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Abstract. Considering the class of almost periodic functions integrable in the Stepanov sense
we extend and generalize the results of the first author [§], as well as the results of L. Leindler [6]
and P. Chandra [4] [5].

1. Introduction. Let S? (1 < p < o0) be the class of all almost periodic functions
integrable in the Stepanov sense with the norm

1 w47 1/;!7
i sup{f/ £ @) dt} when 1 <p < oo,
Sp = u u

- 7r
sup | f(u)] when p = oc.
Suppose that the Fourier series of f € SP has the form
e , 1 rL ,
— iAT _ 1 - —iAt
Sf(x) = Z A, (fle®,  where A, (f) = Lh_)rr;o I/ (t)e dt,

v=—00
with the partial sums
Suf@) = D A(f)e*
|)\u|§7k
and that 0 = Ao < Ay < App1 if v € N={1,2,3,... }, lim, oo Ay = 00, AL, = =,
|A,|+]A_,| > 0. Let Q, p, with some fixed positive a, be the set of functions of class S?
bounded on U = (—o00, 00) whose Fourier exponents satisfy the condition

Ml =M\ >a (veEN).
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In case f € Qq,p

Sxe f( / {fl+t)+ flz =)} ¥r, apralt) dt,
where " Y
2 sin ~1=228 gjp MTAT
Wy, (t) = 2 2 0< X<, |t| >0).

m(n— N)t?
Let A := (an) (k,n=0,1,...) be a lower triangular infinite matrix of real numbers
satisfying the condition

ank >0 (k,n=0,1,...), apr=0(k>n) and Zan,kzl. (1.1)
Let us consider the strong mean
- 1/q
HE 4 f@) = {3 annlSo @) = F@P} T (a>0). (1.2)
k=0

As measures of approximation by the quantity ([L1.2]), we use the best approximation of f
by entire functions g, of exponential type ¢ bounded on the real axis, shortly g, € By,
and the moduli of continuity of f defined by the formulas

Ey(f)sr = iglf If — golls»,

wf(d)sy = sup [|[f(- +1) — f()lls»

[t|<s
and
/p
wg f (0 / | (t |pdt with 1 < p < o0,
where o, (t) 7f(as+t)+f(x7t —2f(x).
A sequence ¢ := (¢,) of nonnegative numbers tending to zero is called the Rest
Bounded Variation Sequence, or briefly ¢ € RBV S, if it has the property
Z |en — cne1] < K(¢)em (1.3)

for all natural numbers m, where K(c) is a constant depending only on c.
A sequence ¢ := (¢,,) of nonnegative numbers will be called the Head Bounded Vari-
ation Sequence, or briefly ¢ € HBV' S, if it has the property

m—1
> len = ental < K(c)em (1.4)

n=0
for all natural numbers m, or only for all m < N if the sequence ¢ has only a finite
number of nonzero terms and the last nonzero term is cy.
Therefore we assume that the sequence (K(ay,))32,, is bounded, that is, that there
exists a constant K such that
0< K(a) <K

for all n, where K () denotes the sequence of constants appearing in the inequalities
(1.3) or (L.4) for the sequence oy, := (ank)7>,. Now we can give the conditions to be



DEGREE OF STRONG APPROXIMATION OF INTEGRABLE FUNCTIONS 171

used later on. We assume that forallm and 0 <m <n

[e%S)
Z |an,k - an,k+1‘ S Kan,m (15)
k=m

and
m—1
Z |an,k - an,k+1| S Kan,m (16)
k=0

if i, == (an,k)52, belongs to RBV'S or HBV S, respectively.

The C-norm of the deviation | >~}'_ an k[Sk f(z) — f(2)]], with the partial sums Sy f of
classical trigonometric Fourier series, was estimated by P. Chandra [4, [5] for monotonic
sequences (ap ) and by L. Leindler [6] for the sequences of bounded variation. These
results were generalized by W. Lenski [8] who considered the strong means H? 4> also
in the classical case, and the functions belonging to LP. In the present paper we shall
consider the almost periodic functions integrable in the Stepanov sense giving similarly
estimations for the strong means Hfh 4 in individual points and in norms.

We shall write I; < I if there exists a positive constant C such that I, < Cls.

2. Main results. Let us consider a function w, of modulus of continuity type on the
interval [0, +00), i.e. a nondecreasing continuous function having the following properties:
wy(0) = 0, wy (01 + 62) < w, (1) + w,(d2) for any 1,02 > 0 with x such that the set

1/p
gt = {1 € 0up: [} [ loa) -~ att 0 ] <ty

and wyf(d)p, € wy(d), where ~,8 > O}

is nonempty. It is clear that Qg ,(wy) C Qqy p (W), for p’ < p < .
Our main results are the following:

THEOREM 1. Let (1.1)) and ) hold. Suppose w, is such that
" (wm( ))p L/p
{up/q/u Wdt} =O(uH,(u)) as u— 0T, (2.1)
where Hy,(u) >0, 1 <p<gq and
t
/ Ho(u)du = O(tHL(t)) as t — 0%, (2.2)
0

If f € Qq p(wy), then
/a
HZA»yf( ):O<ann ann {Zank ak:/2 ) ) }1 )a (23)

where q is such that 1 < q(¢ — 1)1 <p <q.

THEOREM 2. Let (L.1), (L5), 2-1) and 2.2) hold. If f € Qup(w,), then
1/q
HY . f(x) :O(an,oH an0) {Z an k(Bog/a(f)s0)? } ) (2.4)

where q is such that 1 < q(q¢—1)"1 <p <q.



172 W. LENSKI AND B. SZAL

Consequently, we can immediately derive the results on norm approximation.

THEOREM 3. Let (1.1)) and (1.6) hold. Suppose wf(-)ss is such that
i 1/
{up/q/ w/Ws2) dt} - O(uH(u)) as u— 0" (2.5)

Cplte/e
with 1 < p < q < p, where additionally H (> 0) instead of H, satisfies the condition
@2). If f € Qup. then
|85 42 Ollgs = OlannH (@ 0),
with q' € (0,q], where q is such that 1 < q(¢ — 1)1 <p <q.
THEOREM 4. Let (1.1)) and (L.5)) hold. Suppose wf(-)ss is such that (2.5 holds, with

1 <p<q<p, where additionally H (> 0) instead of Hy, satisfies the condition (2.2)). If
f € Qqp, then

H nA'y .)Hsﬁ = O(an,OH(an,O))v
with q' € (0,q], where q is such that 1 < q(¢ — 1)1 <p <q.

REMARK 1. Analyzing our proofs and dividing the integral in the formula

{}j%k/" OIIWOY

into parts with —Z— instead of a,_ , or a,o we can obtain the next series of theorems
nt1 , ,
analogously to [§].

3. Lemmas. To prove our theorems we need the following lemmas.

LemMma 1 ([8]). If (2.1] . and . hold, then
/ %() dt = O(uH,(u) (u— 04). (3.1)
0

LEMMA 2 ([IT, Theorem 5.20 II, Ch. XII]). Suppose that 1 < q(q¢ —1)"' < p < q and
§= % + % — 1. If [t=Sg(t)|P is Lebesgue integrable, then

{lanlo)t +§jm o} < { [ ictsora) . e

where ay(g) and bi(g) denote the Fourier coefficients of 2w-periodic function g.

4. Proofs of the results

Proof of Theorem . In the proof we will use the function @, f(d,v) = %f”” 0z (u) du,
with § = -7, and its estimate from [J, Lemma 1, p. 218]
|y f(01,02)] < we(01) + we(d2) (4.1)

for f € Qq p(w;) and any 1,02 > 0.
Since for n = 0 our estimate is evident, we consider n > 0 only.
Denote by S f the sums of the form

Sorpef(@) =Y A

[Av|<ak/2
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such that the interval (“7’“, a(k;l)) does not contain any A,. Applying Lemma 1.10.2 of [7]
we easily verify that

Sti(x) — f(x) = / " (0T (1) dt,

where . (t) := f(x +1t) + f(x —t) = 2f(x) and Wi (t) = Yor/2,a(k+1)/2(t), i€

a(2k+1)t
4 sin &t 4 sin ——I

Ti(t) = amt?

(see also [3], p. 41 and [I0]). Evidently, if the interval (%, @) contains a Fourier
exponent \,, then

Sorj2f (@) = Spor f(@) = (A (F)e™™ + A (f)e ™).

Since (see [T, p. 78] and |2, p. 7])

> 1/q
{3 1ameh " <iflse and 1flse < I1f]lsr,

V=—00

where || - || g», with p > 1, is the Besicovitch norm, we have

|A:|:V(f)‘ = ‘A:EV(f _goz,u/2)| < ||f - ga,u/QHSp = Eoz,u/?(f)sp7

with & < % < \,. Therefore, the deviation

{i an,k|5ak/2f(:z:) _ f(l_)|q}1/q
k=0

can be estimated from above by

{Zank‘/ P () Wrr(t dt‘ }1/q+{zn:an,k(Eak/z(f)sz’)q}l/q7
k=0

where £ equals 0 or 1. Applying the Minkowski inequality we obtain
1/q
{Z Qnp k‘/ 901 )lpk-i-n d ‘ }
27 an n /o 27 /o o0
- {Z - (/ +/ +/ )ea(t)Whpn(t) dt
=0 0 2 2

T, n /0 T/
n
< {Z Qn,k Il
k=0

for some go,,/2 € Bayj2,

Q}l/q

Y (St} (St}
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By (1.1)), integrating by parts, we obtain

pir}"”

" 4 fEFman.n/o sin%t oot q) M4
{Z Ak aw/o 0 (t) 2 81nz(2k+2/<;+1)dt’ }

k=0

1 27 an n /o |(P (t)| 1 27 ap n/ 1,d t
<2 dt = = (L] pa(s)|d )dt
_/ = [ (G [ lentotas
t 2T, n/ 1 2Man,n /o 1
= / ‘(pac | 5 +*/ / |903c ‘ds
t=0 s

1 27ranm,/oz 1
/ L wn f(t)y dt
0 t

2T, n/ 1
L Wy f(ann)1 +/ n wy f ()1 dt
0

IN

I
| =
g
8
~
/N
|y
S
g
3
N—
+
\

™

S wa f(t): dt. (4.2)

It is clear that wg f(t)1/t is nonincreasing with respect to ¢ > 0 and w, f(t)1 < wf(t),
for p > 1. Using these properties we have

(St} < [ 0 [ L (),
(wxf( )1)P VP e 1
} n /O 2w, f(b)1 dt.

U
< {amn / v

Gnn

Since f € Qap(w;) and (2.2) holds, Lemma [T]and (2.1)) give
- 1/q
(Y ansl®)} " = OlannHa(ann)):
k=0
If (1.6) holds, then
Qp,y — An,m S |an,;¢ - an,m| S Z |an k — Qn k+1| < Kan m

for any n > m > p > 0. Hence we have

anp < (K + 1)an,m. (4.3)
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From this, we get

OSRGOS
k=0
<{(K+1a }1/,1{2’ /mm/a

2m/e p(t) sin 9 ot
<< annlq{Z’Qﬂ_/Q T4s1nz(2n+l)

Tp,n /0

2m/e ¢z (t) sin %t .
— S1

/a
t q
t2 n%(2k+2/§+1)dt’ }

q}l/q

e o (t)sin @t ot akt a4
) 2 : Pall)SM g oM in —-
+ (Gn.n) q{ ‘27r/2 2 cos — (26 4 1) sin 5 dt‘ }

Tan,n/o

Using inequality (3.2 -, we have

- 1/q e N (LR
q 1/q P
{kg_o an,k|I2(]€)| } < (an,n) {/2 fA+p/a dt} .

T, n /0

Integrating by parts, we obtain

OSINVATI
k=0
t=2m/c

1 t
< (an,n)l/q{ |:tl+7p/q /0 |(Pz(3)|p dS} t=2Tan n/a

+ (1 + %) /22”/0‘ t2+1p/q</0t |z (s)|P ds) dt}l/p

T, m /O

1 t=2n/a P 2m/a 1 1/p
_ 1/q P £ P
- (an’n) { |:tp/q ( Tf(t)P) ]t:2wa1L,7L/a + (1 + q) /2’71’(171 n/Ol t1+p/q (wmf( ) ) dt}
2\ \P 2o 1 1/p
1/q =7 P
< (ann) {(wmf( - )p) + /2ﬂan,,,/a 7q (W f (1)) dt} . (4.4)

Since f € Qq p(ws), (2.1) gives

™

S ansdta®l ) < ey [y )

< {(an’n)p/q /7r M dt}l/p = O(annHy(ann)).

1+
anom t1+p/q

For the third term we obtain

{kz"j_oan,kug(kw} {Zankafw
{Zank‘ié%(uﬂ)/a Do f (O 1) Wi (1) dt’q}l/q

T/ o

(St} (3

271' /,J,Jrl

o (0) = @y (50, O i (1) ] }

n

}1/q
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and

4 & pmut)/a ,
(k)] < — 3 / o (1) — @ f(S )] dt
1

aT s /o

<— =5 [ lealt) = ot +w)| du] at
Oé’]'f'uz_:l 2/ 5kt2 0
41 o0 om(pt1) /o |

_ L 1oa(t) — ou(t dat\ d
om(;k/ ;{/2##/0 t2|90() Pu(t + u)| } U

o0

O PGl
== 5k/ Z{ t2/ |02(5) — @u(s +u)| S]t:gw/a

27r(u+1)/a

/o
1 [0S 27 (pu41) /ox
N 2r(u+ 1)jal? 2(5) = ¢u d
< 5k/o ;{[277(/14—1)/@} /0 |z (5) — wu(s +u)|ds

2mp/ o
- W/o |2 (s) = @als +u)l ds} du

1 [ X2 2m(p+1)/
_~_7/ E {/ / 0z(8) — pz(s+u ds}dt}d
6k 0 = 27/ o t3 ‘ )|

1

Since f € Qq p(wy), we have for any «

1/ 1 1 1
lim — « (s +u)lds < lim — < lim —wg(dg) < lim —wy(7w) =0,
Jim 2 [ len() = s lds < fim Gualu) < Jim Zun(5) < Jim < (n)

and therefore

1 Ok arTa 27/
31 (k)| < a/o %{%/o lz(s) — cpx(s+u)|ds} du

1 [ oo 2m(ut1)/a
+£/ wm(u)duz:{/2 e dt}

n=1 /o

Ok
< 7/ Wy (u) du 4+ wy (dr) Z 5 <K We(0k)-
;1,:1
Next, we will estimate the term |I32(k)|. So,

9 o 27 (u+1)/a (I)xf((ska t) d cos at(l;+l<,) cos at(k—gﬁ-&-l)
Ina(k) = == ) (’ ()

it ) dt
an p=1 /o t2 dt oz(k—i—2n+l)

at(k+k) at(k+rk+1)
2 2

_ 2z - [q)xf(dkat) ( cos N oS )}t:%(uﬂ)/a
o Z 2 T alktk) a(k+r+1) t=2mp/a
p= 2 2

00 27r(u+1) at(k+k) at(k+r+1)
2 Z <I> 2 f(0r,t)\ fCcOs —5—  cos ——5——
1/ 2 ) ( ak+r)  alktn+D) ) @t = Ioz1 (k) + Loz (k).
,u 2 2
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Since f € Qq,p(wy), we obtain for any = (using (4.1))

lim ‘ D, f(0k,27¢ /) (_cos[w((k + k)] cos[rC(k+ K+ 1)] ) ‘

(oo [27¢/al? alk+k)/2 alk+rk+1)/2
. 2 (0k) + wa (2m¢ Wy (0r) + Qug (2m/ ) o 14¢
< clin(}ow ( k)27T2Ué2§€7T /o) o Jim wa(6k) CQZJ (2m/a) wa () lim, = =0

and therefore

2 S0, f(k2n(u+ 1)fa) ( coslnlut 1)(Fk+ )
o) = 23| P T (e
N cos[m(u+1)(k+ K+ 1)]) o f (O, 2mp/ ) (_ cos[ru(k + k)] cos[ru(k + £+ 1)] )}
alk+rk+1)/2 27/ al? alk+rk)/2 alk+rk+1)/2
2 Do f(k,2m/a) ( (=1)*FD - (—1)FHerD
Car [21/a)? <_ alk+r)/2 " alk+r+ 1)/2)

1 1 1
=——, 2 —1)(ktrt1) .
3 = f Ok, 2m/e)(=1) (k+/€+1+k+n>

p=1

Using (4.1)), we get

1 2 2
321 (k)| < ﬁm\q’a:f(ék’%/a)\ < m(wm(ék) + w,(27/a)).
Similarly
2 o [ GO f(Orot) 20 f (Ot
I3p2(k) = — / ( tg( 2 J;g : ))
am =1 2/ o
cos at(k;—rf,) cos ()Lt(k,—;.‘-{-‘rl) .
( a(k+k) - a(k+rk+1) ) t
2 2
and
|1322(’<?)|
0 2 (p+1)/a ¢ 27 (p+1) /o d Sut
Z[/ exlt 80 = l0 | 9:110011
=1 27/ o Okt 27/ t
8 3 /2“““)/“ ol +5) = pald)] .
> az(k + 1)7r5k s 2mu/ o t2
© - r2r(ptl)/a ¢
. 16 / W (9k) 3+wx( ) gt
o (k—|—1)7r — Joru/a t
1 > 2 (p+ 1) a?
< (k + 1)5k Z[(wx (9%) +wx( « )) 47r2,u3}

uzl

< w, (6%) + %H [wm((;k) 3 % S wz(27r(,l;3+ 1)/a)}
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<<ww(5k)+ﬁ( =(0k) +ww( )i

+ p=
st (1)

i (et + () ()

< wy(O) +

Therefore

(I3 (k)] < wq(0r)

and thus

(5 a7} < (S o () g we(5)')

1/4q

From (4.3) we obtain

1
fe-esyrrmmnl it

CNIEE) R SR )

+ Y an,k(wm(kiﬂ))q.

— 1 _
b=l a1

Using (.1} and the monotonicity of the function w,, from and (B.1)), we get

. [Tty o\
kzoa"’“<ww(/g+1)) < (K4 Dann kzzo (“’w(ﬁ))

n

+ (wz<7r(K + 1)an,n))q Z An, K

_ 1 _
k=l yan 1~ 1

(K+1)‘1n n 7r q

< ;)) dt + (1, (a,0))"
1

< ap, n/ du + (wz(an,n))?

An.n\\?
Sﬂlnn/ u1+p/q+1 774 d’U,+< (72 ))

p/q T (wa(u))? s wg (u) a
< (an,n) /a u1+p/q* du + (8 . " du)

n,n/2

< (anyn)p/q /Tr M du + (/Oan’n wa(u) du)q L (annHy(ann))?.

ultr/q U

n,n

Summing up we prove (2.3) and the proof of the theorem is complete. m
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Proof of Theorem[3 Under the notation of the previous proof we can write

{Zan,k‘ / e ()W () dt
k=0 0

Q}l/q
n 27an 0/ 27/« [es] q 1/q
([ [ [ e
0 2 2
k=0

Tan,0/a T/

< {ki_oan,kUl(k)q}l/q + {ki_o Gk J2(l<;)|‘1}1/q + {;an,kL}g(kﬂq}l/q,

using the Minkowski inequality. If we apply the property of the class HBV S instead of
the property of RBV'S our proof will be similar to the proof of Theorem [I] =

(1]

(10]

[11]
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