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Abstract. We show the general and precise conditions on the functions and modulus of conti-
nuity as well as on the entries of matrices generated the summability means and give the rates
of approximation of functions from the generalized integral Lipschitz classes by double matrix
means of their Fourier series. Consequently, we give some results on norm approximation. Thus
we essentially extend and improve our earlier results [Acta Comment. Univ. Tartu. Math. 13
(2009), 11-24] and the result of S. Lal [Appl. Math. Comput. 209 (2009), 346-350].

1. Introduction. Let L? (1 < p < 00) [p = o0] be the class of all 27-periodic real-valued
functions (integrable in the Lebesgue sense with p-th power) [essentially bounded] over
Q = [—m, 7] with the norm

(fQ |f(1)]P dt) Y7 Shen 1 <p < oo,
esssupyeq [ f(t)]  when p = o0

L= 1O llze = { (1.1)

and consider the trigonometric Fourier series
Sf(x) = #+Z(ay(f)cosz/erb,,(f)sinz/x) (1.2)
v=1

with the partial sums Sy f.
Let A := (an) and B := (b, k) be infinite lower triangular matrices of real numbers
such that
Gn > 0and b, >0 when k£=0,1,2,...n,
ap; =0and b, =0 when k> n, (1.3)
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n

Za””“ =1 and an,k =1, where n=0,1,2,..., (1.4)
k=0 k=0
and let, for m =0,1,2,...,n,

= zm:amk and A, , = En: G (1.5)
k=m

k=0

Bn,m = ibn,k and En,m = i bn,k-
k=0 k=m

Let the AB-transformation of (Sk f) be given by

Toanf(z E:E:brwbﬁf ) (n=0,1,2,...). (1.6)

r=0 k=0
As a measure of approximation by the above quantity we use the generalized modulus
of continuity of f in the space LP defined for § > 0 by the formula
waf(d)pe := sup {’sin%‘ﬁﬂgo.(t)ﬂm}, (1.7)
0<|t[<6
where
wr(t) = flx+1t)+ flx —t) — 2f(x).

It is clear that for 8 > a >0

wpf(0)rr < waf(0)Lr,
and it is easily seen that wof(-)rr = wf(-)rs is the classical modulus of smoothness.
The deviation T}, 4,pf — f with the lower triangular infinite matrix B, defined by
bp,r = n%rl for r =0,1,2,...,n and b,, = 0 for »r > n, and with the lower triangular
infinite matrix A, defined by a, = pr,k/zzzo py for k=0,1,2,...,r and a,; = 0 for
k > r, was estimated by S. Lal [I, Theorem 2] as follows:

THEOREM A. If f belongs to
P P " plain Z 7P
Lhw) = S € 2P wf@)ug = sw { [ leul)

Sin —
0<[t|<6

mf”<w@}

where w s such that
w

1)

is a decreasing function of t,

w(t)
t
w/(n+1) tea(t)] o 1/p_ .
{/0 ( 90 ) sin® tdt} ,O((nJrl) 1)’ (1.8)

w(t)
and

w(t)

{/;nﬂ)(w)psmﬂptdt}lm =0(n+1)) (0<vy<?i), (1.9)

uniformly in x, then

Hn+1z Zpu kSRS — fH _O((n+1)5+1/1’w( +1)) (1.10)

where P, = ' py wzth nonnegative and nonincreasing sequence (py).
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Since condition (1.8) used in the estimate of fow/(nﬂ) (from the proof of Theorem 2 [I]

of S. Lal) leads us to the divergent integral of the form foﬂ/("ﬂ) +—(14+8)/(1=1/p) 4t under
the assumption 5 > 0, therefore, instead of this condition, we shall take the following

| {/ ﬂ/(nﬂ)('¢x(t)')psmﬂptdt}l/p = 0x((n+1)71/7). (L11)
0

w(t)
In the proof of Theorem 2 in [1] sin £ should be used instead of sint.
In our theorems we will consider the pointwise deviation

Thasf(z)— f(z)

with the mean T, 4 g f introduced at the beginning. We will formulate general and precise

conditions on the functions and the modulus of continuity as well as on the entries of the
matrices A and B and give the rates of approximation of functions from the generalized
integral Lipschitz classes by our double matrix means of their Fourier series. Consequently,
we give some results on norm approximation. Thus we essentially extend and improve
our earlier results (see [2]) and the result of S. Lal [I].

We shall write Iy < I if there exists a positive constant K, sometimes depending on
some parameters, such that Iy < K.

2. Statement of the results. Let us consider a function w of modulus of continuity
type on the interval [0, 27], i.e. a nondecreasing continuous function having the following
properties: w(0) = 0, w(dy + d2) < w(d1) + w(d2) for any 0 < §; < Jy < §; + 02 < 27, Tt
is easy to conclude that the function §~*w(d) is a quasi-nonincreasing function of §. Let,
for such an w,
LP(w)s = {f € L7 s wp (010 < w(O)}.
It is clear that, for 8 > o > 0,
LP(w)q C LP(w)g .
Now, we can formulate our main results on the degrees of pointwise summability.

THEOREM 1. Let f € LP(w)g with 0 < <1 — %, and let w satisfy

T/n | 1/p
LlDfE(ﬁ)l L Bp t } -2/
sin”? — dt =0;((n+1)7%?), when 1< p < oo,
{/ﬂ/(nﬂ)( w(t) ) 2 ( )

. . (2.1)
ess sup [P () sin® ’ = 0,(1), when p = o0
seln/(nt1),7/n]| W(2) 2
and
w/(n+1) t t 1/p
{/ <|<pm<i))|)psinﬁp2dt} :Om((n+1)71/”), when 1 < p < oo,
0 w
(2.2)
t t
ess sup M sin® ‘ = 0,(1), when p = oco.
tefor/(nt1))| W(t) 2
If the entries of our matrices satisfy the conditions
1
bn.n —_— 2.3
"€ — (2.3
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and )
|bn,r@r,r—l - bn,r+1ar+1,r+1—l| < ﬁ fO?” 0<I<r<n-1, (24)
then
| To,a,5f(x) = f(z)] = O, ibm — i(s +1)%w(-2)
e = ’ T+15:0 s+1

and,inthecaseo<ﬂ<1—%

Tn,a,8f(x) — f(2)] = O, ((n + 1)5w( j_ 1) [(n +1)F ibn,s(s + 1)6—1})7

n
s=0
for x under consideration.

THEOREM 2. Let f € LP(w)g with0 < <1 — %, and let w satisfy (2.2)) and

T la® et Y
2 = e ), 1 ’
{/7r/<n+1>(“w(t)) s 5 dt Ou((n+1)7), when1<p< oo

(2.5)
ess sup [ () sin® t‘ =0,((n+1)7), when p = oo,
teln/(nt1),m| tTw(t) 2
with a nonnegatwe v such that B —y <1— = If the entries of our matrices satisfy the

conditions (| and ., then
Tna.8f(x) = f(2)|

Oz({(nJrl)W:LZ;an,”ail;( <sil)(5+1)ﬁ 7+1/p> }
{Hﬂq 12@( s+ 1)ﬁv+1/p>q}1/q)

and, in the case 0 < 3 — 'y<1—7
Th.a.f(x) = f(z)]
— B+1/p ™ —-(B—)q (B-7)g—1 e
Ox<(n+1) w(n+l){(n+1 Zb (r 4 1)( } ,

for x under consideration, where q =

1/q

p

p—1"
If the entries of the matrix B are as in Theorem A then we can formulate the above
theorem in the following simpler form.

THEOREM 3. Let f € LP(w)g with 0 < <1 — %, and let w satisfy (2.1) and (2.2)). If
the entries of the matrix A satisfy the condition

1
|a7,,r_l — ar+177~+1_l| < m fOT 0 S l S T, (26)
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then

’Tn,A,(l/(nJrl))f(m)_f(x)’:Ow( ! Z ! (s+1)5w( il ))
and,for0<ﬁ<1—%

T, 4,1/ (1)) f(2) = f(2)| = Og ((n + 1)Bw<ni 1)),

for x under consideration.

THEOREM 4. Let f € LP(w)g with 0 < <1 — %, and let w satisfy (2.2)) and (2.5) with
a nonnegative y such that § —~v <1 — %. If the entries of the matriz A satisfy condition

, then

T, 4,1/ (1)) f () = f(2)]

Of({ (n+ 1) 1ZT+1§( () S+1)ﬁ7+1/;ﬂ)q}1/q>a

1
D’

T, 4,1/ (a1 f () = flz)] = ( n+ Umup”(mi 1))

whereq:ﬁ and, in the case 0 < f—vy <1 —

for x under consideration.

COROLLARY 1. Under the assumptions of Theorem on a function f, if (p,) is a non-
increasing sequence such that

P, Z P;1=0(r) foranyt >0, (2.7)

then from Theorem [d] we obtain the corrected form of the result of S. Lal.

REMARK 1. We note that in the proof of the mentioned theorem of S. Lal [I] the condition
PTZP;1 =0(n+1) forany >0,

is used, which holds for every nonnegative sequences (py). Instead (2.7) should be used.

Consequently, we reformulate the results on the LP estimate of the norm of the devi-
ation considered above.

THEOREM 5 Let fell(wpg withd0<pg<1— %, If the entries of our matrices satisfy

conditions and ., then
Tn . = bnri ]-ﬂ ( T )
T C) = FOll (Z +1Z<s+ P
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and,f0r0<ﬁ<1—%,

[Tn,a,8f() = fO)llLr = Oy <(n + 1)*%)(%_’_1) [(n +1)t5 Zn:bn,s(s + 1)&1})_
s=0

THEOREM 6. Let f € LP(w)g with0 < <1 — %. If the entries of the matriz A satisfy

condition , then
I - 1 ¢ s
Toniosmn SO = £0ls =07 32 g Slo+ () )

and, in the caseO<ﬂ<1—%,

| T, 4,1 s ) = FO| Lo = O((n + 1)%}(#)).

REMARK 2. In the case if p > 1 (specially if p = 1) we can suppose that the expression

t~Pw(t) is nondecreasing in ¢ instead of the assumption 3 < 1 — 1%'

REMARK 3. Under the additional assumptions 8 = 0 and w(t) = O(t%*) (0 < a < 1), the
degree of approximation is O(n~?) in Theorem [3| and O(n'/P~) in Theorem

REMARK 4. If we consider the modulus of continuity wf(9) Ly then our theorems are

true under the assumption that f € Lj)(w) and with the following norm

(Jo lF ()P [sin £]™ dt)'? when 1< p < oo,
eSSSUPteQ{‘f(t)HSiD%W} when p = oo.

1l = 1Ol = {

3. Proofs of the results. We begin this section with some notation following A. Zyg-
mund [3]. It is clear that

1 s
Sif(x) = — | fz +1)Dk(t) dt
and
1 s n T
Toapflx)=— flx+1) Z Z by @y i Dis(£) dit,
T r=0 k=0
where
: S0 e 0 g
Di(t) = 5 + > cosvt = § Zemt/ O 7277, 1 =0,1,2,...
v=1 k + % otherwise
and
w/lt|] when 0 < |t| <,
Dy < 4/ t
k+1 whent e (—o0,+00).
Hence

Toapf(z) = flz) = ;/Oﬂ @ (t) Z Z b1 D (t) dt.

7=0 k=0
We will prove our results for 1 < p < oo only. If p = co we have to use the generalized
Holder inequality instead of the classical one.
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Proof of Theorem/[] Let

VTRV ERES R B FRUD 9) SUSTAACY:

/(n+1) r=0 k=0
7/(n+1) T
[
0 w/(n+1)

and
7/(n+1) T
Tranf(@) - fo)] < | [ ST
0 7T/(TL+1)
By the Holder inequality ( +1 g , and . for0<p<1-—2=
7/(n+1) n4+1 w/(n+1)
/ < U T
0 ™ 0

- @{/Oﬂ/(nmpfj(it))' i ;rdt}l/p{/ow/(nmLzl(;);rdt}l/q
<o (I [:rdf}“ <)

1 n n
e 0 () ’e(553)
<<n+18:1(5Jr ) 1 —n+1z:: s+ 1

and, since sin § > £ or [sin(2k + 1)%| < (2k 4+ 1) sin £ for ¢ € [0, 7], we have

i 1 /7r T sin(k —|—
S - bn rQrk 5 < 7o\ ’ dt
/rr/(n+1) @ ZZ t/2

w/(n+1) =0 k=0

<</ |<,01 nrar,k dt
7/(n+1) —0 k—
T ‘ n 17—1 1
—|—/ %c Zanram kbln( —k+ )t‘dt
7/ (n+1) = o 2
i ()] o= — 1
+/ |pa(t)] Zzbmamksm(r—wr)t’dt
ity U S 2

=1+ 1+ I,

where 7 = [F] for ¢t € (0,7].
Now we shall estimate the integrals of type I. So, using the Holder inequality, by

assumption ([2.1)
T T—1
B[ el S Db de

m/(n+1) —0

n /s T—1 /s
- Z/ loe (O] (1 + )by, dt < ZZ / | (2)] dt
s=17T T

/(s+1) r=0 s=1r=0 /(s+1)
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S ([ [ ([ 2] )

s=17=0 /(s+1 J(s+1) Lsin® &
<<§ § + Db (s +1) 77 ( ) +1)P2/a
22 r (s+1)"“Pw 1 (s+1)
T = = 7r
§ § B-2 _ E E B—2
< S_OT_O(T+l)bn,rw(s+1>(8+1) _T 0(r+1)bnvrs_rw(s+1>(s+1)

gi(wrl)bn,rw(rwl) r+1)° mew( ) (r+1)7

<<me—z +1)5w(811).
s=0

From ([2.3) and (2.4) we obtain

T—1n—1 r
™ . 1
I, = / |<P;c {E (bn,rar,r—k - bn77"+1a7'+1,7‘+1—k) E :Sln(l —k+ i)t
n/(n+1)

M

k=0 ‘“r=1 l=T1
b n G n— stm( )Hdt
. / o (1) Z[Z b ]
wfniny B =l (P4 1) o
n—1 T
= (t+1) " 4+ by Apon—k | dt
/7r/(n+1) t2 ,;, (r+1)2 kz:%
T |SDCE(t)‘ |: — bn'r :|
< (7‘ + ]_) : +bppn | dt
/w/<n+1> t2 ; (r+1)2
n—1
" ¢z (t)] bn /7r |z ()]
< (t+1) dt + by, dt
/7r/(n+1) t2 ,Z( +1) " rsmeny

m/s I T
Pa (1)) by, 1 oz (t)]
(r+1) § T dt+ dt
/7r/(s+1) t2 p— (T + 1)2 n+1 w/(n+1) t2

by 1 /s ot
T )/ I@‘,z()ldt
—. (’I“+1) n+1 7/(s+1) t

)
(s+1)z Onr + L )

r 12l

' {/7:/r(/:+1) vam((tg)' sin’ ;rdt}l/p{/w:(/:ﬂ) [tZ Slbrulét)t/Q } }
n/s

n n bnr 1 2/p 1 q 1/q
<<Z<(8+1)§(r+1)2+n+1>(n+1) w(s> /7,/(”1)[755”} dt}




APPROXIMATION OF FUNCTIONS FROM L?(w)g 347

< zi:((“r 1);”: (rbj:Tl)2 + ni 1)(8+1)5w(511)

s=0 =s
n b r n
_ n,r B+1
=3 R e () ¢ g e ()
r=0 (7’ 1) s=0 s+ =0 s+l
n 1 r n
<N by 1)? ( ) ( )
_rz::o ’T—&-l;(SJr)ws—Fl z s+1
and
3 = ¢ n,rQrr—k SID{ T 9
m/(n+1) r=T k=1
T lesMlS~ Y ; 1
= by rr ik sm(r —k+ f)t dt
/w/(nm t k;;c 2
n rn—1 r
T ®x(t) i 1
= / ‘ 7 l Z |:Z(bn’TaT’T_k - bn7r+laT+17T+1—k) Z Sl (l - k + §)t
w/(n+1) k=71 L=k =k

+ bpnnn—k ; sin(l — k + 2)1&} ’ dt

ORI
< 12 Z Z |bn,rar,r—k - bn,r+1ar+1,r+1—k‘ + bn,nan,n—k dt
r=k

w/(n+1) k=t

T t [ r <
< / ‘90;;2( )| Z Z ‘bn rQrr—k — n 7-+1Cl7~+1,'r+1—k| + bn,n Z an,n—k:| dt

*/(nt1) =i pad
T lee(®)] Zn Z bnr 1 ]
< ’ + dt
/7r/(n+1) t2 L= (T+1)2 n+1

" “pz(t”n bn, 1
< J dt.
*/ t2 2::7“+1+n+1

7/(n+1) L—r

Further, the same calculation as that in the estimate of I, gives the inequality

n 71—/5 | n
e (t)] b, 1
1 : dt
5<<Z/ 2 §r+1+n+1

= Jrs)
i vy
s=1Lr=s 7/(s+1)
" 1 - T 1 " T
< gbn,ng(s+l)Bw(m)+m§(s+1)ﬁw<s+1>.

If B > 0 then

Toanf(@) — f@)] < (n+1) (n+1)i(“+)(8+1)ﬁ_1

s=0



348 W. LENSKI AND B. SZAL

)[ansH 1)+ ili(sﬂ)ﬂ—l}

s=0

< (n+ 1)%(%“) {(n +1)tF Z bns(s+ 1)1+ 1]
s=0

< 2(n+ l)ﬁ“’(n i 1) [(n + )-8 zn:bn,s(s I 1)61]
s=0

Collecting these estimates we obtain the desired result. m

< (n+1) (

Proof of Theorem[4 With the notation of the above proof,

/On/(n+1> <<7~i1§(8+1)6w(511)
r - 0 14
< {TLZ(@“MM)) }
<{e+y qlz(sm w(; 1))

Furthermore, using the Holder inequality, by condition ([2.5), we obtain the next estimates

T T—1
I < / (e (O] S + 1oy dt
™ r=0

1/q

/(n+1)

T T T—1
< {/ ["Pw(t)l sin® trdt}l/p{/ [m(t) Z(r+1)bn r]th}l/q
= Wajman LD w(E) 2 = Lsin”(t/2) = ’
n 7l'/S ~ T—1 q l/q
57 e
= Jr/(s+1) sin” (t/2) =

(S o)) (-2

< (n+1) Z(w(s I 1))q(s +1)(B-ma-2 (ZS:(T i 1)bn7r)q}1/q
(

ol qs (—’v)q—2s r ap,
3 (o) e 00 S )
s q 1/q
S+ 1)"bn,TZ(w(SL)) (s + 1)“‘”4‘2}
)) (r+1) (B- w)q+q—1}1/q

1/q
) (r+ 1)~ 'v+1/p) }

1/q
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n

r 1/q
< (n+ 1)”{72O b ﬁll Eo@(sil) (s + 1)ﬁ—v+1/p)q}

and

n—1
" ez (?)] bn, /” |z (t)]
L < / T dt +by.p dt
x t2 Z « (r+ 1) w/(nt1) 12

/(n+1) r=

n—1

" «(t bnr 1 T «(t
o ey 1 e,
7/(n+1) t :TT+1 n+1 7/(n+1) t

™ P 1/p ™ 7 n—1 q 1/q
[ e a) [ (SRS e ]
/(1) LETW() = [#2sin?(t/2) L+ 1
- {/ [% 0l t/g] }/{ [ a0 rdt}l/q
n+1/r/(mnt1) ti(t 77 /(n+1) tQSinﬁ(t/Q)
< (n+1)v{/7r [ w(t) } }l/q
/(n+1) L2 sin® (¢/2) & 77‘—&—1
N (n+1)7{/” { w(t ] }
n+1 J(nt1) L2 sin® (t/2)
tw(t) b q }1/q
=(n+1) dt
(n {Z//(g+1 |:t2SIIl t/2) ZT+1}
L (1) {Z/”/S { Pt ] }
n+1 = Jr/s+1) t251n (t/2)
n n—1 1
by \7 [T/ Dwt) 19 M4
sonrlEER) [ il
el {2(2”1) w/(s+1) L2 sin” (t/
(n+1)" [ [™/* tYw(t
+ n+1 Z// 2sin?(¢/2) t/2 dt
s—1 Y/ (s+1) Sll’l
n n—1 b 1/q
< (n41)7 L dt
< ) {;(ZT-ﬁ-lw( ) 7/ (s41) 2 gin? t/2 ] }
(n+1)7
+ n+1 Sz::

) {m] af”

<58 >>}
’::1 (S (a(z))sermr™

<o (S e (e )

s=0 r=s
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+%1?”{S"O<w<si1><s+1>2+ﬂ—v—2~>q}”q

(n+1) {anr qi(w(sil)(s—&- 1)(6—v)+2/p)q}

+(n+ 1)7{(n+11)q Z(w(s j: 1)(5 + 1)(ﬁ—w)+2/p)q}1/q

(n+1) {Zb’”rﬂz( (7T1)(s+1)(ﬁ—w)+1/p)q}l/q

r=0

+(n+ 1)7{ - Jlr - zn:(“’(sL) (s + 1)(5—w>+1/p)q}1/q

Further, similarly as in the estimates of I5,

1/q

n

" |90:c(t)‘ bnr 1
I : dt
3<</7r/(n+1) t2 Zr+1+n+1

< (n+1) {merHZ( (sil)(s+1)ﬁ‘”+1“’)q}l/q
+ (n+1) {n—ll—l Zn:(w(sj_1>(3+ 1)ﬁ—'y+1/p>q}1/q.
5=0

If B —~ >0, then
Tn,a,8f(x) — f(z)|

T " -~ 1a
< (TL + 1)7+1w(n7—i—1) {ZO bn,r m Z(S + 1)('6,‘/)‘11}
T ¢ 1 " 1
(7 1){n 1 ;(S ! nwwa}

n 1/q
< (n+ 1)B+1/pw(nil>{ {(n + 1)1, (4 1)@7)(11} n 1}

n 1/a
< 2(n+ 1)ﬁ+1/pw(nL+1) {(n + 1) =5 Z by (1 + 1)(ﬂv)q1}

Collecting these estimates we obtain the desired result. m

Proof of Theorems@ and . If we put b, , =
estimates immediately hold. =

n%‘_l in the above proofs, then the desired

Proof of Corollary . We have to show that condition (2.7) and the monotonicity of (p,)

imply (2.6)). Indeed, putting
Dr—k
P,

Qp o =
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and taking 7 =1 in (2.7) we can see that

1 1 Po
1>PY = >p) o=
> ‘P, —pOV:I P B
whence, by the monotonicity of (p,) we have

Py > (r+1Dprga

and therefore

a —a |:ﬂ_ DL :p<i_ 1)
rr—l r+1,7+1—1 Pr Pr+1 1 Pr Pr+1

Pr+1_Pr:ﬂpr+1
PTPT+1 PT‘PT+1

b Pr+1 _ D
~ P (r+ Dpra (r+1)P.
1
R

(r+1)P. — (r+1)2°
Thus the desired implication follows. =

Proofs of Theorems[5 and [, The proofs are similar to the above. In the estimates under
LP norms with respect to x there will be the expressions like these on the left hand
side of our conditions (2.1, and (2.5). Since f € LP(w)g, such norm quantities will
always have the same orders like these on the right hand side of the mentioned conditions.
Therefore the proofs follow without any additionally assumptions on f and w. =
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