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Abstract. In this paper we generalize in Theorem 12 some version of Hahn—Banach Theorem
which was obtained by Simons. We also present short proofs of Mazur and Mazur—Orlicz Theorem
(Theorems 2 and 3).

Simons, using the concept of p-convexity, proved a version of Hahn—Banach Theorem
(Theorem 1.13 in [II]), which is a generalization of Hahn-Banach-Lagrange Theorem
(Theorem 1.11 in [IT]). Simons’ theorem enabled him to present short proofs of a number
of important and difficult theorems in functional analysis and to find applications in
convex analysis and theory of monotone multifunctions (see [8], [ [10, [11]).

In this paper we present short proofs of Mazur and Mazur—Orlicz Theorems (Theo-
rems [2| and . Then we apply them to generalize Simons’ theorem (Theorem in our
Theorem [12

Throughout the paper by X we will denote a nontrivial vector space over the field of
real numbers.

LEMMA 1. Letp: X — R be a convex function y € X. For all z € X, let

e ply+Az) —ply) v e P(AT)
py() := luf X o P@)i= bR

Then:

(a) py : X — R is sublinear and p(y) — p(2y) < py(y) < p(0) — p(y);
(b) if p(0) > 0 then p' is the greatest sublinear functional on X less than or equal to p;

(c) if p is sublinear then p, < p and py(—y) = —p(y).
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Proof. For x,y € X and A > 0 we have
(1+Mp(y) < ply + Az) + Ap(y — ),

which implies

p(y + \x) — p(y)
p(y) —ply —z) < 3 )

Taking the infimum over A > 0 we get p,(z) > —oo and

p(y) —ply — ) < py(x) < ply + ) = p(y). (1)
It is easy to observe that p, is a positively homogeneous. Consider z;,22 € X and
arbitrary Ai, A2 > 0. Since

1A2
<
Pyt 5 a @) <
py is subadditive, and we obtain (a).
Now let p(0) > 0. For € X and A > 0 from (1) we have

p(Ax) — p(0 p(Ax
p(0) — p(—a) < OO P2
Hence p'(xz) > —oo and py < p’ < p. It is easy to observe that p’ is positively homogeneous.
Now from (2), p’ is subadditive. Now let ¢ be sublinear and ¢ < p on X. Then Ag(z) <
p(Ax) for every A > 0. Hence ¢ < p’ on X, and we get (b). =

A2
AL+ A

p(y + A1x1) +

A1
2
N p(y + Aax2), (2)

In [I1] a short proof of the classical Hahn—Banach Theorem is given. Similarly, ap-
plying Lemma [I| we give a short proof of a basic version of classical Mazur Theorem.

THEOREM 2 (Mazur). Letp: X — R be a convex functional, p(0) > 0. Then there exists
a linear functional | on X such that I < p.

Proof. By C,(X) denote the set of all convex functionals ¢ on X such that p > ¢ and
g(0) > 0. Since for every ¢ € Cp(X) and z € X, ¢(x) > —q(—z) + 2¢(0) > —p(—2),
by using Kuratowski-Zorn Lemma, there exists a minimal element { in C,(X). Now, by
Lemma [1] a functional {’ is sublinear and !’ < . Hence !’ = [ and [ is sublinear. Since
ly <1, 1, = l. Again, from Lemma [1} we have I(—y) = l,(-y) = —l,(y) = —I(y) for
y € X. Thus [ is linear. m

In 1953 Mazur and Orlicz [5] proved some generalization of Hahn-Banach Theorem.
We present a version of Mazur—Orlicz Theorem [1I, [6] for convex functionals. Our short
proof of Mazur—Orlicz Theorem is based on the idea of Ptdk [6] and Mazur Theorem
(Theorem [2).

THEOREM 3 (Mazur—Orlicz). Let p : X — R be a convexr functional. Moreover, let
g:A—= X and f: A— R be functions defined on a nonempty subset A of X. Then the
following statements are equivalent:

(a) there exists a linear functional l on X such that I <p on X and f <log on A;
(b) for every finite sequence aq,...,a, € A,

3" At < p(3 hglan)

for all non-negative real numbers Ay, ..., \y,.



ON SIMONS’ VERSION OF HAHN-BANACH-LAGRANGE THEOREM 101

Proof. Obviously, the condition (a) implies (b). Suppose that the condition (b) holds and
consider a functional

p1(z) = 1nf{ (x—i—Z)\Zg al>—§n:)\if(ai)
i=1

for all z € X. Then p; : X — R is convex, p1(0) > 0 and p; < p. By Mazur Theorem
(Theorem [2) there exists a functional { on X such that { < p;. Since [(—ng(a)) <
p(0) —nf(a) for alla € A, n € N, we obtain f <logon A. m

a¢€A7 >\z>0}

All three theorems: Simons’ version of Mazur—Orlicz Theorem (Lemma 1.6 in [I1]),
classical Mazur—Orlicz Theorem [5] and Mazur Theorem [Il, 4] which is a generalization
of Hahn—Banach Theorem [2] [7] follow from Theorem

The following lemma will be applied in our proof of Theorem [I2} The proof is based
on Theorems 2l and Bl

LEMMA 4. Letp: X — R be a convex functional. Moreover, letg: A — X and f: A - R
be functions defined on a monempty subset A of X. Then the following statements are
equivalent:

(a) there exists a linear functional I on X such thatl <p and
inf[f +1og] = inf[f +pog]

(b) for every finite sequence ay,...,a, € A and for arbitrary non-negative real numbers
AL, .-y Ap the following inequality holds

Z/\ flay) <p<z Aig(a; ) (3)

where o = inf4[f + po g].
Proof. Let a = —o0o. Then obviously (a) implies (b). From the condition (b), by Mazur
Theorem there exists a linear functional [ on X such that ! < p — p(0). Thus (a) holds.
Now let « € R and I < p on X then by (a) we get log > a— f on A and by

Mazur—Orlicz Theorem we get (3). Conversely if (3) is satisfied then there exists a linear
functional [ on X such that [ <pand f+log>aon A. n

In order to present the main result (Theorem and Simons’ theorem (Theorem
we need to give definitions of p-convex, p;—convex and ps-convex functions.

DEFINITION 5. Let p: X — R be a sublinear functional. A function g : A — X defined
on a nonempty convex subset A of X is said to be p-conver if

p(x +g(May + )\gag)) < p(x + Aiglaq) + )\gg(ag))
forall z € X, a1,as € A and A, Ay > 0 such that A\ + Ay = 1.

REMARK 6. Let us note that the function g is p-convex if and only ifp(g()\lal + Aaas) —
Ag(ar) — )\gg(ag)) < 0 for all ay,as € A and Ay, Ay > 0 such that A\ + Ay = 1. In fact,
p-convexity depends only on the cone {z € X|p(x) < 0}.
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DEFINITION 7. Let f: A — (—o00,00]. The set dom f := {z € A| f(x) € R} is called the
effective domain of f. We say that f is proper if dom f # 0. By PC(A) we will denote
the set of all proper convex functions from A into (—oo, c0].

In [II] Simons generalized p-convexity as follows.

DEFINITION 8. Let p: X — R be a sublinear functional, A be a nonempty subset of X
and f: A — R. A function g : A — X is said to be p?—conveaz if for all a1,as € A, there
exists a € A such that
1 1 1 1
p(9(@) = (5 9(a1) + 5 9(a2))) <0 and f(a) < 5 flar) + 5 faz):
Now we introduce a broader class of p,-convex functions.

DEFINITION 9. Let p: X — R, A be a nonempty subset of X and f: A — R. A function
g: A — X is said to be pg-convez if for every b € conv g(A), b = > Nig(a;), € > 0
there exists a € A such that for every A > 0

Apog(a) <pAb)+¢ and f(a Z

The following lemma shows the connection between p f—convexity and py-convexity.

LEMMA 10. Let p: X — R be a sublinear functional, A be a nonempty subset of X and
fiA=R. Ifg: A— X is p?—convez, then g is ps-conver.

Proof. Let @1 = g(b1) — (59(a1) + 39(a2)), z2 = g(b2) — (39(as) + 39(as)) and z3 =
g(a) — (39(b1) + 3g(b2)) for some a,by,bs,a1,az,a3,a4 € A. Assume that p(z;) < 0,
p(z2) < 0 and p(z3) < 0. Since p is subadditive and positively homogenous, p(g(a) —
(39(a1)+ 39(a2) +39(az) + 19(a4))) = p(x3+ 521+ 522) < p(x3) +3p(1) + 5p(22) < 0.
Therefore, for every b = >""" | X\ig(a;), where \; are binary rational (i.e. of the form Z¢
where m, k € Z) and a; € A there exists a € A such that

pogla) <p(b) and f(a <2Afaz (4)

Let us fix b € convg(A), b = I, Nig(a;), A > 0, ¢ > 0. Since p is sublinear, p is
continuous on conv{g(ai), ..., g(a,)}. Hence for some binary rational A} > 0,i=1,...,n,
which are sufficiently close to A;, ¢ = 1,...,n, and such that > ; A, = 1 we have
A(Xi Mglai)) < Ap(b) + e and Y1 Nif(a;) < Yoiy Mif(a;) +e. Now we can find
ae A for v =>"", Ng(a;) and apply (4). =

The class of py-convex functions is substantially broader than the class of pfc—convex
functions. In order to show it we give the following example.

EXAMPLE 11. Let X = RQ, a1 = (0,0), az = (0,1), A = {a1, a2}, fla1) = f(az) = 0,
g =1d and p(z) = p(z1, 72) \/m—k x1. Since
p(g(a1) — g(az)) = p(g(az) — g(a1)) =1 >0,

the function g is not p}-convex. On the other hand, if b € convg(A4) = {0} x [0,1] then
b = ag(ar) + Bg(az) = Pas, where o, B > 0 and a+ 8 = 1. Let a = a; and A > 0.
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We have an obvious equality f(a) = 0 = af(a1) + Bf(az). The function g is p-convex
because of the inequality

Ap(g(a)) =0 < AB = Ap(b) = p(Ab).
The example shows that the following theorem is an essential generalization of Simons’
theorem (Theorem [13)).

THEOREM 12. Let p : X — R be a convex functional and let A be a nonempty convex
subset of X. If f : A — R and g : A — X is py-convex, then there exists a linear
functional I on X such that Il < p and

inf = inf .
inf[f +1og] = mf[f +pog]
Proof. Let o =infa[f +pog]. Then a — f < pog on A. For arbitrary non-negative real

numbers Aq,..., Ay, let us put A = Ay + ... + \,,. Without loss of generality, we may
assume that A > 0. Then, for any aq,...,a, € A, € > 0 there exists a € A such that

> Mla = fla) < Mo~ f(a) +e < Mpogla) + e < p(3 hglan) +2e.

i=1
Hence the condition @ of Lemma |4 is satisfied, so there exists a linear functional [
on X such that I <p and a =infs[f +1log]. =

Theorem of Simons (Theorem 1.13 in [I1]) is a simple corollary of Theorem [12| and
Lemma [4t

THEOREM 13 (Simons). Letp: X — R be a sublinear functional and let A be a nonempty
convex subset of X. If f € PC(A) and g: A — X is pfc—conve:ﬂ, then there exists a linear
functional I on X such that Il < p and

igf[f—l—log] = igf[f—l—pog].

In [8,[9,10] Simons proved for p-convex functions some version of Hahn—Banach Theo-
rem which he calls Hahn—-Banach-Lagrange Theorem (Theorem 1.11 in [I1]). Theorem
is a generalization of Theorem

THEOREM 14 (Hahn-Banach-Lagrange). Let p : X — R be a sublinear functional and
let A be a nonempty convex subset of X. If f € PC(A) and g : A — X is p-conver, then
there exists a linear functional I on X such that |l < p and

ir}‘f[f—i-log] = ir}‘f[f—i—pog].

REMARK 15. If p is a sublinear functional then, by Lemma every pfc—convex function
is pg-convex. Hence Theorem [T3 follows from Theorem

REMARK 16. If p: X — R is convex we can reformulate the definition of p;-convexity.
The function g is ps-convezr if and only if p(0) > 0 and for every b € convg(A),
b=>""1Xg(a;), € > 0 there exists a € A such that

pogla) <p'(b)+e and fla) <> Nif(a)+e,
=1

where p’ is given in Lemma
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