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Abstract. A new geometrical setting for classical field theories is introduced. This descrip-
tion is strongly inspired by the one due to Skinner and Rusk for singular lagrangian systems.
For a singular field theory a constraint algorithm is developed that gives a final constraint sub-
manifold where a well-defined dynamics exists. The main advantage of this algorithm is that the
second order condition is automatically included.

1. Introduction. The search of a convenient setting for classical field theories has
been an strong motivation for geometers and physicists in the last forty years. In the end
of the sixties the so-called multisymplectic formalism was developed, which is a natural
extension of the symplectic framework for mechanics.
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The multisymplectic approach was developed by the Polish school led by W. Tulczyjew
(see [3] for more details), and independently by P. L. Garcia and A. Pérez-Rendén [12, 13],
and Goldschmidt and Sternberg [14]. This approach leads to a geometric definition of
multisymplectic form in [17, 18], and more recently in [4, 5] where a careful study of
these structures is developed (see also [27, 28] for previous results, and [2, 25, 29, 30] for
recent developments).

There are two different ways to present the evolution equations in a geometric form.
One uses the notion of Ehresmann connections [23, 24] which is widely employed along
the present paper. The other one uses the notion of multivector field (see [8, 9, 10, 11]).
Of course, both are equivalent, and permit to develop a convenient constraint algorithm
when we are dealing with singular lagrangians.

Alternative geometric approaches based on the so-called n-symplectic geometry (see
[20] for a recent survey), and polysymplectic geometry (see [31, 32]) are also available.

The aim of the present paper is to give a new geometric setting, based on that devel-
oped by Skinner and Rusk [33, 34]. In order to treat with singular lagrangian systems,
Skinner and Rusk have constructed a hamiltonian system on the Withney sum T*Q®TQ
over the configuration manifold @. The advantage of their approach lies in the fact that
the second order condition of the dynamics is automatically satisfied. This does not hap-
pen in the Gotay and Nester formulation, where the second order condition problem has
to be considered after the implementation of the constraint algorithm (see [15, 16, 21]).

Here, we start with a lagrangian function defined on Z, where mx 7 : Z — X is the 1-jet
prolongation of a fibration 7xy : ¥ — X. We consider the fibration mxw, : Wy — X,
where Wy = ALY Xy Z is the fibered product. On Wy we construct a multisymplectic
form by pulling back the canonical multisymplectic form on AZY, and define a conve-
nient hamiltonian. The solutions of the field equations are viewed as integral sections of
Ehresmann connections in the fibration wxz : Z — X. The resulting algorithm is com-
pared with the ones developed in the lagrangian and hamiltonian settings. The scheme
is applied to an example, the bosonic string. The case of time-dependent mechanics is
recovered as a particular case. The paper also contains three appendices exhibiting some
notions and properties of Ehresmann connections.

2. Lagrangian formalism. A classical field theory consists of a fibration 7xy : Y —
X (that is, mxy is a surjective submersion) over an orientable n-dimensional manifold X
and an n-form A (the lagrangian form) defined on the 1-jet prolongation 7xz : J'mrxy —
X along the projection mxy. We will use the notation Z = J'rxy. In addition, if n is
a fixed volume form on X we have A = L, where L is a function on Z. An additional
fiber bundle 7y z : Z — Y is also obtained. Here X represents the space-time manifold,
and the fields are viewed as sections of wxy. (See [3, 17, 18, 19, 31, 32]).

DEFINITION 2.1. A lagrangian L : Z — R is said to be regular if the hessian matrix

(553)
82@82{,’

is regular. Otherwise, L is said to be singular.
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Along this paper we will choose fibered coordinates (z*,y", z},) on Z such that n =
d"z = dz' A ... Adzx™. Here p runs from 1 to n, and ¢ runs from 1 to m, so that Y has
dimension n 4+ m. A useful notation will be d"~!2# =i 22,1

The volume form 7 permits to construct a tensor field of type (1,n) on Z:

0
025"

Next, the Poincaré-Cartan n-form and (n + 1)-form are defined as follows:

@L:A—FS;(dL), Qp =—-dOyp,

Sy = (dy" — dex“) Ad* e ®

where S} is the adjoint operator of S;. In coordinates, we have

- OL L
Or = <L—zl 8.>d" —i—a—dy ANd"

H 7
0z}, 0z},

oL oL 4
Qp = —d(L— )/\d”x—d(—.)/\dyw\d"—lxﬂ
1z 0z},
An extremal of L is a section ¢ of wxy such that, for any vector field {7 on Z,

(1) (5'0)" (ig, Q1) = 0
where j'¢ is the first jet prolongation of ¢.

As is well-known, ¢ is an extremal of L if and only if it satisfies the Euler-Lagrange
equations:

1 xf OL d (0L B .
(2) () <0yidx—ﬂ(6zb>)0’ 1<i<n.

We can consider a more general kind of solutions, those sections v of the fiber bundle
mxz : Z — X such that

(3) " (ie, ) =0,

for any vector field £z on Z. Equation (3) is referred as the de Donder equations.
Looking at (3) we have an alternative characterization. Let I" be an Ehresmann con-

nection in 7xz : Z — X, with horizontal projector h. Consider the equation
(4) ihQL = (Tl — ].)QL

The horizontal sections (if they exist) of " are just the solutions of the de Donder problem.

Indeed, if
0 0 0 0
h(%) = un T Ty T hp,

then a direct computation shows that equation (4) holds if and only if

- . 0%L )
5 7 — 2 - | =0
(5) vy z»( P

oL 0’L . 0°L - 0°L : . 0%L
6 or S AT T -
(©) Oyt Oxrdzl,  MOyozl, Mooz ( )33/182?,
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If the lagrangian L is regular, then Eq. (5) implies that T, = z;, and therefore (6)

"

becomes ) ) )

(7) oL oL a,L,—rjuLp:O
dy*  Oxrdzl, HOyioz, K 02,07,

Now, if 7(z#) = (z*, 7%(x), 7' (x)) is an integral section of I" we would have

w
i )
G0 L 9
e we v

which proves that Eq. (7) is nothing but the Euler-Lagrange equations for L.

If the lagrangian L is regular, then every solution ¢ of the de Donder equations (3)
is automatically a 1-jet prolongation, say 1 = j'¢ and the section ¢ of Txy is a solution
of equations (1).

In terms of Ehresmann connections, if L is regular, then any solution I' of equations
(4) is semi-holonomic (see Appendix B).

3. Hamiltonian formulation. Let ATY, 1 <r < m, be the subbundle of the bundle
A"Y of n-forms on Y consisting of those n-forms which vanish when r of their arguments
are vertical. We have a chain of vector bundles over Y:

0CATY CAYY C---CA™Y.

The elements of ATY (resp. ALY are locally expressed as p(x,y)d™z (resp. pd"x +
pi'dy* A d"~'z#). Thus, we introduce local coordinates (z*,y’,p) on the manifold ATY,
and (z*,y", p,pt') on ALY

The manifold A™Y carries a canonical n-form, O, which is defined as follows:

Oo(wW) (€1, 82, -+, &n) = WV (W) (W (61), ¥4 (&2), - - -, v+ (&n))
where w € A"Y, §; € T,,(A"Y), and v : A™Y — Y is the canonical projection.
This form 0y induces an n-form 6, on ATY, for each r, 1 <r < m.
The closed (n+ 1)-forms Q, = —d©,. (and of course, Qy = —dOy) are examples of the
so-called multisymplectic forms according the following definition.

DEFINITION 3.1. A multisymplectic form on a manifold M is a closed k-form Q on M
such that the linear mapping v € T,M — i,Q € A*~YT*M is injective for all x € M.
The manifold M equipped with a multisymplectic form €2 will be called a multisymplectic
manifold, usually denoted by the pair (M, Q). Two multisymplectic manifolds (M, Q) and
(M, Q) will be said multisymplectomorphic if there exists a diffeomorphism ¢ : M — M
preserving the multisymplectic forms, say ¢*Q = Q; ¢ will be called a multisymplecto-
morphism.

REMARK 3.2. It will be useful to write the local expressions of the canonical multi-
symplectic forms on A3Y":

Oy = pd"z + pldy’ ANd" T at,  Qy = —dp Ad"x — dpt* Ady' AdV e
A direct computation shows the following.

ProOPOSITION 3.3. Assume that n > 2. Then, a lagrangian L is regular if and only if
the pair (Z,Qr) is a multisymplectic manifold.
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Since ATY is a vector subbundle of A}Y we can construct the quotient vector bundle
ALY /A?Y which will be denoted by Z*. The projection AJY — Z* will be denoted by
A. We also have a fibration wxz+ : Z* — X.

In this context, a hamiltonian h is a section of A. Using this hamiltonian we define
an n-form O, on Z* by pulling back the canonical n-form ©,, i.e. O, = h*0,5. We put
Qp = —dOy, so that Qp = h*Qs.

A section o of mxz+ : Z* — X is said to satisfy the Hamilton equations for a given
hamiltonian A if
(3) 0" (ig,. Qn) =0,
for any vector fields £z« on Z*.

In local coordinates (x#,y’, pt') for Z*, the section h may be represented by a local
function H:

p=—H("y' p})
then
(9) O = —Hd"z + pl'dy' Nd" ‘o, Q =dH ANd"x — dpi' Ady' Ad" Lot
and the Hamilton equations for a section o become:
dy*  OH op  OH

dxr — opl dxi Ayt

(10)

As in the preceding section, we can consider a connection T in Txz+ 4% — X, with
horizontal projector h. An intrinsic version of equations (10) is then the following:
(11) ZﬁQh = (n — ].)Qh
Indeed, if Iis flat, then its integral sections are solutions of the Hamilton equations.

REMARK 3.4. If n > 2 then, from (9), it follows that €2 is a multisymplectic form
on Z*.

4. The Legendre transformation. Let L be a lagrangian function. We define a
fiber preserving map
legr, : Z — AJY
as follows:
legL(j;(b)(Xh cees Xn) = (@L>j;¢()21a cee aXn)
for all j1¢ € Z and X; € Ty(,)Y, where X; € Tj14Z are such that (myz).(X;) = X;.
In local coordinates, we have

i ; ; OL oL
legr(a",y", 2,) = (x“,y ,p=L—zH82L,p? = 6z;>'

The Legendre transformation Legy, : Z — Z* is defined as the composition Leg; =
Aolegr, and it is locally expressed as

o . OL
(12) Legr (2", y", z;,) = <x“,y’, 3 z)
1

From the definitions, we deduce that (legr)*©2 = O, and (legr)*Qe = Q.
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ProproSITION 4.1. The lagrangian L is regular if and only if the Legendre transfor-
mation Legy, : Z — Z* is a local diffeomorphism.

The Legendre transformation permits to connect the lagrangian and hamiltonian de-
scriptions as follows.

Assume that the lagrangian L is hyper-regular, that is, Legy : Z — Z* is a global
diffeomorphism. We define a hamiltonian section h : Z* — ALY by setting

h = legr o (Legr) ™ .

Then, from (12) it follows that
Leg}z@h = @L, Lengh = QL.

Therefore, the solutions of equations (3) and (8) are Legy-related. In terms of connections,
the solutions of equations (4) and (11) are also Legy-related.

If the lagrangian is regular, the equivalence is only at local level. More precisely, if
n > 2, we have that Legy, is a local multisymplectomorphism between the multisymplectic
manifolds (Z, ) and (Z*,Qp).

For singular lagrangians, a constraint algorithm was developed in [23] (see Section 6).

5. A new geometric setting. Consider the fibered product Wy = AJY xy Z with
canonical projections pr; : Wy — AZY and pry, : Wy — Z. We consider fibered coordi-
nates (z*,y", p, p!, ZL) on Wy.

Define the n-form © = pri©s and the (n + 1)-form = —dO = priQs.

We also define a function ® : Wy — R as follows. Take an element (wg(y), jeo) € Wo,
then ®((wg (), ji¢)) = a(x), where

9" (Wo(a)) = alz)n().
Locally, we have
‘I)(JI#, yzap7péta Z;) = p + prL
Define also the function Hy : Wy — R by setting
Hy=® —priL.
The function Hy locally reads as
Ho(z",y',p,pl', 2,) = p+ 'z}, — L(z",y', 2,).
Put
Qp, =Q+dHy An.
In local coordinates we have
Qu, = —dp ANd"x — dpi' A dy' Nd" ot 4+ dHy A d"x.

Let T' be an Ehresmann connection in the fibered bundle = xw, : Wo — X, with horizontal
projector h.
We search for a solution of the equation:

(13) iﬁQHO = (Tl — ]-)QHO
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Define
Wy ={ueWy/3h,: T,Wy — T,Wy linear such that h? = h,,
kerh, = (Vrxwo)us th, Qo (w) = (n— 1)Qp, (u) }.

Suppose that the local expression of h is

_( 0 0 .0 0 0 ;0
n(-Z)V=2 4% 5% o pi <
(&’c”) FrT gyt + " op i opY P 0z%

_ /0 i
h( — 0 h(—]=0
(ayl) ’ (31?) ’
a _ /0
h(—]=0 h(—)=0
() -0 ()
‘We then obtain
w2, = in(—dp Ad"x — dp!' Ady' Ad" " a4+ dHg A d"x)

L\ .
=(n—1Qy + C’“»—a. dy" Nd"z
0 i 8:1/1

7 7 L mn 8L
—i—(zM—Au)dpé ANd"z + (pf— o7

Therefore, the submanifold W; of Wy is determined by the vanishing of the constraints:

) dzz ANd"z.

Py — gii =0,
and the components of the connection h would satisfy the following relations:
(14) AL = zf“
(15) cr = g’yL

From the definition of W7 we know that for each point u € W7 there exists a “horizon-
tal projector” h,, : T, Wy — T, W, satisfying equation (13). However, we cannot ensure
that such h,, for each v € W; will take values in T, ;.

But notice that the condition h, (T, Wy) C T, W1, Yu € W, is equivalent to having

_( 0 oL
h{— - —1=0
() (- 52)
or, equivalently,

2 2 2
(16 Cpy= v S, O
2Ot 0z 0y" 0z 0%}

We remark that if the lagrangian L is regular, then equations (16) have solutions D’s
for a particular choice of C’s satisfying equations (15). Of course, we can take arbitrary
values for the B’s. A global solution is obtained using partitions of unity.

In such a case, we obtain by restriction a connection I' in the fiber bundle mxy, :
W1 — X, which is a solution of equation (13) when it is restricted to W (in fact, we have
a family of such solutions). Assume that T is flat, and 1 is a horizontal section of I'. First

i
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of all, notice that v takes values in W, which implies that 1) = pr,o1) is a jet prolongation.
i

Let us explain better this assertion. If ¢ (a*) = (x*, 4" (), p(z), p!'(x), 2/,(x)) then we have

i _ 5yi
z#(:c) =

Since 95
i 0z,

D o+

oL 0’L oyt O°L 0z, 0*L

oyl zoxr  O0xt 9oyt Ot 9207

oL d < oL )
= _ 2 (=) =0
ayﬂ dxt 82{}4

which are the Euler-Lagrange equations for L.

:07

that is,

Up to now, we have no assigned any meaning to the coordinate p. Consider the
submanifold W, of W, defined by the equation Hy = 0. In other words, W, is locally
characterized by the equation

which defines a local energy.
We can ask when a solution exists on W;. Indeed, it is possible to construct a family
of connections in the fiber bundle 7y, : Wi — X which solve equation (13) as follows.
We have to choose coefficients B,,, C%,, and D!, verifying (15) and (16), and in

i v
addition,
=, 0

17 h(=—)(Hp) = 0.
(1) (50) (Ho)
A direct computation shows that (17) is equivalent to the following local conditions:

L, i OL ; OL
(13) B+ Crith = g + S

Now, if we choose appropriate values for C}; satisfying (15) and (16), then we can take the
values for B,, given by equation (18). A global solution is finally obtained using partitions
of the unity.

Denote by Qy, the restriction of Qg to Wh.

PROPOSITION 5.1. If n > 2 and the Lagrangian L is reqular then Sy, is a multisym-
plectic form.

Proof. The result follows from a direct computation taking into account that on Wi

we have
i oL
. = -
g 8,2;2
and that the hessian matrix
(553)
8zﬁé)z£

is regular. m
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Next, we shall relate the above construction with the preceding ones in the lagrangian
and the hamiltonian settings.
First of all, the following results are quite obvious:

e The submanifold W is diffeomorphic to Z.

e If n > 2 and L is (hyper)regular, then the multisymplectic manifolds (W7, D, )
(Z,9) and (Z*, Q) are (globally) locally multisymplectomorphic. Indeed, the cor-
responding multisymplectomorphisms are the following ones:

(pr2)‘v’vl :Wl _)Z7 L@gL :Z—>Z*7 LegLO(prg)‘Wl :Wl — Z".

(Note that Ao (prl)‘W1 = Legy o (pr2)|W1).

e As a consequence, one can choose connections h, h and h in the fibrations 7x :
Z — X, mxz 1 2% — X, and mxyp, - W, — X, respectively, such that they are
solutions of equations (4), (11) and (13), respectively, and, in addition, they are
related by the above multisymplectomorphisms.

The following diagram summarizes the above discussion:

WOZASY XyZ

Pry — &
Wi

6. Singular lagrangians. For a singular lagrangian L, we usually have to go further
in the constraint algorithm. Therefore, we will consider a subset W, defined in order to
satisfy the tangency condition:

Wy ={uecW; /3h,: T,Wy — T,W; linear such that h? = h,,
kerhy, = (Vaxw,)us in, Qu,(u) = (n — 1)Qp, (u)}.

Assume that W5 is a submanifold of W. If l_lu(TuWO) is not contained in T}, Ws, we go
to the next step, and so on.

At the end, and if the system has solutions, we will find a final constraint submanifold
V_Vf7 fibered over X (or over some open subset of X) (see Appendix C) and a connection
't in this fibration such that I'; is a solution of equation (13) restricted to W;.

Similar constraint algorithms can be developed using equations (4) and (11). Our
purpose in the following is to relate these three algorithms.
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Indeed, we can consider the subset
Zy={2¢€Z/3h,:T.Z - T.Z linear such that h? =h,,
kerhz = (Vﬂxz)z,ithL(Z) = (Tl - ].)QL(Z)}
If Z5 is a submanifold, then there are solutions but we have to include the tangency
condition, and consider a new step:
Z3={2¢€Zy /3, :T.Z - T.Z, linear such that h? =h,,
kerhz = (Vﬂxz)z, ithL(Z) = (TL - I)QL(Z)}
If Z5 is a submanifold of Zs, but h, (7. Z) is not contained in T, Z3, we go to the next step,
and so on. Finally, we will obtain (in the favorable cases) a final constraint submanifold
Zy and a connection in the fibration 7xz : Z — X along the submanifold Z; (in fact, a
family of connections) with horizontal projector h which is a solution of equation (4).
There is an additional problem, since our connection would be a solution of the de
Donder problem, but not a solution of the Euler-Lagrange equations. This problem is
solved by constructing a submanifold of Z; where such a solution exists (see [23, 24] and
below for more details).
To develop a hamiltonian counterpart, we need some weak regularity of the la-
grangian L.

DEFINITION 6. 1. A lagrangian L : Z — R is said to be almost regular if legy,(Z) = Z
is a submanifold of ALY, and legy, : Z — Z is a submersion with connected fibers.

If L is almost regular, one has:

o 7 = Legr,(Z) is a submanifold of Z*, and in addition, a fibration over X.

e The restriction Ay : Z — Z; of A is a diffeomorphism.

e The mapping Leg; : Z — Z; is a submersion with connected fibers.

Define a mapping h; = (A\;)~! : Z1 — Z, and a (n + 1)-form Oy on Zy by Q1 =
hi((€22), ). Obviously, we have LegiQ; = Qp.

z

The hamiltonian description is now based on the equation
(19) i = (- 1)
where h is a connection in the fibration Txz ° Zl — X.

Proceeding as above, we construct a constraint algorithm as follows.
First, we define

Zg = {5 S Z~1 / Hflg : Tng — Tng linear such that ljlz = flg,
kerh: = (Vry )z i Q1 (2) = (n — 1)Qu(2)}.
If Z, is a submanifold, then there are solutions but we have to include the tangency
condition, and consider a new step:
Zs = {z e Z / Jh; :T:Z; — T=Z5 linear such that fl% =h;,
kerh: = (Vryz )z, ip Q1 (2) = (n — D (2)}.
If 23 is a submanifold of ZQ, but flg(Tng) is not contained in Tng, we go to the next
step, and so on. Finally, we will obtain (in the favorable cases) a final constraint sub-
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manifold Z y and a connection in the fibration 7 7, Zl — X along the submanifold
Z ¢ (in fact, a family of connections) with horizontal projector h which is a solution of
equation (11).

The important facts are the following:

e The mapping Leg; : Z — Z preserves the constraint algorithms, that is, we have
Leg:(Z,) = Z, for each integer r > 2.

e In consequence, both algorithms have the same behavior; in particular, if one of
them stabilizes, the same happens with the other, and at the same step, so we have
Legl(Zf) ZZf. ~

o In the latter case, the restriction Legy : Zy — Z; is a surjective submersion (that
is, a fibration) and Leg;l(Legf(z)) = Leg; ' (Legi(2)), for all z € Z;.

Therefore, the lagrangian and hamiltonian sides can be compared through the fibra-
tion Legy : Zy — Zf. Indeed, if we have a connection in the fibration 7x 7 : Z — X along
the submanifold Z¢ with horizontal projector h which is a solution of equation (4) (the de
Donder equation) and, in addition, the connection is projectable via Leg; to a connection
in the fibration 7 ; : Z—-X along the submanifold 4 ¢, then the horizontal projector of
the projected connection is a solution of equation (11) (the Hamilton equations). Con-
versely, given a connection in the fibration 7 ; : Z — X along the submanifold Z ¢, with
horizontal projector h which is a solution of equation (11), then every connection in the
fibration 7xz : Z — X along the submanifold Z; that projects onto h is a solution of
the de Donder equation (4).

Assume that L is almost regular and construct the above algorithms. Take a Leg¢-
projectable connection I' in the fibration mxz : Z — X along the submanifold Z; with
horizontal projector h which is a solution of equation (4), and denote by T its projection.
As we have shown, the horizontal projector h is a solution of equation (11).

In general, I" is not semi-holonomic, that is, Sy (h,...,h) # 0 along Z. However, we
can define a section 3 of the fibration Legy, : Zy — Zy such that
(Sn(ha A h))|5(2f) -

The construction of 3 is based on the following interpretation of the elements of Z.
Take z € Z, that is, z is a 1-jet of a section ¢ of the fibration 7xy : VY — X.
Since Hy,y = Té(x)(T,X) is a horizontal subspace of Ty,)Y, for every x € X (in
fact, in the domain of ¢) we can identify z with this horizontal subspace, which in local
coordinates means that if z = (x#, 9, zL), then Hy,) is spanned by the tangent vectors
D)0zt + z,0/0y".
With the above notations and the obvious identifications, we define

(20) B(2) = Tryz(h(T.,Z)),
where 2y € Zy is an arbitrary point projecting onto Z through the projection Leg; :
Zy — Zy.

We have:

e (3(Z) is independent of the choice of zy. This is a consequence of the following two
facts: h projects onto h, and mxz+ o Legy = mxz.
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e The point 3(2) belongs to Z;. Indeed, consider the local vector field
i iy 9
U= (FN - ZM)@’

where Fi are the Christoffel components of I', that is,

0 0 ;0 ;0
h{ —|=—+19—+41" -
<8x“ ) OxH T oy’ T 0z},
Since I' is Leg¢-projectable, FL is constant along the fiber over Z.
From (5) and (12), we deduce that U is a vertical vector field with respect to the

fibration Legs : Z; — Zj, and in consequence it is tangent to the fiber over Z.
Consider the curve

a(t) = ((")o, (y")o, (T})o — exp(—t)((I',)o — (2],)0));

where ((2*)o, ()0, (2},)0) are the coordinates of zy, and (T'%,)o are the values of
I}, at the point zp (in fact, along the whole fiber). a(t) is an integral curve of U
passing through 2y and totally contained in the fiber over z. Thus, the limit point
lim¢—, oo «(t) is in this fiber, and a direct computation shows that lim; 4. a(t) =
8(2).

e Now, it is obvious that I" is semiholonomic at the point 5(Z2).

Since (3 is a section, we deduce that ﬂ(Zf) is a submanifold of Z; and hence of Z. In

addition, (Legy) : B(Zs) — Zy is a diffeomorphism.

|ﬁ(2f)
Next, we define a connection I'y in the fibration 7x 7 : Z — X along ﬁ(Zf) as follows.
Its horizontal projector is given by

(hy). :T.Z — T.8(Z;s), (hy), = (T(Legy) (2)) "L ohz o TLegy(2),

lscz)

for all z € B(Zf), where z = ((2). A straightforward computation shows that 'y is a

solution of (4) and, in addition, is transported onto I via the diffeomorphism (LegL)|B(Zf) :

ﬁ(Zf) — Zf. Thus, since I' is semiholonomic along ﬁ(Zf), we deduce that T'y is also
semiholonomic along 3(Z;).

Next, we will relate the above constructions with the algorithm developed from equa-
tion (13).

To do that, we first develop an alternative constraint algorithm based on the following
equation:
(21) if, Qyy, = (n— I)le,

where Qyy, is the restriction of {2, to Wi, and h is the horizontal projector of a connec-
|W1 : Wl — X.
The algorithm proceeds now as in the above cases, and it produces a chain of sub-

tion T in the fibration 7y, = (Txw,)

manifolds (in the favorable cases). Indeed, we define
Wy ={ue W, /3h,: T,Wy — T,W; linear such that h2 = h,,
kerhy = (V7 xw, )us ig Qw, (1) = (n — 1)Qy, (u)}.

If we assume that WZ is a submanifold of W, since in general ﬁu(Tuwl) is not contained
in T,,W5, we go to the next step, and so on.
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At the end, and if the system has solutions, we will find a final constraint submanifold
Wy, fibered over X (or over some open subset of X) (see Appendix C) and a connection
I'y in this fibration such that I'y is a solution of equation (21) restricted to Wy.

It should be noticed that W,. C W,., for all integer > 2. Indeed, any pointwise solution
of equation (13) is a solution of equation (21). As a consequence, both algorithms have
the same behavior.

This last algorithm can be compared with the lagrangian and hamiltonian ones. In
fact, since

(151‘2)*QL = QW17 (ﬁrl)*Ql = QVV17
where pry = Ay o (pry )|, and pry = (pry),, , we have
p~r1(Wr) = Z’r‘v pNIQ(W'r‘) = Z’r‘a

for all » > 2, and a fortiori we deduce that all the algorithms have the same behavior
and

pry(Wy) = Zg, pry(Wy) = Zy.
Thus, the corresponding solutions can be related via the convenient projections. More
precisely, we can construct a connection I' (resp. T, I‘) in the fibration 7xz : Z — X
(resp. mx 7, 7 — X, Txw, : Wi — X) along the submanifold Z; (resp. Zs, W) such
that they are related by the projections Legy, pr; and pry.

In addition, the connection I' can be chosen such that its restriction to Wf is a
solution of equation (13). Making all these selections, and performing the construction
of the section § we conclude that 3(Z;) C Wy.

The following diagram summarizes the above discussion:

Wf y'y ) Wf

‘ (Pr1)|Wf (prl)lW
(pry) |W
7 Legy Z
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REMARK 6.2. According to Appendix C, one has that all the connections considered
in this section define bona fide connections in the corresponding restricted fibrations
TXoZ; Z¢ — Xo,
TXoZ; Zf — X,
Tx,W; Wf — X,
TxoW; Wf — X,

where X is an open submanifold of X.

7. Example: The bosonic string (see [1, 17]). Let X be a 2-dimensional manifold,
and (B, g) a d 4+ 1-dimensional spacetime manifold endowed with a Lorentz metric g of
signature (—,+,...,4+). A bosonic string is a map ¢ : X — B.

In the following, we will follow the Polyakov approach to classical bosonic string
theory. Let 521 o1 (X) be the bundle over X of symmetric 2-covariant tensors with signature
(=, +) or (1,1). We take the vector bundle 7 : ¥ = X x B x Sy' (X) — X. Therefore, in
this formulation, a field v is a section (¢, h) of the vector bundle Y = X x B x S%’l (X)—
X, where ¢ : X — Y is the bosonic string and A is a Lorentz metric on X.

Lagrangian description. We have that Z = J'(X x B) x x J(Sy"' (X)). Taking coordi-
nates (z*), (y*) and (2, h,,) on X, B and Sy*"(X) then the canonical local coordinates
on Z are (z*,y", he, yf“ hnep)- In this system of local coordinates, the Lagrangian density
is given by

1 .
A= —3V- det(h)h"™ gijynyida.
The Cartan 3-form is
Qp = dy' Ad(—/=det(h)h" g;jyl) A d'z"

1 L
—d<§ \/ — det(h)h"ggijy%yg) A dPx
1/0y/—det(h . o
5 (Y i~ /TR 533 )ty 1
po

2 )
—5\/— det(h)h"* ay,j ynui dy* A d*x — \/— det(h)h" gijy;, dyl A dPx

0/ det(h | | |
! <Whn§9iﬂ' ve = V- det(h)h””hﬁ"gijﬁ) dhyg A dy' A d'z"
po

/= det(h)h" %yg dy* A dyt A dra”

+v/ = det(h)h"ﬁgij dyg Adyt A drah.
If we solve the equation 1,2y, = Qf, where

0 . 0 0 .0
h=dt @ (-2 4102 9 i 9 9
e (837“ " "oyt Ik Ohue T oy, e ahn&p)’

we obtain that:
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\/— det(h)h"¢ gl,g yhyl — v/~ det(h)h" g’“j iyl — /= det()h"e gy, T,
04/ — det( ; ;
—<8h—h"fgkjy§ — —det(h)h"phgdgkjyé)Vpom
po
and the constraints are given by the equations

m(\/ - det(h)h”g)gijynyg =0.

The previous equation corresponds to the following three constraints:

1 o
[h"oh@(hél — hooh11) + §h"§h11] 9ijynyt = 0,

1 o
[h"lhfl(hél — hooha1) + §h"£hoo] 9ijynyi = 0,
[WOREN(hg) — hoohar) — K™ hor | gijyhul = 0,
which determine Zs.
Hamiltonian description. The Legendre transformation is given by
Legr (a",y" hue, Y hpep) = (27,5 hye, —/ = det(h) i gy, 0).

Therefore, the Lagrangian L is almost-regular and, moreover, Z1 = Im Legr, = 7Z =
legr.(Z) = JYX x B) Xx S5 (X). Take now coordinates (z#,y", hye,p!') on Z; and
consider the mapping h; : Z1— 7 given by

. , 1 o
ha (29, g he, ) = (¥, e, p = — e g plpl, pl).
1@y hae, pif) = (2, 9" hyge, p SNar neg" pypEs py)
Then, we have
~ 1
QO = —d| ————=—h Ad?z + dyt A dpt A dra?
1 (2 —3ei ) neg" pzpj) y" A dp];

and the Hamilton equations are given by iﬁfll = Ql,

~ 0 0 0 0
T n
h=dzx ®(8 M+Fua - +%75“8h +F“‘8p )
Solving the above equation, we obtain
. 1 y
I =——rn—u-=—nh,.g"p",
a —det(h) i P
- 1 dg'
re = h ,
"2 /—det(h) e oy pnpé
and the secondary constraints

g% ( 1 Odet(h)
= det() \2det(h) O,

hep!p§ — pipS ) =0

determining Zs.
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The new geometrical setting. We have that Wy = A2Y xy Z with fibered coordinates

(33#, yia h'r]&apvprl;a qﬂgl’«’ yzu hnfu)'

Therefore,

Ho=0p —i—pfy,ﬁ + ¢ hye, + %\/ — det(h)h"ggijy;yg,

Qn, = —dp Ad*x — dpl' ANdy' Ad'at — dg" " A dhye A d'xt + dHg A da.
Consider now an Ehresmann connection in the fibered manifold mxw, : Wy — X with
horizontal projector:

0 0 0 0 0

_ 9 _
h=de'® (= + A\ —— + Ayey—— + By— + C".— —
dx ® <a$“ + Mayz + nép 37%75 + Hap + O}M ap? + Oﬁf”ﬂ aqngo

9 G
D _ 4 Dnor__—
gy T Dhies )

Solving iz Qpm, = Qp, we obtain that the submanifold W; is determined by the con-
straints:

P =-V- det(h)h“"gijy%,

qnﬁu =0.

Let W, be the submanifold of W; defined by the equation Hy = 0, that is,
1 Ny
p = 5V —det(h)h™ gy ;.

Wy is locally defined by coordinates (2, ", hne, yl,, Pnep)-

In these coordinates, the solutions of equation (21) are exactly the same as the ones
obtained in the lagrangian setting, and W, as a submanifold of Wy, is determined by
the following constraints:

Pi + /= det(h) " g;5y) = 0,
qnéu =0,

1 L
p— 5V = det(h)h™ gijy, i = 0,

04/ —det(h) i g o
ah—hnfgijynyg — /—det(h)h""hE 9iiYnyt = 0.

po
It is easy to show that Wy = W, and the solutions of equation (13) are the solutions of
equation (21) which, in addition, are semiholonomic.

8. Time-dependent mechanics. The jet bundle description of time-dependent me-
chanical systems takes X = R and 1 = dt, where ¢ is the usual coordinate on R (see, for
instance, [22]).

If L: Z — R is a lagrangian function, )y, is the Poincaré-Cartan 2-form on Z and nyz
is the 1-form on Z defined by 1z = (mrz)*(n), then the de Donder equation (4) can be
written as
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(22) 1,0, =0, dg,nz =1,
where £z is a vector field on Z. The integral curves of £z are the solutions of the de
Donder problem.

The lagrangian function L is regular if and only if the pair (Q,,7z) is a cosymplectic
structure on Z. We recall that a cosymplectic structure on a manifold M of odd dimension
2n+1 is a pair which consists of a closed 2-form 2 and a closed 1-form 7 such that n AQ™
is a volume form.

If L is regular then there exists a unique vector field £z which satisfies (22). In fact,
&z is the Reeb vector field of the cosymplectic structure (21,,7z) and it is a second order
differential equation, that is, S4:£z = 0. The trajectories of £ are the solutions of the
Euler-Lagrange equations.

On the other hand, in this case, A3Y is the cotangent bundle T*Y of the manifold YV
and € is the canonical symplectic structure of T*Y. Moreover, if h: Z* — ALY = T*Y
is a hamiltonian and nz+ = (mrz+)*(dt), then: i) the pair (Qp,7nz+) is a cosymplectic
structure on Z* and ii) the solutions of the Hamilton equations are just the integral
curves of the Reeb vector field &, of the cosymplectic structure (Qp,7z+).

It should be noticed that if the lagrangian L is regular and 7y,
(TR, )*(dt), we have that the pair (Qyy,,7yy,) is again a cosymplectic structure on Wy
and there exists a unique solution of equation (13) restricted to Wi, namely, the Reeb
vector field of the cosymplectic structure (Qyy, , myy, ). Furthermore, if L is (regular) hyper-
regular then the maps (pry)yw, : W1 — Z, Legr, : Z — Z* and Legpo(pry)w, : W1 — Z*
are (local) cosymplectomorphisms between the cosymplectic manifolds (W1, Q. , my, ),
(Z,Q1,nz) and (Z*,Qp,mz+), where h = legr, o (Legr,)~*. Thus, the Reeb vector fields
&w,» §z and £z« are related by the above cosymplectomorphisms.

When the lagrangian L is singular, we can develop the two algorithms using equations
(13) and (21) and we obtain the corresponding constraint submanifolds

Wi = {u c Wi—l / 35 c TuWi—la iEQHo (u) = 07 w, (f) = 1},
Wi = {ue Wiy /3 e TWia, iy, (u) =0, ny, (&) = 1},

for all i > 2, with Wy = Wy (see Section 6).
If L is almost regular, then we have that

Wi C Wi,
pr,(Wi)=Zi={2€ Zi_1 | ¥ € T:Z;, igﬁl(g) =0, nz-(2)(€) = 1},
pro(Wi) =Zi = {2 € Zi_1 | 36 € TuZi_1, ieQr(2) = 0, 1z(2)(€) = 1},
for all 4 > 2. Moreover, one can construct the section 3 of Legs : Z; — Z; and the
submanifold 3(Z¢) of Z; where a solution of the Euler-Lagrange equations exists.

The constraint algorithms using equations (4) and (11) and the construction of the
corresponding constraint submanifolds Z; and Z; and of the submanifold 3(Z¢) has been
done in [22] (see also [6, 26]). We remark that, in this case, there exists a unique solution
of the Euler-Lagrange equations on the submanifold §(Z) (for more details, see [22]).

The previous approach to time-dependent mechanics was also proposed in a recent
contribution by Cortés, Martinez and Cantrijn [7].
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Appendices

A. Projectable connections. A connection I' in the fibration 7xy : ¥ — X is
given by a horizontal distribution H which is complementary to the vertical one Vrxy,
that is,

TY =H® Vrxy.

Associated to the connection there exists a horizontal projector h : TY — H defined in
the obvious manner.
If (x#,y") are fibered coordinates, then H is locally spanned by the local vector fields

o\" o 0
(8?) B o+ () By
(0/0xH)" is called the horizontal lift of §/dz*, and I, are the Christoffel components of
the connection.

Along the paper we repeatedly use the following construction.

Assume that 7xz : Z — X and wxy : Y — X are two fibrations with the same base
manifold X, and that ® : Z — Y is a surjective submersion (in other words, a fibration
as well) preserving the fibrations, say, 7xy o ® = wx .

Let I" be a connection in wxz : Z — X with horizontal projector h.

DEFINITION A.1. T' is said to be projectable if T®(2)(H,) = T®(z")(H,/), for all
2,z € Z in the same fiber of ®.

If T is projectable, then we define a connection I in the fibration 7xy : Y — X as
follows: The horizontal subspace at y € Y is given by

H, = T®(z)(H.),

for an arbitrary z in the fiber of ® over y. It is routine to prove that H defines a horizontal
distribution in the fibration 7xy : Y — X.

We can choose fibered coordinates (z#, 3%, 2%) on Z such that (x#,y") are fibered coor-
dinates on Y. The Christoffel components of I" are obtained by computing the horizontal
lift X
(i> aaﬂ L@y, 2 )aaz @y, 2 >aZa'

OxH

A simple computation shows that I is projectable if and only if the Christoffel components
I‘i are constant along the fibers of ®, say FZ = I‘i(w, y). In this case, the horizontal lift
of 9/0x* with respect to I is just

oN" o B
(37) = g T TWm )

As an exercise, the reader can easily check that, conversely, given a connection I'
in the fibration 7xy : ¥ — X and a surjective submersion ® : Z — Y preserving the
fibrations, one can construct a connection I' in the fibration 7xz : Z — X which projects
onto I.
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B. Semiholonomic connections. Let 7xy : Y — X be a fibration and nxz : Z —
X its 1-jet prolongation, that is, Z = J'mxy. Assume that X is orientable with volume
form .

DEFINITION B.2. A connection I' in the fibration mxz : Z — X is said to be semi-
holonomic if

(23) S,(h,... h) =0,

where h is the horizontal projector of T'. If (23) holds at a point z € Z, then T is said to
be semiholonomic at z.

Assume that

0 0 .0 .0
h{ —|=—+1"—+1" .
(8:6“ > Oz e oyt T 07k

in fibered induced coordinates. Then I' is semiholonomic if and only if FL =z

b
C. Connections on submanifolds. The notion of connection in a fibration admits

a useful generalization to submanifolds of the total space.
Let mxy : Y — X be a fibration and P a submanifold of Y.

DEFINITION C.1. A connection in mxy : Y — X along the submanifold P consists of
a family of linear mappings
h,:T,Y - T,P
for all y € P, satisfying
h? =h,, ker hy = (Vrxy)y,

for all y € P. The connection is said to be differentiable (flat) if the n-dimensional
distribution Imh C TP is smooth (integrable), where n = dim X.

We have the following.

ProproOSITION C.2. Let h be a connection in wxy : Y — Xalong a submanifold P of
Y. Then:

(1) mxy(P) is an open subset of X.

(2) (mxy)|p : P — mxy(P) is a fibration.

(3) The 1-jet prolongation J*(wxy)|, is a submanifold of Z.

(4) There exists an induced true connection I' p in the fibration (1xy)|, : P — mxy(P)
with the same horizontal subspaces.

(5) Tp is flat if and only if h is flat.

Proof. (1) and (2). First of all, we shall prove that (7xy)|, : P — X is a submersion.
Let y € P such that mxy(y) = € X. We define a linear mapping

A(y) : T,X — T, P

as follows:

A)(U) =y (),
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where U € T,Y and Trxy(U) = U. The mapping A(y) is well-defined since if U’ is
another tangent vector in T,Y satisfying Tmxy (U') = U, then U — U’ € (Vrxy)y, and
therefore h, (U’) = h,(U).

In addition, A(y) is injective. In fact, if U € T, X is such that A(y)(U) = 0, then
h,(U) = 0, that implies U € (Vrxy )y, and therefore U = T'rxy (U) = 0.

Finally, A(y) is a section of Trxy (y) : TyP — T, X. Indeed, take U € T, X; we have
AW)(Trxy (Ay)(U))) = hy(A(y)(U)) = hi(U) = hy(U) = A(y)(U). Thus, we have
proved that Trxy o A(y) = Idz, x. This shows that (7xvy)|,

Therefore, 7xy (P) is an open submanifold of X, and (7xy)|, : P — 7xy(P) is a

: P — X is a submersion.

fibration.
(3) is obvious.
(4) The induced connection I'p is defined by restricting the horizontal subspaces of
h, that is,
h) = (h,)r,p, forall yc P.

Since Imh’/ = Imh then (5) follows. m
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