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Abstract. The main meaning of the common extension for two linear operators is the following:
given two vector subspaces G1 and G2 in a vector space (respectively an ordered vector space)
E, a Dedekind complete ordered vector space F' and two (positive) linear operators 71 : G1 — F,
T> : G2 — F, when does a (positive) linear common extension L of T1, T exist?

First, L will be defined on span(G1 U G2). In other results, formulated in the line of the
Hahn—Banach extension theorem, the common extension L will be defined on the whole space FE,
by requiring the majorization of 71, T> by a (monotone) sublinear operator. Note that our first
Hahn-Banach common extension results were proved by using two results formulated in the line
of the Mazur—Orlicz theorem. Actually, for the first of these last mentioned results, we extend the
name common extension to the case when E is without order structure, instead of Gy, G2 there
are some arbitrary nonempty sets, instead of T3, T> there are two arbitrary maps fi, f2, and,
in addition, we are given two more maps g1 : G1 — F, g2 : G2 — FE and a sublinear operator
S : E — F. In this case we ask: When is it possible to obtain a linear operator L : £ — F,
dominated by S and related to the maps f1, f2, g1, g2 by some inequalities?

To extend positive linear operators between ordered vector spaces, some authors (Z. Lipecki,
R. Cristescu and myself) have used a procedure which includes the introduction of an additional
set and a corresponding map. Inspired by this technique, in this paper we also solve some common
positive extensions problems by using an additional set.

1. Preliminaries. In this paper the terminology, the notation and some mentioned
results are classical for the theory of the ordered vector spaces and linear operators (see,
for example [1], [2] and [I1]); X, and X will be real vector spaces, Fy and E will be
ordered vector spaces and, generally, F' will be a Dedekind complete ordered vector space
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(that is, every nonempty ordered bounded set in F' has a supremum or, equivalently, an
infimum).

For the main meaning of the common extension problem we consider two vector sub-
spaces (or sets) G, Go in Ey, E = span(G1 U G3) and two linear operators (or arbitrary
maps) 71 : G; — F, Ty : G3 — F and we are interested to give (necessary and) sufficient
conditions for the existence of a (positive) linear operator L : E — F such that L ex-
tends Ty and Ty, that is L(vy) = T1(v1) and L(ve) = Ta(vg) for all v; € Gy and vy € Gs.
Obviously, a necessary condition for this is that the operators 77 and T, are consistent
(in the terminology introduced in [9]) that is, 73 = T on G1 N Ga.

Such results, for the case of linear functionals, appeared in [I2] and [9]. The importance
of this problem appears, for example, in [9], [I4], [I5], [16] and [13].

The primary result in this sense is the following:

THEOREM 1.1. Let Xy and Y be two vector spaces, Gy and Go two vector subspaces of
Xo, X =span(G1 UG2) and T; : G; — Y, j € {1,2}, two linear operators. Then, the
following are equivalent:

(i) There exists L: X —Y, a common linear extension of Th, Ts.
(ll) If v1 +vo =0, with v1 € Gy, v € Gg, then T1(U1) + TQ(’UQ) =0.
(111) T1 = T2 on G1 N GQ.
Note that, for the proof of (ii) = (i), we define L : X — Y by L(vy + vg) = T1(v1) +
Ty (v9) for all v; € G and vo € G5 and, according to (ii), it follows that L is well-defined.
For a finite family (7});eq1,... n} of linear operators, Theorem becomes:

THEOREM 1.2. Let Xo and Y be two vector spaces, (Gj)jeq1,...ny @ family of vector
subspaces of Xog and T; : G; — Y, j € {1,...,n} a family of linear operators. Then, the
following are equivalent:

(i) There exists L : span(G1U...UG,,) — Y, a common linear extension of Ty, ..., Ty.
(if) Ifvi +va+ ...+ v, =0, then T1(v1) + To(ve) + ... + Ty (vy) = 0, where v; € G,
for each j € {1,...,n}.
(iii) For each two sets N1, No so that Ny N No = @ and N7 U No = {1,...,n},
o Te(vk) = > Tj(vy) if >, ve= ). vj, wherev; € G; forie {1,...,n}.
k

kEN, JEN2 ENy JEN2
It is easy to prove that (iii) from Theorem [1.2]is equivalent to the following condition:
(iii") Forany k € {2,3,...,n}, Ty =T1+To+...+Tr—1 on GyNspan(G1 U...UGk_1),
that is Ty (vg) = Ti(v1)+Ta(ve) + ...+ Tk—1(vg—1) for any vy = v1 +va+. ..+ vg_1,
where v; € G, j € {1,...,k}.
The following result is a version of Theorem in the ordered vector spaces setting,
all the linear operators which appear being positive.

THEOREM 1.3. Let Ey be an ordered vector space and let F be a Dedekind complete
ordered vector space. Let also G1, G4 be two vector subspaces of Ey and let Ty : G; — F,
Ty : Go — F be two positive linear operators. Let us consider the following statements,
where E = span(Gy U Gs):

(i) There exists L : E — F, a positive common linear extension of Ty and Ty;
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(i1) If v1 + v2 <0, where v1 € G1,v2 € Ga, then Ty (vy) + Ta(va)
(i) If v1 + vy > 0, where v1 € G1,v2 € Ga, then Ty (v1) + T2(v2)
(iv) If v1 +v2 = 0, where v1 € G1,v2 € Ga, then Ty (v1) + Ta(ve)
(V) T1 = T2 on G1 ﬂGQ.

Then, we have: (i) < (i) & (iii) = (iv) & (v).

0;
0;
0

b

IV IA

The proof of Theorem is immediate. Also, the corresponding result which gener-
alizes this theorem for a family (7});e(1,...,n} of positive linear operators can easily be
formulated.

2. Common extensions in the line of Mazur—Orlicz and Hahn—Banach theo-
rems. In the following result having as a consequence the Mazur—Orlicz theorem (see
Corollary below), we meet another meaning for the common extension problem. We
will consider two nonempty sets A;, As, four maps g1 : A1 — X, g2 : Ay — X,
fi: Al —» F, fo : Ay — F and a sublinear operator S : X — F such that all these
maps satisfy an inequality which implies that f; < Sog; and fo < S o go. Then we
can extend simultaneously these inequalities, obtaining the existence of a linear operator
L: E — F dominated by S and such that f; < Log; and fo < Lo gs.

Actually, this result will be applied to obtain a common extension (for two positive
linear operators) in the main meaning considered in this paper and in the line of the
Hahn-Banach theorem.

THEOREM 2.1. Let X be a vector space, F' a Dedekind complete ordered vector space, Ay
and Ay two nonempty arbitrary sets, S : X — F a sublinear operator, and g; : A; — X
and f; : A;j — F, j € {1,2}, four maps. Then, the following are equivalent:

(i) There exists L : X — F a linear operator such that
a) L<S onX, and
b) fi <Logi on Ay and fo < Lo gy on As.

(ii) The inequality

S Nl + 3 wifaoa) < 8(D Ngnon) + 3 myge))  (21)

holds for allm, m € N*, {a11,...,a1n,} C A1, A1 >20,...,\, >0, {as1,...,a2m} C
AQ, M1 20,7[1471 20
Proof. First, we remark that we can suppose that m = n, taking \,41 =--- = A\, =0,
if n < m, respectively pm41 == pp, =0, if m < n.
Obviously, (i) = (ii). Indeed, using successively (i) b), the linearity of L from (i) and
(i) a), we obtain

Z Aifi(a1i) + Zujfz(azj) <D NilLogi)(an) + Y (Lo g2)(az;)

i=1 =1

= L(Zj: Aigi(a1q) + Zﬁ:ujg2(a2j)) < S(i Xigi(ay;) + zi: /,ngg(azj)>,
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To prove that (ii) implies (i), we use the technique of the auziliary sublinear operator,
and apply the existence form of the Hahn—Banach theorem (“For every sublinear operator
Sy : X — F there exists a linear operator Ly : X — F such that L1 < S; on X.”). For
every € X, put S1(x) the infimum of the set

{S(w + i Aigi(aq;) + i MiQQ(GZi)) - i Aifi(ars) — i Nif2(a2i)}7
i=1 =1 i=1 i=1

where the infimum is taken over all finite subsets {ai1,...,a1n} C A1, {ao1,...,a2,} C
Ao, {1, .-, A} CRy, {1, .., un} C Ry and n € N*. Note that S7(x) exists because,
using condition (ii) and the sublinearity of S, we have

Z Aifi(as) + Z i fa(az;) < S(Z Aigi(a1s) + Z MiQQ(GQi))
i=1 i=1 i=1 i=1

< S(:E +D digi(an) + ZMiQQ(am)) + S(—x).

i=1 i=1
Hence

—S(—z) < S(ff + Z)\igl(au) + Zﬂigz(azi)> - ZAifl(ali) - Z,uifz(am).
i—1 i1 i—1 i—1

This inequality holds in the Dedekind complete ordered vector space F'.

It is straightforward to prove that .S; is a sublinear operator. Then, using the existence
form of the Hahn—Banach theorem ([II], p. 44), there exists a linear operator L : X — F
such that

L(z) < S1(z), zeX. (2.2)

Using the definition of S; we remark that
Si(z) < S(z), zelX. (2.3)
(2.2) and (2.3) imply (i) a), that is L(z) < S(z) for all z € X.
Now we prove (i) b), that is, for example, that
fi<Log; on Aj. (2.4)
But, for every a; € A, we have
L(=g1(a1)) < S1(=g1(a1)) < S(=g1(ar) + g1(ar)) — fi(a1) = — fi(a1)
and by using the linearity of L, we obtain (2.4). m
REMARK 2.2. We can easily extend Theorem for any p sets A,..., A, and 2p maps
gi: A — X, fi : Ay = F,ie€{l,...,p}, instead of Ay, As and g1, g2, f1, fo

COROLLARY 2.3 (The vectorial form of the Mazur—Orlicz theorem [10]). Let X be a
vector space, F a Dedekind complete ordered vector space and S : X — F a sublinear
operator. Let A be an arbitrary nonempty set, and f: A — F and g : A — X two maps.
The following conditions are equivalent:

(i) There exists a linear operator L : E — F with the properties

a) L<SonX,andb) f<LogonA.
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(ii) The inequality
S Aif(as) < 5(3" Niglar))
i=1 i=1
holds for all finite subsets {ai,...,an} C A and {\1,...,\n} CR,.
Proof. Put in Theorem[1.2] A1 = A4, A, ={0}C X, g1=9, fi=f.92=0, f>=0. m
The following result is the version of Theorem for ordered vector spaces.

THEOREM 2.4. Let E be an ordered vector space, F' a Dedekind complete ordered vector
space, and K1, Ko two nonempty convex sets, and S : E — F a monotone sublinear
operator. For each i € {1,2}, let P; : K; — E be a convex operator and Q; : K; — F a
concave operator. Then, the following conditions are equivalent:

(i) There exists a positive linear operator L : E — F such that
a) L<S on E, and
b) @1 < LoP; on Ky and Q2 < Lo P on Ks.
(ii) The inequality
AQ1(a1) + pQ2(az) < S(APi(a1) + pPa(az)) (2.5)
holds for all a1 € Ky, as € Ko, A >0 and p > 0.

Proof. First we remark that inequality (2.5) is equivalent to inequality (2.1) from Theo-
rem [2.1] Indeed, it is obvious that (2.1) implies (2.5), if we put in (2.1) m =n = 2, and
A; = KZ, g = P, and f; = Q;, i € {1,2}. To prove the converse, if ai1,...,a1, € Ki,
A21y.-esO2p € Koy A1 >0, ...y Ay >0, 1 >0, ..., up > 0, we can suppose that
A= M~+...+ A, >0and p:=pu1+ ...+ pu, > 0. Let o = % and G; = %,foreach
i€ {1,...,n}. It follows that a1 + ...+ a, =1, 1 + ...+ B, = 1 and hence, using that
Py, Py are convex operators and @1, Q2 are concave operators, we obtain:

P, (z”: aiali) Z%Pl (a15), P> (Z 51(122) < iﬂipﬂam),
i=1 =1
and

Q1 (z": aia1i> Z%Q1 a1i), Q@2 (Z ﬁza'Qz) > iﬂin(am)
i=1 i=1

Then, using (2.5) and the condltlon that S is a monotone operator we have:

Z_zn; \iQ1 () + i 1Qs(a;) = AZZH‘T % Q1(ans) + 1 zn; % Qs(as)
=X 2; Q1 (i) + Q; BiQa(az) < AQ (2; i) + Qs (z; Braz
<SS n) w3 00)
S(A(i aiPi(a1)) + u(é BiPa(az0)) )

IN
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Moreover, to prove (ii) = (i), we use that any linear operator L : E — F dominated by
a monotone and positive homogeneous operator S : E — F is a positive operator (see,
for example [4], Remark 2.3). m

COROLLARY 2.5 (Mazur—Orlicz theorem for ordered vector spaces, see [4], Theorem 2.4).
Let E be an ordered vector space, F' a Dedekind complete ordered vector space and S :
E — F a monotone sublinear operator. Let K be a nonempty convex set, P: K — E a
convex operator, and QQ : K — F a concave operator. Then the following conditions are
equivalent:

(i) There exists a positive linear operator L : E — F with the properties:
a) L< S onE,and b) Q< LoP onK.
(ii) The inequality Q < S o P holds on K.

Now we remember two vectorial forms of the Hahn—-Banach extension theorem, for
cases in which the domain space is an arbitrary vector space, respectively an ordered
vector space.

THEOREM 2.6. Let X be a vector space, F' a Dedekind complete ordered vector space,
and S : X — F a sublinear operator. Let G be a vector subspace of X and T : G — F a
linear operator. The following conditions are equivalent:

(i) There exists a linear operator L : X — F with the properties
a) L< S onX,and b) L=T on G.
(i) T < S on G.

THEOREM 2.7. Let E be an ordered vector space, F' a Dedekind complete ordered vector
space and S : E — F a monotone sublinear operator. Let G be a vector subspace of E
and T : G — F a positive linear operator. Then, the following are equivalent:

(i) There exists a positive linear operator L : E — F such that
a) L<SonE,and b) L=T onG.
(i) T < S on G.

Remark that Corollary (the Mazur—Orlicz theorem) is a generalization of Theorem
(the vectorial form of the Hahn—Banach extension theorem).

The following common extension result will be formulated in the line of the Hahn—
Banach extension theorem with a vector space as the domain space (see Theorem [2.6)).

THEOREM 2.8. Let X be a vector space, F' a Dedekind complete ordered vector space,
and S : X — F a sublinear operator. Let Gy and Go be two vector subspaces of X and
Ty : Gy — F, Ty : Gy — F two linear operators. The following conditions are equivalent:

(i) There exists a linear operator L : X — F with the properties:
a) L<S on X, and
b) L:Tl OTLGl, L:T2 OTLGQ.
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(ii) The following inequality holds for all v1 € G1 and va € G,
Tl(Ul) + TQ(’UQ) < S(Ul + ’Ug). (26)

Proof. Obviously, (i) implies (ii). To prove the converse we can apply Theorem for
A; = Gy, fi = T; and g; = the inclusion of G; in X, for each ¢ € {1,2}. We obtain a linear
operator L : X — F such that L < S on X and T; < L on Gy, for i € {1,2}. Actually,
we have even T; = L on G, that is L is an extension of T;, because T; < L on G;, and T;
and L are linear. (Indeed, if, for example v; € Gy, we have: T7(—v1) < L(—wv;) and hence
—Ti(v1) < —L(vy). It follows that L(vy) < Ty(v1) < L(v1)). Therefore L is a common
extension of T, Ts. m

Note that inequality (2.6) implies that
1) Ty < Son Gy and Tr < S on G.
2) T1 = T2 on G1 ﬂGQ.

Indeed, to prove 2), let v € G; N Gy and put in (2.6) v1 = v and vy = —v. Then
Ty (v) + Ta(—v) < S(0) = 0 and hence Ti(v) < Ty(v); similarly, To(v) < Ti(v) and
therefore 17 (v) = Ta(v).

The following common extension result will be formulated in the line of the Hahn—
Banach extension theorem with an ordered vector space as the domain space (see Theo-

rem [2.7).

THEOREM 2.9. Let E be an ordered vector space, F' a Dedekind complete ordered vector
space and S : E — F a monotone sublinear operator. Let G1 and Go be two wector
subspaces of X and Ty : G1 — F, Ty : Go — F two positive linear operators. Then, the
following are equivalent:

(i) There exists a positive linear operator L : E — F such that
a) L<S onE,
b) L=T) on G1, L =T5 on Gs.
(ii) T1(v1) + Ta(v2) < S(v1 +v2), for all vy € Gy and vy € Ga.
Proof. We apply Theorem .
The following result is a consequence of Theorem [2.9]

COROLLARY 2.10. Let E, F, Gy, Gy and Ty, T be like in the previous theorem. Then,
the following are equivalent:

(i) There exists a positive linear operator L : E — F such that L = Ty on Gy and
L =T, on Gs.
(ii) There exists a monotone sublinear operator S : E — F such that
T1(v1) + To(v2) < S(v1 + v2)
for all v € G1 and vo € Gs.

In the following result, which is a consequence of Corollary [2.10] the condition that
the sublinear operator S is monotone is dropped.



306 R.-M. DANET

THEOREM 2.11. Let E be an ordered vector space, F' a Dedekind complete ordered vector
space and G1, Go two vector subspaces of E. Let also Ty : Gy — F and Ty : Go — F be
two positive linear operators. Then, the following are equivalent:

(i) There exists a positive linear operator L : E — F such that L = Ty on Gy and
L= T2 on GQ.
(ii) There exists S : E — F a sublinear operator such that

v1 +vg <v=Ti(v1) 4+ Ta(vz) < S(v) (2.7)
where v1 € G1, v € G and v € E.

Proof. (i) = (ii). We put S = L and use that L is a positive linear common extension

of Ty and Ty. We have v; +ve < v = L(v1) + L(vz) < L(v) = T1(v1) + Ta(v2) < S(v).
(ii) = (i). Conversely, let S : E — F be a sublinear operator satisfying (2.7). We apply

the technique of the auxiliary sublinear operator, defining Sy : E — F by the formula

Si(v) = inf{S(w) | w € E,w > v}, for each v € E.

This infimum exists in F, because the set {S(w) | w € E, w > v} is minorized in F
by —S(—v). Indeed, we have for v; = vy = 0, and v > 0: 0 = T1(0) + T2(0) < S(u) =
Sw+u—v) < Sw—+u)+S(—v), hence —S(—v) < S(v+u), for all u > 0, or, equivalently,
—S(—v) < S(w), for all w € E, w > v.

Obviously S; < S on E. In addition the operator S; has the following properties:

1) S is sublinear,
2) S is monotone,
3) Tl(vl) + TQ(UQ) < 51(1}1 + Ug) for all v1 € G4, v2 € Gs.

Now, we can apply Corollary [2.10} (ii) = (i), for Sy instead of S, obtaining a positive
common linear extension of 77 and T5. m

REMARK 2.12. Many results of this paper, including Theorem [2.9] can easily be gener-
alized in the line of the Maharam theorem (1972).

THEOREM 2.13 (Maharam theorem). Let E be a vector lattice with an order unit e € E4
and (Gs)sen a family of subspaces of E such that e € span( U G(;). Let also F be a
sen

€
Dedekind complete ordered vector space and let {Ts : Gs — F | 6 € A} be a family of
positive linear operators. Then, the following conditions are equivalent:

(i) There exists T : E — F a positive linear extension of the family (Ts)sea (that is,
T(x) =Ts(x) for all 6 € A and x € Gs).
(ii) The inequality 0 < Ts(vs) holds for every family (vs)sea € P((Gs)), satisfying
0< > vs, where ®((Gs)sca) is the collection of all families {vs € Gs | 6 € A}
dEA
such that vs # 0 for at most finitely many § € A.
This theorem was originally proved by D. Maharam in [9] (see also [13], Theorem 6.3).
The following result (see [4], Theorem 5.4) is an easy generalization of Theorem
because if the ordered vector space E has an order unit e > 0 and G C F is a vector
subspace so that e € G, then G is a majorizing subspace of E.
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THEOREM 2.14. Let E be an ordered vector space and let (Gs)sca be a family of subspaces
of E, such that there exists at least one which is majorizing, say Gs,. Let F' be a Dedekind
complete ordered vector space and let {Ts : Gs — F | § € A} be a family of positive linear
operators. Then the following conditions are equivalent:

(i) The family {Ts : Gs — F | § € A} has a positive common linear extension

T:E—F.
(ii) The implication Y, vs > 0 = > Ts(vs) > 0 holds for every family (vs)sen €
[JS7AN JeA
((Gs)sen)-

REMARK 2.15. If we generalize Corollary in the line of the Maharam theorem, we
obtain Theorem [2.14] and hence Theorem too, as consequences. To prove this it
suffices to prove that Corollary implies the version of Theorem for A = {1,2}.
For this aim it is necessary to prove that (ii’) = (ii) if at least one of the subspaces Gy,
Ga, say (1, is majorizing, where (ii) and (ii’) are the following statements:

(ii) There exists a monotone sublinear operator S such that
Ty (v1) + To(ve) < S(vy + v2)

for all v € G1 and vs € Gs.
(it") If v1 +va <0, then Ty (vy) + Ta(v2) < 0 for all vy € Gy and vy € Gs.

Suppose that (ii’) is valid. Let us define T : span(G1 U G2) — F by the equality
T(’Ul —+ UQ) = Tl(vl) —+ TQ(’UQ)

for all v € G1 and vy € Go.

The operator T has the following properties: 1) T' is well-defined, according to (ii’);
2) T is linear; 3) T is positive.

Because we supposed that GG; is a majorizing subspace, it follows that the subspace
G = span(G1 U G3) is majorizing, too. Define S : E — F, S(z) = T(z), for all x € E,
(that is S(x) = inf{T'(2) | z € G, z > z}). It is known that S is a monotone sublinear
operator and 7' < S on E. We have: Ty (v1) + Ta(v2) = T'(v1 + v2) < S(v1 + v2) for all
v1 € G1 and ve € G, that is, (ii) is valid.

3. Common positive extensions using an additional set. In the following result we
will give a sufficient condition for the existence of a positive linear operator L satisfying
the converse inequalities of Theorem [2.1|i) b). This condition is an implication between
two inequalities and next we will simplify the form of the left and respectively of the
right member of these inequalities. Note that, instead of majorization of L by a sublinear
operator S, we will assume the existence of an additional set M and of two maps h :
M — FE and r : M — F, obtaining that Lo h <r on M.

THEOREM 3.1. Let Ey be an ordered vector space, F' a Dedekind complete ordered vector
space, and let Ay, Ay and M be arbitrary nonempty sets. Let also g; : A; — Ey, fj:
A - F,je{l,2} and h: M — (Ey)y, r : M — F be arbitrary maps, and E =
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span(gi (A1) U g2(A2) UR(M)) C Ey. Suppose that
D igi(an) + Y Biga(az) <D h(z
i=1 i=1 i=1
:>Zoé1f1 (a14) +Zﬂ1f2 (a2i) Z?"(Zi)7
i=1

i=1
where n € N*, and a1; € A1, ag; € Ag, z; € M, a; €R, 8; € R, for each i € {1,...,n}.
Then, there exists a positive linear operator L : E — F such that
a) Logy < fi on Ay, Logy < fy on Ay,
b) Loh <7 on M.
Proof. Step 1. Remark that condition (3.1) is equivalent to the following condition:

n

> cugn(an) + 3 Bigalaz) < D- Aih(z)

=Y aifi(an) + Y Bifa(az) < Z ) (32)
i=1 =1

3

where n € N*, and ay; € Ay, a9 € As, z; € M, o; € R, B; € R, A\; > 0, for each
ie{l,...,n}.
Obviously, (3.2) = (3.1). To prove that (3.1) = (3.2), we analyze three cases:

Case 1. Suppose that Ay € N*, ... A, € N*. We define the elements (yl))‘1+ HAne M
as follows:

Y1=... =Y\, = 21
YA = = Y, = 22
Yoot An 141 = o = YAyt A, = 2

Weset m=XA +...+ X\, € N* = m >n because \; > 1 for all i € {1,...,n}. Now, we
have:

m

Zazgl alz + Z@gg agl < Zh yZ
SR Zaifl(au) + Zﬁifg(agi) < Zr(yl) = Z Air ().
i=1 =1 i=1 i=1

Case 2. Assume that A\; € Q4, for all i € {1,...,n}. Let us suppose that \; = %,
where p; € N and ¢; € N* for all i € {1,...,n}. Denote by ¢ the least common multiple
of q1,...,qn. It follows that for all i € {1,...,n} there exist k; € N such that ¢ = k;q;. If

Zazgl alz +Z/6192 a27, SZ ):szTklh
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then
> qaigi(an) + Y aBigalaz) < pikih(z)
i=1 i=1 =1

Case 1 - - .
=0 qeifi(an) + Y aBifalan) <Y pikir(z)
i=1 i=1 i=1

= Zalfl ah + Zﬁlfg QQZ < %T(Zl) = Z /\17'(21)
- i=1 i=1 * i=1
Case 3. Suppose that \; € R+, for all i € {1,...,n}. We apply Case 2 and use that

F' is Archimedean.
Step 2. We will prove that there exists a monotone sublinear operator S : F — F
such that
Sogi < fron Ay, Sogo < foon Az, and Soh <r on M.

Define S : E — F by the formula
= inf{z aifi(an) + Y Bifalaz) + Y Nir(z) ‘
i=1 i=1 i=1

v <Y aigi(an) + Y Bigalazi) + Y Aihl(zi), n € N, and ay; € Ay, ag € Ay,
i=1 i=1 i=1

%€M, o; €R, Bi €R, AiEOforallie{l,...,n}}

for each = € E. (Remember that E = span(g; (A1) U g2(A2) Uh(M)) C Ey.)
First we will prove that the above infimum exists in F. Let

ILTICHED BLCHEDBEAICH
i=1 =1 j=1
<Y aigi(an) + Y Bigalas) + > Nih(z),
i—1 i—1 i—1

where ay; € Ay, ay; € Az, 27 € M, o € R, B € R, \; € R, j € {1,...,m} are fixed
and ay; € Ay, a9 € Ao, 2z € M, o, € R, B, e Ry \; > 0,4 € {1,...,n} are arbitrary.
Obviously, we can suppose that m = n. Then we can write:

> _afgilaty) + Y Biga(as;) = Y ajgi(as;) 2@92 (a2;)
j=1 j=1 j=1 j=1
< Z Ah(z;) = > Nih(2)).
j=1 j=1

Since (3.2) holds, —\; < || for each j € {1,...,n} and h takes positive values, we
obtain the inequality:

n

D fia)+> B falab) =Y e filary) =Y By falazy) Z r(z)+ Y INjIr (=),
Jj=1 Jj=1 j=1 j=1 j j=1
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and hence,

ZOZ f1 CLU +Zﬂ f2 CLQJ Z|)\/|T’ < Z(Jé]fl aij +Zﬂjf2 CLQJ Z)\jr(zj).
Jj=1 Jj=1 Jj=1

Jj=1

So, the set appearing in the definition of S(x) is minorized in F' and hence there exists
its infimum (denoted by S(x)).

It is straightforward to prove that S is sublinear and monotone. Moreover we have:

1) Sog; < fj on A;, for each j € {1,2}. (Indeed, for example, for j = 1 and a; € A4,
we have g1(a1) =1-g1(a1)+0-g2(az) +0-h(z), with some az € Ay and z € M, it follows
that S(g1(a1)) <1- fi(a1) +0- fa(az) +0-7(z).)

2) Soh <ron M. (Indeed, if z € M, then for some a; € A; and as € Ay, we have
h(z) = 0-g1(a1)4+0-g2(az)+1-h(z) and hence S(h(z)) < 0-f1(a1)+0-fa(az)+1-r(z) = r(2).)

Step 3. Now we will prove the existence of a positive linear operator L : E — F' such
that

a) Log; < f;j on Aj for each j € {1,2}, and
b) Loh <ron M.

We apply Step 2 and the existence form of the Hahn—Banach theorem. Also, we apply
the remark mentioned at the end of the proof of Theorem .

Now we will simplify successively the form of the left members in the inequalities
which appear in (3.1).

THEOREM 3.2. Let Ey be an ordered vector space, F' a Dedekind complete ordered vector
space, and let Gy, Gy be two ordered vector spaces and M a nonempty set. Let also h :
M — (Ey)+ andr : M — F be two maps, P; : Gj — Ey linear operators andT; : G; — F
positive linear operators, where j € {1,2}. Let E = span(P;(G1) U P2(G2) Uh(M)) C Ey.
Then, the following conditions are equivalent:
(i) There exists a positive linear operator L : E — F such that
a) LoP; =T; on G; forj e {1,2}, and
b) Loh <71 on M.
(ii) The following implication holds

P ('Ul +P2 'UQ < Z Zl = T1 ”U1 +T2 ’Ug ZT (33)
i=1 i=1
where n € N*, v1 € G, vo € G2 and z; € M, for alli € {1,...,n}.

Proof. (i) = (ii) is immediate. Indeed, if P;(v1) 4+ Pa(v2) < > h(%), then, because L is
i=1
a positive linear operator, we have
L(Py(v1) + Pa(v2)) < Y L(h(2:)) G 7 (01) + To(wa) < > r(z).
i=1 i=1

(i) = (i) is a consequence of Theorem Indeed, let us prove that, for example,
Lo P, =T, on Gy. If vy € Gy, then, because Lo P; < Tj on G; we have L(P(—v1)) <
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Ty (—v1) and since L, P; and T} are linear, it follows that —L(P;(v1)) < —T1(v1), that is
LOP1 ZTI onGl. L]

We remark that the form of the left-hand side in the inequalities appearing in (3.3) can
be still simplified, if G; and G5 are two vector subspaces of the ordered vector space Ey.

THEOREM 3.3. Let Ey be an ordered vector space, F' a Dedekind complete ordered vector
space, and let G1, Go be two ordered vector subspaces of Ey and M an arbitrary set. Let
also h : M — (Ey)4, and r : M — F be two maps, and Ty : Gy — F, Ty : Gy — F
two positive linear operators. Let E = span(Gy U G2 Uh(M)) C Ey. Then, the following
conditions are equivalent:

(i) There exists a common positive linear extension L of Th, Ty to the space E (that is
L =T; on Gy, for j € {1,2}) such that Loh <r on M.
(ii) The following implication holds

n

V1 + vy < zn: h(ZZ) = Tl(vl) + TQ(UQ) < ZT(Zi), (34)

i=1 i=1

forn e N*, vy € Gy, v2 € Go and z; € M, for each i € {1,...,n}.
Proof. Apply Theorem for P; = i;, the inclusion of G; in Ey for j € {1,2}. =

A new step to simplify the right members of the inequalities that arise in (3.4) is to
choose M an arbitrary subset of (Ep)+ and to take h = 4, the inclusion of M in Ej.

THEOREM 3.4. Let Ey be an ordered vector space, F' a Dedekind complete ordered vector
space, and let G1, G be two ordered vector subspaces of Ey and M an arbitrary subset of
(Eo)+. Let alsor : M — F be a map, and Th : Gy — F, Ty : Go — F two positive linear
operators. Denote by E the vector space span(G1 U Ga U M) C Ey. Then the following
statements are equivalent:

(i) There exists a common positive linear extension L of Ty, Ts to the space E such
that L <1 on M.
(ii) The following implication holds

v+ g < izi = T1(v1) + Ta(v2) < ir(zi% (3.5)

i=1 i=1
where n € N*, v1 € G1, v € Gy and z; € M, for each i € {1,...,n}.

REMARK 3.5.

1) Note that this theorem generalizes a result formulated without proof in [5], and
applied in [6]; for the proof, see Theorem 1, p. 63 in [7]. Also, Theorem generalizes
Theorem 6.4 in [4]. This result is the consequence of our Theorem obtained taking
G2 = {0} and T3 = 0 (the null operator on Gs).

2) If, additionally, the cone (Ey)4 in Theorem [3.4]is generating and M = (Ep)., then
FE = E;y and thus Theorem gives the existence of a common extension of 77, T5 to
the whole Ej.

3) We have also F = Ej if Ey has a positive algebraic basis, chosen instead of M.
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Note that we can also simplify the form of the right-hand side in the inequalities
appearing in condition (ii) in all previous theorems of this section. It suffices to choose
as M a nonempty set closed under addition (in an arbitrary ordered vector space E; for
Theorem and Theorem and to assume that the maps —h and r are subadditive.
So, for example (3.1) becomes

D aigi(an) + Y Bigalan) < h(z) = Y aifilan) + > Bifalaz) < r(2),
i=1 i=1

i=1 i=1
forn e N*, z € M, and a1; € Ay, ag; € Ag, a; €R, B; € R, for each i € {1,...,n}. Also,
(3.5) becomes: v1 +vy < z = T1(v1) +Ta(v2) < 7(z), where v1 € Gy, v2 € Gy and z € M.

REMARK 3.6. As consequences of the results included in this section, we obtain respec-
tively Theorems 6.1, 6.2, 6.3 and 6.4 from [4].

4. Other common positive linear extensions using an additional set. The fol-
lowing common extension result is in the line of a result of R. Cristescu, concerning the
extension of a positive linear operator. This result by R. Cristescu generalizes a result
obtained by Z. Lipecki (see Corollary below) for the extension of a positive linear
operator defined on a majorizing vector subspace of an ordered vector space. Note that
in the following theorem, F', the range of the operators is an ordered vector space, not
necessary Dedekind complete.

THEOREM 4.1. Let Ey and F be two ordered vector spaces, G1, and Gy be two vector
subspaces of Ey and M C FEy a nonempty set. Let also Ty : Gy — F, Ty : Gy — F
be positive linear operators and P : Ey — F a monotone sublinear operator such that
P=T, on Gy and P =T on Gy. Let E = span(G1 UGy U M) and suppose that

P(Zn: z) - zn:P(zi) (4.1)

wheren € N* and z1,...,2, € M.
Then, there exists a positive linear operator L : E — F' such that
a) L=T, on G1, L =T5 on Ga, and
b) L=P on M.

Proof. Define L : E — F by the following equality:

L(U1 +va+ Y aizi) = Ti(v1) + Ta(va) + Y i P(2:),
i=1

i=1
where n € N*, v; € Gy, v € Gy and 2z; € M, o; € R, for all i € {1,...,n}. We intend
to prove that L is well-defined. First, we will prove that (4.1) = (4.2), where (4.2) is the

following statement:
P(Z )\z) =3 \P(z) (4.2)
i=1 i=1

with n € N* z; € M, \; € Ry, for all i« € {1,...,n} (actually the statements (4.1)
and (4.2) are equivalent). Of course, it suffices to prove the inequality “>”" in (4.2). Fix
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A€ Ry with \; < A, for all ¢ € {1,...,n}. Then, the subadditivity of P, the property
of P to be positive homogeneous together with our assumption (4.1) yield:

(Zmz) >P(>\Zzl) - (Zl (A= \)z )
i=1 1=1

i=1
Next we show that

v+ vo + Z Nizi > 00— Tl(Ul) + TQ(UQ) + Z Azp(zz) >0 (43)

i=1 i=1
ifvy € Gi,vo € Go, A1, .., A ER, 21,000, 2, EM.Indeed,putI:{l <i1<n | Ai ZO},
and J ={1 <j<n|\; <0} We have

v1+v2+2/\zl>z zj,
i€l jedJ

and hence, by the monotonicity of P, it follows that

P(’Ul + v + Z /\izi) Z P(Z(_/\J)Z])

icl jeJ

Now, we will use again the subadditivity of P and the equalities P =T} on G1, P =T

Ty(vn) + To(va) + P(D nizi) 2 P(D2(-29)%).

iel jeJ

on G, obtaining

According to (4.2) we have

Ti(v1) + To(va) + > AiP(2:) 2 ) (=) P(2),
iel jed

and hence

Tl(’l}l) + TQ(’UQ) + i AZP(Zz) Z 0.

Now we will prove that L is well-defined. Let
m
vy +U/2+ZOQZ =] + vl +Zﬁj
i=1

where v}, v/ € G1, v}, v§ € Go, m,n € N*, 2z € M, a; € Rfor all i € {1,...,m}, and
zi € M, 3; € Rfor all j € {1,...,n}. Then

(v/l_vll) _U2 +Zazz+z /8j - 7
so, according to (4.3),

Ty (vy — oY) + To(vy — vl —|—2:ozZ —|—Z > 0.

= j=1
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It follows that

T(v1)+T21)2+Zal ) = Ty (v}) + Ta (v} +Zﬂj

i=1
:>L(v’1+vé+2aiz§) (111—1—7)2—1—25] )
i=1

that is L is well-defined. It is straightforward to prove that L is a linear operator. By
(4.3) it follows that L is positive, too.

Clearly, L extends T} and T5. (Indeed, for example, taking v; € G1, v =0 € G4 and
z € M we can write v1 = v1 + 04 0 z and therefore L(v1) = T(v1) + T2(0) + 0 - P(z),
that is L = Ty on G;.) Also, obviously, L =P on M. =

REMARK 4.2. The conditions of Theorem determine L uniquely. Suppose by contra-
diction that there exists Ly : span(G; U Go U M) — F such that: a) L; is positive and
linear; b) Ly =Ty on Gy, Ly = T3 on Ga; ¢) Ly = P on M. Then we have

n n
Ly <U1 + vg + Z@izi) = Li(v1) + L1(v2) + ZaiLl(Zi)
i=1

=1

= TI(UI) + TQ(’UQ) + ZazP(zl) = L(’Ul + vg + Zaizi),
i=1 i=1

and so Ly = L.

Taking in Theorem[L.1|G1 = G, Ty = T and G2 = {0} C Ey, Tz : G2 — F, T»(0) = 0,
and F = span(GU M), we obtain a result of R. Cristescu (see [3]). This result generalizes
a theorem of Z. Lipecki (see [§]). Actually this Lipecki’s result is a consequence of our
Theorem [4.1} Remember that a vector subspace G of an ordered vector space Ej is called
a majorizing subspace if for each x € Ep, there exists v € G such that z < v (or,
equivalently, there exists u € G such that u < x).

Also, if G is a majorizing vector subspace of Ey, F' a Dedekind complete ordered
vector space, and T : G — F is a positive linear operator, the operator T : E — F (well-)
defined by T(z) = inf{T'(v) | v € G, v > x}, x € Ey is monotone and sublinear. Also
T=TonG,andif L: Ey — F is a positive linear operator which extends T, then L < T
on Ejy.

COROLLARY 4.3 ([8]). Let Ey be an ordered vector space, F' a Dedekind complete ordered
vector space, G a magjorizing vector subspace of Ey, M C Ey a nonempty set and T :
G — F a positive linear operator. Then, the following are equivalent:

(i) T extends to a (unique) positive linear operator L : E — F such that L =T on M;

(i) T(Z i) = Z T(z:), where n € N*, and z1,...,2, € M.
=1

Proof. (ii) = (i) follows from Theorem
Conversely, if L : E — F is a positive linear extension of T such that L = T on M,
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we have, for n € N*, and z1,...,2, € M,
S T(z) =S Liz) = L(
i=1 i=1

— n — —
Hence, according to the subadditivity of T', we have > T'(z;) =T (Y 2;). =
i=1 i=1
The following common positive linear extension result is a consequence of Theorem
formulated in the line of Corollary

COROLLARY 4.4. Let Ey be an ordered vector space, F' a Dedekind complete ordered
vector space, G1 and Gy be two vector subspaces of Ey, one of them, say G1, majorizing,
and M a nonempty subset of Ey. Let Ty : Gy — F and Ty : Go — F be two positive linear
operators such that Ty = Ty on Gy. Let E = span(Gy U Gy U M). Then the following
statements are equivalent:

n

L) <T(3 ).

1 =1

=

K2

(i) There exists a positive linear operator Ly : By — F such that
a) L=T, on G1, L =T5 on Ga, and
b) L=T; on M.
(i) T
Proof. (ii) = (i) is obviously, according to Theorem applied for P =T}.
(i) = (ii) can be proved like in Corollary by putting 7} instead of T". m

The following result is a consequence of Theorem for the case when the set M C Ej
is closed under addition.

M=

no__
zz) = > T(z;), where n € N*, and z1,...,2, € M.
i=1 i=1

COROLLARY 4.5. Let Ey and F be two ordered vector spaces, G1 and Go be two vector
subspaces of Ey, and M a nonempty subset of Ey, closed under addition. Let P : Eg — F
be a monotone sublinear operator, and Ty : Gy — F, Ty : Gy — F two positive linear
operators such that P =Ty on Gy and P = Ty on Gy. Let E = span(Gy U G2 U M).
Then, the following are equivalent:
(i) There exists a positive linear operator L : E — F such that
a) L=T; on Gy, L =T, on Ga, and
b) L=P on M.
(ii) P is additive on M.
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