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Abstract. Following the line of Ouyang et al. in [Ouy?2| to study the 9, spaces of holomorphic
functions in the unit ball of C", we present in this paper several results and relations among
Q,(B,,), the a-Bloch, the Dirichlet D, and the little Qo spaces.

1. Introduction. In 1998 C. Ouyang, W. Yang and R. Zhao in [Ouy2] introduced the Q,
and 9, o spaces associated with the Green function for the unit ball of C" as an extension
from the case of one complex variable, providing basic properties and relationships of these
spaces with some others like Bloch and BMOA spaces. K. Stroethoff in 1989 [Str] was
one of the first in generalizing those functions spaces to the unit ball in several complex
variables working directly with the gradient of a holomorphic function.

J.S. Choa et al. in [Choa] and Ouyang et al. in [OuyI] gave several characterizations of
Bloch functions in C™ working with the invariant gradient. [Ouy?2] includes mathematical
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tools according to the settings you must do to work practically with spaces in several
complex variables such as the gradient and measure invariant. They present in that work
many properties. In this paper we shall give additional properties since these spaces are
plenty of material to study. For example the inclusion relations between the spaces Qp,
a-Bloch and D,, spaces.

2. Preliminaries. The general reference for this section is the book of K. Zhu [Zh]. We
adopt his notation.
The open unit ball in C™ (n > 2 throughout this paper) is the set

B, ={z€C":|z| <1}.

The boundary of B,, will be denoted by S,,. For a € B, \ {0} define the involutive
automorphisms or Mébius transformation as

_a-— <‘Za"(§>a— V1—la]?(z — %a)
¢a(z> B 1- (z,a)

and ¢g(z) = —z, where (z,w) = z;w7 + ... + 2,W, denotes the inner product. Then

$a(0) = a, ¢o(a) = 0, ¢, = ¢;* and ¢, € Aut(B,,), where Aut (B,,) is the group of

biholomorphic authomorphisms of B,,. It is known that

(1 —lal*)(1 = [2)
|1 - <Z7 a>‘2

where Jro,(z) is the real Jacobian determinant of ¢,.

(z€B,),

L~ 1¢a(2)" = = (1~ |2[*) Trda(2)/ D (1)

Let dv denote the normalized volume measure of B, that is v(B,) = 1. The norma-
lized surface measure on S,, will be denoted by do. Thus o(S,) = 1 and we have in polar
coordinates the formula

1
[ @) = [ ntar [ go)doto) 2)
B, 0 S
for all f € L*(B,,,dv). Let d\(z) = O—ISI%’ then d\ is an M-invariant measure, which
means

/ RO / FodladA)

for each f € L*(B,,,d\) and ¢ € Aut (B,,).

The space of holomorphic functions in B,, will be denoted by Hol(B,,). The complex
gradient is denoted by V f = (a%fl’ cey 5971;) and Rf = > ;_, zk% is the radial derivative
of f.

Let f € Hol(B,), the invariant gradient of f is defined by |V f(2)| = |V(f o ¢.)(0)]
which means

IV(fod)l =1(Vf)odl (3)

for all ¢ € Aut (B,,).
For each f € Hol(B,,) we have

VP = 1= 2P (V)P - Rf(2)?). (4)
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The Bloch space B of B,, is defined as the set of holomorphic functions f € Hol(B,,) such
that

£z = sup |Vf(2)] < cc.
z€B,

The function
1t —¢)nt

= — ———dt, € B,,
9( on Ji 2 Z < Bn

is called Green’s function for the invariant Laplacian A. The invariant Green’s function
of B, is defined by G(z,a) = g(da(z))-
PROPOSITION 2.1. Let n > 2 be an integer, then there are positive constants C1 and Cs
such that for all z € B, \{0},
Cr(1 = [2[)" 2] 727D < g(2) < Co(1 = |2)" |2 7271, (5)
The following definitions are due to Ouyang et al. [Ouy2]:
For f € Hol(B,,), 0 <p < o0, a € B, let
L) = [ [9FEFC e aA)

n

Jp(f,a) =/IB IVF()P(L = [6a(2)*)"™ dA(2).
They defined the Q,(B,,) space as

Q,(B,) ={f € Hol(B,) : seulé) I,(f,a) < oo}

and its associated Q, ¢(B,,) space as
Qp,O(Bn) = {f € Hol(B,) : | lim Ip(f7 a) = 0}.

al—1-—
They proved

Q,(B,,) ={f € Hol(B,,) : sup J,(f,a) < oo}
acB,

and
Qpo(Bn) = {f € Hol(By) : lim_Jp(f,a) =0} C Qp(Bn).

|al
There are some basic differences with the case n = 1:

e In general |V £(2)|? is not a subharmonic function.

o [5 G(z,a)d\(z) = oco.

e When 0 <p < ”T’l or -5 < p, Qp(B,,) consists only of constant functions.
A very useful result is the following theorem [Zhl Theorem 1.12]:

THEOREM 2.2. Suppose c is real and t > —1. Then the integral
23t
Teale) = | E Sk, seBy, (©)
has the following asymptotic properties:
(1) If ¢ <0, then J., is bounded in B,,.
(2) If c=0, then J.; ~log ﬁ as |z| = 17.
(3) Ifc>0, then Joyp ~ (1 —|2]?)"¢ as |2] — 17.
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3. Some properties. In this section we show some properties and relations between
the D, Q, and B, spaces.

DEFINITION 3.1. Let 0 < p < oo. The space D), is the set of holomorphic functions
f € Hol(B,,) such that

Y 21 =122 d\(z 0.
sup / FFE)P (1 22 dA2) <

z€B,
PROPOSITION 3.2. Letn > 2 and 0 < p < oo. If f € D, with development in power

series given by
= g anz”
«@

where o = (a1, Qa, ..., Q) s a multi-index with o; € Z for all i = 1,2,...,n. Then for

all N e N
5 st
la|<N

belongs to Dp.
Proof. Since Dy, is a vectorial space (V(6f+h) = 6V f+Vh), it is enough to prove that,
for each «, the monomial ao2® = a2y -+ 25" € Dp(B,,).

It is easy to see that

27 27
F(z) = aa2” / flz1e, . zpetfn)emilendittantn) gg, . qg, . (7)

(2m)»
If U is the diagonal matrix dlag(ewl, ...,€"%) then

Fere™ 2 = Fo Ul 2) = h(2).
By (7) and ¢. € Aut(B,,),

27 27
(FO¢Z)(w) = 1 / / (hO¢z)(w>€7i(a101+”'+a"9")dal"'dan.
2m)m Jo 0
Thus
a 1 27 27 8 )
= e —i(a1b1+...+anby) .
ge(Feow) = g [ [0 o gnywye &y b,

Setting w = 0, we get

_ 1 2T 2T
V,F() = / o [ h(z)e et et g, g,
0 0

By Jensen’s inequality

2m 2T

|V, F(z |V h(2)|? db; --

and

27 2w N
IVF(2) Z\VF @ / / > IV,h(2)* doy - - db
j=1

2m 2m

|Vh(z)[*db; ---db
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Now we apply Fubini’s theorem. Since U € Aut (B,,) is unitary, we obtain by

/ FF(2) (1~ |22)™ dA(2)

b 27r_,- 2r )12 N
= /]En (271')"/0 /0 |[Vh(z)|7dby - - db, (1 — |z|°)"P dA(2)
1 27T 27r Y 2 2 np ...
— (27T)"/0 /0 /B IV (f o U)2)2(1 = |2[2)™ dA(2) b - - - db,

- / TR - 2P dr(z) < 0. m

PRrROPOSITION 3.3. Let n > 2. Then

(i) IfO < p <21 D,(B,) contains only the constant functions.
(i) If =t <p< <1 then 9,(B,) C Dy(B,,).
(iif) If1 < p, Qp(B,) = B(B,) C Dyp(By).

Proof. i) Let 0 < p < ™= and f € D,(B,,) be a nonconstant function given by
z) = Z e 2%
Choose a,, # 0, then by Proposition 2% € Dp. A straightforward calculation shows
that
IVEN)? = (1= ) (VEN) )P~ [REY)(2)P)

=(1- |z| )(041|zo‘1 Lo Sz 2y +oz721|zf1 ~-sz‘”*1|2 - \a|2|z°‘|2).

Thus
/|v 2(1— [22)" d)(2)

—/ (affz" 7 ap Pk ag o ez T P P) (- (2 d(2)

n

1
:/ r2n—1+2|a\—2(1 _,,,2)np—n
0
/S (OFC e G P o oG G T = P ?(C ) do (O dr
1 n
2/ T2(n71+\a|)71(1 _,,,2)npf’n
0

/ (21011 g a2]CE - o R (2[R do(C) dr

n

_ (n=Daf(n - D!

1
/ r2(n—1+\a|)—1(1 _ TQ)np—n dr = 0o
0

(n—1+4|a|)!
because np —n < —1. Therefore f ¢ Q,.
i) With a = 0

/ ¥ £ = [da ()2 dA(2) = / 9 £GP0 — |2 dA(2).

n n
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iii) If f € B(B,,) then

1
/ 9 £(2) 21— |22)™ dA(z) < sup ¥ £ (=) / P2l 2yl g < o
B, z2€B 0
since ] <p. m

PROPOSITION 3.4. If 0 < p < o0 and Jp(f,a) < oo for all a € B, then J,(f,a) is a
continuous function as a function of a.

Proof. If f is constant on B,, it is clear that J,(f, a) is continuous for all a € B,,. Therefore
suppose that f is not constant, in particular J,(f, a) # 0. Let a € B,, be fixed and let § > 0
be such that B(a,d) = {z € C" : |z —a|] < 6} C B,,. The function ! : B,, x B(a,d) — R
defined by

(1— ¢

1= (¢, z) |
is uniformly continuous on B,, x B(a,d). Then given € > 0, there exists p > 0 such that
if |2/ — 2| < pand |’ — ¢| < p then

(=, ¢) = 1(z,Q)| <

(2,0) =

€

Jp(£,0)°

Then if |a — b| < p,

[ Jp(fya) = Jp(f,0)] S/ IVFEPA~ [2)™ Uz, a) = U(z,0)] dA(z) <e.

n

COROLLARY 3.5. For "T_l < p < 2=, the following inclusions are true:

n—1’
Q,0(Br) C Qp(By) C Dp(By).
Proof. Let f € Qp 0. We can extend J,(f,a) continuously to B,, by setting

Jp(f,a) ifaeB,

Jp(f.a) =
plfe) {o if a € OB,

Then jp( f,a) is uniformly continuous on B,, and therefore

max Jy(f, 0) = max Jy(f,a) = Jy(f,b),

a€B,,

for some b € B,,. Finally f € Q,. =

The inclusion Q, ¢ C Q, was proved in [Ouy2|, however the previous corollary gives
a shorter proof.

DEFINITION 3.6. Let By (B,,) be the set of holomorphic functions such that

By (B,) = {f € Hol(B,,) : SGqu [V f(z)] < oo}

PRrROPOSITION 3.7. The following inclusion is true

By (B,) C ﬂ{Qp,O(IB%n) : nT_l <p< %}
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Proof. Let 0 < r < 1 be fixed. Since f € By (B,,), by we have
VP < (1= 2D)VIE1P < 1= [zP)C).
In this way

[ Wrerecane o [ - B0
B

s [Ga(z) P M)

By the change of variable formula and

_ P 2\np _ Z2 np
/]Bn(1—|z|2)(|1¢a(372((2|1))p d)\(z):/IBn(l—|¢a(z)|2) (|1Z|2(|n1))p dA(2)

=(1- \aIZ)/B |17 dN(2).

PO q)P

Since 1 — |z| < |1 —(z,a)| and p < -5 we have

_ 22 np+1
e -lap) | S

B, (0,r) 212 VP|1 — (2, a)|?

d\(2)
1—laf d\(z) .,
< Ci(f) (1—r2)2 /Bn(o’r) |2[2(n=T)p =(C"<o0. (8)

On the other hand, since an < p, we have np —n > —1. Thus by Theorem |2.2

e -lap) | A= =" )

B, \B.,(0,r) 212 DP|1 — (2, a)|?

_ a2 _ Z2 np—n
<oy / A= O™ " 4y < Cr (L= [a). (9)

r2(n="1)p 11— (z,a)|?

The claim follows from these estimations by taking the limit when |a| — 17 in
and @ "

The proof of Proposition [3.7] suggests the following definition.

DEFINITION 3.8. Let a € R. The space B, (B,,) of B,, is the set of holomorphic functions
f € Hol(B,,) such that

1f1lB.a = S‘}g’(l — 2PV f(2)] < 0.
z€Bn

ProprosITION 3.9. Let —1 < a < 0. Then
n—1 n
(B, { B,,) : }
Ba(Bn) C [ 0(Bn) s —— <p< —
Proof. Let 0 <r <1 be fixed and —1 < a < 0. Setting 6 =1—a > 1, by we have
V)P < (1= [2%) Sup (L= zP)*(IVFR) P = [RF()?) = (1= 1217 /]

B,a-
Since (1 — |2]2)? < 1 — |2|? it follows from the proof of Proposition 3.7 that

1— " 2\np
Jm [y DT i~ o0
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PROPOSITION 3.10. Let 0 < oo < 1. Then

BaBy) € ( Qo) : "0t <pc L

n n—1

Proof. Let 0 < r <1 be fixed and 0 < o < 1. Setting 5 =1—«a > 0, by we have
V()P < (1= =)' sup (1= [2)*(1Vf )P = [RF)P) = 1= 12?1 f 5.0

z€B
with 0 < 8 < 1.
In this way
~ _ 2\np
[ i e i < awiils. [ 0- k2 B0 o),

By the change of variable formula

[y B0 i) = [ - ppaory CED )
B

|6a(2)[2(n =1 . |2](n= 1

— |z|2)np+B
=(1—|a|2)’3/IB (0 — |7 dA(2).

o [ZPOTIPIL— (2, )2

n

Since 1 — [z]| < [1 — (2,a)| and p < "5 we have

1 — |z|2)P+8
(1 _ |a|2)6/ ( |Z‘ )
B, (0,0 |22 VP[L — (2, a)|28

— lal?)?
Sw/ L(z) C' < 0. (10)
B, (0,r

d\(z)

(1—r2)28 NEEGE =
On the other hand, since %“_1 < p, we have —1 < np — o — n. Hence by Theorem
(1~ [&f?)r+?
(1-apy® | e
B, \Bn(0,1/2) 12/2"YP|1 — (z,a)[28

(1 _ ‘a|2)5 (1 _ |Z‘2)np+,8—n—1
< /B dv(z) < oo. (11)

P21 1 (za)?

Since o=l « 5 <« n_ has only the asymptotic properties (1) and (2) in The-

n n—1’
orem nevertheless, the property (3) is never satisfied because of the range of the

parameter p.
Now the claim follows from these estimations by taking the limit when |a|] — 17 in

and . n

The following corollary shows an interesting relation among the a-Bloch spaces and
the hyperbolic Q; classes of holomorphic functions. The classes of this kind are introduced
in [JRT]. These classes are defined below:

For a holomorphic function f : (B, |- |[guc) = (D, |- |#yp), 0 < p < 00, a € B,,, define
the invariant hyperbolic gradient of f as

IVf(2)]

W*f(z)\ = W (12)
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Let
L(fa) = [ [ SGPC G a) dAe),
Bn
and define the Q7 (B,,) class as
Q;(Bn) = {f € Hol(B,,) : sup I;;(f7 a) < oo}

a€B,

and its respective little class

o(B.) = {f € Hol(B,) : lim_I;(f.0) = 0}.

DEFINITION 3.11. The class Bt is the set of holomorphic functions such that
BY = {f € By(B,) : f(B,) C D is a compact set} .

COROLLARY 3.12. The following inclusions are true:

. — N n—1 n

(i) B(B.) < ({250 : — <p< n_l};
(ii) if =1 < o < 0, then Bo(Bn) N BT (B,) C ﬂ{Qon(Bn) T %1}
ey T n+aoa—1 n
(i) if0< o <1, then Bo(By,) N BT (B ﬂ{ 2T p<7_1}

Proof. If f € BT(B,) then there exists M > 0 such that
1

(1= 1[f(2)]?)?

The result follows from this inequality and the previous proofs. =

<M and |V*f(2)]> < M|Vf(2)>.
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