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Abstract. We study Fourier multipliers resulting from martingale transforms of general Lévy
processes.

1. Introduction. For each bounded function M : R? — C there is a unique bounded
linear operator M on L?(R9) defined in terms of the Fourier transform as follows,

Mg = M. (1.1)

The operator norm of M on L*(R%) is | M| = ||M|/s. It has long been of interest
to study symbols M for which the Fourier multiplier M extends to a bounded linear
operator on LP(R%) for p € (1, 00). Fourier multipliers resulting from transforming jumps
of symmetric Lévy process have been recently obtained in [2]. By using Burkholder’s
inequalities for differentially subordinate continuous time martingales with jumps [7] in
the general form of Wang [23], we proved that their operator norms on LP(R%) do not
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exceed
1

f 1= { 71,—}. 1.2
P maxqp =1, (1.2)
For a broad discussion of Burkholder’s method and its many extensions and applications,
we refer the reader to [I]. In this note we adapt the methods of [2] to non-symmetric
Lévy processes. The resulting multipliers are given by (1.4) and Theorem [I.1] below. We
remark that for 4 = 0 and symmetric V' the result was proved in [2, Theorem 1]. The
present Theorem is a generalization, but the symbols ([1.4) are very similar to those
given in [2].
Consider a Borel measure V > 0 on R? such that V({0}) = 0 and
min(|z|%,1) V(dz) < oo (1.3)
Rd

(that is, a Lévy measure), a finite Borel measure ;> 0 on the unit sphere S in R?, and
Borel measurable complex-valued functions ¢ on R? and ¢ on S such that ||¢|| < 1 and
lelloo < 1. We define

_ Jpall — cos(§, 2)]6(2) V(dz) + 5 [5(€,0)*¢(0) p(db)
Jrall = cos(§,2)] V(dz) + 5 [5(&,0)? u(d0)

where we let M(§) = 0, if the denominator equals zero. Clearly, ||M|| < 1. Here and
for the rest of this paper, the pairing between vectors,

M(E) (1.4)

d
Em) = &, if&neR or CY, (1.5)
n=1

is without complex conjugation. We also let |[£]? = ZZ=1 €% = (&€). If the de-
nominator in (1.4) vanishes on a set of positive Lebesgue measure, then V' = 0 (see
[2, Section 3]), hence p =0 and M = 0.

THEOREM 1.1. If1 < p < oo and M is defined by and , then
IMglly < (* = Dlglly, g€ LPRY). (1.6)

In particular, letting V =0 in yields the symbol

_ 5(6.0)%0(0) u(db)

M , 1.7
&= L7 uian) 7
or
A

M©) = 5o, (18)

where A = [Ay i]k1=1,...d and B = [Bg ]k i=1,....a are given by
AkJ = 9k9l<p(9) ,u(d@), Bk,l = /9;991 /L(d@). (1.9)

S S

For instance, the approach yields the bound p* — 1 for the multiplier with the symbol
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—26:&/)€)?, via

0 -1 0 0
-1 0 0 --- 0

A= ) L s (1.10)
0 0o 0 --- 0

and B = I, the identity matrix ([4]). In this way we obtain 2R; Ra, a second order Riesz
transform multiplied by two, see Section [ It is known that the norm of the operator
actually equals p*—1 ([I0] Corollary 3.2]), and so the constant in cannot be improved
in general. Our method will also give the upper bound 2(p* — 1) for the norm of the
multiplier with the symbol (& — i&)?/[€]?, via

A[ b } and B =1, (1.11)
-t —1

see Section [2} In this connection we remark that [A&| = /2[¢| for ¢ € R? and |A¢] <
2|¢| for ¢ € C2. The multiplier is called the Beurling-Ahlfors transform, and its norm
is actually smaller than 2(p* — 1), see [I]. In particular, the celebrated conjecture of
T. Iwaniec asserts that the norm equals precisely p* — 1. There is some evidence, given
by Lemma below that our approach cannot improve the bound 2(p* — 1).

The paper is organized as follows. Section [2| has a didactic purpose. We namely con-
sider B =1 in . This case can be resolved by means of the standard It6 calculus for
the Brownian motion. This argument was first given in [4], and has since appeared in
many different places and settings, but we believe it is worth repeating here with notation
emphasizing analogies with Section [3] In this way we hope to make the rest of the paper
more readable for those less familiar with the stochastic calculus of Lévy processes. In
Section [3] we give the proof and a discussion of Theorem First of all, by using a
simple algebra we reduce the symbols to those of |2, Theorem 1]. This gives a proof
but not much insight, since [2] only concerns symmetric Lévy processes. Therefore in
the remainder of Section [3| we present stochastic calculus leading to the symbols .
Our main purpose is to explain why non-symmetry of the process is not reflected in the
symbol. For instance we will see in that the drift of the Lévy process does not
contribute to M. Examples and further discussion are given in Section [4]

Throughout the paper the considered functions, measures and sets in R? will be as-
sumed Borelian. For 1 < p < co we denote by LP? = LP(R?) the family of all the complex-
valued functions f on R? which have finite norm [|g||, = [ [za | f(2)[P dz] VP As usual, we
will identify functions equal almost everywhere. We also write || f||o = ess sup,cgal|f(z)|,
and we let C2° be the class of all smooth compactly supported numerical functions on R¢.
We recall that CS° is dense in LP for each p € [1,00). Our convention for the Fourier
transform will be

for = [ é€0f@ds, ¢ere
Rd
If p is a probability measure on R? and k € L', then Fubini’s theorem yields

/ k(x + y) p(dy) dx = /k;(m) dx. (1.12)
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2. Brownian martingales and Ité6 calculus. In this section we present a simple
approach to Fourier multipliers with symbols of the form . We will use the familiar
It6 calculus for the Brownian motion, for which we refer the reader to [I5], [16] or [17].
The main ideas will be similar to those in Section [§|below, but the calculations are shorter
and simpler. As already mentioned, we hope that this part of the paper will be easier
to read for those familiar with the basics of the Ité calculus but perhaps not as familiar
with the stochastic calculus of jump processes used in Section [3]

We let P and E be the probability and expectation for a Brownian motion (B, t > 0)
on R%. We will consider the filtration

Fi=0{Bs:0<s<t}, t>0,

and the Gaussian kernel

pie(x) = (2mt) "2 exp(—|z[>/2t), t>0, z € R (2.1)
It is well-known that p;(x) dz is the distribution of By for ¢ > 0, ps * pr = pPstt,
(€)= e M2 cerd, (22)
and that the heat equation holds for p;(x),
0 1
apt(x) = iApt(x). (2.3)

In what follows, f,g € O, 2 € R% and 0 <t < u < co. We let pg * f(2) = f(x), and we
have

Ef(z + By) = pt * f(z). (2.4)
We consider the following Brownian parabolic martingale,
Fy = Fi(z;u, f) = E(f(xz + Bu)|Ft) = pu—t * f(x + By). (2.5)

Regardless of ¢, the entire time interval [0, u] is involved in F;. Indeed, the “evolution” from
0 to t proceeds via the Brownian motion, while that from ¢ to u goes by its expectations.
In fact, the martingale equals an It6 integral plus a constant, as we verify by applying
Itoé formula and to the function (¢,y) — pu—: * f(z +y),

t a t
F, — F, :/ (Fpufv*f)(f-i-Bv)dU‘i‘/ Vpu—w * f(x + By) dB,
0 v 0

+ /Ot %Apu_v x f(x 4+ By)dv = /Ot Vpu—w * f(x + By)dB,. (2.6)
F' is bounded, hence square integrable. The quadratic variation of F is
R R =R+ [ 9pany s o BIP o (27)
Let A be a real or complex d x d matrix such that
|Az| <|z|, zeC% (2.8)

We consider the martingale

t
Gy = Gy(z;u,9,A) = / AVp,_y * g(x + B,) dB,,. (2.9)
0
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The quadratic variation of G is
t
G, G, = / |AVpy_, * g(z + B,)|? dv. (2.10)
0
By (2.7), (2.8) and (2.10), G = G(z;u, g, A) is differentially subordinate to H = F(x;u, g),

in the following sense introduced in [5]:

0<|[H,H]; - [G,G]; is non-decreasing in ¢. (2.11)
Let 1 < p < 0o and p* = max{p — 1, (p — 1)~'}. By [5, Theorem 2],
E|Gi(z;u,9,A)]P < (p* — 1)P E|Fi(x;u,g)P. (2.12)

Let t = u. We have F,(z;u, f) = f(z + X,). By and (L.12),
| ElGuming P do < o0 =17 [ BIPug)do = = 17llp (23
Let ¢ = p/(p — 1). By Hoélder’s inequality for P ® dz, and (L.12),
[ BlGu @i, ) f e+ Bu)ldo < " = 1Dl - (214)

Using polarization, (2.7 and (2.10) we obtain
EGU(:I:7 u, 9, A)Fu(xv U, f) = EGu(Fu - FO)

= E/ (AVpu_U *x g(x + By), Vpu—y * f(z + BU)) dv
0

- /Ou /]Rd (AVpu_U * g(x + 1Y), Vou_o * f(z + y)) Py (dy) do. (2.15)
In view of we consider
Mo )= [ BG(asu.g. AP (o, f) do
By , and the properties of the Fourier transform we obtain

Ao D)= [ [ (6Tpums = 4(). Vs fl0) e
— (20)d “ 520NN B v
—en [ [ s om©aef-odsd
=20 [ (1= e ) A el 0O F (- de
]Rd

The above use of Fubini’s theorem is justified since

/ / Pucs * V(@ + 9)] [Pu_s * VF(@ + )| po(dy) dv de
RrRd Jo R4
< |V | Valls < oo.

By (2.14) we have |A(g, f)| < (p* = D|\gllpllfllq- If f is fixed, then by the Riesz represen-
tation theorem there is a function h such that [|k|, < (p* — 1)||g||, for all p € (1,00), in
particular, h € L2, and

Ma.f) = [ ho)fa)da = m [ i) f-)de.

d
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Thus h = Mg, where M, is the Fourier multiplier with the symbol (1 — e’“|5|2) %.
We let u — oo. Let M be the Fourier multiplier with the symbol M (&) = (Ag, f)/|£|2. By
Plancherel’s theorem and bounded convergence of the symbols, M, g — Mg in L?. There
is a sequence u,, — oo such that M, g — Mg almost everywhere. Fatou’s lemma yields
Mygll, < (p* —1)||g|lp, and M extends uniquely to the whole of L? without increasing
the norm. We conclude that the Fourier multiplier with the symbol (Af ,f) /I€]? has the
norm at most p* — 1 on LP for 1 < p < oo, provided holds.

If A # 0 is a general square real or complex d X d matrix, then A/||A| satisfies
, hence the Fourier multiplier with the symbol (A&, €)/|€|? has the norm bounded
by ||Al|(p* — 1) on LP. Here ||A] is the (spectral) operator norm of A, induced by the
Euclidean norm on C?. On occasions, Vp,_, * g(z) will have a restricted range of values,
and then the inequality in needs only to hold in this range. In particular, the
Beurling-Ahlfors transform given by and has the norm at most 2(p* — 1)
when acting on complex-valued functions, and at most v/2(p* — 1) when restricted to
real-valued functions, see also Section [4

The above calculations of the symbol reflect the identity

(AL )/[E]2 = (AE.£) / " exp(—2fe[2/2) dr.

A semigroup interpretation of similar calculations is proposed in [2, (36) and (37)]. As
already mentioned in the Introduction, the symbols and their LP estimates are not
new. We refer the reader to [I] for a detailed discussion of further symbols that can be
obtained by transformations of more general It integrals, and for their applications.

3. Lévy-It6 calculus and Fourier multipliers

Proof of Theorem . We will first consider ¢ = 0 in ([1.4)), i.e. we will prove the theorem
for symbols of the form
JI1 —cos(§, 2)]p(2) V (dz)
J[1 —cos(&,2)|V(dz)
For A ¢ R? we let V(A) = [V(A) + V(—A4)]/2 (the symmetrization of V), V(A) =
[V(A)—V(—A)]/2 (the antisymmetric part of V). We also define ¢(2) = [¢(2)+¢(—2)]/2,
() = [¢(2) — ¢(—2)]/2 for z € Re. The function z +— cos(, z) is symmetric, hence
Jpall = cos(&,2)] V(d2) = [a[l — cos(&, 2)] V(dz). We note that
OV =(6+ AV +V)=(8V +6V) + (oV + V)
as measures, and so for every ¢ € R? we have
Jaa[L = cos(&,2)|6(2) V(dz) _ Jpall = cos(€,2)](6V + ¢V)(d2)
Jpall = cos(&, 2)] V(d2) Jpall — cos(€,2)] V(dz)
Since V+V = V > 0, we have that V = kV, with an antisymmetric real function
k such that |k| < 1. Thus, in the numerator of 1) we integrate against gb*‘v/, where
qu‘ :~¢ + ko = 2E(d + ¢) + 555 (¢ — ¢), a convex combination. If |¢| < 1 on R? the{l
|¢ £ ¢| < 1 on RZ By convexity we see that |¢*| < 1. Application of [2, Theorem 1] to V
and ¢* gives the LP estimate (|1.6)) for the Fourier multiplier with the symbol ([3.1)).

(3.1)

(3.2)
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We will now prove the general result. Consider M given by (1.4) and let € > 0. In
polar coordinates (r,60) € (0,00) x S we define the Lévy measure

ve(dr df) = 2 5. (dr) p(dh).

Here 4. is the probability measure concentrated on {e}. We consider the multiplier M.
on L? with the symbol M, defined by , where the Lévy measure V is replaced by
1{2j>e}V + v and the function ¢ is replaced by 1y.1530(2) + 1qzj=c30(2/|2]). We let
€ — 0 and note that

[1 — cos(&, eh)]

/]Rd[l _ COS(§, Z)](p(z/‘ZD I/a(dZ) = /S(§79)2<P(0) (5,69)2
— 5 [(€070(0) utao), (3:3)

therefore M. — M, where M is given by (1.4). Let 1 < p < co and g € L? N LP. By
Plancherel’s theorem and bounded pointwise convergence of the symbols, M.g — Mg

1(do)

in L? as ¢ — 0. There is a sequence &, — 0, such that M. g — Mg almost everywhere.
By Fatou’s lemma and the conclusion of the first part of the proof applied to M., we
have that | Mgll, < (p* = 1)l|gllp- =

In the remainder of this section we will show how the symbol in results from
transforming martingales related to non-symmetric Lévy processes. Our main purpose is
to elucidate as clearly as possible at which point the drift and asymmetry of the Lévy
measure disappear from the picture, so that only symmetric symbols obtain. The
phenomenon was quite a surprise to the authors and may be important in extending the
methods of this paper. We will closely follow the development of [2], but the presentation
is simpler than that in [2], and essentially self-contained. The reader may also consult
[15] or [17] for general information about the stochastic calculus of jump processes.

For a measure p, set A, function f, and point a, we define i(4) = u(—A), u(f) =
J F(@) ulda), (Fu)(A) = [, f@) plda), f2(x) = f(@+a), (w°(F) = [ f(o + a) pldw) =
n(fe).

Let v > 0 be an arbitrary finite nonzero measure on R? not charging the origin.
Let |v| = v(R?) and 7 = v/|v|. Let P and E be the probability and expectation for
a family of independent random variables 7; and Z;, ¢ = 1,2,..., where each T; is
exponentially distributed with ET; = 1/|v|, and each Z; has U as its distribution. We let
Si=Ti+...+T fori=1,2,....For 0 <t <oowelet Xy =) g o, Zi, Xoe =D 5 1 Zi
and AX; = X; — X;_. We note that N(B) = #{i : (S;,Z;) € B} is a Poisson random
measure on (0, 00) x R? with the intensity measure dv v(dz), and X; = [ _, 2 N'(dvdz) is
the Lévy-Ito decomposition of X; see [19]. Alternatively, we may consider A as the initial
datum, and then (S;, Z;) may be defined as the atoms of A/. The number of signals S; such
that S; <t equals N(t) = N((0,] x R?), a random variable with Poisson distribution of
parameter |v|t. We will consider the generic compound Poisson process with the drift,

XP = X; +th. (3.4)

Here b € R%. Tt is well-known that every Lévy process on R? can be obtained as a limit
of such processes. Again, we refer the reader to [19]. As we will see, the study of {X?}
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easily reduces to that of {X;}, or to the case of b = 0. For instance, our notation gives
Ef(X}) = Ef*(X,). (3.5)
LEMMA 3.1. If F:R x R? x R? — C is bounded and 0 < t < oo, then
E> F(S;, X5 _,X4) / / (0, X0 Xt 4+ 2)v(dz)dv. (3.6)
S, <t R4

Proof. By considering F*(v,x,y) = F(v,x + vb,y + vb) we may assume that b = 0 in
(3.6)). In this case the proof of |2 Lemma 1| applies (the symmetry of v was not used in
that proof). For clarity we note that N (t) is exponentially integrable, and so is the sum

in.l

In particular, for finite ¢ > 0 and bounded F we have

E Y [F(S;, X5 ,X5)—F(S;, X4 X5 )]
Si<t

= E/ / (v, X0, X)_+2)— F(o,Xb_, X)) v(dz) dv. (3.7)
]Rd
In what follows we will consider the filtration
Fi=0{X;:0<s<ty=0{XP:s5<t}, t>0.
For t > 0 we define

00
—tlv | *n *t(v—|v tn
pr =€ t‘ |Z El/ =e £( | ‘60) = Z n' (l/— |I/‘50) . (38)
n=0 "

n=0

The series converges in the norm of absolute variation of measures. Clearly,

Ept = (v — |v|do) * Pt , (3.9)

and ps * pp = ps4t for s,t > 0. By (3.8]), p; is the distribution of X; (as well as of X;_),
and the sides of (3.6) equal

/t/ / F(v,y + vb,y + vb+ 2z) v(dz) p,(dy) dv. (3.10)
0 JRrd JRd

Let
T(¢) :/ [/ —1] v(dz), €e€R% (3.11)
Rd
We directly verify that ¥ is bounded and continuous on R?, ¥(—¢) = ¥(¢), RY(E) =
Jgalcos(€, z) — 1] v(dz) (compare the denominator in (3.1)), and
PO = [ pldr) = VO, g e R, (312)
Rd

V¥ is the Lévy-Khinchine exponent and (3.12) is the Lévy-Khinchine formula for X. We
also consider the convolution semigroup

pg = (pt)tba t Z 07
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that is, p?(f) = p:(f**). We have

Ph(€) = / [ETE py(da) = HEDTHO, g e RY (3.13)
R
In what follows we let f,g € C°, 2 € R? and 0 < t < u < oo. We define
Flo(e) = Byla+X2) = [ gla+ ) shidy). (314)
R

This is the convolution with the reflection of p?, and we have

PYg(€) = 9(E)ph(~€) = §()e " ENHED, g e R, (3.15)
We denote P, = P?. By (3.14) we have P’g = P;(g*").

We define the following parabolic martingale
FY = F(wyu,f) = Py f (e + X7) = Pucf* (@ + X4) = Fy(asu, f*), (3.16)

where we write F; = F). By [2, Lemma 2] and (3.16), ¢ — F/ is indeed a (bounded)
{F;}-martingale. In fact, this is very simple because ¢t — X is piecewise constant, and
SO

Ft(x;ua be) - FO(Z'; u, fub) = Z [Pu—vfub(x + XSq) - PU—Ube(x + XSi—)]

S; <t

+ /Ot (%Pu_v) £z + X,_) dv.

The equality is a special case of Itd formula for the space-time process t — (u — t, X3),
see, e.g., [I5, Theorem I1.31], [9, p. 140]. By (3.9) and Lemma [3.1] the above expression
has zero expectation. Furthermore, for 0 < s < ¢ we consider

3 [Pucof(@+ Xs,) = Pucof(@ + Xs,2)] + / (%Pu_u)f(x X, )dv.

§<8; <t

For v > s we have X, = X + (X, — X;), where the two terms are independent, and the
process t — Y; = X5 — X, is compound Poisson. Integrating against the distribution
of Y, and using Lemma and we directly see that F; is a martingale.

Let ¢ : RY — C and [|¢]|cc < 1. We define G? = GY(x;u, g, ¢) as

S [Phsg(x+X8) - Pl gg(x+ X5 )]o(XE — X5 )
Si<t

- /0 /Rd [Pi_vg(a+ X +2) = Pl gz + X7 )]o(2) v(dz) dv. (3.17)

We let Gy = GY, and note that GY(z;u,g,¢) = Gi(z;u, 9", ¢). It now follows from
[2, Lemma 3 and Lemma 4], or a similar reasoning as above, that G? is an { F; }-martingale,
and E|G|P < oo for every p > 0. We also have

Ftb(x;u,f) = Fy(z;u, f*°) = Gy(z;u, f2,1) + Py (f*0) (). (3.18)
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Let n — co. Since G? is square integrable, by orthogonality of increments we have
2 " 2
b b b
E |Gt| = EZ ‘th/n = Gle—1)i/n
k=1

2 2
—EY  |Pl_gg(z+X8)—Pl_gg(z+ X5, )| |#(AXE,)
S <t

The convergence follows from the fact that the integral in (3.17) is Lipschitz continuous
in t. Hence the quadratic variation ([I5], [8]) of G® is

2
GG = 3 |Ph_g g+ X5) — Pbgg(z+ X% )| |o(AXs). (3.19)
Si<t

By (3.18)), the quadratic variation of F? is

[F*,F"), = |P)f(x |2+Z| _s S+ X8) = Po_s, f(z+ Xg,_)
Si<t

k (3.20)

Thus, G®(x;u,g,¢) is differentially subordinate to F°(x;u,g), compare (2.11). Let
1 <p<oo. We may use the result of Wang [23, Theorem 1] for general martingales
with jumps, to conclude that

E|G}(z;u,9,9)P < (0" — 1) E|FY (w;, g)\p- (3.21)
Let t = u. We have F°(z;u, f) = f(x + X2). Using (3.21) and we obtain
@m%@wmwmgwAﬂ@mmwmwm:w—wmm
By Holder’s inequality and ,
/Rd E|G}(z3u,9,0)f(x + Xy)| dz < (0" = Dllgllpllf]lq - (3.22)
By polarization, , and Lemma

EG; (z;u, g, ¢) o(@;u, ) = EGY[F, — P} f(x)]
=E Z —s5,9( + X§,) — Po_g,9(z + X§,_)]

Si<u

s [+ X)) = Pi_g, f(e+ X5, )] o(AXs,)
fE/ / b g+ X0 4 z) — P g(e+ X°)] (3.23)
X [Po_f(x+ X)_ +2) = Pl_, f(e+ X)_)]¢(2) v(dz) dv
/ /Rd/w w—og(T+y+2) = Pi_,g(z+y)]

x [P f(z+y+2)— Pl f(z+y)|d(2) v(dz) ph(dy) dv.

To justify applications of Fubini’s theorem in what follows, we note that ([1.12)) and the
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finiteness of v imply
/ / / / 1Py_pg(a +y+2) = Po_yg(z +y)|
R Rd JRd
‘ b flr+y+z)— P fx—l—y‘(b v(dz) p(dy) dv dx

< 4Hg\|ooH¢||oo|V|/0 1P, fllxdv < 4ullglloo|l fll2]v| < co. (3.24)
We consider

A(g,f):/RdEG (z;u; 9, 9)Fy(x;u, f) d.
Using (1.12), (3.23), Plancherel’s theorem and (3.15), we see that A(g, f) equals
/ L, [P sste +2) = PLg(@Phu o +2) = PLf@)o(:) de) do do
Rd
71' e i(€,2) 24 e (u—v)RT (&) o v )
e [* [ [ e 1k f-g o) vldz)dedv  (3.25)
=G [ f-oMe) de

where

Mu(f) _ fRd [COS(& Z) - 1]¢(Z) V(dz) [1 _ 62“%‘1'(5)} )
Jralcos(§, z) — 1] v(dz)

By (3.22) we have that [A(g, f)| < (p*—1)||gllpllf]l4- By the Riesz representation theorem

there is a function h € L? N LP such that ||k||, < (p* — 1)|g|lp, and

Ma.f) = [ ho)fa)ds = m [ i) f-o)de.

We conclude that the mapping g — h is a Fourier multiplier with the symbol M, and
its norm is at most p* — 1 on LP. If V is an arbitrary Lévy measure, then we consider
e > 0 and define v as the restriction of V' to {z : |z| > ¢}. We let u — o0 and € — 0, and
use Fatou’s lemma as in Section [2| and after , to obtain the symbol , and the
bound p* — 1 for general Lévy measures.

We note that the drift vector b and the asymmetry of the Lévy measure disappear

from our formulas in (3.25).

(3.26)

4. Further discussion and examples. We will comment on the relation between (|1.7)
and (|1.8). We first remark that the matrices A, B given by (1.9) are symmetric. We have

Af = /S 0(,0)p(0)u(6) and BE = /S 0(,0)u(0), € R (4.1)

A natural question arises: How to find such p and ¢ for given symmetric matrices A
and B? We will focus on B = I, the identity matrix.

LEMMA 4.1. If A is a complex symmetric d x d matriz, and |A¢| < €] for &€ € RY, then
a finite measure p > 0 and a function ¢ on S exist such that ||¢||s < 2,

/S@,e)?u(de):(s,f) and  (AE,€) = /S(s,efso(e)u(de), ¢ e R

If RA and SA commute, then we may select ||pllee < 1.
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Proof. We emphasize that A is symmetric but not necessarily Hermitian. Assume first
that A is normal, that is A and A commute. Then they have common eigenvectors
ar € R4, and so Aay = Apay, where Ay € C, and || <1 for k=1,...,d. For £ € RY,

d
Z(évak)2 = |§|27
k=1
and
d d
(Af,g) = (Z(&aak)AakaZ gaak ak) Z)\k §7ak
k=1 k=1

We may now choose y = 22:1 da,, and p(ag) = A, so that ||p]|ec < 1. Here §, is the
Dirac measure at a.

If RA and iSA do not commute then we may consider each of them separately as in
the first part of the proof. We may add the respective measures u, and pu. We see that
the resulting ¢ is bounded by 1, but we only obtain a representation of (A¢,€)/[2(&, )]
This ends the proof. =

For instance, we consider A given by (|1.10). Since A is real, and A(&1,&2,&3,...,&,) =
(=&2,-£1,0,...,0), by Lemma and Theorem we see that the multiplier with the
symbol 2§1£Q/|§|2 is bounded on L” for all p € (17 00), and its norm is not greater than
p* — 1. The operator is the composition 2R; Ry, where R; is a Riesz transform the first
order, i.e. the Fourier multiplier with the symbol i¢;/|¢|. Here i = /=1, £ € R? and
j=1,...,n. As noted in the Introduction, the norm of 2Ry Ry actually equals p* —1 ([10}
Corollary 3.2]).

If |A¢] < cl¢| for € € C?, then Section [2] gives the norm bound c¢(p* — 1) for the mul-
tiplier with the symbol (A£,€)/|¢|?, whereas Lemma in general only gives 2¢(p* — 1).
This is disconcerting, but in the following important special case the gap disappears.

We will consider the Beurling-Ahlfors operator. It is the singular integral on the
complex plane C (identified with R?), defined for smooth compactly supported functions
g as follows,

Byg(z) = —%p.v. /C (nguiz)z dm(w), zeC. (4.2)
Here m is the planar Lebesgue measure. It is well known that B is a Fourier multiplier

with the symbol
=2

M(g) = 5y = e-2ioee, (43)
¢l
where £ = (&1,&) € R? is identified with & + i€ € C. For a detailed discussion of B,
its numerous connections and applications in analysis, partial differential equations and
quasiconformal mappings, we refer to [1] and the many references given there.

The above symbol M is precisely the one given by and (L.11). We have ||A]| = 2,
see the Introduction. Lemma[4.1]and Theorem [1.1] yield the norm bound 4(p* — 1) for B
on LP. However, a detailed inspection shows that p uniform on {1,i,e!™/4 e=""/4}, and
¢ such that ¢(1 ) =2, p(i) = =2, p(e™/*) = —2i, p(e~"/*) = 2i, give a more efficient
representation (L.7) of (4.3), and so || B|| < 2(p* —1). The bound was first obtained in [22]
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by using certain Bellman function constructed from Burkholder’s discrete martingale
inequalities. The Itd calculus approach was presented in [4] to get the bound, as in our
Section 2| The best bound to date for the operator norm of B on L” is given in [3]. We
refer the reader to [I] for further references, and a thorough discussion of the celebrated
conjecture of T. Iwaniec, asserting that ||B|| = p* — 1.

As it stands, our approach seems to be unable to improve the bound 2(p* — 1) for
(4.3). This is indicated by the following fact, which should be compared with (L.7]).

LEMMA 4.2. If ¢ and nonzero >0 on S C R? are such that

/ (6,0)20(0) ju(df) = =218 / (6,00 n(do), €€ R, (4.4)
S S
then [|¢||loo > 2.

Proof. We can assume that ¢ is bounded. We put ¢t = arg¢, s = arg 6, and identify ¢(6)
and p(df) with ¢(s) and p(ds), correspondingly. We have
(€,0)? = cos*(t — s) = %(cos(Q(t —5)+1) = % + 362”6_2“ + 36_2”62“,
and hence the left-hand side of is
3 [ eentds) + 32 [ Hopuas) + e [ o) uds),

2 Js s s

However, the right-hand side equals
1 : 1 . 1 . )
*672” /u(ds) 4z /67215 ,u(ds) 4 *674“/6223 ‘LL(dS)
2 s 4 Js 4 s

In particular,

which is impossible if ||¢|lcc < 2. =

Let p(ds) = ds. In view of the above proof, ¢(s) = e** with integer k # —2,0,2,
yields the zero symbol. If ¢(s) = e*2¥* then we arrive at e*2''8¢ /2 in particular we
obtain an elegant representation of .

Let V be the Lévy measure of a non-zero symmetric a-stable Lévy process in R,
with a € (0,2). In polar coordinates we have (see, e.g., [19], [6])

V(drdf) =r='"*dro(df), r>0,0cS, (4.5)
where the so-called spectral measure ¢ is finite and non-zero on S. Let ¢ be complex-
valued on S and such that [¢(0)] < 1, 8 € S. Let ¢(2) = ¢(z/|z|) for z # 0, and
ca = [y (1 —coss)s~'~*ds. By a change of variable,

/R 1 cos(6, 2)9(z) V(dz) = /§ /0 1 — cos(&, r0)]6(r0)r—"—% dr o (df)
—c, /S (€,0)]* 2 (0) o(d6). (4.6)
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Theorem yields a multiplier bounded in L? by p* — 1, with the symbol
J5 (& 0)|" ¢ (0) a(dO)
Js1(8, )" o(db)

In particular, for j = 1,...,d, we obtain

B 131
MO =+ T

These are Marcinkiewicz-type multipliers, as in [20, p. 110].

M(¢) = (4.7)

£=(&,...,&) e RL (4.8)

In the next example we will specialize to R2. Let o be the Lebesgue measure on the
circle, and ¢(f) = e"2**¢% as in the comment following Lemma Let ¢ € R? and
t = arg&. In view of (4.6)), the numerator of the symbol is

27

27
cal€l" [ feos(t = s)[" e ds = calgl” e [ feosl" e o
0

0
) 27
=co [€|” 6_2”/ |cos v|* cos(2v) dv.
0

For a,b > —1 we have

/2 1 1 b+1y 10(<EHr
/ sin“vcosbvdvzgl?(a—'_ ) ki )Z* (
0

ST
2 2 ) 2 (¢

) )

)
athi?

see, e.g., [13} Chapter I|. Therefore

2m 2m
/ lcos(v)| cos(2v) dv = / lcos(v)[* (2cos2v — 1) du
0 0
a+3 1 a+1l1 2a a+1 1
—4B(22 2 — 9B 2) = B -
(52) (5 2) = (5 a)
where we used the identity T'(x 4+ 1) = zT'(x). Since

27 1 1
/0 fcos(u)|” dv = 28(* 21, 7)),

we obtain the symbol
@

M — —2jargé )
&) =—"5¢
For az — 2 we recover the bound 2(p* — 1) for the Beurling-Ahlfors transform.
We will consider more general Lévy measures in R? of product form in polar coordi-
nates,

V(drdf) = p(dr)o(df), r>0,0¢€S. (4.9)

Here o is finite on S and fooo r?2 A1 p(dr) < co. An interesting class of such measures are
the so-called tempered stable Lévy processes ([I8], [21]). The following example is on the
borderline of the tempered stable processes. Let
dr
dr)y=e¢ " —.
pldr) =e™"—

In view of the calculations following (4.5 we have
co) 97

h —cos(&,r r) = - — coszle T/ &
/0[1 (&.rm)] pldr) /0“ |

xT
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The Laplace transform of (1 — cosz)/x equals 0.5In(1 4+ s=2). Theorem yields a
multiplier bounded in L? by p* — 1, with the symbol

JsIn[1 + (&, 6)~2](0) o (dO)

M) = , 4.10
©) =TTl ©.0) 7 o(@) (4.10)
provided |¢| < 1 on S. For instance, for j = 1,...,d, we obtain
In(1+¢&2
M(€) = mOFG) e (4.11)

In(1+&72)+...+In(1+£,?)

We conclude with a few general remarks. It is well known that stochastic calculus can
be used to obtain non-symmetric Fourier symbols by composing the Brownian motion
with harmonic functions, thus by harmonic rather than parabolic martingales. This goes
back to the pioneering paper of Gundy and Varopoulos [IT] for Riesz transform, and
we again refer the reader to the survey paper [I] for further discussion. We also note
that McConnell studied in [I4] extensions of the Hérmander multiplier theorem. He used
the Cauchy process composed with harmonic functions on the upper half-space in R4+1,
This may be considered a special case of our parabolic martingales, see [14, Lemma 2.1].
However, the Cauchy process is obtained by optional stopping of the (d + 1)-dimensional
Brownian motion on the half-space, and so [14] is more related to the work of Gundy and
Varopoulos [1I] than to the parabolic martingales of Bafiuelos and Méndez-Hernandez [4].

It is interesting if the bound for ¢ in the conclusion of Lemma may be improved
for general complex symmetric matrices A. In this connection we also note that if x>0

and [|¢||oc <1 (on S), then by (1)),
(6.6 = [(€0PeO) u(d) and (B = [ (€07 udo)., e’
We thus see that B is nonnegative definite, and

(AL, €)] < (BE,E), ¢ eR% (4.12)

Of course, (2.8]) implies (4.12)) for B = I, but the relationship between (4.12) and the
conclusion of Lemma [£.1] calls for further study.

If Lévy measures satisfy v; < vg, then

Jgall = cos(&, 2)] vi(dz)
Jua[ 1 — cos(€, 2)] v2(d2)
defines an LP multiplier with the norm not exceeding p* —1. This follows from Theorem[1.]]
with V = vs, ¢ = dv1/dvs and p = 0. The observation may be used to study inclusions
between anisotropic Sobolev spaces ([12]).

M(§) = (4.13)

Surprisingly, non-symmetric Lévy processes did not bring about non-symmetric sym-
bols here. We owe to Mateusz Kwasnicki yet another explanation of this phenomenon,
using time reversal of Lévy processes (private communication). Our present discussion
leaves wide open the problem of modifying the jumps of Lévy processes in such a way as
to obtain non-symmetric multipliers.

An interesting problem, indirectly touched upon by Lemma[£.1] is the following: Can
we handle a class of Fourier multipliers on LP by specifying the denominator and some
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boundedness and differentiability properties of the ratio (1.4)), so to recover bounded ¢
and ¢ from these?
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