H = (Lg, H)Ks + K1(Lg,H),
(3] Lrg(AUB)=(LgA)UB+ AU (LgB),
(4] Li(fA) = (Lxf)A+ fLkA.

Property [4] is a special case of [3], since f € C°(D,D) and fA= fUA.
A bit less trivial is

[5] Lk, kA= Li,Lg,A— Ly, L, A= [Lgk,, Lk,]A.
Proof of [5]: We adopt the notation

H=H®.. .®H,
and call it a p-chain. Denote the space of p-chains as C,(D). Write also

[K,H]=—[H,K] = zp:(Hl ®...Q K, Hi]®...Q Hp).
k=1
Then
(LxA)(H) = [K, A(H)] — A([K, H]) (9)
and
[KI, [KZaﬂ]] + [K27 [ﬂvKIH + [ﬂ’ [KviQH =0.
So

L, L, A(H) = [Ky, (L, A)(H)] = (L, A)([K1, H])
= [K1, [K2, A(H)]| = [Ky, A([K2, H])] = [Ka, A([Ky, H])] + A([K2, (K, H]))

whence the result.
For a p-form « and vector fields V, W we have

[6'] tv,w) = Lyitwa —ww Ly a,
(7] Lyva = fLya+df A(wya).
Direct calculation yields the corresponding cochain version of [6'],
6] Uk, ko)A = L ti, A — i, L, A
Identity [7'] does not have a simple generalisation to cochains.
2.4.4. The Cartan identity. The Cartan relation in differential geometry,
8] Lx =dix +1xd
extends to cochains in the form
8] Ly = 0ux + Li0.
Proof. Tt is helpful first to install some more notation. We have from equation (9)

Lx(A(H)) = (LxA)(H) + A(Lk H).
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The operators ¢ and § have so far been defined only on cochains. Let us define them on
chains also, tx : Cp = Cpy1, 0:Cp — Cp_y, by

p
kH=K@H+Y (-1))H®.. 0 H;e K®Hi ®...® H,

j=1
OH=H H®H;®..9H, —H QHH;QH,® ... @ Hy + ...
+(-1)’PH1 ®...® Hy_1Hp.
Then
ikA=Aocixg and SA+Aod=1UA+ (-1)PTAU1
where A € CP(D,D) and 1 € C'(D, D) denotes the identity 1-cochain whose value on H
is H. On products we have
uc(HOH') = (tkH) @ H' + (-1)"*"H@ g H' — (-1)**"Ho K o H',
OH®H)=(0H)® H + (-1)%*e g o oH" — (—1)* 2 H.H’
where the concatenation product [Coq] of chains is
HH =H ®.. . @HH @Hy®...0H,
LEMMA. (Otx +tx0)H = Lx(H).
Proof. On the right, the map H — Lk (H) = [K, H]| is a derivation over ®. It is
easy to check that the lemma holds on 1-chains, and also that Jvx + tx 0 is a derivation

over ®.
Returning to [8], the terms on the right side may be written

O(xA)(H) = (U (txA) = (g A) 0 0+ (=1)P (L A) UT)(H),
(tx(SA)H) = (6A) ek (H)) = (LUA = A0 d + (-1)" AU (e (H)).
The first terms of the right sides of these two equations add to give K A(H). The last
terms add to give —A(H)K. The middle terms add, by the lemma, to give —A([K, H]).
Hence [8].
3. The structure of F-tensorial cochains

3.1. Introduction

NOTATION. For local coordinates 2% on @ let I = {iy,... ,4|7/} be an unordered set of
indices, and write
0
ai:%; 81:82-181-2...8@” :Haza f,IZalf- (10)
i€l

In the case I = (), the empty set, we shall mean by 9y the unit operator. It is a differential
operator of zero order, and may be identified with the unit function 1 on Q.

With this notation the Leibniz rule for derivatives of products of functions may be
written

(fo)r= > fndmn

ILWJUlx,=1
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with the sum taken over all partitions of I including (), ) and (I, ). It is understood
that I; NIy = 0.

In section 3.2 it is shown that any F-tensorial p-cochain A is uniquely characterised,
in local coordinates, by its “structure functions” A, . 1) where A, 1y(7) =
A(Or,,...,01,)1|; is the zero order term of the differential operator A(dy,,...,dr,) eval-
uated at the point = € Q.

In section 3.3 are computed the structure functions of A, A U B, the composition
product 6 o 8’ of two 1-cochains and the structure functions of normalised F-tensorial
cochains. Those of 6 o 8" are used to prove that composition of such 1-cochains is com-
mutative.

In section 3.4 the structure functions are used to express A in terms of a Taylor-like
series of “basis” cochains 6zt U... U d2’». This is the cochain version of the expression
of a p-form in terms of wedge products of coordinate differentials, dx® A ... A da’».

3.2. The structure theorem for F-tensorial cochains
(i) Consider the example of A € C%(D, D). Let H,K € D,
H =h"19;, .0, = h'oy, K =k’9y,
where any repeated index 4; is summed. Then
A(hLor, k70;) = W1 A(Or o k7, 0y) using F-tensoriality,

= hlA( Z k§1012, a]) using Leibniz’ rule,
LUL=I
= Z h! kﬂlA(ﬁfz, dy)  using F-tensoriality.
LUL=I
For any A € C% (D, D) we can cascade the functions to the front as in the above example.
Thus A is completely determined by its action on the Jy, the basis elements of D in the
coordinate neighbourhood.
(ii) Let ¢ € F be the target function for the differential operator A(dr,0y). Then,

with 1 denoting the unit function,

A(0r,05)¢ = A(9r,05 o)1

> A@rov,s,,05,)1

JiUdo=J

Z Z Y unA0r,,05,)1

ILWUlx=1 J1UJa=J

Z Z (A(afz’ab)l)w,hUJr

ILWUlx=1 J1UJa=J

The same argument for p-cochains gives [BR]
A@r,-0L) = Y. o Y AUty L,
I12Ulio=Iy Iy Ul=I,

where we have written
A(ajm,...,alm)]- :A(I127~--1Ip2)' (11)
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The functions Ay, ... .s,) are called the structure functions of the cochain A. They
evidently characterise A on the coordinate patch.

Two low order examples are:

If Ae CL(D,D) then

A(0) = Ay + Awyoi,
A(0;0;) = Apijy + A0 + Ay + Ay 9;9;,
A(0:0;0k) = Aqiji) + Aig) O + A(jk)ai + Aiy0; + Ai)0; Ok
+ A OwO; + Ay 0,05 + A(9) 0,0, 0.
If A€ C%(D,D), then
A(0;,0;0) = Agijr) + A jm0i + Aiw 05 + Agi ) O
+ A.1)0i0; + A, 0i0k + Ai0) ;0 + A(0.0)0i0; 0%

3.3. The structure functions for 6A, AU B,0 o 6 and for normalised F-tensorial
cochains. Let A € C%(D,D), B e C%(D,D). The following results are easy.

(1) (BA) (11, dpi1) = Al Iysr) s — Ad(tn,edye) + (0P A 1y01 0 Where

(9([1,...,Ip+1) = (Il UIQ,.. .,Ip+1) — (Il,Ig UIg,...,Ierl)
+ooo+ (DPH (I, T, U Tyy),

(a formal sum of p-tuples of sets of indices),

5 0 i Ly £0
Iyy1,0 — 1 if Ip+1 _ (Z),

and Ay 1)+ (e dy) = Adnny) T A0,

(I, Iptq) = Z ce Z A(1117-<~7Ip1)B(Ip+11“-7Ip+q)7I12U--<UIp2'
I11Ul12=1 I, Ul =1,

(iii) For 6,6’ € C%(D, D) we have

(006" Z 9(12)0(11)'

ILuls=1I

(i) (AU B)

This is the same as (¢’ o 0) ;). Hence 6’ 0§ = 0 0 6" and the composition of F-tensorial
1-cochains is commutative.

(iv) An F-tensorial p-cochain A is normalised, i.e. F-relative if and only if A7, . 1) =
0 whenever at least one of the I, = (.

3.4. “Taylor series” for F-tensorial cochains. For a general 0-cochain H € D =
C°(D,D), 6H is a l-cochain with §H(K) = [K, H]. In the case of the F-tensorial
0-cochains consisting of the coordinate functions z* we have the l-cochains Jz? with
(62%)(K) = [K,z']. We can also form composite cochains §z°* o §z% o ... o dz'l!I which
are themselves 1-cochains. By 3.3 this composition is commutative and we may write

6z o... 062" = 6z" with I = {ir,... 4}
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It can be shown that the action of dz! on 9y is given by
0, if [J] < |1
o2 (9y) = i1 s ) i > 12
(0.) =T | i EXS: O, -0 B, 0y, AL 2. (12)
oE€S|g|

We may now write any JF-tensorial 1-cochain as a series,

A= A(w)éxw—l—A(-)éa:i—l— M(Sacioéycj +.. A 2 s +.
! 2! |I|'

1
=> WA(,)M (13)
1

where 62° = 1, the identity cochain on D. This is verified by checking that both sides
have the same structure functions, as follows.
The action of the operator (12) on the unit function gives us the structure function
of §z!. We find that
0z') =0 if J#I
and for J = I (same unordered set of indices)
I _ i1 i)
(62")y = D o ST
UGS‘ I
Hence the structure function of
I
WA(il...im)éx
is

1 1 s
WA(Z&WZ'\I\)((SJJ )(-) |I|' (i1.-91)) Z (]01" jam)

oS
The series for any F-tensorial p- Cochain is
Z H = |I [ 117..‘,1p)5a:fl U.. . Udzlr "

In,...0 1,
Again each side has the same structure functions.

In (13) and (14) the coefficient functions A ) may be chosen arbitrarily. For example,
in (13) one might take Ay =0 for [I| <p—1and Ay # 0 for |[I| = p. Then A(H) =
for ord H < p; we say then that ord A = p and find that the leading term in the Taylor
series for A is A(ih_“ip)&cil o...0d6x', where Aiy,...ip) 18 & symmetric covariant tensor
field. This is the dual result to the well known fact that the coefficients of the leading
terms of a linear differential operator make up a symmetric contravariant tensor field.

4. The isomorphism between C%(D,D) and JaCg

4.1. Introduction. We introduce a complex (C’¢,04s) called the Alexander-Spanier
(AS)-complex, [Sp]|, [Mas|. The elements of C%} ¢ are smooth, complex-valued functions
each defined on some open neighbourhood of the diagonal subset A,.; of QPt! the
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Cartesian product of p + 1 copies of Q). C% ¢ has a product, called concatenation, [Coq],
and written as a dot

Clhs x Chs — CL, (F,G) — F.G
and a differential, d45 :
5,45 : CflS — Cg—gl

Together these make (C%g,d4s,.) into an associative differential graded algebra (DG-
algebra).
We define a map

®:Chg — Cx(D,D)

which depends only on the partial derivatives of the AS-cochains on the diagonal subset
Api1 = {(z,z,...,2) : x € Q} of QP! and not elsewhere. With this in mind we use
the AS-algebra to construct an associated DG-algebra (JAC%g,04s,.) whose elements
of degree p are the jets of AS-p-cochains which are evaluated on Aj,iq.

The main result of this chapter is that the map ® gives an isomorphism between the
DG-algebras (JAC%g,04s,.) and (Cx(D,D),0,U).

Section 4.2 describes the AS-complex. Particular elements, called [BR] separable
cochains, are introduced. In section 4.3 we define the map @ : C ¢ — C%(D, D), and
show that ® is a morphism of DG-algebras. It is not however injective. In section 4.4
we show that, for F € C% 4, the differential operator ®*'(Hq, ..., H,) depends on F only
through the jet of F' on the diagonal subset A, 1 C MP*. Two functions Fy, F» € Chs
having the same jet on Apy; but differing elsewhere will satisfy & = 2. In section
4.5 we prove that ® : JACY ¢ — C5(D, D) is an isomorphism of DG-algebras.

The isomorphism gives a cross-fertilisation of the properties of the two types of
cochain, F-tensorial and Alexander-Spanier. Thus AS-cochains acquire a Lie derivative
with respect to vector fields and an interior product with respect to functions, whilst
F-tensorial cochains gain a commutative product. Some details are given in section 4.6.

In section 4.7 the isomorphism is refined slightly to one between a subalgebra of
JaCl g consisting of jets of what we call normalised AS cochains and the subalgebra
C*(D,F,D) C Cx(D, D) of normalised F-tensorial cochains.

4.2. The Alexander-Spanier complex

DEFINITION. An AS-p-cochain is an element of C*°(Up41, C) where U,44 is an open
neighbourhood of the diagonal A, C QP Apiy = {(z,2,...,2) : @ € Q}. The vector
space

oo
K P
Chs = Z CAS
p=0

is made into an algebra by defining the concatenation product:
For F € Chg, G € C%g the product F.G € C%5 is defined by

(F.G)(zo,. ., Tpy Tpt1,- - Tptq) = F(zo,. .., 2p)G(2p, ..., Tpiq)-



124 F. J. BLOORE AND G. ROBERTS

The Alezander-Spanier differential Sas : Ch g — CRE" is defined by

p+1

(OasF) (20, 2pi1) = D (1) F(@o, ... &5, ..., 2ps1)
j=0

where Z; denotes omission of ;.
There are particular sorts of AS-cochains called separable cochains which are of the
form

F=fi®fi®...®f,c FOrtL
That is,
F(zo,...,zp) = fo(xo) fi(z1) ... fplap).
For separable F = fo®...® f, € Cig and G = go ® ... ® g4 € C% ¢ we have
FG=f®...0 fpg0®...09q
and
SasF=(1®fo®...0f) - (fo®1®@[®...®f)
oo+ ()P (fo®. 0 frol).

Every F' € C% 4 is the limit of a sequence of sums of separable functions. If a conjecture
holds for separable functions in C% 4 then it follows from linearity and continuity that
the conjecture will hold true for all elements of C*| .

4.3. The map ® : Cg — C%(D,D). For F € CYy, H; € D, ¢ € F we define
¥ € CL.(D,D) by [HB, BR]
(®F(Hy, ..., Hy))(xo)
= [Hl (xl)[HQ(CQ)[ i [Hp(fvp)[F(xov cee 7xp)'¢(xp)”rp:mp_1] .. ']12:301]11:300' (15)
The cochain ®¥ is evidently F-tensorial.
For separable F' the equation (15) simplifies to
T (Hy,...,Hy) = &Pl (fy, ... H,) = foH1f1...Hyf, € D.
Again, for separable F,
®o4sT(Hy .. Hpyyy)
—((1®f0®..®f)—(foR1®...f)+ ...+ (=1 (fo®...® f, ®1))(Hy,...,H,)
=1H, foHs...Hpi1fp — foH11Ho ... Hyi1 fp + ...+ (1P foHy o fyH i
=HifoHs...Hyi1fp — foHi1Hof1...Hpp1 fp+ ...+ (1P foHy ... fyHpia
=00F (Hy,...,Hpyi1).
So ®I4sF = §&F for separable functions F' and hence by linearity and continuity for all
F e C% 4. In a similar way, for F' € C{ 4 and G € C%, both separable, one may verify

that

O (Hy, ... Hyry) = (T UGS (Hy, ..., Hyry).

)

(I)F‘G

Hence = ®F U &Y for separable functions and therefore for all C% 4.
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4.4. © factors through JaC%g. In this section we prove that for F € C%,
®¥(Hy,...H,) depends on F only through the jet of F at the diagonal A, C QP
We denote by JAC ¢ the set of jets on A,4q of elements F' € Ofxs-

NoTATION. The point 2, € Q has coordinates z%. Denote

0
~F(xq,...,x,...,7p) by Fi
ox}, P
and
o 0 0 o\’
, — .. — g s Ty Xp) = | =— | Fl(zoy. . Thy..., T
ax’llcl 8.’13{]22 aﬂj‘;cu‘ ( 0 k P) (axk) ( 0 k p)
by

Frr(xo, ... Tk, ...,Tp)

where I = {iy,..., i}

We shall often need to set several of the arguments x; of F' as equal and then to
differentiate F with respect to the coordinate z%. For example if F € C4g, then by the
chain rule

ﬁF(anxlaxl) = F1i(wo, 71, 21) + Fai (20,71, 21) = F(149)i (To, 71, 21),
1

) I
<8_x1) F(an Ilaxl) = F7(1+2)i1(1+2)7,2m(1+2)i\1\ (an Ilaxl)

= F7(1+2)1(x0,x1,x1).

With this notation we may use (15) with 1) = 1 to write the structure function of &% as

0 0
(o0 = | ([oprenee] )]
1 2 To=x1 T1=x0

= F,(1+2)11 212 (T0, To, To).-

Similarly one may show that for F' € C%g,

¢{}1,..41p)($0) = F(1+...+p)11 (2+4...4p)!2...p'p (20, - - - o) (16)

)

which is a combination of jets of F' on the diagonal A.
4.5. ¢ : (JaClhg,0as, .) = (C(D,D),6,V) is an isomorphism

4.5.1. Injectivity of ® : JAChg — C%(D,D). We have seen that the F-tensorial
cochain ®" depends only on the jet of F at A. The jets on the diagonal inherit from C ¢
the differential, grading and concatenation product structures, so they themselves form a
DG-algebra, (JAC%g,d4s,.) We next show that if we restrict ® to these (infinite-order)
jets, then ® becomes injective.

For this, we must show that if ®¥ = ®% then F and G have the same jets on A. Now
if @ = ®& they must have the same structure functions, which implies [BR] that their
jets on A are equal.
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4.5.2. Surjectivity of ® : JAC% g — Cx(D, D). We have shown that ® is an injective
homomorphism. To show that ® is an isomorphism we must produce
®':Cx(D,D) — JaChs, A FA

That is, given A € C% (D, D) we must construct the jets on APT! of a function F4 € Ch 4
so that ®F" = A.

For p = 0 we have C%(D,D) = F and F4 = A.

For p > 0 the cochain A € C’4(D, D) has structure function A,,...1,)(x). Now F €
C"l 5 has Taylor series

d -1
Flzg,...xp) =Y ...Y (H |1k|!) Foin i (@0, .oy 20) (1 — 20) " ... (wp — o).
I I k=1

P

One can show [BR] that by setting

F‘,lll ..plp (330, Zo, $0>

:(_1)\Ilz\+...+um| Z Z A(Iu,112U121,‘..,Ip_1,2UIp)(xO)

111Ul 2=1, Iy 11Ul 1 2=1) 1

we obtain ®F" = A. Thus ® is an isomorphism. The convergence of the above formal
series is not discussed but we invoke Borel’s Lemma [Gib] that a C'*° function on QP!
which has the above jets does exist.

4.6. Additional structures on C%(D,D) and C%g. Since C-(D, D) and JaCh 4 are
isomorphic DG-algebras, any structure admitted by C%(D, D) will give a corresponding
structure to C% 4 (or at least to JoC% 4) and vice versa.

4.6.1. Composition of cochains in C’g. For € CE(D,D), A € C%(D, D) the com-
position 6 o A € C’4(D, D) induces the composition of AS-cochains

(FoG)(zo,...,xzp) = F(zo,2p)G(x0,...,Tp) (17)

which might be called the “encircle” product of an AS-p-cochain by an AS-1-cochain. In
particular if F, G € Cl ¢ then (F o G)(xg,z1) = F(zg,21)G (20, 1).

4.6.2. Commutative product of two F-tensorial p-cochains. AS-cochains of the same
order are real functions on the same space so can be multiplied to produce another
AS-cochain of the same order. So therefore can F-tensorial cochains.

Let A, B € C%(D, D) have corresponding AS-cochains FA FB,

A=oF" B=oF"

)

Define the (commutative) product
AB = BA=®""F" c c2(D, D).
For 1-cochains 6, 8’ we have 00’ =00 0'.

4.6.3. Interior product vy and Lie derivative Ly of AS-cochains. We found in sections
2.5 and 2.6 that the interior product map tx : CP*Y(D, D) — CP(D, D) preserves F-
tensoriality if and only if K € F, and the Lie derivative L does so only if ord K < 1.
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The AS-cochains inherit these structures as follows:
p

(L F)(zo,...,xp) = Z(—l)jf(a:j)F(xo, T 1, T Ty T, e Tp),
3=0

p
(LvF)(@o, ... ap) = Y Vi(@;)0yi F(wo, ... ap).
j=0

4.7. Normalisation. An AS-cochain F' is said to be normalised if it vanishes when
two contiguous variables are identified, i.e.

F(xo,...,xzj,2j,Zj42...,2p) = 0.

It can be shown that the jets of the normalised AS-cochains correspond isomorphically
to the normalised F-tensorial cochains.

5. From de Rham forms to Alexander-Spanier cochains. For a given w €
QP(M), [HB] construct a function F* : V,1; — R where V,11 C QP! is a certain
neighbourhood of the diagonal subset A,y = {(@,...,2) : © € Q} C QP! which is
specified below. So, V41 consists of (p+ 1)-tuples (zo,...,x,) € QP! which are “close”
to Apt1. This means that the ; in @ are all reasonably close to each other.

The construction uses the geodesic paths of a connection I' on T'Q), so we suppose
that we are given this path structure.

At each point o € @ we take a convex normal neighbourhood V., of zg ([CP], chap.
11). Then V,, is such that there is one and only one segment of a geodesic path joining
any two points in V,,. We define

Vo1 = {(@o, ..., 2p) eQP“;;pl,...,xp € Vi }-

For (zo,...xp) € Vp41, we construct a p-simplex S}:(a:o, ..., xp) having vertices zo, ..., z,
as follows.
The edge S} (z;,2;), i < j, of the p-simplex Sg(xo, ...,&p) is the oriented geodesic

path from x; to z;. The 2-face Sg(xi,xj,xk),i < j < k, is built by joining x; to points
on ST (z;,zx) by geodesic paths.
3-faces SI (z;, Zj, Tk, x1), § < j < k <, are formed by joining x; by geodesic paths to
the points of S} (z;, 2k, 2;) and so on.
It follows that
P

0Sp(x0, ., wp) = D (1) Sp_1(@o, ., &5y -y 1) = Spo1(D(xo, -, 1))
j=0

Thus the map Fr : " — NC g defined by

Fe(zo,...,zp) = / w

satisfies
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One can then show [HB] that, for ® as defined in Chapter 4,
w 1
o1 (Xl,...,Xp):Hw(Xl,...,Xp), (18)
i.e. the action of ®f “ on vector fields is independent of I" and agrees up to scale with w.
In particular for § € Q!,
6
O v =0.
In order to evaluate the 1-cochain &£ ’ on differential operators of order higher than

1 we need to know the structure functions of the cochain, or equivalently, the jets of the
function Ff(xg,21) at x1 = 2. The first few are

Fg’la(ﬂco,xo) = 0,(x0),
FY Jaqo (20, 70) = O(ap)(20),
FI‘O,lalblc = Oabe) + %dai,(aréc)’
Frq,lalbrld = 9(a7bcd) + [dai,(aréc],d)'
where curved brackets () around subscripts indicate that they are symmetrised. A gen-
eral formula exists for the covariant derivatives of F{. It is [Ha]

6
FF;(lali..l%)(xOv xO) = 0(a1;a2-..ap)($0)~
It is evident from its construction that the p-simplex Sg (20,...,xp) collapses to the
(p — 1)-simplex S} (o, ... &5, 2j41,...,2,) whenever ;1 is set equal to x;. The func-
tions F¥(xo, ..., xp) defined on V,,, are thus normalised AS-cochains, and the cochains
®FT are F-relative.

6. Applications. Having forged our small Nothung let us bully some small dragons
with it.

6.1. The probability current in quantum mechanics. We shall use the framework of the
standard quantum mechanics of a system having configuration space (Q with half density
wave functions 1 such that fQ ||? < co. We suppose that we are given a Hamiltonian.
This is a symmetric operator H € D which possesses a self adjoint extension. The time
development of ¢ is then specified by the Schrodinger equation

104p = Hup.
The amplitude density p(g ) = &) for two wave functions ¢, 1) satisfies

/ Op(py) =0
Q

which implies that we may write

Oep(g,p) = —divd(g,yp)

for some transition probability flux vector field, or current. This fixes divJ, not J itself,
though some textbooks claim that for @ = R® and H = —1V? + V/(r), the “correct” J
among those with the right divergence is

g0y = S(dV).
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We investigate what structure is required to select the “correct” J when H is an arbitrary
Hamiltonian operator on an arbitrary configuration manifold Q.

We first recall the properties of de Rham p-currents—Ilinear complex-valued functions
on “test” p-forms on @, [deR]. A 0-current p is a scalar density,

p<f>=/pr, fer.

A 1-current J is a vector density. It acts on test 1-forms
J(0) = / 0;J°, 6¢cQb
Q
There is a natural map div from p-currents to (p — 1)-currents,
(div])(w) = —J(dw), we QL

We shall need to extend the notion of p-currents to be linear complex-valued functions
on test F-relative p-cochains; let 7, be the space of these p-currents. Copy the definition
of div:

div: Jp — Jp—1, (div J)(A) =—J(0A4)
where ¢ is the Hochschild differential. Then for H € D, f € F = C°(D, F; D) and wave

functions ¢, ¢ we have a 1-current

Higu)(A) = /Q GA(H)Y, AcC\D,F:D),

(diH 00)(1) = ~Hioan (65) = = [ 6 55y =~ [ ol fv.

Then treating p(4 ) as an element of Jp, we obtain

(Oep(s,0))(f) = &s/ ofth = Z/ SH, flvp = —(div iH(y,4))(f)-
Q Q
So
Oep(g,p) = —div iH (4 y)

as an equation of two Hochschild 0-currents. This suggests that iH 4 ) be regarded as the
probability 1-current density. It is a Hochschild 1-current, not yet a de Rham 1-current.

To obtain a de Rham 1-current, which maps 1-forms into C, we need a way to extend
the domain of 1-forms from vector fields to all of D. But this map is to hand:

Dr=®0Fp: Q" — C*(D,F;D), wr— T =D¥
satisfies D& = §D¥ and D¥|x = (p!)"'w. So we take the de Rham current to be
Ji6.)(0) = iH (s (D) = i/g)(iﬁD?(H)w-

One can check that for Q = R3, H = —%VQ + V(r), I' = Euclidean connection, and
Cartesian coordinates z*, we obtain the usual formula

T ®) =4 /Q 0,600 — (D)),
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6.2. An F-relative metric 2-cochain for a Riemannian manifold. We now suppose
that @@ possesses a Riemannian metric g. There are many F-relative 2-cochains on D
whose restrictions to X coincide with the symmetric covariant tensor field g. If there were
a natural choice for such a cochain then we could define an “inner product” g(H;, Hy) € D
of order ord H;+ord Hy — 2, perhaps extend the Levi-Civita covariant derivative from
Vx,Xo to Vx, Hy, and explore torsion and curvature in this wider context. In section
5.1 we showed how to obtain an F-relative p-cochain from an antisymmetric covariant
tensor field (a differential form) by integrating the form over a certain p-simplex. This
trick is not available for symmetric covariant tensor fields, and we must try something
else.

Instead of working with the partial differential operators 9y of (10) it is convenient to
use the symmetrised covariant differential operators

V1=V, iy VIV =9,..,)-
So
Vi=0i, Vi = 0i,0i, — ¥, 0k,
and so forth. Note that V., # V;; V.

Consider an F-relative 1-cochain 6 of order 2; this kills differential operators of order
1 but spares operators of order 2 or more. The Taylor series (13) starts

0= Q(ij)al‘i o (91‘j + H(ijk)axi o 8$j ] Bxk + ...

where the 6;;) = 0(9;0;) are the components of a symmetric covariant tensor field. Let
us choose one such cochain #9 such that Hf’ij) = g;j. Postponing the choice of the higher
coefficients in the Taylor series, we note that for X, Y € X,

009(X,Y)=X00(Y)-09(XY)+09(X)oY

= —09(X'0;,0Y70;) = —X"Y709(9;0;) = —g(X,Y).
For ord H = 2, H = h70;0; + h'; + h?, we have
09(H) = g;;0x" 0 927 (H) = h'l g;; = h'.

So 09 is a sort of trace; not a true trace because usually 09([Hy, Hz]) # 0. We now
fix the higher coefficients of the Taylor series. Instead of the structure functions 9?1) =
09(0r)1 used earlier, we replace dr by V(5 and consider the “symmetrised covariant
structure functions” 69(V(;, ;))1. For fixed p these functions make up the compo-
nents of a symmetrical covariant tensor field, since the functions §9(h**»V; _; ))1 =
hh--ﬂpeg(v(“_”%))1 are scalar. We may therefore impose the condition that the tensor
components §9(V ;)1 vanish for all [I| > 2. This determines the higher Taylor coefficients
of 9; for example Hfijk) = 09(0;0;0k)1 = 3I'(; ji), the symmetrised Christoffel symbols.
It follows that

i1.ip _ (P air..ip
99(h v(il...ip)) = (2) hu 1 QV(il...ipfz)'

We may now define the metric 2-cochain g to be —d§89 on all D. It is natural to
enquire whether we may define the covariant derivative of a differential operator. For
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W e X, H € D, can we define Vyy H so that

(P1) Vw : Dy — Dy,

(P2) Viw = fVw,

(P3) Vw(fH)=W(f)oH+ fVwH,

(P4) Vw(g(Hy, Ha)) = g(VwHi, He) + g(H1, Vw Ha) ?

The fourth condition is clearly impossible since the first two terms are F-linear in W,
but the third is not, when ord H; > 2. So let us replace (P4’) by the analogous condition
for the Hochschild potential 69 of the metric g,

(P4) Vi (69(H)) = 6°(Vyw H).
One may deduce from (P4) that
Vi(Viign) = 2Siri, U5V o dp)-
Here Sj, .. ;, denotes symmetrisation over the indices ji, ..., j,. This in turn implies that
Vi (B9 ) = W0 G (19)

as one might naively expect. So we adopt (19) as our definition of Vy on D.
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