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Abstract. In this paper we deal with the energy functionals for the elastic thin film w C R?
involving the bending moments. The effective energy functional is obtained by I'-convergence and
3D-2D dimension reduction techniques. Then we prove the existence of minimizers of the film
energy functional. These results are proved in the case when the energy density function has the
growth prescribed by an Orlicz convex function M. Here M is assumed to be non-power-growth-
type and to satisfy the conditions Az and V2 (that is equivalent to the reflexivity of Orlicz and
Orlicz—Sobolev spaces generated by M). These results extend results of G. Bouchitté, I. Fonseca
and M. L. Mascarenhas for the case M(t) = |¢|” for some p € (1, c0).

1. Introduction. The mathematical theory of nonlinear elasticity has a long history
with major contributions from L. Euler, J. Bernoulli, A. Cauchy, G. Kirchhoff, A. E. Love,
T. von Karman and many modern authors (see [28, [6, [10, [18]). One of main problems in
this research is to understand relations between three-dimensional and two-dimensional
theories for thin domains.

We consider an elastic thin film as a bounded open subset w C R? with Lipschitz
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boundary. The set €. := w x (=5, 5) C R? for a small thickness ¢ is considered as an
elastic cylinder approximate to the film w. A three-dimensional deformation U, : , — R3
defined on the thin cylinder ). has the re-scaled elastic total energy represented by the

difference of the re-scaled bulk and surface energies
1 1
7/ W(DU.) dx — — Q(Us).
1) Q. g

The purpose of this type of research is to investigate the limiting energies as ¢ — 0 of
the sequence of the above re-scaled elastic total energies and to understand the behavior
as € — 0 of minimizers subject to appropriate boundary conditions.

Let the energy density function W : R? x R® — R have the growth prescribed by an
Orlicz convex function M. We assume that M is non-power-growth-type and satisfies the
conditions Ay and Vo (that is equivalent to the reflexivity of Orlicz and Orlicz—Sobolev
spaces generated by M).

In our previous paper [26] we extend to the Orlicz—Sobolev space setting results
established by H. Le Dret and A. Raoult in 1995 [27, Theorem 2, Theorem 8] (cf. [6]
Theorem 12.2.1]) for the case of the above re-scaled total energy and thin films in the
reflexive Sobolev space setting with M (¢t) = [¢t|P for some p € (1,00). In the famous
case considered by H. Le Dret and A. Raoult the density function of the re-scaled surface
energy 2Q.(U.) of the re-scaled total energy is a function of the variable U, (independent
on the scaled factor 1).

In the case considered in the recent work of G. Bouchitté, I. Fonseca and
M. L. Mascarenhas in 2004 [7], the density function of the re-scaled surface energy
%QE(UE) is a function of the variable %UE (dependent explicitly in this way on the scaled
factor %), and this generates the bending moment of the film. Therefore, the different
type of the limiting effective energy functional is obtained in [7].

The main purpose of the present paper (see Theorem and Corollary is to
extend the results established by G. Bouchitté, I. Fonseca and M. L. Mascarenhas in 2004
[T, Theorem 1.2, Corollary 1.3] for the case of the above re-scaled total energy and thin
films in the reflexive Sobolev space setting with M (t) = [t|P for some p € (1, 00).

In Theorem [£.1] the effective energy functional for the thin film w is obtained, by
I'-convergence and 3D-2D dimension reduction techniques applied to the sequence of the
re-scaled total energy integral functionals of the elastic cylinders €. as the thickness € goes
to 0. In Corollary [£.2] the existence of minimizers of the energy functional for the thin film
is established by showing that some sequence of re-scaled minimizers weakly converges
in an appropriate Orlicz—Sobolev space to a minimizer of the film energy functional.

In Section [5, we give the proofs of Theorem and Corollary Our proof scheme
extends the proof scheme of G. Bouchitté, I. Fonseca and M. L. Mascarenhas [7]. For
these proofs we apply also results: for Orlicz convex functions [22, Proposition 4], for
the Orlicz—Sobolev spaces [24, Theorem 5, Theorem 7] (cf. [13]), [I9, Proposition 2.1], for
differentiability properties of the Orlicz—Sobolev functions [3}, Lemma 3.1, Lemma 3.2], for
the sub-differential operator in Orlicz spaces [36, Lemma 1] and for quasiconvex integral
functionals and quasiconvexification in the Orlicz—Sobolev space setting [16].
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Recall that various concrete examples of M with M € As; N Vs, can be found in
[25, Theorem 7.1, pp. 58-59] and [29} B0]. Furthermore, the assumption M € Ay N Vs is
indispensable in the regularity study of minimizers of multiple variational integrals with
the M-growth on Orlicz—Sobolev spaces (see discussions and references for many other
concrete examples in [15]).

2. Some terminology and notation. From now on, unless stated to the contrary,
M : R — [0,00) is assumed to be a non-power-growth-type Orlicz N-function (i.e., even
convex function satisfying lim;_,q w =0 and lims—, 4 oo MT@ = 400).

We assume M € Ay N Va. Here the condition M € Ay means that M(2t) <
cM(t) (t > to) for some ty € [0,00) and ¢ € (0,00). The condition M € V5 means
that 31 > 1, 3t, € [0,00) such that M(t) < 5 M(lt) for all t > ¢,.

Let M* be the complementary (conjugate) Orlicz N-function of M defined by
M*(7) :=sup{tr — M (t) : t € R}.

It is known that the condition M € Vs is equivalent to the condition M™* € As.

Denote by |v| the Euclidean norm of v and by (u,v) the scalar product. Given an
open bounded subset G C RY with Lipschitz (e.g., C?>-smooth) boundary dG equipped
with the (N —1)-dimensional Hausdorff measure H~¥~!. Denote by L (G;R™) the Orlicz
space of all (equivalent classes of) measurable functions u : G — R™ equipped with the
Luxemburg norm

fulls ey = int {3 > 05 [ MuGol/nde <1},

It is known that M € Ay N V3 is equivalent to the reflexivity of LM (G;R™).

Recall that the Orlicz—Sobolev space WM (G;R3) is defined as the Banach space of
R3-valued functions u of LM (G;R?) with the Sobolev—Schwartz distributional derivative
Du € LM(G;R3**N) equipped with the norm

”uHWl’M(G;R?’) = ||u||LM(G;R3) =+ ||Du||LM(G;R3><N) < o0.

The subspace W' (G;R?) is defined as the closure in || - llw1.m (@yr3)-norm of the set
Cs°(G;R?) of C°°-smooth R3-valued functions with compact support in G. Since 9G is
Lipschitz and M, M* € A,, by [I7, Theorems 2.1, 2.3] there exists the bounded linear
trace operator

Tr: WHM (G R?) — LM (0G; R?)

such that: (i) Tr(u) = upe (Yu € C=(G)) and (ii) u € WM (G;R3) if and only if
Tr(u) = 0. So, for the simplicity of notation we will write “u(x) = ¢(x) on A” for
u€ WHM(G;R3) and ¢ € LM (0G;R?) and A C 9G if Tr(u)(z) = ¢(x) for almost every
x € A. Due to this reason, we also write “u on A” for “Tr(u) on A”, etc.

By [2, Proof of Theorem 3.9] and [21}, Proof of Lemma 2.2], given a normed subspace
(X, 1| - lwrm(arsy) and A € X, there exist ho, hy,...,hy € LM (G;R3) such that

A(u):/G(ho,u)dijf:/G(hi,g;)dx (u e X). (1)
i=1 g
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Conversely, every functional A defined by in the case hg, h1,...,hny € LM’ (G;R3), is
an element of X*.

3. Setup. Define I := (—5,5) Q:=wx I, $F :=wx {£1}, T := 0w x I, and for each
e >0, S :=wx {£5}, I. := 0w x el. Greek indexes will be used to distinguish the
first two components of a Vector, for instance (z,) and (x4, z3), designates (x1,x2) and
(71,2, 23), respectively. We denote by R3*3 and R3*? the vector spaces of respectively
3 x 3 and 3 x 2 real-valued matrices. Given F' € R3*2? and b € R3, denote by (F|b) the
3 X 3 matrix whose first two columns are those of F and the last column is b. By the
analogous way, set e, := (e1]e2) € R3*2 where {e1,e2,e3} is the standard basis of R3.
Set DU := (axl a002) DsU = gg, DU := (D,U|D3U) for an R3-valued function U.
Denote by C, C generic positive constants that may vary from line to line.

Let W : R3*3 — R be a continuous function satisfying the M-growth-type and
coercivity conditions:

é(M(lFl)—l) SW(F) < CA+M(|F])) (VFeR) (2)

for some C € (0, 00).

Set

U, = {UeW"M(Q;R?) :U(#) =7 onT.}.

We consider the variational integral functional J. : ¥, — R, where J.(U) (the re-
scaled total energy of the elastic cylinder 2. under a deformation U : . — R3) is
represented by the difference of the re-scaled bulk and surface energies:

J.(U) := /WDU x—*/(fs, U)dz
- [ v [ (s Zov) o @

Here, f. := f(xa, "”—3) f e LM (Q;R?), go ,g € LM (w; R?) and H? denotes the 2-dimen-
sional Hausdorff measure in R3. Set

Vo= {uewh M R3) s a(z4) = (24,0) on dw}.
Let Jo : g x LM (w;R3) — R be defined by

Jo(@,b) = / Q"W (Daii|B) dro — Po(a,b), (4)
where

QW(F,z) = inf{/ W(F 4+ Dop|ADsp)dz : A € R, o € WHM(Q;R?),
Q

©(-,x3) is Q'-periodic L' a.e. x3 € I, )\/ Dspdr = z} (5)
Q

for every F € R3*2, z € R3, with Q" :=I?, Q := I® and

Po(a) = [ (Faydon+ [ (o =50 dn+ [ (05 doo,

with f(zq) : = [, f(za,z3) dxs.
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4. The formulation of main results. Let Z be the space of membrane deformations
defined by

z={ze€ WEM(Q;R3) : D3z =0, 2(z) = (24,0) on r'}. (6)

Observe that Z is canonically isomorphic to Vg [31, Theorem 1.1.3/1]. Let z denote the
element of W, that is associated with z € Z through this isomorphism:

2(xq,x3) = Z(x4) a.e. (7)
Since we want to identify the sequence convergence with the thickness of our domain

tending to zero, for simplicity we assume this thickness parameter ¢ takes its values in a
sequence €, — 0.

THEOREM 4.1. Let J. be defined by and Jy be defined by . Assume M € As NVs.
Assume that the continuous function W : R3*3 — R satisfies the conditions . Let
{U.} € U.. For each ¢ > 0 and & = (T, Z3) € Q we associate x = (Tq,T3) =
(50&, %533) € Q and we set z.(To,x3) 1= U (T, Z3).

Then the sequence J. converges to Jy in the following sense:

(i) (lower bound) if z. — z weakly in WM (Q;R?), ||zc||wr.m sy < +00 and z € Z
with 2(xq, x3) = Z(xo) through the isomorphism and L [, D3z dug — b weakly
in LM(w;R®) and |1 Dz || gy sy < +00, then

. . = > — 7 .
hrsrgélf J(U:) > Jo(2,b);

(ii) (upper bound) for every pair (Z,b) € Wy x LM (w;R3), there exists a sequence U, €
WEM(Q:R3) such that ze — z weakly in WHM (Q;R3), || zc [l (orsy < +00 and
z € Z with z(xq,x3) = Z(xo) through the isomorphism @ and %f[ Dsz.dxs — b
weakly in LM (w;R3) and ||X D3z sy < +00 and

lim J(Uz) = Jo(Z, b).
Consider the asymptotic behavior of U, € \TJE such that

T(U.) < inf T(U)+7(e), (®)
Uev,

where « is a positive function such that y(¢) - 0 as e — 0.

COROLLARY 4.2 (The minimization problem). Assume that U, € W, satisfies . Let
the functions M, W and z., z be such as in Theorem {1l Then:

(i) the sequence (stéfl D3z, d:rg) is relatively weakly compact in WHM(Q;R3) x
LM(w; R?);

(ii) the set Caim of cluster points of the sequence (za, % fI Dsz. d:rg) in the weak topology
is a non-empty subset of Z x L™ (w;R3);

(iil) any point (200,b) of Caim can be identified with (2.0,b) € Wo x LM (w;R3) by the
3D-2D dimension reduction isomorphism and (200, b) is a solution of the min-
imization problem

inf {Jo(ii,b) : b€ LM (w;R?)}. (9)
ueWy
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5. The proofs of Theorem and Corollary We will reformulate Theorem
and Corollary by the use of the following equivalent functionals JZ and J§ (see
the re-formulation in Theorem and Corollary . Define

o, () = (Ta,e73),  o,0(2) := (Ta,0). (10)
Notice that after the change of variables as in Theorem with the association
1
T = (To,x3) i= (ia, gicd), wW(T, x3) = U(Zo, T3), (11)

the re-scaled energy js(U ) in can be rewritten in the equivalent form

JE(u):/QW(DaU|§D3u) dx—/ﬂ(f,u)dx—/s+(gg,u)dm

+/(go,u)d7{2—/w(g,u+;u_>dxa
:/QW(DOCU’§D3u>dx—/{z(f,u)dx—/g+(gg,u)dH2

1
—|—/ (go_,u)d’HQ—/(g,f/Dguda:g) dzg,
- w eJr

Zo) = Trg+(u)(x4) and u is an element of

V. :={ue WM (Q:R3) : u(z) = ug () on r}.

(12)

where u™(

In order to individualize the new sequence % f ; D3udzs it is needed to consider the
new functional J. : WM (Q; R3) x LM (w;R?) — R U {+0o0} defined by

- {fQ W (Dou|LDgu)dw — Po(u) if L [, Dyudzs = b(zo) and u € U,

Jo(u,b) = (13)

400 otherwise,

where

P.(u) = /Q(f,u)d:r—/S+(gar,u)d7-l2+/_(ga,u)d7{2—i—/w(g,%/IDgudxg) dze.

Observe that the re-scaled displacement v = u — ug . belongs to the set
V=W R?) = {v e WM (QR?) s v(z) =0 on T'}

and

1
Jg(v—kuo’g):/W<€Q+DaV|€3+*D37J> dx—/(f,v—i—uo,g)dx
Q € Q

1
_/ (gar,’l)ﬁ-’LLo’g)ng—i-/ (ga7v+u0,6)dﬂ2_/<977/(D3’U+5'63)dl‘3) dl’a.
S+ S- w €Jr
Define J* : WHM(Q;R3) x LM (w; R3) — RU {+o0} by
Jo Wi(ea + Dovles + éng) dr — P.(v+up.)
T (0,b) = if % J; Dsvdxs + e = b(xs) and v €V, (14)
+00 otherwise.
Let V be the space of membrane displacements defined by
V={ve W R*) :D3v=0, v(z) =0onT} C V. (15)
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Similarly as in @7, V is canonically isomorphic to Wol’M(oJ; R3) [31, Theorem 1.1.3/1].
Let v denote the element of WO1 ’M(M;RS) that is associated with v € V through the
isomorphism

v(Ta,x3) = 0(24) a.e. (16)

Analogously for v € V and b € LM (w; R?) define the functional
Jg (7) + 0,0, l;) = / Q*W(ea + Da’17|l; - 63) ATy — P()(’f) + ug,0, b + 63). (17)

In this notation we have for U, € @5
Je(Ue) = Je(ue) = Jo(ve + g ),
where u. € ¥, v. € V with u. = v, + ug and
Jo(Z,0) = J5 (v +up0,0) (vEV, Z=10+ugo € ¥p).

Recall [12], [9) Definition 7.1] that a sequence of functions I. from a topological space
X to R is said to I'-converge to Iy for the topology of X if the following conditions are
satisfied for all x € X:

Ve, — x, Iy(z) < liminf I (x.),
e =y, Le(ye) = lo(y).

THEOREM 5.1. Let J* be defined by and J§ be defined by . Assume M € AxNVs.
Suppose that the continuous function W : R3%3 — R satisfies the conditions . Then
the sequence J* T-converges to Ji in the weak topology of W1 M (Q; R3) x LM (w; R?), as
e —0.

(18)

Consider the asymptotic behavior of u. € ¥, such that
Je(ue) < in£ Jo(u) +v(g), (19)
ueW,e
where + is a positive function such that y(¢) — 0 as € — 0.

COROLLARY 5.2 (The minimization problem). Assume that u. € V. satisfies ([19). Let
the functions M and W be such as in Theorem[5.1] Then:

1) the sequence (ug, = sue dxs) 15 relatively weakly compact in ! ; X
i) th iID d . lativel ki in WHM(Q; R3
LM (w; R?);
11) the set Caim of cluster points of the sequence (ue, = sUe dxs) tn the weak topology
ii) th C l ; h i ID d in th k l
is a non-empty subset of Z x L™ (w;R3);

(iii) any point (uso,b) of Caim can be identified with (tiso,b) € Vo x LM (w;R3) by the
3D-2D dimension reduction isomorphism and (tiso, ) is a solution of the min-
imization problem

inf {Jo(ﬂ,g) ‘be LM(w;RB)}.
ueW¥y
We start the proofs of Theorem [5.1] and Corollary [5.2] with Lemmas [5.3H5.4]
We consider the condition

Ji(M) € [1,00), Je € (0,00) such that M(at) < ca®™ M(t) (Vt >0, Va < 1), (20)
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which is equivalent to the condition
1 .
Fi(M) € [1,00), I € (0,00) such that — b MM (s) < M(bs) (Vs >0, Vb>1). (21)
Lemma is a re-formulation of a part of [22] Proposition 4].

LEMMA 5.3. Assume the dual Orlicz N-function M* satisfies the condition AglOb, i.e.
M*(21) < K M*() for all T € [0,00) and for some K € (0, 00).

Then M satisfies the condition for some i(M) € (1,00).
LeMMA 5.4 (Compactness). Let M and W be such as in Theorem let
ve € WEM(Q;R?) and b € LM (w;R?) be a sequence such that

sup J*(ve,b.) < d < 4o0. (22)
€€(0,1)

Then there exist d; > 0 and ds > 0 such that

(i) sup H/UEHWL]M(Q;R:j) <d; < 40 (23)
c€(0,1)
and 1
°D ‘ <dy< 24
sesg,)n’*f o LR © e (24)

and the sequence (ve, L [, D3ve dxs) is relatively weakly compact in WHM (Q;R3) x
LM (w; R?);
(ii) the set of cluster points of the sequence (ve, L [, D3ve das) in the weak topology of
WEM(Q;R?) x LM (w;R?) is a non-empty subset of V x LM (w; R3).
Proof. We divide the proof into six steps, where in Steps 2-5 we assume additionally
M* € A§°P
5.
Step 1. By and for jE*, ve € V for all € > 0. Let u. = v. + up,. We claim
that

J M (Pt 2= e <

+ Cl((”fHLM*(Q R3) T (llgg | Lare (s+:r3y + 190 1Laee (s m3)) | Tr ||£)||Due||LM(Q st))
(25)

for some C; € (0,+00) and for all ¢ € (0,1). Here || Tr||z := N+ + N~, where N+t
(resp., N7) denotes the operator norm of the linear trace operator Tr : WhM (Q; R3) —
LM(S*:R3) (resp., Tr: WHM(Q;R3) — LM(S_;]R3)).

For this, by the coercivity condition (2)) together with , we infer that

é(/M(‘(D u€|Ddu5)D |Q|) <d+‘/ Fue) dx‘+‘/g+ go,ug)cnﬂ]
‘/ (g0 » Ue d?—[’—l—‘/ g, ———— dxa —d—i—’/f,uE dx

| [ et ae] | [ (go‘,ua)deh
5+ -

D3a

+ Cillgll Lare (wm2) LM @R

dxg) dxe|.

gaf
w e
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By the generalized Holder inequality (see, e.g., [33, Theorems 13.13, 13.11], [25] [38]) and
Fubini Theorem, we deduce that

& ([ (| (Powel Z)]) - 1)

< d+ 2| fllpme (rsyluell v oirs)

+ 2(||93_||LM*(S+;R3)”U:”LM(SJWR?’) + Hgo_HLM*(S—;Rf’)Hu;”LM(S*;]RB))

+ 2llgl e oy Dl s 0 (26)
< d+ 2| fllpme (msylluell v oirs)

+ 2(Ilgg | Lare (s+msy + 190 1= (5 re)) | Tr |2 (el Lo uray + (| Dl parraxsy)
1D3Us
£

+ 2[|gll Lar (wirs) LM(QR3)

By the W1M_generalization (see [24, Theorems 5 and 7] together with [T3, Theo-
rem 3.9], [20, Lemma 4.14], [19] Proposition 2.1]) for the Poincaré-Sobolev-type inequality
(see [32] Theorem 3.6.4]), there exists C € (0, 00) such that

Jullo ey < C(IDul o emon) + [ ol ar?)
= 5(||DUEHLM(Q;R3><3) + / |u075| d’}-[2> (27)
r
< C(|| Duc| par (eupsxsy + HA(T) sup |z]) < oo (Ve € (0,1)).

€N
Then — imply .

Step 2. By the additional assumption M* € A8"°", we may apply Lemma and so
M satisfies the condition for some i(M) € (1, 00).
We claim that

||DUEHLM(Q;R3><3) < (Cy <0 (VE S (0, 1)), (28)
||u€||LM(Q;R3) < (C3 < o0 (VE c (0, 1))7 (29)
1
- < 1
Hslkuglﬂqﬂﬂﬁ__c4<cm (V= € (0,1)), (30)
D3u,
/M«m%|ﬂﬂbmg@<m(%e@m (31)
Q g

for some Cy, C3,Cy, Cs.
For this, by we infer that

! /MQ@w4hMQ)M§%<m(m
14+ HDUEHLM(Q;]RB»XS) + H%DZ%UEHLM(Q;]R?’) Q €
for all € € (0,1) and for some Cg.
Consider the case when || Due||pa (o.gsx3s)/2 > 1> 0 and || D3uc ||y qrs)/2 > 1 > 0.
Since
| Due|| o (o;raxs

0<
2

) < ||Du€||LM(Q;R3><3)
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and .

|| 2 Dauel| Ly (o)
2 LM(Q;R3)

by the definition of the Luxemburg norm and by , we deduce that

| Du|
1< | M dx
/Q (”DUEHLM(Q;RSX3)/2)

0<

1
< H*Dgua
€

‘ (33)
2 Z(M)/
= M(|Dug|)dx (Ve € (0,1
(HDUE”LM(Q;RSXB)) Q (| 5|> ( ( ))
and
1
L1 Dau,
1</M(1 2| Dsue| )dx
Q ||E‘D3’U’EHLM(Q;R3)/2 (34)
: M ’*Du de (Ve € (0,1)).
(||%D3u€||LM(Q;R3)) Q < g8 E) ( (0,1])
Obviously

/QM(|DuE|)dx—|—/QM<ED3uE>dx

1
< 2/ M(‘(Daue|fD3us)
Q 19
Therefore, (32), (33)(B4) and (85) imply
A(HD%”LM(Q;RM),

)dx (Ve € (0,1]). (35)

Cg < 00 (36)

1
~Dsu. ) <
€ LM (Q:R3)

whenever || Duc|| g (qrsxs) > 2 and || L Dguc||pa sy > 2. Here

1 st 4 (M)

T2 201 fs+1)

Since (M) > 1, A(s,t) — 400 as s = +00, t — +0o and so there exists Cr7 € (0, 00)
such that A(s,t) > Cgs (Vs,t > C7). Hence, implies the claims and , where
Cy = C4 := max{Cr,2} (Ve € (0,1)). By and we deduce the claims
and (31).

Step 3. Obviously,

A(s,t) :

C7:= sup ||u0,EHW1’M(Q;R3) < 400.
e€(0,1)

Therefore, f imply :

sup ||U5||W1,1\4(Q;R3) <d:=Co+ Cs + C7 < o0. (37)
e€(0,1)

Step 4. We claim that
lim [| Dyue | s (o;3) = 0- (38)

For this, by the convexity of M and M (0) = 0,

M(t) = M(i:t) < g—LM(s—lt) (Ve € (0,1)).
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Since |(zq |7 23)| > £7Y|23], we deduce, by that

0< [ M(Dsu.|)dz < g/ M (= Dyue]) da
Q Q

< s/ M(|(Date |e ™ Dyus)) dz < & - Cs < 00 (Ve € (0,1)).
Q

Hence
lim M(|D3u5|) = 0. (39)

e—0

It is known in the case of M € A, (see, e.g., [25] 33]) that implies .

Step 5. Tt is known (see, e.g., [21, Theorems 1.1, 3.3]) that WM (€; R?) is a separable
reflexive Banach space as M, M* € A,. By the reflexivity and separability of the closed
subspace V = WEM(Q;R3) of WM (Q;R?), the Alaoglu Bourbaki theorem together
with |23 Theorem V.7.6] imply that any closed ball of V' equipped with the weak topology
is compact and metrizable. Similarly, any closed ball of L™ (w; R?) equipped with the weak
topology is compact and metrizable. Therefore, and imply the existence of some
cluster point of the sequence (v, % fI D3v. dx3) in the weak topology of V x LM (w;R3).

Now, let v be a cluster point in the weak topology o(V,V*). Analogously,
(28)-(29) imply that there exist u € WHM(Q;R3) and a subsequence (not relabeled)
of the sequence u. such that u. converges weakly to u in WM (Q; R3). Then it is easy
to check by the representation that v. = u. — ug converges weakly to u — ug in
WM (Q;R?). Therefore, u — ug,0 = v and Dsu, converges to Dsu in the weak topology
o(LM(Q;R3), LM (Q;R3)). By and the generalized Holder inequality [33] Theorems
13.13, 13.11], for every y € LM (Q;R?) we deduce that

‘/ y, Dau) dgc = hm‘/ (y, D3ue) dx‘ < hm 2||yHLM*(Q 3| Daue || L (oursy = 0.

Therefore, [, (y, Dsu)dx = 0 for every y € LM (Q;R?), and so Dsu = 0 a.e. Since
Dsup o =0, D3v =0 follows, and so v € V.

Step 6. Now consider the general assumption M, M* € As. By [25] (4.5) in p. 24],
there exists some Orlicz N-function Ny € A%l‘)b such that

Ni(rt)=M*(r) (V7 >19)

for some 7y € (0,00). Let M; := Nj. By known results of the theory of N-functions and
Orlicz spaces [20], 37, B3], we deduce the following assertions: (M*)* = M, M} = (N{)* =

€ A" Ly = Ly, and Ly, = Liney = (Ly+)* = (Ln,)* = Ly» with equivalent
norms, LM = LN{‘ = L]\/[1 and M1 = Nf € AQ and (LM)* = (L]\/[l)* = LM* = LMl* with
equivalent norms.

So, My € Ay, My e AZ" WorM(R3) = WM (QR3) and WHM(Q;R?) =
WhMi(Q; R?) with equivalent norms.

Furthermore, we deduce that the continuous function W : R**3 — R satisfying the
conditions with respect to M, satisfies the conditions with respect to M;:

el (ML (F]) — 1) < W(F) < C'(1+ My([F])  (VF € B>)

for some C’ € (0, 00).
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Therefore, we can apply the results of Steps 1-5 with respect to M; in place of M.
Then by the above assertions for relations between M, M* and M;, M7, we deduce all
assertions of Lemma [5.4] with respect to M under the general assumption M, M* € Ay. m

Remind that the quasiconvex envelope Qg : R™*" — R of a continuous function
g : R™*™ — R is defined (see [9, Definition 6.3], [IT, Theorem 6.9]) by

Qg(FE) = inf{ g(E+ Dy)dx : p € Cgo(B;Rm)}

1
meas(B) /B
for all E € R™*"™ where B is the open unit ball of R"™.

PROPOSITION 5.5. Let Q*W be defined by and let W : R3*3 — R be a continuous
function satisfying the condition . Then

Q QW (F |2) = Q"W (F|2), (40)
where QW denotes the quasiconvex envelope of W.

Proof. The proof of is the same such as in [T, Proposition 1.1]. It suffices to apply
also the following facts. Obviously

CW < QW < W,

where CW denotes the convex envelope of W. Therefore, by convexity of M the function
QW satisfies the growth and coercivity conditions . By Focardi [16], Proposition 3.2]
QW is M-Lipschitz continuous in the sense

|QW (Fy) — QW (Fy)| < const(1+ h(|Fy|) + h(|F2))|Fy — Fal (VFy, Fy € R®*3), (41)

where h denotes the right derivative of M. By (1), |QW (F)| < const(1 + h(|F|) - |F|)
for all F € R3*3. By the Pluciennik-Tian-Wang Lemma (see [36, Lemma 1]), for
u € LM(Q;R**3), h(|u]) € LM (Q) and so h(|F|)|F| € L'(Q) by the LM-Holder in-
equality [25]. QW is continuous, hence (see e.g. [25], [34]), the superposition operator
Now mapping LM (Q,R3*3) into L(Q) is continuous. m

Let A(w) be a family of all open subsets of w. According to define the functional
E.: WHM(Q;R3) x LM (w; R3) x A(w) — RU {+00} by
Fou.b A) Jas W(Dau|tDsu)dz  if L [, Dsudxs = b(zs) and u € U,
Y 400 otherwise.
Denote by Fy : Z x LM (w; R?) x A(w) — R U {+oo} the I'-lower limit (see [12]) of E.,
ie.

Eo(u,B, A) = inf{lim inf W (Dotn |\ Dsuy,) dx = up, — u

n—+00 [aur
weakly in WHM (A x I; R?), )\n/Dgun dxz — b weakly in LM(A;R3)}, (42)
I

where A, == (g,)7 L.
Later on, we say that u, — u in LM (A x I;R3) if u,, — u in LM (D x I;R3)-norm

for any D € A.
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LEMMA 5.6. Let the functions M and W be such as in Theorem [5.1] and Ey be defined
by . Then for any sequence A, — 0, there exists a subsequence Ay, such that for
each (u,b) € Z x LM (w;R3), the set function Eo(u,b,-) is a trace of a Radon measure,
absolutely continuous with respect to the 2-dimensional Lebesgue measure.

The proof of Lemma [5.6] is the same as that of Lemma 2.1 in [7].

LEMMA 5.7. Let the functions M and W be such as in Theorem [5.1] Let A € A(w),
L e R, u € Z and consider the sequences u,, € Wl’y(A x I;R?) and \, € R such that
Un, — u in L (A % I;R3)-norm, A, [; Dsuy, dzg — b weakly in LM (A;R?) and

lim W(Daun | /\anun) dr = L.

n—-4o0o AxT

Then there exist a subsequence A, of An, and a sequence i, € WHM (A x I;R3) such that
Gy =u on O (90A) x I for some neighborhood ©r(9A), Uy — u in LM (A x I;R®)-norm,
An [; Dstiy, dzg — b weakly in LM (A;R?) and

lim sup W (Dytg | A\ Dstig) de < L.
k—+o0o JAXI

The proof of Lemma [5.7] is the same as that of Lemma 2.2 in [7].

LEMMA 5.8. The infimum in for Eg remains unchanged if we replace W by its
quasiconvez envelope QW .

Proof. Fix (u,b, A) € Z x LM (w;R?) x A(w) and define

@Eo(uﬁ, A) = inf{lim inf OW (Dot |\ Dauy,) dx = u, — u

n—+o0o AxT

weakly in WHM (A x I; R?), /\n/D3un dxs — b weakly in LM (A; R3)}.
1

Since W(F|z) > QW(F|z) for all F € R3*2 and z € R3, Eg(u,b, A) > QF(u, b, A).
To prove the opposite inequality, fix § > 0 and let up € WHM(A x I;R?) be such that
U, — u weakly in WHM(A x I;R3), A\, fI Dsu,, dvs — b weakly in LM (A4;R?) and

OFy(u,b,A) > lim QW (Dotin | An D3y, ) daz — 6. (43)
N+ Jaxr
By [, (2.2) in Proof of Proposition 1.1] and by the Focardi W1 _-generalization in [16],
Theorem 3.1] of the Acerbi-Fusco weak ls.c. theorem together with the Acerbi-Fusco
Whee_relaxation theorem [I], for each n, there exists a sequence {u,, } converging to u,,
weakly in WM (A x I;R?) such that

OW (Dgtin | An D3y, ) dz = lim W (Datin k| An D3t i) d.  (44)
AxI k—=+doo Jaxr
From and we have
OFo(u,b,A) > lim lim W (Dt s | Ap D3t ) da — 6. (45)

n—+00k—+00 Jaxr
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Since WL M(A x I;R3) s LM (A x I;R3) compactly (see Donaldson-Trudinger [I3]

loc

Theorem 3.9] together with Gossez [20, Proposition 4.3]), up & — u, in LY (A x I; R3)-

loc
norm,

lim lim Huan - u||LM(D><I;R3) =0 (VD S A) (46)

n——+00 k—+o00

and for the weak topology of LM (A;R?),

lim lim A, / D3y, 1, dzg = b. (47)
I

n—+00 k—-+o00

By together with the coercivity condition for QW , we have

sup
n,k

A7LLD3un,k dx3“LM(A;R3) < +o00. (48)

It is known (see, e.g., [21]) that WM (Q;R?) is separable and reflexive for the case
when M, M* € A,. By the reflexivity and separability of WM (Q;R3), the Alaoglu—
Bourbaki theorem together with [23], Theorem V.7.6] imply that any closed ball equipped

with the weak topology is compact and metrizable. By , , , and by
using the Moore Lemma [I4, Lemma 1.7.6] (on double limits of sequence with respect

metrizable topologies) we can find a subsequence w,, i, of u, j satisfying u, , — v in
LM (D, x I;R3)-norm for any fixed sequence D, with D, € D, and Ugen = A (and so
in LY (A x I;R%)-norm), A, [; D3t i, dog — b weakly in LM (A;R?) and realizing the
double limit in the right hand side of . Consequently we have

OFo(u,b,A) > lim W (Dt 1o, | An Dtin 1, ) d — 6 > Eg(u, b, A) — 6.

n—-+oo AxT

Letting § — 0, we obtain the conclusion. m

Notice that by Proposition [5.5| and Lemma [5.8| we may assume without loss of gen-
erality that W is quasiconvex. Therefore by the condition , M € As, together with
Focardi [16, Proposition 3.2], W satisfies

(W (&) — W (&) < CA+h(1+1G]+&])& - & (49)

for some C € (0,+00) and for all &1,& € R3*3, where h denotes the right derivative
of M. Define

WXF|b) := inf{/ W(F 4+ Dop| ADsp) dx : o € WHM(Q; R3),
Q

@(-,x3) is Q'-periodic £ a.e. 3 € T, )\/ Dspdr = b} (50)
Q

and

Wi(F|b) := MiPka WA(F|b), (51)

where A € R and (F,b) € R3*2? x R3.
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PROPOSITION 5.9. Assume that a quasiconvez function W : R3*3 — [0, +00) satisfies the
conditions [2)) and M € As. Then the functions W>, Wy, and Q*W satisfy the condition:

(WA [b) = WAE'|V)], [Wi(F[b) = Wi, (F' V)], | Q"W (F|b) — Q*W (F'|v/)]
< ha([F]+ Bl + [F/L 4 1) - ((F = F [+ (b= b)) (Y (F|b), (F[0)) € R™? x R?)
for some nondecreasing function h : [0,4+00) — [0, +00).
Proof. Fix (F,b),(F',V/) € R3*2 x R3. Let ¢,, be a infimizing sequence in the definition
of WA(F|b), and consider the sequence v, := @, + (b'—;b)xg We may assume that
/QW(F’ + Dan | AD3p,) de < WH(E,b) +1 < W(F,b) + 1. (52)

Since 1, (-, ¥3) is Q'-periodic L' a.e. x3 € I and )‘fQ D3, dx =V, 1), is an admissible
function in the definition of W*(F'|V).

By the condition and by the Holder inequality in Orlicz spaces (see [25]) we
deduce that

’/ W<F/+Da1/)n|)‘D3wn)d$_/ W(F+Da¢n|)‘D3<pn)dx‘
Q Q

< C/Q(l + h(l + |(F/ +Da¢n|)\D3¢n)| + ’(F+Da§0n‘/\D3‘Pn)|))

_ _ (53)
: }(F, + Doﬂ/}n|)‘D3’¢)n) - (F + Da(P"lAD%O”)‘ dx
<201+ h(1 + [(F" + Daspn| D3n + V' = b)| + |(F + Dagn | AD3on)l|| ,u
NAE = FL+ 10 = D[ pas- -
By the coercivity condition in (2)), implies that
0o > W(F,b)+1> / W (F 4 Dun | AD3py,) dz
Q
> L (/ M(|F + Dan| A\Dspn|) da — 1)
Z o\,
for some Cs € (0, +00) and so
Sup/ M (|(F 4 Dapn| AD3pn)|) < Co(W(F[b) +1) + 1.
n Jq
Hence
sup||(F + Dqpn | )\Dgcpn)HLM(Q;Rg) < Co(W(F|b) +1)+1 (54)
and
|1+ [(F' + Dagn | Dspn + b = )| +[(F + Dapn | ADspn)||| ar o) (55)

< Cs(14 |F'[+ |F| + b + [V']) + 2(Co(W(F |b) + 1) + 1) =: Ca(b,V, F, F'),
where C3 := ||[1]| v (g) < +00. By the Pluciennik-Tian-Wang Lemma (see [36, Lemma 1])

for M € A, there exists a function r : [0, +00) — [0, +00) such that ||z][prm ) < a =
[R(12D)]l Lar= (@) < r(a). Define

ra(a) = sup{[Ih(2])]l e ) « 2l Lo (@) < a}- (56)
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Then 0 < rp(a) < r(a) < 400 and 7 is nondecreasing. Therefore and imply
that

|[ W+ Do ADsb) do — [ W(E+ Daipn| \Dag)daf
Q Q

<2C(Cs 4+ ry(Ca(b, b, F,F"))) - (|[F' — F| +|b' —b]) < +o0, (57)
where C5 := [[1]| m+(g) < +00. By the upper bound condition in for W > 0 and
M € Asy,

W(F,b) < W(F,b) +W(F', 1)
< Co(1+ M(|F[) + M(|bl) + M(|F']) + M(|p]))
for some Cg € (0, +00) and for all (F,b), (F',b') € R3*? x R3. Hence (57), and the

definition Cy in imply the existence of some nondecreasing function h, : [0, +00) —
[0, 4+00) such that

(58)

‘/ W(F1+Dawn|>\D3wn)dx_/ W(F+Da<pn|>‘D390n)dx‘
Q Q

< ([F| 4 b + |F' |+ ¥]) - (|F = F'| + b= V|) =: C(b,b/, F,F') (59
for all (F|b), (F'|b') € R3*2 x R3. By the definition of W*(F'|V), implies that

WME'|V) < / W (F' + Doty | ADsthy,) daz
Q

(60)
< [ W(F + Dagn| \Dspn) da + .0 P, ),
Q
and letting n — 400, we infer that
WAE' ) < WNE|b) 4 C(b, b/, F, F"). (61)

Using the same arguments for the pair (F”|b’) in place of (F'|b), we deduce that
WA(F|b)| < WAF'|V) + C(b,b/, F, F"). (62)
Taking infimum over || < k in (61), (62), we infer that
Wi (F'|b') < Wi(F|b) + C(b, b/, F, F"),
Wi(F|b) < Wi(F'|V') + C(b,b, F, F").
Since Wy (F|b) T Q*W(F|b) as k — +oo0, implies that
|Q*W (F'|b) — QW (F|b)| < C(b,b/,F,F'). =

LEMMA 5.10. Let W be a quasiconvexr continuous function satisfying and
M € Ay N V. Consider the T'-lower limit Eq defined in . Then

FEo(u,b, A) > / Q* W (Dyu|b) dz, (64)
A

for all (u,b,A) € Z x LM (w;R3) x A(w).
Proof. By Proposition Q*W(Dau|b) : A — [0, +00) is measurable.
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Step 1. Let A = Q' and u(x) := Fao + up with F € R3*? and ug,b € R3. Assume
that B
Eo(u,b,Q") < +o0.

By Lemma we may restrict ourselves, in to sequences having the same trace as
their limit. Consider the sequence

%(96) = Qn + (an + uO)v
where ¢,, € WHM(Q;R3) is such that ¢,, = 0 on 0Q’ x I, ¢n — 0 weakly in WEM(Q; R3)
(so ¢y, is bounded in WHM(Q;R?)) and X, [; D3y, dzg — b weakly in LM (Q'; R®) and

lim W (Dgapn | \nD3en) do < +00. (65)

n—-+oo

Define

N b
Pn = Pp + l'3(7 - / D3pn, dx)-
An Q
By (65)) and the coercivity condition in , we deduce that, by the same arguments for

proving (54)),
SUPH(Da‘pn | ATLD?)SOTL)HLIW(Q;RS) < +00 (66)
n

and so by the Holder inequality,

sup / AnDspn dﬂ?‘ < 2sup [[An D3l Lo (@ire) - |1l Lare () < +o00.
n Q n

Hence, we deduce that ¢, is bounded in WM (Q;R3), A, fQ Ds@, dxs = b, Do, =
D,p,, and
SUPH(Da@n | AnDB‘ﬁn)HLM(Q;Rs) < +00 (67)

and since @, = 0 on 0Q" x I, ¢, (-, z3) is Q'-periodic. Thus @,, are admissible functions
for the definition of @*W and we have

/ W(E + Dagn | AaDsn) dz > Q'W(F ). (68)
Q
On the other hand, by the weak continuity of the Lebesgue integral,

HEIEOOH(F‘FDMOn‘/\nDB‘Pn) - (F+D(¥<)5n|>\nD3¢n)HLoo(Q;R3)

— lim ‘/ )\anapndx—B‘: lim ’/ (/)\ancpndx—B) de,
n—-+oo Q n—+oo ’ I

Since W satisfies , we have

=0. (69)

|(W(F + Dagn|AnDsgn) — W(F + Da@n| A Ds@n))]
< C(1+h(1+ [(F 4 Dagn|AnDs@n)l + [(F + Dagn| AnDs@n)l))
) |(F + Dan | AnDspn) — (F + Dan | )‘nD385n)|' (70)

By , we deduce, by the Pluciennik—Tian—Wang Lemma (see [36] Lemma 1)) the
existence of C' € (0, 400) such that
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By the boundedness of the embedding L™ (Q) < L'(Q) (see, e.g., [25]), implies
that

Suth(l + |(F + Datpn | A D3pn)| + ‘(F+ Da¢n|)‘nD395n)|)HL1(Q) < +o00. (72)

By , and , we deduce that
0< limsup‘ (W(F + Dapn | AnDspy,) — W(F + Da¢n|)\nD395n)>|

n—-+oo

< 2C lim sup“(ﬁ' + Doon | A D3pp) — (F + Da¢”|)\"D3¢")HLOO(Q;]R3) (73)

n—-+oo

'Suth(l + |(F + Da(Pnl)\nDSSDn)| + |(F + DQ¢H|A"D3¢")DHL1(Q;R3) =0.

From and 7 we infer that
lim inf/ W(F 4+ Don | AnDspn) de > Q*W (F|b). (74)
Q

n—-+4oo

We complete the proof of for the case in Step 1 by taking the infimum over all
admissible sequences in , and then we get the inequality

Eo(Fo +u0,b,Q) > [ QW(F|b)dzy = LX(Q)- Q*W(F|b) = Q*W(F|b). (75)
Q/
Step 2. Fix (u,b, A) € Zx LM (w; R3) x A(w). Let U € WEM (A x I;R?) be such that
u, — u weakly in WHM (A x I;R3), A, [}, Dsu, dzs — b weakly in L™ (A;R?) and
400 > Eg(u,b, A) = lim W (Dytn | A D3uy,) da. (76)
n—-+oo AxT

Define the sequence of measures
= ( / W (Dot | An D3t das3>/32 |A.
I

By and [4, Theorem 1.59]) we can find a subsequence (not relabeled) {pu,} weakly™
converging to some nonnegative measure p. Denote by p the density of the absolutely
continuous part of g with respect to the 2-dimensional Lebesgue measure. In order to
prove it suffices to show that, for a.e. o € A,

p(xo) > Q*W (Daulwo)|b(xo))- (77)
By the Besicovitch derivation theorem [4, Theorem 2.22|, for a.e. z¢ € A,
!/
p(xg) = lim WL;Q) . (78)
e—0 £

By [3, Lemma 3.1, Lemma 3.2] we deduce that for a.e. xg € A,

0 — lim % /Wg@ M(\ u(z) — ulwo) — (Vu(zo), & — o) D dia

e—=0 ¢ £ (79)
e—0 Q’ 9

and

.1 - - : - -
0= 213(1) = /EO+EQ/ M(|b(z) — b(xo)|) dzg = ilg(l) o M(|b(xzo + ey) — b(zo)]) dya. (80)
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Fix xq satisfying , , and let € — 0 be a sequence such that
1(9(zo +eQ')) =0 (81)
for all £ > 0 (this sequence exists due to [4, Proposition 1.62, Example 1.63]). By M € A,

and [25], (79), imply that

lim M(d‘ ’U,(IO + 52/(1) - U($O) - 5<VU(-TO)3 ya> ) dya =0 (Vd c (0’ —|—OO)) (82)
e—=0 Q' 3
and

||E(x0 + 5()) - B(‘TO)HLM(Q’;R?) -0 (5 — O) (83)
Using , and the definition of p, we infer that

1
p(xo) = lim  lim —/ W (Datin | \n D3ty ) da
(xo+eQ’)xI

e—»0n—+oo €

= lim lim W (Daun (o + €Yas y3) | AnD3un (2o + €ya, ys3)) dy  (84)

e—>0n—+oo Q

= lim lim W (Dotn, e | AneD3stin, ) dy,

e—=»0n—-+o0 Q

where

() = LlZ0+ Vo) — ulzo)

€
Since WM (Q;R3) < LM(Q;R?) compactly (see Donaldson-Trudinger [13, Theo-
rem 3.9] together with Gossez [20, Proposition 4.13]), u,, — u in L} (A x I;R3), and so

Up — uin LM ((xg+eQ") x I;R?) for 29 +eQ’ € A. By the convexity of M and M € Ay,
we have

/Q M(Jun o (y) — (Vu(@o), ya)|) dz

_ / M(|Un(33o + €Ya, ¥3) — u(xo) — 5<VUJ($0)7ZJO¢>|> e
Q

3

1 Un () —u(xg) — (Vu(zg), z0 — x
€% Jwo+eQ)xI €
11 () —
< - 7/ M(QM) dzr
€% 2 J@woteqxI €
4 i? . 1/ M(2|u(x) — u(@o) — (Vu(@o), za — l‘0>|) da.
€ 2 (xo+eQ")xI €
By (52 and
tig T [ M () = (Vo) o)) e =0
By M € A, together with [25], we infer that
ili% ngr_{_looHun,s(y) - <VU($0)7ya>HLM(Q;R3) =0. (86)
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By and the Hélder inequality for any ¢ € LM (Q'; R?),

e—0

lim‘/ (b(zo + £Ya) — b(20))¢(Ya) dYa
< gl_lg(l) 2”1_7(1‘0 + 5()) - E(xO)HLM(Q/;Rs)”SD”LM*(Q’;R3) =0.

Hence by A, [, Dsu, dzs — b weakly in LM (A4;R?), we infer that, for ¢ € LM (Q';R?),

lim lim AneDsuy (y)p(y) dy

e—=+0n—+o0 Q
1 a—
= lim lim —/ Aanun(:C)(p(u) dx
(xo+eQ’)xI

e—0n—+oo 2 €

1 . o
=087 Jizo+eQ)xI €

= lim b(20 + €Ya) P (Vo) dYa = / B(xO)‘P(ya) Yo
e—0 Q/ ’

By the Moore Lemma (see [I4, Lemma 1.7.6]) from , and 7 we construct

U 1= Ue, m,, and Ay, such that

tg(x) = Dou(zo)(z) in LM(Q;IRB),

where Dyu(zo)(x) := Dyu(xo)z, and

Any, | €xDsty dys — b(zo) weakly in LM (A;R?)
I

and
p(zo) = lim W (Dqig | Any ek Datig) dy.
k— 400 Q
By the definition of Ey,
lim W (Dy iy | AnyexDsiiy) dy > Eo(Dou(zo)(+), b(wo),Q’), (88)

and so the claim follows from inequality and the inequality proved in
Step 1. =

LEMMA 5.11. Under the hypothesis of Lemma [5.10], we have
Fo(u, b, A) < / O W (Do) das (89)
A

for all (u,b, A) € Z x LM (w;R3) x A(w).
Proof. By Proposition Q*W(Dyul|b) : A — [0, +00) and Wi(Dau|b) : A — [0, +00)

are measurable.

We claim that for each fixed k& € N and for all (u,b, A) € Z x L™ (w,R?) x A(w),
Eo(u,b, A) < / Wi (Dau|B) dz. (90)
A

This claim will be proven in two steps.
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Step 1. Let u be an affine function, i.e. © = Fz, and b € R. Let ¢ be admissible for
the definition of W*(F|b) in . Extending Q'-periodically the Q’-periodic function ¢,
we define ¢, : R? x I — R3 by

on(x) = A QD(L;$Q,$3>.

Then, ¢, € WM (A x I;R3) and ¢,, — 0 in LM (A x I;R?)-norm.
The function yo — A [; D@ dxs is Q'-periodic and belongs to LM(Q';R?), since by
the Jensen inequality and M € A,

/ M(‘/D3<P(ymf€3)d9€3‘) dya S/ M(/ \Dsw(ya,wg)ldxs) dya
Q I : I
g/ /M(|D3gp(ya,a:3)\) drsz dy, < 0.
rJr

By the LM (Q’)-generalization (see [35, Homogenization Theorem 7.1, Remark p. 121])
for the Riemann-Lebesgue Lemma in LP(Q’)-spaces (see, e.g., [I1]) we infer that

An
Ao / D dz = A / Do (A, ) diry
I I A
— )\/ D3p(Ya, 23) dyo dxs = b weakly in LM (Q',R?).
1Jg

Define
H(,Ia,CCg) = (F—|—Da@($a7I3)|)\D3(p(iEa,l‘3)),

W(za) = /W(H(xa,xg))dx;;.
I
Since H € LM(Q;R3) and M € Ay, by the condition

W (24)| dzo < / C(1+ M(H(2q,x3)))drs drs < 00
Q' Q

and so W € L'(Q';R?). Using the L'(Q’) Riemann-Lebesgue Lemma (sce, e.g., [I1]), we
deduce that

_ _ ~ A\,
< 3 = 1 M —
Eo(u,b, A) < ngrfoo "~ W (F + Duown |ADspy,) dz nll}r-ﬁl}oo o 1a(zq) W ( \ xa) dxg

— [ 1wl ([ W o) dun) dsa = £2(4) [ W(E+ DaplADap) . (91)
! Q’ Q
Taking the infimum over all admissible ¢ and |A| < k, we obtain
Bo(ub,A) < CAWLFID) = [ Wi(F[b) doo.
A

Step 2. Let u be a piecewise affine function and b be a piecewise constant. Let
{A;}i=1,..1 C A(w) be a finite and measurable partition of A such that u and b are
affine and constant, respectively on each A;,i=1,...,l. By Step 1 foralli=1,...,I

Eo(u,b, A;) §/ Wi (Do |b) dz,,.
A;
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By Lemma FEo(u,b,-) is a measure and so

l !
Fo(u,b, 4) = 3" Bo(u,b, 4;) < Z/ Wi(Dou|B)dza :/ Wi(Dou|B) dae.
i=1 i=1 A A
Step 3. Let (u,b, A) € WHM(w; R3) x LM(w;]Rf”) x A(w) and let {(u,,b,)} be a se-
quence such that u,, are piecewise aﬂinfe functions, b,, are piecewise constants and u,, — u
in WHM(A; R3)-norm and a.e., b, — b in LM (A;R?)-norm and a.e. Since Ey(-,-, 4) is a
l.s.c. function, we have

Eo(u,b, A) < liminf Ey(uy,, by, A) < liminf | Wi(Datn |by) dze. (92)

n—-+o0o n—-+400 A
Since W, is continuous (see Proposition and satisfies 0 < Wy (F) < W(F) <
C(1 + M(|F])), the superposition operator Ny, : LM (;R3) — L'(Q;R?) is continu-

ous (see, e.g., [Bl Theorem 3], [34, Theorem 3.2]), and so

lim Wi (Dot |by) dzo, = / Wi(Dou|b) dz,,.
n——+o0o A A

Therefore, implies that
Fo(u, b, A) < / Wi(Dou|b)dza  (Vk € N).
A

By Lemma Eo(u,la7 -) is a measure which is absolutely continuous with respect
to the 2—dir11ensional Lebesgue measure, and so by the Radon—Nikodym theorem, we can
write Eo(u,b, ) = pL?|w for some p € L' (w). Let 29 € w be a Lebesgue point for p, Dyu
and b. Then from the definition of Q*W and Wy,

Q W (Dau(wo)|b(x0)) = G Wi (Dou(zo) |b(20)).
By and by the Radon—Nikodym theorem for k£ € N, we infer that
p(ta) < Wi(Dau(za)|b(zs)) for £? ae. 2, € w and for all k € N. (93)

Therefore,
p(xo) < Q"W (Dyu(wo)|b(zo)) for L ae. g € w

and so

Fo(u, b, A) = /A p(20) dTe < /A QW (Dau(wa) |b(za)) de. m

Proof of Theorem . Let u. € U. be such that u. — u weakly in WHM(Q;R3),
% f[ Dsu, dxs — b weakly in LM (w;R3). Tt is easy to check by the representation 7 the
isomorphism and by the Fubini theorem that P.(u.) — Po(u,b) and P.(v. + Ug,e) =
Py(v+ u070,l;—|— es) as € — 0, with ue = ve +up,. and @ = ¥+ ug,0, where v. € V. By the
Kuratowski Compactness Theorem (see [I2]) in order to show that .J. T-converges to Jp it
is enough to prove that the I'-lower limit Ej of any subsequence of E. coincides with Jj.
Therefore the assertions of Theorem follow from Lemmas and applied to
the sequence u, = v + ug.. m

Proof of Corollary . Observe that ve := u. — up belongs to V. By 7
Je(te) = Je(ve +uge) < Ulgé Je(v+uge) +7v(e). (94)
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Therefore
T2 (e,b) < inf T2 (0,8) +9(e), (95)

where L [} D3v. das +e3 = b.(x,) and L [ Dsvdws+es = b(zq). Tt is easy to check that
Je(upe) = / W(eqn|es)dx — / (fiuo.e)dx —/ (gar,uoﬁ) dH?
Q Q S+
_ 9 1
+ (g0 ,uo,e) dH® — (g, ~— [ e- 63) dry, < C < 400
S— w €Jr

for some C and for all ¢ € (0,1). Hence implies that sup.¢(q 1) J* (ve,be) < +oo.
Therefore by Lemma the sequence (v.,b.) is bounded, weakly compact in
WHM(Q:R3) x LM (w;R?) and any cluster point (v,,b,) belongs to V x LM (w; R3).

Fix o € WhM(Q;R3), b € LM(w;R3) and Jg (0 + uo,0,b) < +oo. By Theorem [5.1
there exists a sequence ¥ = 1. — ug, € WEM(Q;R?) such that 9. — o = @ — U, 0
weakly in WM (Q;R3) and b, = %f[ D3, dxs + es — b weakly in LM (w;R3) and
J* (0, be) — JE (9 + g0, b). Therefore, applying Theorem and the assumption
v(e) = 0 as € — 0, we infer that

Jo (e, bi) = Jg (04 + 10,0, bs) < lignjglf J* (ve, be)

< liminf(jg*(f)e, 55) +v(g)) = J5 (0 + uo,0, I~)) = Jo(a, B),

e—0

where u, = v +1ug,0. Using the isomorphism and the representation , we re-write
the statements obtained above for v. and v,. By this way, we deduce all statements of

Corollary "

Let us inform that we have recently obtained results in the setting of the Orlicz—
Sobolev space WM that extend other known results for thin films in the case M (t) = [¢t|?
for some p € (1,00). In particular, our results extend the results obtained in 2009 by
G. Bouchitté, I. Fonseca and M. L. Mascarenhas [8] for thin films with bending moment
depending also on the third thickness variable. Their proofs require other techniques and
we will discuss these issues in our forthcoming papers.

References

[1] E. Acerbi, N. Fusco, Semicontinuity problems in the calculus of variations, Arch. Rational
Mech. Anal. 86 (1984), 125-145.

[2] R. A. Adams, J. J. F. Fournier, Sobolev Spaces, 2 ed., Pure Appl. Math. (Amsterdam)
140, Academic Press, Amsterdam 2003.

[3] A. Alberico, A. Cianchi, Differentiability properties of Orlicz—Sobolev functions, Ark. Mat.
43 (2005), 1-28.

[4] L. Ambrosio, N. Fusco, D. Pallara, Functions of Bounded Variation and Free Discontinuity
Problems, Oxford Math. Monogr., Oxford Univ. Press, New York 2000.

[5] J. Appell, H. T. Nguyéq, P. P. Zabrejko, Multivalued superposition operators in ideal spaces
of vector functions, 11, Indag. Math. (N.S.) 2 (1991), 397-409.


http://dx.doi.org/10.1007/BF00275731
http://dx.doi.org/10.1007/BF02383608
http://dx.doi.org/10.1016/0019-3577(91)90026-4

166

[10]
[11]
[12]
[13]
[14]
[15]
[16]
17)

(18]

(19]

[20]
21]
[22]
23]
[24]
[25]
126]

27]

W. LASKOWSKI AND H. T. NGUYEN

H. Attouch, G. Buttazzo, G. Michaille, Variational Analysis in Sobolev and BV Spaces:
Applications to PDEs and Optimization, MPS/STAM Ser. Optim. 6, STAM, Philadelphia,
2006.

G. Bouchitté, I. Fonseca, M. L. Mascarenhas, Bending moment in membrane theory,
J. Elasticity 73 (2004), 75-99.

G. Bouchitté, I. Fonseca, M. L. Mascarenhas, The Cosserat vector in membrane theory: a
variational approach, J. Convex Anal. 16 (2009), 351-365.

A. Braides, A. Defranceschi, Homogenization of Multiple Integrals, Oxford Lecture Ser.
Math. Appl. 12, Oxford University Press, Oxford 1998.

P. G. Ciarlet, Mathematical Elasticity, II. Theory of Plates, Stud. Math. Appl. 27, North-
Holland, Amsterdam 1997.

B. Dacorogna, Direct Methods in the Calculus of Variations (2nd revised edition), Appl.
Math. Sci. 78, Springer, New York 2008.

G. Dal Maso, An Introduction to I'-Convergence, Progr. Nonlinear Differential Equations
Appl. 8, Birkhéauser, Boston 1993.

T. K. Donaldson, N. S. Trudinger, Orlicz—Sobolev spaces and imbedding theorems,
J. Functional Analysis 8 (1971), 52-75.

N. Dunford, J. T. Schwartz, Linear Operators, Part I: General Theory, Pure Appl.
Math. 7, Interscience, New York 1957.

A. Fiorenza, M. Krbec, Indices of Orlicz spaces and some applications, Comment. Math.
Univ. Carolin. 38 (1997), 433-451.

M. Focardi, Semicontinuity of vectorial functionals in Orlicz—Sobolev spaces, Rend. Istit.
Mat. Univ. Trieste 29 (1997), 141-161.

A. Fougeres, Théoremés de trace et de prolongement dans les espaces de Sobolev et Sobolev—
Orlicz, C. R. Acad. Sci. Paris Sér. A-B 274 (1972), A181-A184.

G. Friesecke, R. D. James, S. Miiller, A theorem on geometric rigidity and the derivation
of nonlinear plate theory from three dimensional elasticity, Comm. Pure Appl. Math. 55
(2002), 1461-1506.

M. Garcia-Huidobro, V. K. Le, R. Mandasevich, K. Schmitt, On principal eigenvalues for
quastlinear elliptic differential operators: an Orlicz—Sobolev space setting, NoDEA Nonlin-
ear Differential Equations Appl. 6 (1999), 207-225.

J.-P. Gossez, Nonlinear elliptic boundary value problems for equations with rapidly (or
slowly) increasing coeffcients, Trans. Amer. Math. Soc. 190 (1974), 163—205.

H. Hudzik, The problems of separability, duality, reflexivity and of comparison for gener-
alized Orlicz-Sobolev spaces W (Q2), Comment. Math. Prace Mat. 21 (1980), 315-324.
A. Kaminska, B. Turett, Type and cotype in Musielak—Orlicz spaces, in: Geometry of
Banach Spaces (Strobl, 1989), London Math. Soc. Lecture Note Ser. 158, Cambridge
Univ. Press, Cambridge 1990, 165-180.

L. V. Kantorovich, G. P. Akilov, Functional Analysis, Pergamon Press, Oxford, NY 1982.
V. S. Klimov, On imbedding theorems for anisotropic classes of functions, Mat. Sb. (N.S.)
127(169) (1985), 198-208; English transl.: Math. USSR-Sb. 55 (1986), 195-205.

M. A. Krasnosel’skii, Ja. B. Rutickii, Convez Functions and Orlicz Spaces, P. Noordhoof,
Groningen, 1961.

W. Laskowski, H. T. Nguyen, Effective energy integral functionals for thin films in the
Orlicz—Sobolev space setting, Demonstratio Math. 46 (2013), 585-604.

H. Le Dret, A. Raoult, The nonlinear membrane model as variational limit of nonlinear
threedimensional elasticity, J. Math. Pures Appl. (9) 74 (1995), 549-578.


http://dx.doi.org/10.1023/B:ELAS.0000029996.20973.92
http://dx.doi.org/10.1007/978-1-4612-0327-8
http://dx.doi.org/10.1016/0022-1236(71)90018-8
http://dx.doi.org/10.1002/cpa.10048
http://dx.doi.org/10.1007/s000300050073
http://dx.doi.org/10.1090/S0002-9947-1974-0342854-2
http://dx.doi.org/10.1070/SM1986v055n01ABEH002999

28]
29]
(30]

31]
32]

33]
34]
35]
(36]
37]

(38]

ENERGY OF THIN FILMS IN THE SETTING OF ORLICZ-SOBOLEV SPACES 167

A. E. H. Love, A Treatise on the Mathematical Theory of FElasticity, 4th ed., Cambridge
Univ. Press, Cambridge 1927.

L. Maligranda, Indices and interpolation, Dissertationes Math. (Rozprawy Mat.) 234
(1985), 1-49.

L. Maligranda, Orlicz Spaces and Interpolation, Sem. Mat. 5, Universidade Estadual de
Campinas, Dep. Mat., Campinas, 1989.

V. Maz’ja, Sobolev Spaces, Springer Ser. Soviet Math., Springer, Berlin 1985.

C. B. Morrey Jr., Multiple Integrals in the Calculus of Variations, Grundlehren Math.
Wiss., Springer, New York 1966 (Reprint Springer, Berlin 2008, Classics in Mathematics).
J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math. 1034, Springer,
Berlin 1983.

H. T. Nguyén, Semicontinuity and continuous selections for the multivalued superposition
operator without assuming growth-type conditions, Studia Math. 163 (2004), 1-19.

P. Pedregal, Parametrized Measures and Variational Principles, Progr. Nonlinear Differ-
ential Equations Appl. 30, Birkh&user, Basel 1997.

R. Phuciennik, S. Tian, Y. Wang, Non-convex integral functionals on Musielak—Orlicz
spaces, Comment. Math. Prace Mat. 30 (1990), 113-123.

M. M. Rao, Z. D. Ren, Theory of Orlicz Spaces, Monogr. Textbooks Pure Appl. Math.
146, Marcel Dekker, New York 1991.

M. M. Rao, Z. D. Ren, Applications of Orlicz Spaces, Monogr. Textbooks Pure Appl.
Math. 250, Marcel Dekker, New York 2002.


http://dx.doi.org/10.1007/978-3-662-09922-3
http://dx.doi.org/10.4064/sm163-1-1
http://dx.doi.org/10.1007/978-3-0348-8886-8
http://dx.doi.org/10.1201/9780203910863




	Introduction
	Some terminology and notation
	Setup
	The formulation of main results
	The proofs of Theorem 4.1 and Corollary 4.2

