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Abstract. In this paper we introduce the categorical length, a homotopy version of Fox cate-
gorical sequence, and an extended version of relative L-S category which contains the classical
notions of Berstein-Ganea and Fadell-Husseini. We then show that, for a space or a pair, the
categorical length for categorical sequences is precisely the L-S category or the relative L-S cat-
egory in the sense of Fadell-Husseini respectively. Higher Hopf invariants, cup length, module
weights, and recent computations by Kono and the author are also studied within this unified
L-S theory based on the categorical length of categorical sequences.

1. Introduction. Throughout this paper, we work in 7 the category of topological
spaces and maps, or the category of pairs 74 in which an object is a pair (X:A) with
an inclusion %X : A < X and a morphism is a map of pairs f : (X:A4) — (Y:A) with
i¥ = foiX. A closed subset is always assumed to be a neighbourhood deformation re-
tract, and a pair is assumed to be an NDR-pair in the sense of G. Whitehead [29].
The one-point-space is denoted by *. The (normalised) Lusternik-Schnirelmann category
cat(X), L-S category for short, is introduced in [22] as the least number m such that there
is a covering of X by m+1 closed subsets U;, 0 < j < m, where each U; is contractible
in X. By modifying the idea due to R. Fox [8], T. Ganea [9] gives the following definition
of a strong version of L-S category for a space X: the strong L-S category Cat(X) is the
least number m such that there is a space Y ~ X with a covering of Y by m+1 closed
subsets U;, 0 < j < m where each Uj is contractible in itself. By Ganea [9], it is shown
that

cat(X) < Cat(X) < cat(X) + 1.
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REMARK 1.1. Fadell and Husseini [7] introduced a notion of relative L-S category as
follows: for a pair (K:A), catf™ (K, A) is given as the least number m such that there is a
covering of K by m+1 closed subsets V' O A and U;, 1 < j < m where V is compressible
relative A into A in K and each Uj is contractible in K. It is also clear by definition that
cat™ (K, %) = cat(K).

By G. Whitehead [29], the definition of L-S category is interpreted in terms of defor-
mation of a diagonal map as the following definition for a space X.

DEFINITION 1.2. The L-S category cat(X) of X is the least number m such that the m+1
fold diagonal map A™*1 : X — [[™*" X is compressible into the fat wedge T™+! X =
{(@0, 21,y xm) € [T X |Fiz; =} C ™M X.

Similarly to the above, one can give an alternative definition of a relative L-S category
in the sense of Fadell and Husseini [7] for a pair (K:A) to fit in with Whitehead’s definition
of L-S category.

DEFINITION 1.3. Let A C K. Then the L-S category cat™ (K, A) is the least number
m > 0 such that the m+1 fold diagonal map ArK'H'l : K — Hm+1K is compressible
relative A into the fat wedge T H(K:A) = AX[[" KUKxT" K C [[""" K of a pair
(K:A).

REMARK 1.4. For any map f : A — K, we may assume that f is an inclusion up
to homotopy, and hence the definition of relative L-S category implies a definition of
cat™(f) the L-S category of f in the sense of Fadell and Husseini.

In the present paper, we alter the Fox’s definition of a categorical sequence to fit in
with Whitehead’s definition of L-S category:

DEFINITION 1.5. A categorical sequence for a space X is a sequence of closed subspaces
FyC---CF, C-CF,suhthat F,, ~ X, Fy ~ #in X and A; : F, & FyxF, C
F,,xF,, is compressible into F;_1xF,, U F,, xx* relative F;_; for any ¢ > 0, where we
identify F;_; with its diagonal image in F;_1xF;_1 C F;_1 X F,, U F},, x*. Let us call the
least such m > 0 the ‘categorical length’ of X and denote it by catlen(X).

Inspired by the definition of a relative L-S category due to Fadell and Husseini, we
introduce a relative version of categorical sequence:

DEFINITION 1.6. A categorical sequence for a pair (X:A) is a sequence of pairs (Fy:A) C
<o C(F:A) C -+ C (Fp:A) such that (F,:A) ~ (X:A) relative A, Fy ~ A relative A in
X and A; : F; 4 F;x F; C Fy, X F,, is compressible into F;_1 x F,,, U F,,, X A relative F;_q,
1 > 0. Let us call the least such m > 0 the ‘categorical length’ of a space X relative to A
and denote it by catlen(X:A).

To describe the categorical sequence in terms of a relative L-S category, we give a
definition of a new extended version of relative L-S category: from now on, we work in
the category 74. We remark that, if A = % the one point space, then 74 is the usual
category of based connected spaces and based maps. We say that (X, K:A) is a pair in
T4 when (X:A) and (K:A) are objects in 74 and (X, K) is a pair in 7, that (X, K, L:A)
is a triple in 74 when (X:A), (K:A), (L:A) are objects in 74 and (X, K, L) is a triple
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in 7, and that (X; K, L:A) is a triad in 74 when (X:A), (K:A), (L:A) are objects in 74
and (X; K, L) is a triad in 7.

We remark, for any pair (X, K:A) in 74, that the diagonal image of A in ]_[m+1 Xisin
the subspace T™ (X, L). Thus for any (X:A4) D (L:A) € T4, we regard ([J™ X:4) D
(T™ (X, L):A) € TA.

DEFINITION 1.7. Let (X; K, L:A) be a triad in 74. Then cat(X; K, L:A) is the least
number m such that the restriction of the m+1 fold diagonal map of X to K, A™*!|x :
K — [I™"" X, is compressible relative A into T™ (X, L).

Using Harper’s arguments on the homotopy of maps to the total space of a fibration
n [12], Cornea [4] has given a proof of the following:

PROPOSITION 1.8. Let (X:A) be an object in T4, (Y, K:A) be a pair in T4 with the
inclusion j : (K:A) — (Y:A) and f : (X:A) — (Y:A) be a map in TA. If flx : X =Y
has a compression o : X — K such that joo ~ f and coiX ~ i¥ in T, then there is a

map o’ : (X:A) — (K:A) a compression relative A of f such that o ~o'|x : X — K.
One of its direct consequences is:

COROLLARY 1.9. Let (X; K.L:A) be a triple in T*. Then cat(X; K, L:A) is the same
as the least number m such that A™ g + K — Hm+1 X is compressible to a map s :
K — T™ (X, L) such that s| 4 is homotopic to the diagonal map Ay : A — [T A C
T (X, L).

REMARK 1.10. (1) cat(X; X, ) = cat(X) and cat(X;x,*:x) = 0.

(2) We denote (X; X, L:A) by (X, L:A), (X; K, A:A) by (X; K:A), (X;X:A) by (X:4),
(X; K, L:x) by (X;K,L), (X;K,*) by (X;K) and (X:x) = (X; X, x%x) = (X; X)
by X.

(3) We may replace inclusions (L:A) — (X:A4) and (K:A) — (X:A) by maps f :
(L:A) — (X:A)and g : (K:A) — (X:A) in T4, since every such map is an inclusion
map up to homotopy relative A by taking the mapping cylinder of K Uy L ELZEN
X. Then we often denote cat(X; K, L:A) by cat(g, ). By applying (1), we have

cat(g, *) = cat(g).
There is another classical notion of relative L-S category due to Berstein and Ganea [2].

DEFINITION 1.11. Let K C X. Then the L-S category cat®% (X, K) is the least number
m > 0 such that restriction to K of the m+1 fold diagonal map A% : X — M x
is compressible into the fat wedge T X.

REMARK 1.12. For any map f : K — X, we may assume that f is an inclusion up
to homotopy, and hence the above definition of the L-S category implies a definition of
catBG(f) the L-S category of f in the sense of Berstein and Ganea.

Arkowitz and Lupton [1] have also defined their relative L-S category for a map
h : X — Y. Since a map is up to homotopy a fibration, we may assume that h is a
fibration with fibre L = h™!(x) C X. Then the relative L-S category of h in the sense of
Arkowitz and Lupton depends only on the pair (X, L) by its definition.
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DEFINITION 1.13. Let L C X. Then the L-S category cat®“(X, L) is the least number
m > 0 such that the m+1 fold diagonal map A’;H X — Hm+1 X is compressible into
the fat wedge T™ (X, L).

Then we prove:

THEOREM 1.14. The known three relative L-S categories are special cases of our new
relative L-S category:

(1) Let X = K D L = A D *. Then cat(X:A) = cat(X; X, A:A) = catF'H (X, A).

(2) Let X D K D L = A = x. Then cat(X; K) = cat(X; K, x:*) = cat®S (X, K). More
generally for a map g : K — X in T, we have cat(g, *) = catP%(g).

(3) Let K =X DL D> A=x. Then cat(X, L) = cat(X; X, L:*) = cat*"(X, L).

We also introduce a new higher Hopf invariant: let (X; K, L:A) be a triad in 74,
let V' be a co-loop co-H-space, i.e., a one-point-union of a 1-connected co-H-space with
finitely-many circles, and let o : V' — K be a map in 7 such that X D K =KU,CV D K.
If cat(X; K, L:A) < m, then a relative higher Hopf invariant H&),(;K’L:A)(a) is defined as
a subset of [V, (X, L) * Q(X)* -« QX)]. If K D L and cat(K; K, L:A) < m, then an
absolute higher Hopf invariant H(K L A)( ) is defined as a subset of [V, Q(K, L) * Q(K) *

<% Q(K)] (see §4 for more details). The following result clarifies how a higher Hopf
invariant determines whether a cone decomposition reduces to a categorical sequence or
not.

THEOREM 1.15. Let (X; K, L:A) be a triad in T4, let V be a co-loop co-H-space and let
a:V — K be a map in T such that X D K = Kua CV D K. If cat(X; K, L:A) <m

and HSOHL A)( ) =0, then cat(X; K, L:A) <

From now on, we abbreviate H(X K.4:4) a) by HEGE A)( ), H(X;K’*)(a) by
HE ) (@), HIES™ A)( ) by HE Y (a) and HY () by HE (). Note that the definition
of the absolute higher Hopf 1nvar1ant anf (@) comc1des with the ordlnary definition of the
higher Hopf invariant H,,(«) in the sense of [14].

The main goal of this paper is to proof:

THEOREM 1.16. For any X in T, we have cat(X) = catlen(X). More generally, for any
object (X:A) € T4, we have catlen(X:A) = cat(X:A) = cat™H (X, A).

COROLLARY 1.17. Let (X:A) be an object in TA. If catFH (X, A) = m > 0, then there ex-
ists a sequence of pairs {(F;:A); 0<i<m} such that (Fy:A) ~ (A:A) in (Fy,:A), (Fp:A) ~
(X:A) relative A and cat(X; F;:A) < i, i > 0. Moreover, cat(F,,/F;—1; F;/F;—1) < 1
with a partial co-action F; — F,,/F;_1V F,, along the collapsing map F; — F;/F;_1 C
Fo./F;—1, i > 0. In particular, F,,/F,—1 is a co-H-space co-acting on F,, along the
collapsing map F,, — Fp/Fn_1.

2. A,.-decomposition of a map. In [9], Ganea introduced a so-called ‘fibre-cofibre’
construction for a map, which can be interpreted as the pullback construction from the
view-point of Definition 1.3. We may regard this construction as an A.,-decomposition
of a map using the pushout-pullback diagram (see [13, Lemma 2.1] and also Sakai [24]
for the detailed proof in a general context):
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P prax)

Q(X, L)x E™ (X))
pr, HPO
QX,L) — E™(Q(X,L)) —— T (X, L) (2.1)

HPB

*

H7n+1 X

Let us recall that, in 7, the homotopy fibre of T/ (X, A;) — Hm+1X has the
homotopy type of the join Q(X, Ag) * s X, Ap). Let (X; K, L:A) be a triad in
T4 and write E™(Q(X)) = Q(X) * -+ % Q(X) which has the homotopy type of the
homotopy fibre of T™(X, %) — [[™ X. The homotopy fibre of the inclusion T (X, L)
< JI™" X has the homotopy type of E™H(Q(X, L)) = Q(X, L) * Q(X) % - Q(X):
consider the homotopy pushout-pullback diagram in 7, which is given by [13, Lemma 2.1]
with (Y, B) = (J[™ X, T™ X), Z = * and f = g = . Thus we see that the homotopy fibre
of the inclusion T™ (X, L) < []™"" X has the homotopy type of Q(X, L)x E™(Q(X)) =
E™L(Q(X, L)) by induction.

Similarly, we define P™(2(X, L)) inductively from P°(Q(X, L)) = L as the homotopy
pushout in the following homotopy pushout-pullback diagram which is given by [13,
Lemma 2.1] with (Y, B) = ([[" X,T" X), Z = X and (f,g) = (1x,AR):

Q(X,L)

E™(Q(X, L)) “ prei(Q(X, L))

HPO
o
* ——— P™(QX, L)) — T (X, L) (2.2)
XD HPB
A7n+1

X

Hm+1 X,

where g™ covers the diagonal map A™ ! : X — []™"" X. Then we define pﬁ(_i_Xl’L) :

EM+Y(Q(X, L)) — P™(Q(X, L)) as the homotopy fibre of ela ™) : P(Q(X, L)) — X
given in the diagram, where eOX’L)
constructions due to Ganea [9] yield the following ladder of fibrations which have the

same fibre 2(X), giving a generalisation of an A.-structure (see Stasheff [25]):

: L — X is just the canonical inclusion. These

QX,L) > - s MY Q(X, L)) > - = EX(Q(X, L))

l pace) (2.3)

IC o C P™(QUX, L)) > - > P®(Q(X, L))
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together with e : P(Q(X, L)) = U,, P™(Q(X, L)) — X given by e&X" | pma(x.1))
= 5 with fibre B (Q(X, L)), where the upper horizontal arrows are null-homotopic.
Since E*(Q(X, L)) = U,, E™(Q(X, L)) is weakly contractible, eg’L) : P (QX, L)) =
U,, P"(Q(X,L)) — X is a week equivalence. If further X is a CW complex, then there
is a right homotopy inverse h(X:£) : X — P>®(Q(X, L)) of eSO where BXL) s also a
weak equivalence.

The ladder (2.3) is natural with respect to a map of triads in 74:

LEMMA 2.1. For any map f : (X; K, L:A) — (X'; K', L':A) of triads in T, there is the
following commutative diagram with f|x ) : (X,L) — (X', L") and f|p : L — L' the
restrictions of f.

E™(Q(X,L))C E™M(Q(X, L))

E™(Q(f(x,1))) E™HN(Q(f(x,1))

pQ(X.L) Q(X,L)
1 m+1
E™(Q(X', L) ¢ i E™YQ(X, L))
P QX L)) € P™(Q(X, L))
pQ(x/,L’) pQ(X’,L’)
m m4-1

PT™HQ(fl(x.1))) P™(Q(fl(x,1)))

mel(Q(X/’L/))( Pm(Q(XI,L/)).

We give here another kind of naturality of the ladder (2.3) in 74 induced from the
structure map o : K — P™(Q(X, L)) of cat(X; K, L:A) < m.

LEMMA 2.2. For any triad (X; K, L:A) in T4 with a compression o : K — P™(Q(X, L))
relative A of the inclusion K — X, there is a sequence of maps o, : P*"(Q(X,K)) —
Pt (Q(X, L)) (n > 0) with o9 = o, which makes the following diagram commutative
up to homotopy relative A.

(X,K)
PYQX,K) —— P"(QX,K)) ———> X
On—1 On idx (24)
(L)
ptrl(Q(X, L) — P™T(Q(X, L)) i X.

Proof. We construct o,, inductively on n > 1: the homotopy commutativity relative A
of (2.5) without the dotted arrow induces a map of fibres in 7, 6, : E" (X, K)) —
Em™(Q(X, L)).
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(X,K)
Py H0) en-1

E(Q(X, K)) 2> P"N(Q(X, L)) — > X

on On_1 idx (2.5)
Y Q(X,L)

E™(Q(X, L)) —"> prtn-l(Q(X, L)) ———— > X.

A standard argument shows that the homotopy commutativity of the left square implies
the existence of o, : P"(Q(X, L)) — P™t"(Q(X, L)) which makes (2.4) commutative up
to homotopy relative A.

3. Properties of a new relative L-S category. Here we prove Theorem 1.14 and
some consequences. For that we need

LEmMMA 3.1. cat(X; K, L:A) < m if and only if the inclusion g : K — X is compressible
into P™(Q(X, L)) C P®(QUX, L)) ~ X relative A aso : K — P™(Q(X, L)) the structure
map for cat(X; K, L:A) < m.

Proof. Let us assume that cat(X; K, L:A) < m. Then by the definition of the relative
category, the diagonal map A" H|x : K — X — HmHX is compressible relative
A into T™"(X, L). This implies that there exists a map ¢ from K to P™(Q(X, L)),
which is a compression relative A of the inclusion g : K — X. Conversely, we assume
that there is a compression relative A of the inclusion ¢g : K — X into P™(Q(X, L)).
Composing with ¢, : P™(Q(X, L)) — T™(X, L), we obtain a compression relative A
of the diagonal map A™ |, : K — X — [[™" X into T™*(X,L). The following
propositions complete the proof of Theorem 1.14.

PROPOSITION 3.2. Assume X = K D L = A D *. Then cat(X:A) = cat(X; X, A:A) =
cat™ (X, A).

Proof. By Lemma 3.1 with X = K and L = A, cat(X; X, A:A) < m if and only if there is
a right homotopy inverse of g ) : PM(Q(X:A)) — X relative A, which is equivalent
to cat™ (X, K) < m.

PROPOSITION 3.3. Assume X D K D L = A = . Then cat(X; K) = cat(X; K, %) =
catBG (X, K).

Proof. By Lemma 3.1 with A = %, cat(X; K) < m if and only if the inclusion K — X is
compressible into P™(Q(X)), which is equivalent to catB% (X, K) < m.

PROPOSITION 3.4. Assume X = K D L D A = . Then cat(X,L) = cat(X; X, L:x) =
catAl (X, L).

Proof. By Lemma 3.1 with X = K and A = %, cat(X,L) = cat(X; X, L:x) < m if
and only if there is a right homotopy inverse of e L) pm (QX,L)) — X, which is
equivalent to cat®(X, L) < m.

For relative L-S categories, one has:
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THEOREM 3.5. (1) Let (X; K, L:A) be a triad in T*. Then
cat(X; K, L:A) < cat(X; K:A) < cat(X; L:A) + cat(X; K, L:A),
cat(X; K, L:A) < cat(X, L:A) < cat(X, K:A) + cat(X; K, L:A).
More generally, for any maps f : (L:A) — (X:A) and g : (K:A) — (X:A),
cat(g, f) < cat(g, xa) < cat(f,*a) + cat(g, f),
cat(g, ) < cat(1(x.a), f) < cat(lx,g) + cat(g, f),
where 1x : (X:A) = (X:A) denotes the identity and x4 : (A:A) — (X:A) denotes
the trivial inclusion.
(2) If (X', L":A) > (X, L:A) and (K":A') C (K:A), then
cat(X'; K',L":A") < Min{cat(X'; K, L":A), cat(X; K', L:A")}
< Max{cat(X'; K, L":A),cat(X; K', L:A")} < cat(X; K, L:A).
More generally, for any maps [’ : (L":A) — (X":A), f : (L:A) — (X:A), g :
(K:A) — (X:A), h: (X:A) = (X"A), k: (KA — (K:A) and ¢ : (L:A) — (L":A)
which satisfy the relation f'of = hof, we have
cat(hogok, f') < Min{cat(hog, f'), cat(gok, f)}
< Max{cat(hog, '), cat(gok, f)} < cat(g, f).
The following corollaries are immediate consequences of Theorem 3.5:
COROLLARY 3.6. (1) For a triad (X; K, L:x) in 7., we have
cat(X; K, L) < cat(X; K) = cat®C (X, K)
< cat(X; L) + cat(X; K, L) = catP9 (X, L) + cat(X; K, L),
cat(X; K, L) < cat(X, L) = cat* (X, L)
< cat(X, K) + cat(X; K, L) = cat®™(X, K) + cat(X; K, L).
(2) For a pair (X, L:A) in T4, we have
cat(X, L:A) < cat(X:A) = cat"™ (X, A)
< cat(X; L:A) + cat(X, L:A) < cat(X; L:A) + cat"™ (X, L).
If we further assume that A = x, then
cat(X, L) < cat(X) < cat(X; L) + cat(X, L).

(8) Formaps f:LC X, f:xCY,g=1x: X—>X,h: X —>Y, k=1x:X > X
and € : L — x in T, with h|p, = ¢, we have

catBC(h) = cat(h, *) = cat(hog, f') < cat(g, f) = cat™*(X, L).

In Definition 1.6, we have cat(X; F;, F;_1:A) < 1 for the filtration {F;}. Hence we
have:

COROLLARY 3.7. cat(X; F;, A:A) < i for every i.
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Proof of Theorem 3.5. The case of maps is left to the reader, and we concentrate on the
case of spaces.

Firstly, we show (1) for a triad (X; K, L:A) in T4:

To show cat(X; K, L:A) < cat(X; K:A), we assume that cat(X; K:A) = m. By Lemma
3.1 for the triad (X; K, A:A), cat(X; K:A) = cat(X; K, A:A) < m if and only if there is
a compression o : K — P™(Q(X:A)) relative A of the inclusion K — X. By Lemma 2.1
for the inclusion (X; K, A:A) — (X; K, L:A), the composition P™(Q(f|x.a))oo : K —
P™(Q(X, L)) gives a compression of the inclusion K — X, which implies cat(X; K, L:A)
<m = cat(X; K:A).

To show cat(X; K, L:A) < cat(X, L:A), we assume that cat(X, L:A) = m. By Lemma
3.1 for the triad (X;X,L:A), cat(X,L:A) < m if and only if there is a compression
o:X — P™(Q(X, L)) relative A of the identity 1x. By restricting o to K, we obtain a
compression o|x : K — P™(Q(X, L)) relative A of the inclusion K — X, which implies
cat(X; K, L:A) < m = cat(X.L:A).

To show the inequality cat(X; K:A) < cat(X; L:A) + cat(X; K, L: A), we assume that
cat(X;L:A) = m and cat(X;K,L:A) = n. By Lemma 3.1 for the triad (X; L, A:A),
cat(X; L:A) < m if and only if there is a compression o : L — P™(Q(X:A)) relative
A of the inclusion L < X. Then by Lemma 2.2 for the triad (X; L, A:A), we have the

following commutative ladder with oy = ¢ up to homotopy relative A:
(X,L)

PYQ(X, L) > P"(QX,L) — > X

lan1 l idX
LX)

PHQ(X:A)) & P QX fi

Again by Lemma 3.1 for the triad (X; K, L:L), cat(X; K, L:A) < n if and only if there
is a compression 7 : K — P"((X, L)) relative A of the inclusion K < X. Then the
composition o,07 : K — P™T"(Q(X:A)) gives a compression relative A of the inclusion
K — X, which implies that cat(X; K:A) < m+ n = cat(X; L:A) + cat(X; K, L:A).

To show the inequality cat(X, L:A) < cat(X, K:A) + cat(X; K, L:A), we assume that
cat(X; K,L:A) = m and cat(X, K:A) = n. By Lemma 3.1 for the triad (X; K, L:A),
cat(X; K, L:A) < m if and only if there is a compression 7 : K — P™(Q(X, L)) relative
A of the inclusion K < X. Then by Lemma 2.2 for the triad (X; K, L:A), we have the
following commutative ladder with 79 = 7 up to homotopy relative A:

(X, K)
P HQX,K)) —— P"(QUX,K)) —— X
\L‘rnl lTn idx
(X 1)

PHLQ(X, L) & PQ(X, L)) — s X
Again by Lemma 3.1 for the triad (X; X, K:A), cat(X, K:A) < n if and only if there is
a compression p : X — P"(Q(X, K)) relative A of the identity 1x : X — X. Then the
composition ,0p : X — P™T(Q(X, L)) gives a compression relative A of the identity
1x : X — X, which implies that cat(X, L:A) < m + n = cat(X, K:A) + cat(X; K, L:A).
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Secondly, we show (2) for a triad (X; K, L:A) with spaces X' D X, (K":A") C (K:A)
and (L:A") C (L:A), which is sufficient to show that cat(X'; K, L":A) < cat(X; K, L:A)
and cat(X; K', L:A") < cat(X; K, L:A):

To show cat(X'; K, L":A) < cat(X; K, L:A), we assume that cat(X; K, L:A) = m
By Lemma 3.1 for the triad (X; K, L:A), cat(X; K, L:A) < m if and only if there is a
compression o : K — P™(Q(X, L)) relative A of the inclusion K — X. Since X' D X,
we have the inclusion of triads : (X; K, L:4) — (X'; K, L":A). Then by Lemma 2.1 for
the map of triads j : (X; K, L:A) — (X'; K, L":A), we have the following commutative
ladder up to homotopy relative A:

(X L)

P HQX, L))~ P"(QUX,L)) ——— X

ijml i]m &X
(x',L"

P QX! L) S PM(QX', L)) s X

with jo = idy and ji = P*(Q(j|(x,1))), 1 < k < m. Thus the map j,o0 gives a
compression relative A of the inclusion K — X C X', and hence cat(X'; K, L":A) < m
= cat(X; K, L:A).

To show cat(X; K',L:A") < cat(X; K, L:A), we may assume that A = A’, since it
is clear by definition that cat(X; K, L:A’) < cat(X; K, L:A) if A’ C A: let us assume
that cat(X; K, L:A) = m. By Lemma 3.1 for the triad (X; K, L:A), cat(X; K, L:A) <m
if and only if there is a compression o : K — P™(Q(X, L)) relative A of the inclusion
K — X. Hence the restriction o|g/ of the map o to K’ gives a compression relative A
of the inclusion K’ — X, and hence cat(X; K', L:A) < m = cat(X; K, L:A).

4. A higher Hopf invariant for a triad. Let us consider the following exact sequences
of abelian groups and algebraic loops:

(X,L) e(X’L)
0 — [SV, B (X, L)) " [SV, PPQX, )] 5 SV, X] -0, (41)

1— [V,E™H(Q(X, L))] Ponig: V. P X, L))] 5 (V. X] (4.2)
Since the fibre Q(X) of a fibration pgff) is contractible in the total space E™+1(Q(X, L))
of pm+1), we know el D[V, P™(QUX, L))] — [EV, X] is an epimorphism of abelian
groups and p£n+1)* LBV, EmHHQ(X, L)) — [ZV, P™(Q(X, L))] is a monomorphism of
abelian groups. Similarly, p£n+1)* [V, EMHL(Q(X, L)) — [V, P™(2(X, L))] is a monomor-
phism of algebraic loops. Thus we obtain the following proposition:
PROPOSITION 4.1. (1) e(X L. XV, P"™(Q(X,L))] — [XV,X] is an epimorphism of
abelzan groups.
(2) pm_H* DXV, EmTY(Q(X, L))] — [V, P™(Q(X, L))] is a monomorphism of abelian
groups
(3) pm_H* SV, EmTHQ(X, L)) — [V, P™(UX, L))] is a monomorphism of algebraic
loops.
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We give here a definition of higher Hopf invariants in a slightly different form: let
(X;K,L:A) be a triad in 74, let V be a co-loop co-H-space, and let a : V — K be a
map in 7 such that X D K = KU, CV D K. We assume that cat(X; K, L:A) < m. Then
by Lemma 3.1 for the triad (X; K, L:A), cat(X; K, L:A) < m implies that the inclusion
i: K — X is compressible into P™(Q(X, L)) relative A as a map o : K — P™(Q(X, L)).
Since el "“ogoa ~ doa is trivial in K C X, we obtain a unique lift He(a) : V —
E™tYQ(X, L)) ~ QX, L)« QX) - % Q(X) of goa.

DEFINITION 4.2. We define H{ %Y () as follows:
o: K — P™(Q(X,L)) is a compression rela—}
tive A of the inclusion K — X

C [V, QUX, L) % QX) * - % Q(X)].

Now let (K, L:A) be a pair in 74 and let a : V — K a map in 7. We assume that
cat(K, L:A) < m. By Lemma 3.1 for the triad (K; K, L:A), cat(K,L:A) < m implies
that the identity 1x : K — K is compressible into P™(Q(K, L)) relative A as a map
o: K — P™(Q(K,L)). By Lemma 2.1 for the inclusion j : (K; K, *:x) — (K; K, L:x),
the following ladder is commutative up to homotopy:

HEXHEA) (g) = {[H;uan

LSO PUK)) e i

T

L PYQ(K, L)) P™(Q(K,L))

where eff = eX|sok) : Q(K) — K is given by the evaluation map (see Ganea [9] or

[14]). Since V is a co-loop co-H-space, the evaluation map e} : ¥Q(V) — V admits a

right homotopy inverse, say the co-H-structure map p" : V — EQ(V? for V, by Ganea

[10]. Then we have efoXQ(a)op” ~ acel op¥ ~ «, and hence egK’L 0j10XQ(a)opV =~

(K,L) L)

id o efoX0Q(a)op” ~ a. Since both maps €] "’ oooa and elK 0j1030Q(a)op" are ho-

motopic to a, the difference d(a) = ooa — j10XQ(a)op¥ is trivial in K. Thus we obtain

m

a unique lift HZ (a) : V — E™TYQ(K, L)) ~ Q(X, L) x Q(X) * -+ * Q(X) of d(«).
DEFINITION 4.3. We define HSE 4 (a) as follows:
HUSLA) (o) = {[HS (a)] | o is a compression relative A of 1x }
CV,QK, L)« QK) "« QK)].

Proof of Theorem 1.15. Let (X; K, L:A) be a triad in 74, V be a co-loop co-H-space
and o : V — K be a map in 7 such that X D K =Ku,CV > K. Assuming
cat(X; K,L:A) < m and HT(nX;K’L:A)(a) = 0, we show cat(X;K,L:A) < m: by the
assumption, there is a compression o : K — P™(Q(X, L)) relative A of the inclusion K —

X such that goa ~ pgr)fji)oH" (@) ~ %, and hence there is a map & : K — P™(Q(X, L))

m
_ . . X,L . . .
whose restriction to K is ¢. Since egn Joo and the inclusion K — X are homotopic

relative A, the difference between eg{ 1)os and the inclusion K — X is given by an
element [0] € [XV, X]. By Proposition 4.1 (1), we have a map 0 : ¥V — P™(Q(X, L))

such that e ™od ~ 4. By subtracting ¢ from &, we obtain a genuine compression
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o =6-6:3V — P™(Q(X, L)) of the inclusion K — P™(Q(X, L)) relative A, where

the subtraction is given by the co-action of £V under K U, C?V = K the mapping cone
of a. This implies that cat(X; K, L:A) < m.

We describe here the relationship among higher Hopf invariants. The following defi-
nition is essentially due to Berstein and Hilton [3]:

DEFINITION 4.4. Let (X;K,L:A) and (X'; K', L’:A) be triads in 74, V be a co-loop
co-H-space, and s : K — T™"(X,L) and s’ : K/ — T™" (X', L’) be compressions
of Amtloi : K — []™" X and A™loi’ : K/ — []™" X’ relative A, respectively,
so that cat(X; K, L:A) < m and cat(X'; K',L":A) < m. A map [ : (X;K,L:A) —
(X", K',L":A) of triads in 74 is called m-primitive (with respect to s and s'), if s’of|x ~
T (fl(xr,0))os

Let (X;K,L:A) and (X';K’,L":A) be triads in 74, and let cat(X;K,L:A) < m
and cat(X'; K',L":A) < m with compressions s : K — T™"(X,L) and s’ : K’ —
T (X' L) of Ao+ K« [™' X and A™Floi’ : K/« [[™"' X' relative A,
respectively. By using the lower right square of the diagram (2.2), we obtain structure
maps o, o’ for cat(X; K, L:A) < m and cat(X’; K’, L’:A) < m corresponding to s and ',
respectively by s ~ ¢ "o and s ~ anX,’L/)OO'/ relative A.

LEMMA 4.5. Let f: (X; K, L:A) — (X'; K', L':A) be a map of triads in TA. Then f is
m-primitive with respect to s and s', if and only if o’of|x ~ P™(Q(f|(x,1)))o0 relative
A for the corresponding structure maps o and o’.

Proof. Assume that f satisfies that o’o f|x ~ P™(Q(f|(x,1)))oo. By composing qg/’Ll) :

P™(Q(X', L") — T™ (X', L’) with both sides, we obtain

s'of|k ~ ¢\X Foa’of |k ~ ¢ EIoP™(Q(f|(x.1)))00

m

~ T (flix,ny)egl Moo ~ T (f(x.1))os

relative A, and hence f is m-primitive with respect to s and s’. Conversely assume that
f is m-primitive with respect to s and s’. Then the naturality of the lower right square
of the diagram (2.2) immediately induces the homotopy o’of|x ~ P™(Q(f|(x,1)))o0
relative A.

THEOREM 4.6. Let (X; K, L:A) and (X'; K', L':A) be triads in T*, V be a co-loop co-

H-space, and s : K — T™ (X, L) and s' : K' — T™ (X', L') be compressions of the

inclusions i : K — X and i’ : K' — X' relative A, respectively, so that cat(X; K, L:A) <

m and cat(X'; K', L":A) < m, respectively. Let f : (X; K, L:A) — (X'; K',L":A) be a map

of triads in T and let « : V — K be a map in T such that X DK = KU, CV DO K

and X' D K' = K’ Uf|xoa CV D K. If f is m-primitive with respect to s and s, then
E™ Qo) o B (@) € B (f| o).

m

Proof. By Lemma 2.1 for f : (X;K,L:A) — (X';K’, L':A) a map of triads in 74, the
following diagram is commutative up to homotopy relative A:



CATEGORICAL LENGTH 217

pQ(X,L) e(X’L)
E™HQ(X, L)) ——— P™(Q(X,L)) m X
E™ N (Q(fl(x,1)) P™(Qflx,1))) flx

Em™THQ(X', L)) P"(QX', L) ——— X'

Q(x’,L’ x’, L’
P el e

Since f is m-primitive with respect to s and s’, we have the homotopy relation relative
A P™(Q(f|(x,0)))o0 ~ d’of|k for the corresponding compressions o and ¢’ relative A of
the inclusions i : K — X and 7' : K’ — X', resp. Thus we have the following homotopy
relation:

P2 Lo B (Q(f x.1))) 0 HE, (@)
~ Pm(Q(f|(X,L)))Op%(X’L)OHy(nX;K,L:A)(a)

~ P™(Q(f](x.1))oo0a ~ o’o f|oa ~ pEX Vo HE (f] o).

Hence we obtain E™(Q(f](x,1)))oHg, (c) ~ HE (f|xoa), since p%(*xl’y) is monic by
Proposition 4.1 (3). Thus we have

E™HH Q| oxe,))# HESE D (@) € HEEE A (f|c0a).
This completes the proof of Theorem 4.6.

THEOREM 4.7. Let (X, K, L:A) be a triple in T4, V be a co-loop co-H-space, and o :
V — K be a map in T such that X D K = KU, CV D K. If cat(K, L:A) < m, then

E"™ Q| (re,0))) o HH D (@) € HEEOED (@),
where j: (K; K, L:A) — (X; K, L:A) is the inclusion.
COROLLARY 4.8. For the filtration {F;} in Definition 1.6, we have
E™ Qi (rr o (@) ¢ HE T @)
for every i, where j; : (F;; Fy, Fi_1:A) — (X; F;, F;_1:A) denote the inclusion.

Proof. Proof of Theorem 4.7 Let (X, K, L:A) be a triple in 74, V be a co-loop co-H-
space and @ : V — K be a map in T such that X D K = K U, CV D K. Assuming
cat(K, L:A) < m, we show Em“(Q(j|(K,L)))#Hr(nK’L:A) (a) C HESHOEA) (), where j :
(K;K,L:A) — (X; K, L:A) denotes the inclusion: By Lemma 2.1 for j : (K; K, L:A) —
(X; K, L:A) an inclusion map of triads in 7, the following diagram is commutative up
to homotopy relative A:

K

X.

From the definition of a higher Hopf invariant, we obtain p%(K’L)oH;‘n(a) ~ goq —

pQ(K,L) (K, L)
" PT(Q(X, L) —
B ——

E™HHQ(K, L))
E™ Q3 (x,1))) P™(Q3l(x,1)))

E™NUX, L)) oz PT(QUX, L)) =5

m m
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j105Q(a)op”, and hence we have the homotopy relation
PP BT Q| (1 1) )0 Hy () ~ P™ Q] (x¢,1)))opin o HY, ()
~ P™(Q(j|(k,1)))oo00c — P™(Q(j| (k1)) 01052 ) op”
~ P™(Q(jl(x.1)))oo0a — j105Q(j| (k1)) EU ) op"”
~ P™(Q(jl(x,1)))oo0a — j105Q(j| k,y0a)op”
~ P™(Q(jl(k,1)))oooq,

since j|(x, o ~ * in X. This implies that E™ 1 (Q(j](x,1)))oHg, () is homotopic to
Hy, ©Ul00% (4) “and hence E™HL(Q( ] (1c.1))) 4o HE B (a) € HEHED (q),

5. Categorical length. Let FX, 0 < i < m, and ij, 0 < j < n, be categorical
sequences for (X:A) € T4 and (Y:A) € T#, respectively. Then for a map f : (X:A) —
(Y:A), we say that f preserves categorical sequences, if f(F;X) C F} for all i > 0. We
first show the following:

LEMMA 5.1. Let (X:A) € TA be dominated by (Y:A) € TA with a categorical sequence
of length m. Then there is a categorical sequence for (X:A) of length m compatible with
the given categorical sequence for (Y:A), i.e., the inclusion i : (X:A) — (Y:A) and the
retraction v : (Y:A) — (X:A) preserve categorical sequences.

The above lemma implies the relationship between the L-S category and the categor-
ical length.

Proof of Theorem 1.16. Assume catlen(X:A) = m with a categorical sequence (FX:A),
0 < i < m for (X:A). Then by Corollary 3.7, we have cat(X:4) = cat(X;X:A) =
cat(X; FX:A) < m = catlen(X:A). Hence we have cat(X:A) < catlen(X:A). Conversely
assume cat(X:A) = m. Then the pair (X:A4) is dominated by (P™(2(X:A)):A) which
has the cone decomposition (P(Q(X:4)):A), 0 < i < m as the canonical categorical
sequence. Thus by Lemma 5.1, we have that (X:A4) has also a categorical sequence of
length m, and hence that catlen(X:4) < m = cat(X:A). This completes the proof of
Theorem 1.16.

Proof of Lemma 5.1 Let (F:A), 0 < i < m, be a categorical sequence for (Y:A) € 74
and 0: X — Y and p: Y — X be maps such that pooc ~ 1x. Then we define F; as the
homotopy pullback of o and the inclusion ¢; : Y < FY . Since the image of o|4 is the
same as the inclusion A C F) — FY the space A is canonically embedded in Fy and
hence in F; D Fy for any ¢ > 0.

id

i

FC Fot s R F X
PB | PB mi PB o= | HPB la

C C Y C Y Y

* A Lo FZ Li Fm Fm’

id
where F' denotes the homotopy fibre of ¢ and F,, is the homotopy pullback of ¢ and
the identity of F¥. Since poo ~ 1y, p|py can be compressed into F; and we have the
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following commutative diagram:

C C Y C Y Y
* A Lo FZ Ui Fm id Fm
Po pi PmJ Lp

Lo i id
FC Fy© F; ¢ F, —— X

Then by the definition of categorical sequence, there is a compression v} : FY — EY x *
UFY | xEY of the diagonal map Apy : FY — FYxFY C FY xEY relative to FY ;:

Y il Y, Y Y., Y
i c

L — >

F, F;" xF; F xF,,

EYx « UFY | xFY

By composing p; and o;, we obtain a compression of the diagonal map Ap, : F; —
F;xF; C F,,xF,, as follows:

FoxxUF,_1xF,

" . pxEC E,xF,

[eg? Pm,i—1 Pm X Pm

FYxFY

m m

FYx xUFY  xFY

This implies cat(X’; X', FX_,:A) < 1, and hence X' = FX D F,_1 DD Fy=A
gives a categorical sequence for X.

The following lemma is our version of the result of Arkowitz and Lupton [1]:

LEMMA 5.2. Let X be a space in T with cat(X) =m and {F;; 0<i<m} be a categorical
sequence for X. Then there is a map p : F; — Fn/Fi_1 V Fy, in T with azes F; —
F,./F;_1 and the inclusion F; — F,,.

Proof. By the definition of a categorical sequence, the diagonal map A : F; — F;xF; C
F,,xF,, is compressible into F;_1 X F,, U F},, x* as F; L By xF,, UF,x% C FyxFp,.
Since F,,/F;_1 V F,, can be regarded as the pushout of the second projection pry :
F;_1xF,, — F,, and the canonical inclusion ¢ : F;_1xF,,, — F;_1xF,, U F,, X%, we have
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the following diagram:

F; 1 XF, “——s F;, (XF, UF,xx“—s F_xF,,

pr, PO Qi PO @/ x idp,

FnLCL) Fm/Fi—l\/Fm(—j) Fm/Fi—l XFm7

where qf" : F, — F;/F;,_1 C F,,,/F;_1 denotes the canonical collapsing map in 7. Let u
be the composition (LF’ ofi : F; — F;/F;_1V F,, so that jou is homotopic to (qfl X id g, JoA.
Thus p has axes qu7 : F; — F;/F;_y C F,,/F;_1 and the inclusion F; — F,.

From this one immediately deduces corollary 1.17 of the introduction.

6. Cup length and module weight for the relative L-S category. A computable
lower estimate in L-S category theory is given by the classical cup-length. Here we give
the definition for our new relative L-S category.

DEFINITION 6.1. For any two maps f : (L:A) C (X:A) and g : (K:A) — (X:A) in T4,
we define cup length for (g, f) = (X; K, L:A):

(1) Let h be a multiplicative generalized cohomology theory.

V{vg € W (X, L);v1, - ,0m € h*(X,A)}}

. = 1 >
cup(g, f; h) = Min {m_O ’ 9" (vov1- - vm) = 0 in B (K, A)

h is a multiplicative generalized }

) cup(g, ) = Max {cup(y, 31| 1 PO

Then we have cup(g, f; h) < cup(yg, f) < cat(g, f) for any multiplicative generalized
cohomology h. When h is the ordinary cohomology with a coefficient ring R, we denote
cup(g, f; h) by cup(g, f; R). This definition immediately implies the following.

REMARK 6.2. For (g, f) = (X; K, L:A), using the arguments in [16], we have cup(g, f) =
Min{m>0 | A" : K/A — X/L A \™ X/A is stably trivial}.

Let us recall that Rudyak [23] and Strom [26] introduced a homotopy theoretical
version of Fadell-Husseini’s category weight (see [6]). But unfortunately, we have not
been able to give a version of category weight for our new relative L-S category. In
this paper, we give instead a version of module weight which is a better computable
lower estimate for our relative L-S category than cup length: let f: (L:A) C (X:A) and
g:(K:A) — (X:A) be maps in 74 and let h be a generalized cohomology theory.

DEFINITION 6.3 ([16]). A homomorphism ¢ : h*(Y,L) — h*(K,A) of h,-modules is
called an (unstable) h-morphism if it preserves the action of any (unstable) cohomology
operation on h*.
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DEFINITION 6.4. An (unstable) module weight Mwgt(g, f; k) of (g, f) with respect to h
is defined as follows.
There is a (unstable) h-morphism ¢
Mwegt(g, f; h) = Min ¢ m>0 | h*(P™(Q(X, L)), L) — h*(K, A) such that
po(eX)* = g* : h*(X,L) — h*(K, A).
When h is the ordinary cohomology theory with coefficients in a ring R, we denote
Mwegt(g, f; h) by Mwgt(g, f; R).
REMARK 6.5. The invariants introduced in this paper satisfy the following inequality for
any generalised cohomology theory h*:
cup(g, f;h) <Mwgt(g, f; h) < cat(g, f) = catlen(g, f),

and hence for any ring R, we have

cup(g, f; R) <Mwgt(g, f; R) < cat(g, f) = catlen(g, f).

Similar to the above definition of cup(g, f), we define the following invariants.

DEFINITION 6.6. For any (g, f) = (X; K, L:A), we define

Mwet(g, f) = Max {mz()

Mwgt(g, f; h) = m for some generalized
cohomology theory h ’

REMARK 6.7. cup(g, f) < Mwgt(g, f) < cat(g, f) = catlen(g, f).

7. Examples of categorical sequences. In [3], Berstein and Hilton showed that the
L-S category of the cell complex Q(a) = S” U, 9™, a € 7,(S"), is determined by
the Hopf invariant Hq(a) € me41(S"xS",87VS™) (=2 me(Q(S™) * Q(S7)) by Ganea). We
can easily observe that Fy = %, F; = S™ and Fy = Q(a) give a cone decomposition of
Q(«) of length 2. If Hy(a) = 0, then by Theorem 1.15, we obtain that F] = Fy = x,
F| = Fy U, et = By, = Q(a) give a categorical sequence of length 1.

In [15], the author showed that the L-S category of total space E(3) = Q(8) Uy g
et B e 1, (ST, Y(B) € Terr(Q(B)) is determined by X"Hi(8) € myir(Q(ST) *
QQ(B)*(Q(B))), if H1(B) # 0. We can easily observe that Fy = x, F; = 5", F, = Q(
and F3 = E(8) give a cone decomposition of F(3) of length 3. If X" H;(«) = 0, then by
Theorem 1.15, we obtain that Fj = Fy = %, F{ = Fy = 5", Fj = Fy Uy et = F3 =
E(B) give a categorical sequence of length 2.

Let us denote by Z(*) the k-skeleton of a CW complex Z. To give an upper-bound
for L-S category of the total space of a fibre bundle F' — E — B, we need a refinement
of results of Varadarajan [28] and Hardie [11], and the corresponding result for strong
category of Ganea [9]:

THEOREM 7.1 ([28,11,9]). (1) cat(E)+1 < (cat(F)+1)-(cat(B)+1).
(2) Cat(E)+1 < (Cat(F)+1)-(Cat(B)+1).

In [18], Iwase-Mimura-Nishimoto gave a refinement in the case when the base space
B is non-simply connected. On the other hand in the case when B is simply connected,
Iwase-Kono [17] gave another refinement if the higher Hopf invariant of the characteristic
map is 0.
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By assuming the fibre F' is of categorical length m, we obtain a further refinement
using categorical sequence in place of cone decomposition:

THEOREM 7.2. Let B be a (d—1)-connected finite dimensional CW complex (d > 1),
whose cells are concentrated in dimensions 0,1,...,s mod d for some s, 0 < s < d—1.
Let F — X — B be a fibre bundle with fibre F whose structure group is a compact Lie
group G. Then we have cat(X) < m + [%], if F' has a categorical sequence of length
m with the following compatibility assumption for some d > 1:

(1) Ylgainep « GEETITD By — Fis compressible into Fiyj, 0 < i,j <
t+7 < m.

In [17], Kono and the author showed that there is a cone decomposition E;, 0 < i < 8
and E} of Spin(9) of length 9, while the L-S category of Spin(9) is 8 by a combination of a
higher Hopf invariant and the cone decomposition: we can easily see that the construction
in §1 in [17] gives the following proposition:

PROPOSITION 7.3. Let G — E — Y2V be a principal bundle with a characteristic map
a: XV — Q a subspace of G. Then catlen(E) < m+n+1 if G has a categorical sequence
x = Fy C - C Fp, ~ G with the following compatibility assumption for a positive integer
n:

(1) the restriction of the multiplication p : GXG — G to the subspace F;xQ C Fp, xFp,
~ GxG is compressible into Fj,, C F,, ~ G, j>0 as p;j : F;xQ — Fjq, such that
/‘lej—le = Hj-1-

REMARK 7.4. If we choose n = m, then the assumption (1) above is automatically

satisfied and we always have cat(E) < 2cat(G)+1 which is a special case of a theorem of
Hardie and Varadarajan [11, 28] (see Theorem 7.1 (1)).

Moreover, Lemma 1.1 in [17] implies that the higher Hopf invariant of the attaching
map of the top cell of Spin(9) must vanish, since the structure map of cat(Ej) = 8 can be
chosen to be compatible to the structure map of cat(Es) = 8 by the argument given in
the proof of Lemma 1.1 in [17]. Hence by Theorem 1.15, we obtain that E;, 0 < ¢ < 7 and
E} give the categorical sequence of length 8: we can easily see that the proof of Lemma
1.1 in [17] gives the following theorem:

PROPOSITION 7.5. Let G — E — Y2V be a principal bundle with a characteristic map
a: XV — Q a subspace of G. Then cat(E) < Max{m+n,m+2} if G has a categorical
sequence x = Fy C -+ C F,, ~ G with the following compatibility assumptions for a
positive integer n:

(1) the restriction of the multiplication i : GXG — G to the subspace F;xQ C Fp, xFy,
~ G'xG is compressible into Fji, C Fy, ~ G, j>0 as pj : F;xQ — Fji, such that
Nj|Fj,1xQ = pj—1 and

(2) HéE;QUQCEV,Q;*) (a) — O,

These propositions imply the following result.

THEOREM 7.6. Let G — E — Y2V be a principal bundle with a characteristic map
a: XV — Q, a subspace of G. Then cat(E) < Max{m+n+ cat(E; QU,CXV, Q; *), m+2}
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if G has a categorical sequence x = Fy C --- C Fp, ~ G with the following compatibility
assumption for a positive integer n > 1:

(1) the restriction of the multiplication p : GXG — G to the subspace F;xQ C F,,,xF,,

~ GxG is compressible into Fj, C F,, ~ G, 20 as pj : F;xQ — Fj4y, such that
il -ixq@ = pj-1-
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